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Extending Homomorphism Theorem to Multi-Systems

Linfan MAO

(Chinese Academy of Mathematics and System Science, Beijing 100080, P.R.China)

E-mail: maolinfan@163.com

Abstract: The multi-laterality of WORLD implies multi-systems to be its best candidate
model for ones cognition on nature, which is also included in an ancient book of China,
TAO TEH KING written by Lao Zi, an ancient philosopher of China. Then how it works
to mathematics, not suspended in thought? This paper explains this action by mathematical
logic on mathematical systems generalized to Smarandache systems, or such systems with
combinatorial structures, i.e., combinatorial systems, and shows how to extend the homo-
morphism theorem in abstract algebra to multi-systems or combinatorial systems. All works
in this paper are motivated by a combinatorial speculation of mine which is reformed on

combinatorial systems and can be also applied to geometry.
Key Words: Homomorphism theorem, multi-system, combinatorial system.

AMS(2000): 05E15, 08A02, 15A03, 20E07, 51M15.

81. Introduction

The WORLD is a multi-lateral one. The entirely realization on WORLD is very difficult for
the limitation of mankind on the earth. In Fig.1.1, it is shown part of the WORLD by eyes of

a man on the earth.

Fig.1.1
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2Reported at the 4th International Conference on Number Theory and Smarandache Problems, March 22-24,

2008, Shanxi Xiangyang, P.R.China.
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The multi-laterality of the WORLD implies multi-systems to be its best candidate model
for ones cognition on nature. This is also included in a well-known Chinese ancient book TAO
TEH KING written by LAO ZI. In this book, only with nearly 5000 words, we can find many
sentences for cognition of our world, such as those of the following (see [5] for details), each of
them is explained by a concrete figure.

SENTENCE 1. All things that we can acknowledge is determined by our eyes, or ears, or

nose, or tongue, or body or passions, i.e., these six organs. Such as those shown in Fig.1.2.

unknown

known part

by ones six organs

unknown

Fig.1.2
SENTENCE 2. The Tao gives birth to One. One gives birth to Two. Two gives birth to
Three. Three gives birth to all things. All things have their backs to the female and stand facing
the male. When male and female combine, all things achieve harmony. Shown in Fig.1.3.

@
o
@

F—unknown—+7 theoretically deduced 4%

Fig.1.3

SENTENCE 3. Mankind follows the earth. Farth follows the universe. The universe follows
the Tao. The Tao follows only itself. Such as those shown in Fig.1.4

I I I | I

Fig.1.4
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SENTENCE 4. Have and Not have exist jointly ahead of the birth of the earth and the sky.
This means that any thing have two sides. One is the positive. Another is the negative. We
can not say a thing existing or not just by our six organs because its existence independent on
our living.

What can we learn from these words? How can we apply them in mathematics of the 21st
century? All these sentences mean that our world is a multi-one. For characterizing its behavior,
We should construct a multi-system model for the WORLD, also called parallel universes ([23]),

such as those shown in Fig.1.5.

known part now

Fig.1.5

Whence, it is a Smarandache multi-system with a combinatorial structure G, i.e., a combina-

torial system %g.

In this paper, we will characterize such systems, and generalize the well-known homomor-
phism theorem in group theory to multi-systems, particularly, to multi-groups, multi-rings and
multi-modules (see [11] — [14] for details). In the remain part of this section, we recall some
terminologies in mathematical logic and define what is a mathematical system. These Smaran-
dache systems and combinatorial systems are introduced in Section 2. After that, we show how
to generalize the homomorphism theorem of groups to multi-systems in the following sections.
Terminologies and notations not defined here follow the reference [1], [18], [24] for algebra, [2], [3]
and [7] — [9] for graphs.

A proposition p on a set 3 is a declarative sentence on elements in ¥ that is either true or
false but not both. The statements it is not the case that p and it is the opposite case that p
are still propositions, called the negation or anti-proposition of p, denoted by non-p or anti-p,
respectively. Generally, non — p # anti — p. The structure of anti-p is very clear, but non-p is

not. An oppositive or negation of a proposition are shown in Fig.1.6(1) and (2).

non-p

() (0 oo
/)

non-p

Fig.1.6
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A proposition and its non-proposition jointly exist in the world. Its truth or false can be
only decided by logic inference, independent on one knowing it or not.

