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Abstract: Different from the homogenous systems, a Smarandache system is a contra-
dictory system in which an axiom behaves in at least two different ways within the same
system, i.e., validated and invalided, or only invalided but in multiple distinct ways. Such
systems widely exist in the world. In this report, we discuss such a kind of Smarandache sys-
tem, i.e., non-solvable equation systems, such as those of non-solvable algebraic equations,
non-solvable ordinary differential equations and non-solvable partial differential equations
by topological graphs, classify these systems and characterize their global behaviors, partic-
ularly, the sum-stability and prod-stability of such equations. Applications of such systems
to other sciences, such as those of controlling of infectious diseases, interaction fields and

flows in network are also included in this report.
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§1. Introduction

Consider two systems of linear equations following:

r+y = 1 rT=yY
T+ = -1 T+y=2
(LESY) Y (LESS) Y
r—y = -1 z=1
r—y = 1 y=1
Clearly, (LESY) is non-solvable because z +y = —1 is contradictious to x +y = 1, and so
that for equations x —y = —1 and © — y = 1. Thus there are no solutions g, yg hold with all

equations in this system. But (LESY) is solvable clearly with a solution z = 1 and y = 1.
It should be noted that each equation in systems (LESY) and (LESY) is a straight line
in Euclidean space R?, such as those shown in Fig.1.
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Fig.1

What is the geometrical essence of a non-solvable or solvable system of linear equations?
It is clear that each linear equation ax + by = ¢ with ab # 0 is in fact a point set Lozipy—c =
{(z,y)|ax + by = ¢} in R2. Then, the system (LESY) is non-solvable but (LES]) solvable in
sense because of

Lery:l ﬂ Lery:fl ﬂ szyzl ﬂ foyzfl = 0
and

Lm:y m ng:l m Ly:l ﬂ Lw+y:2 = {(17 1)}

in Euclidean plane R?. Generally, let

be a system of algebraic equations in Euclidean space R™ for an integer n > 1 with point set

Sy, such that f;(z1,22, -+ ,x,) = 0 for any point (z1,2z2, -+ ,2n) € S5, 1 < i < m. Then, it
m

is clear that the system (ES,,) is solvable or not dependent on () Sy, =0 or # (). This fact
i=1

implies the following interesting result.

Proposition 1.1 Any system (ES,,) of algebraic equations with each equation solvable posses

a geometrical figure in R™, no matter it is solvable or not.

Conversely, for a geometrical figure ¢4 in R™, n > 2, how can we get an algebraic represen-
tation for geometrical figure 47 As a special case, let G be a graph embedded in Euclidean
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space R™ and

fﬁfl(xlal?a" . wrn) =0

be a system of equations for determining an edge ¢ € E(G) in R™. Then the system

is a non-solvable system of equations. Generally, let ¢ be a geometrical figure consisting of m
parts 41, %, -+ , %, where ¥; is determined by a system of algebraic equations

Thus we obtain the following result.

Proposition 1.2 Any geometrical figure & consisting of m parts, each of which is determined

by a system of algebraic equations in R™ n > 2 posses an algebraic representation by system of
equations, solvable or not in R™.

For example, let G be a planar graph with vertices vy, v2, v3,v4 and edges vy vo, v1V3, V2V3,
v3Vy4, V4V1, sShown in Fig.2.
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U1 Y= 8 V2
T =2 r =12
Vg y=2 U3
T
0
Fig.2

Then we get a non-solvable system of linear equations

r=2
y=38
=12
y=2
3z + by = 46.

More results on non-solvable linear systems of equations can be found in [9]. Terminologies
and notations in this paper are standard. For those not mentioned in this paper, we follow [12]
and [15] for partial or ordinary differential equations. [5-7], [13-14] for algebra, topology and

Smarandache systems, and [1] for mechanics.

82. Smarandache Systems with Labeled Topological Graphs

A non-solvable system of algebraic equations is in fact a contradictory system in classical
meaning of mathematics. As we have shown, such systems extensively exist in mathematics
and possess real meaning even if in classical mathematics. This fact enables one to introduce
the conception of Smarandache system following.

Definition 2.1([5-7]) A rule R in a mathematical system (3;R) is said to be Smarandachely
denied if it behaves in at least two different ways within the same set X, i.e., validated and
invalided, or only invalided but in multiple distinct ways.

