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ABSTRACT. The main purpose of this paper is to study the distribution properties
of k-power free numbers, and give an interesting asymptotic formula.

1. INTRODUCTION AND RESULTS

A natural number 7 is called a k-power free number if it can not be divided by
any p*, where p is a prime number. One can obtain all k-power free number by the
following method: From the set of natural numbers (except 0 and 1)

-take off all multiples of 2%(i.e. 2%, 26+1 ok+2 )

-take off all multiples of 3%.

-take off all multiples of 5%.

...and so on (take ‘off all multiples of all k-power primes).

Now the k-power free number sequence is 2, 3, 4,5,6,7,9,10,11,12,13,14,15,17, - - - .
In reference [1], Professor F. Smarandache asked us to study the properties of the
k-power free number sequence. About this problem, it seems that none had stud-
led it before. In this paper, we use the analytic method to study the distribution

properties of this sequence, and obtain an interesting asymptotic formula. For con-
 venience, we define w(n) as following: w(n) = r, if n = p{*ps*-..p%. Then we
‘have the following:

Theorem. Let A denotes the set of all k-power free numbers. Then we have the
asymptotic formula |

sz(n) = E-(l—?(lkn)—m)— +O(zlnlnz),

n<r
neA

where ((k) is the Riemann zeta-function.
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2. SEVERAL LEMMAS

Lemma 1. For any real number z > 2, we have the asymptotic formula

Zw( n)=zlnlnz+ Az + O (ln$>

n<T

Z w(n) =z(nlnz)? + 0O (rlnlnz).

n<e
- 1 1
whereA-7+Z(1n(l—5) +5).
P
Proof. (See reference [2]).

Lemma 2. Let p(n) is Mébius function, then for any real number z > 2, we have
the followmg identity

= pnjun) 1 1
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Proof. From the definition of w(n) and p(n), we have
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This proves Lemma 2.

Lemma 3. Let k > 2 is a fized integer, then for any real number z > 2, we have
the asymptotic formula

z(Inln z)?
Z w(m)u(d) = —_Qal?c)_) +O(zlnlnz).
dfm<a

Proof. From Lemma 1, we have

> mud) = Y ud) Y wim)

dkm<z d(a:%c' m<z/dk
z
= Z u(d)(dk(lnln —)? +O( lnlnEE)>
dSm%
~ p(d) klnd\\?
=z Z F(lnlnx—#lnln <1- s +0O(zlnlnz)
dgm%

u{d) Ind
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d<zk
w(lnlna:)2
=————=——+0(zlnlnz).
iy o)

This proves Lemma 3. 63



Lemma 4. For any real number x > 2, we have the estimate
S WAd)uld) = Ofz).
d*m<z
Proof. From Lemma 1, we have

>, Fdud) = Y Adud Y 1= Z [ }

dkmsx d<$-‘% 77'L<.’1:/d}c

2 .
_zz (d +o > W) | = O=).

d(:r: k ds:c%
This proves Lemma 4.

Lemma 5. For any real number x > 2, we have the estimate

S WP((d,m)u(d) = O(z).

dem<z

Proof. Assume that (u,v) is the greatest common divisor of © and v, then we have

2, Alldmud) = 30 )3 3 ) =3 D) Y e [

df*m<z d<:1:% uld m<z/d* d<:z:k u|d
- ulm —
u(d) 3 2w
uld
—-mz +0 Z /.L(d)Zuﬁ(u) =0 (z).
de% uld

This proves Lemma 5. _
Lemma 6. For any.real number z > 2, we have the asymptotic formula

Y wdw(m)u(d) = Czlnlnz + O(z),

‘dkm<ax
— 1 1
where C = —"Cm Zp: FE_:T

Proof. From Lemma 1 and Lemma 2 we have

> wdwmpd) = > widud) S wm)

d’“mgz d<:|:% mS:l,‘/dk
zlnln . Az z

= 3 wl(@u(d) (~—-—-dk +Fe0(722))

d<:1:% E
_ klnd wdp(d) /s

-7 Zl (1“1”““1“( oz ))*‘Am > = 0(q5)

d(zTc' d<z®
w(d)p(d) Ind T
(““1”““)2_“*0 * Y e | 70 (s
d<z

= C’mlnlnzz+0(z).

This proves Lemma. 6. 64
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3. PROOF OF THE THEOREM

In this section, we shall complete the proof of the Theorem. For convenience we
define the characteristic function of k-power free numbers as follows:

1, ifnis a k-power free number;
u(n) = .
0, otherwise.

From Lemma 3, Lemma, 4, Lemma 5 and Lemma 6, we have

2P =Y ) Y ) = Y wAdEmud)

n<x n<z dk|n d*m<z
neA

= > (w(d) +w(m) - w((d, m)))? u(d)

dkm<z

= Y @+ Y P+ Y W m)uld)

dém<z d*m<z dkm<x

+2 Z w(d)w(m)u(d) | + O Z w(dyw(m)
dem<z dEm<z
_ (z(lnlnm)2
S\ (k)
z(lnlnz)?

This completes the proof of the Theorem .

+0(z lnlnm)) +2(Czlnlnz + O(z)) + O(z Inln z)

’
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