A norm inference is called implication. An implication p — q, i.e., if p then q, is a propo-
sition that is false when p is true but ¢ false and true otherwise. There are three propositions
related with p — ¢, namely, ¢ — p, =¢ — —p and —p — —q, called the converse, contrapositive
and inverse of p — ¢. Two propositions are called equivalent if they have the same truth value.
It can be shown immediately that an implication and its contrapositive are equivalent. This
fact is commonly used in mathematical proofs, i.e., we can either prove the proposition p — ¢
or =g — —p in the proof of p — ¢, not the both.

A rule on a set X is a mapping

VXY X Y — Y
——————

n
for some integers n. A mathematical system is a pair (X;R), where ¥ is a set consisting
mathematical objects, infinite or finite and R is a collection of rules on ¥ by logic providing all
these resultants are still in 3, i.e., elements in X is closed under rules in R.

Two mathematical systems (31; R1) and (3o; R2) are isomorphic if there is a 1 —1 mapping
w : Y1 — Yo such that for elements a,b, -+ ,c € X,

w(Ri(a,b,--- ,¢)) = Ra(w(a),w(d), - ,w(c)) € La.

Generally, we do not distinguish isomorphic systems in mathematics. Examples for math-

ematical systems are shown in the following.

Example 1.1 A group (G;o) in classical algebra is a mathematical system (X¢g;R¢), where
Y¢ = G and
Ra = {R{; RS, RS},
with
RY: (zoy)oz=wxo0(yoz) for Va,y,z € G;
RS there is an element 1¢ € G such that z o 1 = x for Vz € G}
R§: for Vo € G, there is an element y,y € G, such that z oy = 1.

Then, the well-known homomorphism theorem of groups is restated in the next.

Homomorphism Theorem Let o : G — G’ be a homomorphism from groups G to G'. Then

G/Kero = G'.

O
Example 1.2 A ring (R;+,0) with two binary closed operations +, ois a mathematical system
(3;R), where ¥ = R and R = {Ry; R, R3, Ry} with
Ry: x+y,zoy € R forVo,y € R;
Rsy: (R;+) is a commutative group, i.e., z +y =y + z for Va,y € R;
R3: (R;o0) is a semigroup;
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Ry zo(y+z)=zoy+axozand (r+y)oz=z0z+yozforVo,y,z € R.

Example 1.3 An Euclidean geometry on the plane R? is a a mathematical system Xg;REe),
where ¥ = {points and lines on R?} and R = {Hilbert’s 21 axioms on Euclidean geometry}.

A mathematical (X;R) can be constructed dependent on the set ¥ or on rules R. The
former requires each rule in R closed in X. But the later requires that R(a,b, - - , ¢) in the final
set f), which means that 3 maybe an extended of the set ¥. In this case, we say S is generated
by ¥ under rules R, denoted by (X;R).

§2. Combinatorial System

By the view of LAO ZHI in Section 1, we should construct such mathematical systems (3; R)
for the WORLD in which a proposition with its non-proposition validated turn up in the set X,

or invalidated but in multiple ways in ¥, which is a Smarandache system defined in the next.

Definition 2.1 A rule in a mathematical system (3;R) is said to be Smarandachely denied if
it behaves in at least two different ways within the same set 3, i.e., validated and invalided, or
only invalided but in multiple distinct ways.

A Smarandache system (3;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

Definition 2.2 For an integer m > 2, let (X1;R1), (Z2; Ra), -+, (Zm; Rm) be m mathematical

systems different two by two. A Smarandache multi-space is a pair (i, 7%) with
f}:UEZ—, and ﬁ:URZ
i=1 i=1

Certainly, we can construct Smarandache systems by applying Smarandache multi-spaces,
particularly, Smarandache geometries ([4], [7]-[17]).

These Smarandache systems (X;R) defined in Definition 2.1 consider the behavior of a
proposition and its non-proposition in the same set 3 without distinguishing the guises of these
non-propositions. In fact, there are many appearing ways for non-propositions of a proposition
in ¥. For describing their behavior, the combinatorial systems are needed.