A Smarandache system (X;R) is a mathematical system which has at least one Smaran-
dachely denied rule R.

Without loss of generality, let (X1;R1) (X2;R2), -+, (Xm; Rm) be mathematical systems,
where R; is a rule on ¥; for integers 1 <4 < m. If for two integers 7,7, 1 <4,j <m, ¥; # ¥;
or ¥; = X; but R; # R, then they are said to be different, otherwise, identical. If we can list
all systems of a Smarandache system (3;R), then we get a Smarandache multi-space defined

following.
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Definition 2.2([5-7],[11]) Let (£1;R1), (B2; Ra), -+, (Em; Rm) be m > 2 mathematical spaces,

~ m ~ m
different two by two. A Smarandache multi-space ¥ is a union |J X; with rules R = |J R; on
i=1 i=1

f), denoted by (i,ﬁ)

The conception of Smarandache multi-space reflects the notion of the whole Y is consisting
of its parts (3;;R;),% > 1 for a thing in philosophy. The laterality of human beings implies
that one can only determines lateral feature of a thing in general. Such a typical example is

the proverb of blind men with an elephant.

v

Fig. 3

In this proverb, there are 6 blind men were be asked to determine what an elephant looked
like by feeling different parts of the elephant’s body. The man touched the elephant’s leg, tail,
trunk, ear, belly or tusk claims it’s like a pillar, a rope, a tree branch, a hand fan, a wall or a
solid pipe, respectively. They then entered into an endless argument and each of them insisted
his view right. All of you are right! A wise man explains to them: Why are you telling it
differently is because each one of you touched the different part of the elephant. So, actually the
elephant has all those features what you all said, i.e., a Smarandache multi-space consisting of
these 6 parts.

Usually, a man is blind for an unknowing thing and takes himself side as the dominant
factor. That makes him knowing only the lateral features of a thing, not the whole. That is also
the reason why one used to harmonious, not contradictory systems in classical mathematics.
But the world is filled with contradictions. Being a wise man knowing the world, we need to
find the whole, not just the parts. Thus the Smarandache multi-space is important for sciences.

Notice that a Smarandache multi-space (i, ﬁ) naturally inherits a combinatorial struc-
ture, i.e., a vertex-edge labeled topological graph defined following.

Definition 2.3(([5-7])) Let (i,ﬁ) be a Smarandache multi-space with ¥ = U X and R =
=1

U Ri. Then a inherited graph G {i, }ﬂ of (i,ﬁ) is a labeled topological graph defined by
i=1

7=

V(G[E]) - (B1Zn 3k

E(G [i,é]) = (205 | NS £0,1<4,j <m}
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with an edge labeling

I (20,55 € B (G[S.R]) = 1°(5, ) = = (Si)%)

where w is a characteristic on ¥; (X, such that ¥;(\X; is isomorphic to Xi (X, if and only
ifw(ZiNE) =w (SN Z)) for integers 1 <1i,7,k,1 < m.

For example, let S1 = {a,b,c}, So = {c,d, e}, S3 ={a,c,e} and Sy = {d,e, f}. Then the
4 ~

multi-space S = U S: = {a,b,¢,d, e, f} with its labeled topological graph G[S] is shown in
i=1
Fig.4.

7=

{c}
1) (52

{a,c} {d, e}

Fig.4
The labeled topological graph G [i, E] reflects the notion that there exist linkages between

things in philosophy. In fact, each edge (£;,%;) € E (G [i, ED is such a linkage with coupling
w(X;(X;). For example, let a = {tusk}, b = {nose}, ¢1,c2 = {ear}, d = {head}, e = {neck},
f = {belly}, g1, g2, 93,94 = {leg}, h = {tail} for an elephant €. Then its labeled topological
graph is shown in Fig.5,

Fig.5

which implies that one can characterizes the geometrical behavior of an elephant combinatori-

ally.
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§3. Non-Solvable Systems of Ordinary Differential Equations

3.1 Linear Ordinary Differential Equations

For integers m, n > 1, let
X =F(X), X =F(X), -, X = F,(X) (DES})

be a differential equation system with continuous F; : R" — R™ such that F;(0) = 0, particu-
larly, let

X=AX, - X=A4X, -, X=4,X (LDES])
be a linear ordinary differential equation system of first order with

(k] [K] (K]

ay; Gy 0 Gy x1(t)
k k k

R B R
ol o

[k]

where each a;; is a real number for integers 0 < k< m, 1<14,5 <n.