Definition 2.3 A combinatorial system €¢ is a union of mathematical systems (X1; R1),(32; Ra),

ooy (B Rim) for an integer m, i.e.,

s
M

C
X

99”(;:(_

with an underlying connected graph structure G, where
V(G) = {Ela 225 e 7Em}7
B(G) ={ (5% | ZiNZ; #0,1 <i,j <m}.
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Unless its combinatorial G structure, these cardinalities |3; () X,|, called the coupling con-
stants in a combinatorial system % also determine its structure if 3; (X, # 0 for integers
1 <4,j < m. For emphasizing its coupling constants, we denote a combinatorial system 6 by
Cc(lij, 1 <i,j<m)ifl;; =8, %,| #0.

Let (fél) and CKC(T?) be two combinatorial systems with

@ = (st UrD). 6 = (s YR

i=1 i=1 1=1 i=1

A homomorphism w : CKC(T}) — (fc(f) is a mapping @ : |J 21(1) - U 252) and w :
j i=1

1=1 7

¥ R(l)) —

U REZ) such that
i=1
5, (aRVb) = @ 5 (R{)w

w

for Va, b € El(-l), 1 < i < m, where w|y, denotes the constraint mapping of w on the mathemat-

= (a)w

ical system (X;, R;). Further more, if w : ‘(o”él) — ‘Kg) is a 1 — 1 mapping, then we say these
%él) and %C(f) are isomorphic with an isomorphism w between them.

A homomorphism w : CKC(T}) — (fc(f) naturally induces a mappings w|g on the graph Gy
and Go by

wlg: V(G1) = w(V(Gy)) C V(G2) and
@le 1 (5,%5) € BE(G1) = (w(X:), w(X;)) € E(G2),1 <4,j <m.

With these notations, a criterion for isomorphic combinatorial systems is presented in the
following.
Theorem 2.1 Two combinatorial systems (fél) and (fg) are isomorphic if and only if there is
al—1 mapping w : %él) — (féf) such that

(1) @l is an isomorphism and @l (z) = @l (x) for Vo € EE”HE;”, 1<i,j<m;

i i 5

(i1) w|g : G1 — Ga is an isomorphism.

Proof If w : %él) — CKC(;Z) is an isomorphism, considering the constraint mappings of @ on
the mathematical system (3;, R;) for an integer i,1 < i < m and the graph Ggl), then we find

isomorphisms @|y,a1) and @|g.

Conversely, if these isomorphism w|2(_1),1 < i < m and w|g exist, we can construct a
mapping w : %él) — ‘(o”g) by l
w(a) =wl|s,(a) if a€X; and w(o) = wl|g, (o) if c€R;,1<i< m.
Then we know that
w5, (aR{"b) = s, ()]s, (R;")owl, (0)

for Va,b € 251)7 1 < i < m by definition. Whence, w : (fél) — (féz) is a homomorphism.

Similarly, we can know that w=" : (fg) — (fél) is also an homomorphism. Therefore, w is an
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isomorphism between %él) and ‘KC(;Q). O

For understanding well the multiple behavior of the WORLD, namely, its overlap and
hybrid, a combinatorial system should be constructed. Then what s its relation with classical
mathematical sciences? What is its developing way for mathematical sciences? 1 have presented
an idea of combinatorial notion in Chapter 5 of [7], then stated formally as the combinatorial
conjecture for mathematics in [10] and [16], the last was reported at the 2nd Conference on
Combinatorics and Graph Theory of China in 2006.

Combinatorial Conjecture Any mathematical system (3;R) is a combinatorial system
Cfg(lij,l S i,j S m)

This conjecture is not just like an open problem, but more like a deeply thought, which
opens a entirely way for advancing the modern mathematics. Here, we need further clarification

for this conjecture. In fact, it indeed means combinatorial notions following for researchers.
(1) There is a combinatorial structure and finite rules for a classical mathematical system,
which means one can make combinatorialization for all classical mathematical subjects.

(2) One can generalizes a classical mathematical system by this combinatorial notion such

that it is a particular case in this generalization.
(3) One can make one combination of different branches in mathematics and find new

results after then.

Whence, a mathematical system can not be ended if it has not been combinatorialization
and all mathematical systems can not be ended if its combinatorialization has not completed
yet. The reader can applies this combinatorial notion to all of his research work, and then finds

his combinatorial fields.

83. Algebraic Systems

Let (27 0) be an algebraic system and B C &7, if (%; o) is still an algebraic system, then we call
it an algebraic sub-system of (&f;0), denoted by & < &/. Similarly, an algebraic sub-system is
called a subgroup if it is group itself.

Let (7;0) be an algebraic system and # < «/. For Va € &7, define a coset a o Z of £ in
o by

aoB=1{aoblVbe A}.
Define a quotient set & = </ /9 consists of all cosets of # in &7 and let R be a minimal set
with & = {r o B|r € R}, called a representation of &. Then
Theorem 3.1 If (%;0) is a subgroup of an associative system (<;0), then
(i) forVa,be o, (aocB)N(boRB) =0 oraoB =bo R, i.c, & is a partition of &7 ;

(it) define an operation e on & by
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(aoPB)e(boRB)=(aoch)o A,

then (S;e) is an associative algebraic system, called a quotient system of </ to AB. Particularly,
if there is a representation R whose each element has an inverse in (&;0) with unit 1., then

(6;e) is a group, called a quotient group of & to AB.

Proof For (i), notice that if

(aoB)N(boB)#D

for a,b € o7, then there are elements c1,co € Z such that aoc; = bocy. By assumption,
(%;0) is a subgroup of (47;0), we know that there exists an inverse element ¢;* € %, i.e.,

a=Dbocyocy'. Therefore, we get that

aoB = (bocyocy')oR

= {(bocgoci)oclVe € B}
{boc|Vc € B}
bo%

by the associative law and (%;o0) is a group gain, i.e., (a0 B)N(boB) =0 or ao B =bo B.
By definition of e on & and (i), we know that (&; e) is an algebraic system. For Va,b, ¢ € &7,
by the associative laws in (&7;0), we find that

(a0 B)e(boB))e(coB) = (aob)o%’)o(co%’)
(@ob)oc)oB =(ao(boc))oR
a )o((boc)o%)

) ((bo B) e (coB)).

[¢]

(
=
(
(aoB)e

Now if there is a representation R whose each element has an inverse in («7;0) with unit
1., then it is easy to know that 1, o 2 is the unit and a~' o Z the inverse element of a o %
in 6. Whence, (&;e) is a group. O

Corollary 3.1 For a subgroup (%;0) of a group (&;0), (&;e) is a group.
Corollary 3.2(Lagrange theorem) For a subgroup (%;0) of a group (4/;0),
B | |].
Proof Since a o ¢y = a o ¢y implies that ¢; = ¢o in this case, we know that

a0 B = | B

for Va € 7. Applying Theorem 2.2.4(i), we find that
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|| = |ro | = |R||#,

reR
for a representation R, i.e., | %] | |<|. O
Although the operation e in & is introduced by the operation o in &7, it may be e # o.

Now if e = o, i.e.,
(a0 B)o0(boB) = (aob) o2, (3-1)

the subgroup (%;0) is called a normal subgroup of (%;0), denoted by £ < &/. In this case, if

there exist inverses of a, b, we know that

PBoboAB=boR

by product a~! from the left on both side of (3 — 1). Now since (%;0) is a subgroup, we get
that

b loZBob= 2,

which is the usually definition for a normal subgroup of a group. Certainly, we can also get

bo#B=RBob

by this equality, which can be used to define a normal subgroup of a algebraic system with or
without inverse element for an element in this system.
Now let w : @ — &% be a homomorphism from an algebraic system (7 ;01) with unit

1o, to (@h;09) with unit 1.,. Define the inverse set w1(az) for an element ay € </ by

wil(ag) = {a1 S ,5A/1|w(a1) = ag}.

Particularly, if ag = 1,,, the inverse set @~ 1(1,,) is important in algebra and called the kernel
of w and denoted by Ker(w), which is a normal subgroup of («7;01) if it is associative and
each element in Ker(w) has inverse element in (<7 ;01). In fact, by definition, for Va,b, c € @4,

we know that

(1) (aob)oc=uao(boc) e Ker(w) for w((aob)oc)=w(ao(boc)) = 1lg;

(2) 1o, € Ker(w) for w(le,) = lay;

(3) a=! € Ker(w) for Va € Ker(w) if a~! exists in (&;01) since w(a 1) = w1 (a) = 1u;
(4) aoXKer(w) = Ker(w) o a for

w(aoKer(w)) = w(Ker(w) oa) = w (w(a))

by definition. Whence, Ker(w) is a normal subgroup of (& ;01).