Definition 3.1 An ordinary differential equation system (DESL) or (LDES},) are called non-
solvable if there are no function X (t) hold with (DES}) or (LDESL) unless the constants.

As we known, the general solution of the ith differential equation in (LDES}) is a linear

space spanned by the elements in the solution basis
B ={B,t)e*" | 1<k<n}
for integers 1 < ¢ < m, where

A, if 1 <9 <k
Ao, if k141 <9 < ks

o =

Asy ifki+ke+- - Fki1+1<1i<mn,
A is the k;-fold zero of the characteristic equation
det(A — Axn) = |A— Apsn| =0

with k1 + kg + - -- 4+ ks = n and §,(t) is an n-dimensional vector consisting of polynomials in ¢
with degree< k; — 1.

In this case, we can simplify the labeled topological graph GJE, R replaced each ), by
the solution basis %; and >, (1>, by #;(1%; it Zi(1%; # 0 for integers 1 < 4,j < m,
called the basis graph of (LDES},), denoted by G[LDES},]. For example, let m = 4 and 4! =
{eMt, et Mot} B = [eMat Mt Aot} @Y = [eMit et A5t} and B = {eMt, st Not),

where \;, 1 <i < 6 are real numbers different two by two. Then G[LDES!} ] is shown in Fig.6.
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{eX}
@) Z

{6)\175, e)\3t}

We get the following results.

Theorem 3.2([10]) Every linear homogeneous differential equation system (LDES}) uniquely
determines a basis graph G[LDESL] inherited in (LDES})). Conversely, every basis graph G
uniquely determines a homogeneous differential equation system (LDES},) such that GILDES})
~ G.

Such a basis graph G[LDES} ] is called the G-solution of (LDES},). Theorem 3.2 implies
that

Theorem 3.3([10]) Ewvery linear homogeneous differential equation system (LDESL) has a
unique G-solution, and for every basis graph H , there is a unique linear homogeneous differential
equation system (LDES}) with G-solution H.

{et,th} {th} {€2t,63t}
{e') (&)
{eﬁt7 et} {€3t, e4t}
{0 {e)

{€5t,66t} {6515} {€4t,65t}

Fig.7 A basis graph
Example 3.4 Let (LDE?T) be the following linear homogeneous differential equation system

-3 +2x=0
-9+ 6x =0
-T2+ 122 =0
Z—95+20x =0
Z—11z+ 30z =0
=72+ 6x =0

(
(
(
(
(
(
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2 d
where & = Tf and & = —. Then the solution basis of equations (1) — (6) are respectively

{et, e}, {e?!, 31}, {e3t, et} {ett, e}, {e5, €5}, {e5t, et} and its basis graph is shown in Fig.7.
3.2 Combinatorial Characteristics of Linear Differential Equations

Definition 3.5 Let (LDES}), (LDES},)" be two linear homogeneous differential equation
systems with G-solutions H, H'. They are called combinatorially equivalent if there is an
isomorphism ¢ : H — H', thus there is an isomorphism ¢ : H — H' of graph and labelings
0, 7 on H and H' respectively such that ©0(z) = To(x) for Yo € V(H)|JE(H), denoted by
(LDESY) % (LDESL)'.

We introduce the conception of integral graph for (LDES},) following.

Definition 3.6 Let G be a simple graph. A vertex-edge labeled graph 0 : G — Z7 is called
integral if O(uv) < min{f(u),0(v)} for Vuv € E(G), denoted by G'o.

Let G{e and Gé’ be two integral labeled graphs. They are called identical if Gy £ Ga and
0(x) = 7(@(x)) for any graph isomorphism ¢ and Yz € V(G1)|J E(Gy), denoted by G1¢ = G

For example, these labeled graphs shown in Fig.8 are all integral on K, — e, but G{g = Gé*,
Gl # Gy

3 2 4 4 2 3 3 1 3
1 2 2 1 1 2 2 2
4 2 3 3 2 4 4 1 4
Gie Gi- Gl

Fig.8

Then we get a combinatorial characteristic for combinatorially equivalent (LDESY,) fol-

lowing.