Theorem 3.2 Let w : o) — o be an onto homomorphism from associative systems (<1;01)
to (ta;09) with units 1oy, 1o,. Then
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oy [Ker(w) =2 (afa;09)
if each element of Ker(w) has an inverse in (/i;01).

Proof We have known that Ker(w) is a subgroup of (&#4;01). Whence % /Ker(w) is a
quotient system. Define a mapping ¢ : @4 /Ker(w) — % by
¢(a o1 Ker(w)) = w(a).

We prove this mapping is an isomorphism. Notice that ¢ is onto by that w is an onto homo-
morphism. Now if a o; Ker(w) # b oy Ker(w), then w(a) # w(b). Otherwise, we find that
a oy Ker(w) = boy Ker(w), a contradiction. Whence, ¢(a o1 Ker(w)) # ¢(b oy Ker(w)), i.e., ¢ is
a bijection from 7 /Ker(w) to <.

Since w is a homomorphism, we get that

¢((a oy Ker(w)) o1 (boy Ker(w)))
= ¢(a o1 Ker(w)) o ¢(b oy Ker(w))

= w(a) o2 w(b),
ie., ¢ is an isomorphism from @7 /Ker(w) to (2;02). O

Corollary 3.3 Let w : o) — oy be an onto homomorphism from groups (@/1;01) to (9f;02).
Then

oy [Ker(w) =2 (afh;09).

84. Multi-Operation Systems

A multi-operation system is a pair (J; 5) with a set 7 and an operation set
O={o;|1<i<l}

on J# such that each pair (J#;0;) is an algebraic system. A multi-operation system (JZ; 6) is
associative if for Va,b,c € F, Yoq,09 € O, there is

(ao1b)ogc=uao; (bogc).

Such a system is called an associative multi-operation system. A multi-operation system (7 6)
is distributive if O = 01 U O with O1 N Oy = 0 such that

aoy (bogc)=(ao1b)oy(aorc)and (bogc)oya=(boya)os(coya)

for Ya,b,c € 5 and Vo; € Oy, oy € Os. Denoted such a system by (J; 01 — Os).

Let (47, 6) be a multi-operation system and ¥ C J7, C~2 cO. If (%,@) is itself a
multi-operation system, we call (%,@) a multi-operation subsystem of (%,5)), denoted by
(%;Q) < (#,0). In those of subsystems, the (¢;0) is taking over an important position in
the following.
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Assume (¢;0) < (A, 0). For Ya € s and o; € O, where 1 < i < I, define a coset a 0; 4

by
a0;9 ={ao;b| for Vbe 4},
and let
H = U ao¥.
a€R,0ePCO

Then the set

2={ao%acRoecPcO}

is called a quotient set of & in F with a representation pair (R, ﬁ), denoted by §|(R.15)'

Two multi-operation systems (J7; 51) and (7%; 62) are called homomorphic if there is a
mapping w : JA4 — A5 with w : O; — O3 such that for a;,b; € J4 and oy € Oy, there exists

an operation oy = w(o7) € O enables that

w(ay o1 b1) = w(ay) oz w(by).

Similarly, if w is a bijection, (J4; O1) and (%; O,) are called isomorphic, and if 4 = s = A,

w is called an automorphism on J.

Theorem 4.1 Let (7, 6) be an associative multi-operation system with a unit 1, for Yo & 9]
and G C .

(1) If 4 is closed for operations in O and forVa e ¥, o€ 6, there exists an inverse element

ast in (9;0), then there is a representation pair (R, ﬁ) such that the quotient set gk}%ﬁ) is

a partition of A, i.e., for a,b € I ,Noy, 09 € O, (ao19)N(bos¥) =0 orao; 4 =boy¥.

(ii) For Yo € O, define an operation o on %|(R,1~3) by

(ao19)o(bog¥)=(aob)o1 9.