Theorem 3.5([10]) Let (LDES})), (LDES},)" be two linear homogeneous differential equation
systems with integral labeled graphs H, H'. Then (LDES}) £ (LDESL) if and only if
H=H'.

3.3 Non-Linear Ordinary Differential Equations

If some functions F;(X), 1 < i < m are non-linear in (DES],), we can linearize these non-linear
equations X = F;(X) at the point 0, i.e., if

Fi(X) = F/(0)X + Ri(X),
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where F/(0) is an n x n matrix, we replace the ith equation X = F;(X) by a linear differential

equation

in (DESL). Whence, we get a uniquely linear differential equation system (LDES}) from
(DES},) and its basis graph G[LDES}]. Such a basis graph G[LDES} ] of linearized dif-
ferential equation system (DES} ) is defined to be the linearized basis graph of (DES},) and
denoted by G[DES},]. We can also apply G-solutions G[DES} ] for characterizing the behavior
of (DES}).

84. Cauchy Problem on Non-Solvable Partial Differential Equations

Let (PDES,,) be a system of partial differential equations with

Fl(xhx%"' y Ly Uy Ugyy =70 5 Uy, y Ugymoy © 7u9611na"') =0

FQ(.’I]l,.’IIg,"' y Ly Uy Ugyy -ty Uz, y Ugyagy " 7um11nu"') =0

Fm(xlvx% y Ty Uy Ugy y Uy Uz zos y Uz s, ):0
on a function u(x1, -+, x,,t). Then its symbol is determined by

Fl(‘rlux?u"' sy Ln, Uy P1y 00 3 Py P1D2, " 0 7p1pn7"') -
F2(‘T17:E27"' sy Tn, Uy P1y 00 3 Py P1D2, " 0 7p1pn7"') -

Fm(xlufo" yLns Uy P1y 0 5 Py P1D2, "7 ¢ 7plpn7"') = 07

gon, where o; > 0 for
o

Le., substitute pi™,p3*,--- ,py" into (PDES,,) for the term u o1 02

integers 1 <1¢ < n.

Definition 4.1 A non-solvable (PDES,,) is algebraically contradictory if its symbol is non-

solvable. Otherwise, differentially contradictory.

The following result characterizes the non-solvable partial differential equations of first

order by applying the method of characteristic curves.

Theorem 4.2([11]) A Cauchy problem on systems

Fl(‘rlux?u"' sy Ln, Uy P1,P2, " 00 7pn) =
FQ(‘Tlux?u"' s Lny, Uy P1,P2, " 0 7pn) =
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of partial differential equations of first order is non-solvable with initial values

xi'mnzma = fE,?(Sl, 8§92, 7877,—1)
U|mn:mg = up(s1,82," ", Sn—1)
p1|wn:m9l :p?(ShSQa"' 7Sn71)7 221725 ,

if and only if the system
Fk(.’L’l,.’IIg,"' y Tny, Uy P1, P2, 7pn) = 07 1 S k S m

is algebraically contradictory, in this case, there must be an integer ko, 1 < ko < m such that

0 .0 0 0 0,0 0
Fko(xthu' Ly 15Ty, U0, P1s P2yt 7pn) 7& 0

or it is differentially contradictory itself, i.e., there is an integer jo, 1 < jo <n —1 such that

Particularly, we get conclusions following by Theorem 4.2.

Corollary 4.3 Let
Fl(xlv'er"' y Ly Uy P1, P2, " 7pn):0
F2($1,$2,"' y Ly Uy P1, P2, " 7pn) =0

be an algebraically contradictory system of partial differential equations of first order. Then

there are no values x?,ug,p?, 1 <i < n such that

0 .0 0 0 0 .0 0) _
Fl($17x27"' yLp—15Tp, U0, P15 P2y " " 7pn) - 07
=0.

0 .0 0 0 0,0 0
F2(:E17:E27' L1, Ty, U0, P1s P2y 7pn)

Corollary 4.4 A Cauchy problem (LPDESS ) of quasilinear partial differential equations with
initial values u|mn:z% = wug 1s non-solvable if and only if the system (LPDES,,) of partial

differential equations is algebraically contradictory.

Denoted by G[PDESC] such a graph GIPDESC] eradicated all labels. Particularly, replac-
ing each label S[! by S’([f] = {ug]} and St (N SVl by S’([f] N S’([f] for integers 1 < 7,5 < m, we get a
new labeled topological graph, denoted by Go[PDESS]. Clearly, @[PDES,%] ~ Gy [PDESS).

Theorem 4.5([11]) For any system (PDESS,) of partial differential equations of first order,
G[PDESC) is simple. Conversely, for any simple graph G, there is a system (PDESS) of
partial differential equations of first order such that é[PDESr(;;] ~@G.

Particularly, if (PDESS) is linear, we can immediately find its underlying graph following.

Corollary 4.6 Let (LPDES,,) be a system of linear partial differential equations of first
order with mazimal contradictory classes €1,%a,--- ,%s on equations in (LPDES). Then
GILPDESC] ~ K (%, %s, - ,%,), i.e., an s-partite complete graph.
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Definition 4.7 Let (PDESCS ) be the Cauchy problem of a partial differential equation system of
first order. Then the labeled topological graph G[PDESS] is called its topological graph solution,

abbreviated to G-solution.

Combining this definition with that of Theorems 4.5, the following conclusion is holden

immediately.

Theorem 4.8([11]) A Cauchy problem on system (PDES,,) of partial differential equations

(k% [k [K°]

of first order with initial values z;" *,uy ,p; ', 1 <i < n for the kth equation in (PDES,,),

1 <k <m such that
Ol n 019 (%]

U~ Z Uf 104 =0
aSj =0 ¢ aSj

is uniquely G-solvable, i.e., GIPDESS)] is uniquely determined.

85. Global Stability of Non-Solvable Differential Equations

Definition 5.1 Let H be a spanning subgraph of GILDES}] of systems (LDES},) with initial
value X,(0). Then G[LDES}.] is called sum-stable or asymptotically sum-stable on H if for all
solutions Y, (t), v € V(H) of the linear differential equations of (LDES}) with |Y,(0)—X,(0)] <
0, exists for all t >0,

Yooy - Y X <e
veV (H) veV (H)
or furthermore,
lim| 7 Vi)~ D X)) =0
veV (H) veV (H)

Similarly, a system (PDESS ) is sum-stable if for any number € > 0 there exists &, >

A [v]

0, v € V(G[0]) such that each G(t)-solution with |u'y" — u([)”]
t > 0 and with the inequality

~

< 0y, Vv € V(GI0]) exists for all

N
:\
=

I
g
Qy—
=

A

)

veV () veV (Gt))

holds, denoted by G[t] X G[0]. Furthermore, if there exists a number 3, > 0, v € V(G[0]) such
that every G'[t]-solution with ’u’g)] - ug)]’ < B, Vv € V(G[0]) satisfies

fim | 3 w3 wMi=o,

veV (G[t]) veV(G[t])
then the G[t]-solution is called asymptotically stable, denoted by G|t] 2 GJ0].

We get results on the global stability for G-solutions of (LDES},) and (PDESS).
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Theorem 5.2([10]) A zero G-solution of linear homogenous differential equation systems
(LDESL) is asymptotically sum-stable on a spanning subgraph H of G[LDES}] if and only if
Rea, < 0 for each f3,(t)e*t € B, in (LDES") hold for Vv € V(H).

Example 5.3 Let a G-solution of (LDES}) or (LDE") be the basis graph shown in Fig.4.1,
where vy = {e2, 673, c¥}, vy = {e=%, e}, vy = {e ¥, e, 3}, vy = {5, e, 1),

vs = {e7t e 5}, vg = {e7, e 2! e 8"}, Then the zero G-solution is sum-stable on the triangle

V40U5Vg, but it is not on the triangle vivovs.

U6 {e=2t} 01

{7} {e™}
v {e=8) {e3t} v
{e—ﬁt {e—4t}

U4 {e7?"} U3

Fig.9

For partial differential equations, let the system (PDESS) be

Ou _ = H;(t,x x )
8t 1, y Tn—1,DP1, y Pn—1 1§z§m (APDESS;)
uli—ty = uf) (@1, 22, Tn1)

A point X[] (to,x[f(]J, e ,xﬂ_l)o) with Hi(to,;v[l%, e ,in_l)O) =0for 1 <i<mis called

an equilibrium point of the ith equation in (APDFES,,). Then we know that

Theorem 5.4([11]) Let X[Z] be an equilibrium pomt of the ith equatwn in (APDES,,) for each
integer 1 < i < m. IfEH( ) >0 and Z ti <0 for X # EXO , then the system
i=1

’L

(APDES,,) is sum-stability, i.e., G[t] X GJ0]. Furthermore, zf 8 0
i=1

then GJt] Z GJ0].

86. Applications

6.1 Applications to Geometry

First, it is easily to shown that the G-solution of (PDESS) is nothing but a differentiable
manifold.

Theorem 6.1([11]) Let the Cauchy problem be (PDESS,). Then every connected component
of T[PDESC] is a differentiable n-manifold with atlas o7 = {(U,, ¢»)|v € V(G[0])} underlying
graph G[ |, where U, is the n-dimensional graph Glu [U]] ~ R" and ¢, the projection ¢, :

(((El,l’g,"' ,{En),u(fﬂl,fﬂg,"' 7$n))) - (.’I]l,l’g,"' 7$n) fO'I"V(.’L'l,.’IIQ,"' 7:En) e R".
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Theorems 4.8 and 6.1 enables one to find the following result for vector fields on differen-
tiable manifolds by non-solvable system (PDESS).

Theorem 6.2([11]) For any integer m > 1, let U;, 1 < i < m be open sets in R™ underlying a
connected graph defined by

V(G)={Uill <i<m}, E(G)={U;,U)IU;NU; #0,1 <4,j <m}.

If X; is a vector field on U; for integers 1 < i < m, then there always exists a differentiable
manifold M C R™ with atlas o = {(U;,#;)|1 < i < m} underlying graph G and a function
ug € Q°(M) such that

Xi(ug) =0, 1<i<m.

More results on geometrical structure of manifold can be found in references [2-3] and [8].
6.2 Global Control of Infectious Diseases
Consider two cases of virus for infectious diseases:

Case 1 There are m known virus 71, %o, , Vo with infected rate k;, heal rate h; for integers

1 <49 < m and an person infected a virus ¥; will never infects other viruses ¥ for j # i.

Case 2 There are m varying V1, Va, -+ , Vm from a virus ¥ with infected rate k;, heal rate h;

for integers 1 <i < m.

We are easily to establish a non-solvable differential model for the spread of infectious

viruses by applying the SIR model of one infectious disease following;:

S = —k ST S = —kySI S = —kp,SI
I =k SI—hI I =kySI—hol - I = kST — hpI (DES})
R=mI R = hol R=hpnl

and know the following result by Theorem 5.2 that

Conclusion 6.3([10]) For m infectious viruses ¥1, %2, -+ , Ym in an area with infected rate k;,
heal rate h; for integers 1 < i < m, then they decline to 0 finally if 0 < S < > h; / > ki,
Z -t

i=1 7
i.e., these infectious viruses are globally controlled. Particularly, they are globally controlled if

each of them is controlled in this area.
6.3 Flows in Network

Let O be a node in N incident with m in-flows and 1 out-flow shown in Fig.10.
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L,
N

f2 e frm—1

h

Fig.10

How can we characterize the behavior of flow F? Denote the rate, density of flow f; by pl¥
for integers 1 < i < m and that of F by plf!, respectively. Then we know that

apl o apl
ot +oilp or

0, 1<i<m.

We prescribe the initial value of plil by pld(z,ty) at time to. Replacing each pl) by p in
these flow equations of f;, 1 <14 < m enables one getting a non-solvable system (PDESS) of
partial differential equations following.

ap op

“F J(p)== =0

8t+¢(p)_8:1: 1<i<m.
pli=ty = (2, t0)

i 1,001
Let p,[J] be an equilibrium point of the ith equation, i.e., (bi(p([J])% = 0. Applying
x
Theorem 5.4, if
m m 82[) 8[) 2
i 0 and — — ¢ — >0
St <0 ma 3o | -0 ()]

for X # > pg], then we know that the flow F' is stable and furthermore, if
k=1

- 2, (9p\°
— — 0
;mp) [atax ¢(p)(3x> <
for X # > pg], then it is also asymptotically stable.
k=1
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