Then (%|(R.f3); 6)~ZS an associative mulﬁz’—opemtz'on system. Particularly, if there is a repre-
sentation pair (R, P) such that for o’ € P, any element in R has an inverse in (;0"), then
(%k}%,ﬁ)’o/) is a group.

Proof For a,b € A, if there are operations o, 09 € O with (ao1 4)N (boy¥) # (), then

there must exist g1,92 € ¢ such that a o1 g1 = b oy go. By assumption, there is an inverse
element ¢, ! in the system (¢;01). We find that

ao19 = (boggao cfl)olg
= bOQ(QQOlcl_lolg):bOQg

by the associative law. This implies that %k R,P) is a partition of 7.
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Notice that §|( R.P) is closed under operations in P by definition. It is a multi-operation

system. For Va,b,c € R and operations o;, 05,013,002 € P we know that

(@01 9) 0! (02 @) (cosd) = ((ao'b)o1¥)o” (cos®)
— ((@o'D)o? )01 ¥

and

(@01 9)o! ((bog9)0® (co3¥)) = (ao19)or((bo?c)ory¥)
= (ao'(bo%c) 01 9.

by definition. Since (7, 0) is associative, we have (a ol b) 02 ¢ = a o' (bo? ¢). Whence, we get
that

((ao19) ol (bor9))0® (coz ) = (a019) o' ((boa¥) 0? (c03 %)),

ie., (§|(R713); O) is an associative multi-operation system.
If any element in R has an inverse in (J#;0’), then we know that ¢ is a unit and a=! o’ ¢

is the inverse element of a o’ ¢ in the system (%|(R_Ig), o’), namely, it is a group again. O

Let Z(O) be the set of all units 1,,0 € O in a multi-operation system (#; ). Define a
multi-kernel Kerw of a homomorphism w : (J7; 61) — (S, 62) by

Kerw = { a € 74 | w(a) = 1, € Z(0s) }.
Then we know the homomorphism theorem for multi-operation systems in the following.
Theorem 4.2 Let w be an onto homomorphism from associative systems (H4;01) to (Hs; Oy)
with (Z(02); O2) an algebraic system with unit 15— for Yo~ € Oy and inverse z= for Ya €

(Z(Oy) in ((Z(Oy);07). Then there are representation pairs (Ry, Py) and (Ry, Py), where Py C
5, 162 C 52 such that

(/4;01) PR (#4;02) .
(Ketw; O1) 7 7 (Z(0q);0,) 1)
if each element of Kerw has an inverse in (A5 0) foro € O;.
Proof Notice that Kerw is an associative subsystem of (.77 ; 61) In fact, for Vkq, ko € Kerw
and Yo € 61, there is an operation o~ € 62 such that
w(ky o k) = w(ky) o~ w(ks) € Z(O)

since Z (52) is an algebraic system. Whence, Kerw is an associative subsystem of (74; 61) By
assumption, for any operation o € O; each element a € Kerw has an inverse a~! in (J4;0).
Let w: (JA4;0) — (J4;07). We know that



Extending homomorphism theorem to multi-systems 13

w(ao a_l) =w(a)o” w(a_l) =1,

ie., wla™!) = wla)"! in (HB;07). Because Z(Os) is an algebraic system with an inverse 2!

for Yz € Z(0y) in ((Z(O3);07), we find that w(a~') € Z(Os), namely, a~! € Kerw.
(#1:0,) (A2;05)

Define a mapping o : N |(R1,151) = Too8s |(R21]32) by

o(aoKerw) = o(a) o~ 1(52)

for Va € Ry,0 € Py, where w : (J;0) — (#4;0™). We prove ¢ is an isomorphism. Notice that
o is onto by that w is an onto homomorphism. Now if a0y Kerw # bos Ker(w) for a,b € Ry and
01,09 € Py, then w(a)o; Z(Os) ;é w(b) oy Z(02). Otherwise, we find that ao; Kerw = bos Kerw,
a contradiction. Whence, o(ao; Kerw) # o(bogKerw), i.e., o is a bijection from (gﬁT’o&le )

(% 0s)
to (Z(032);02) |(Rz Py

Since w is a homomorphism, we get that

o((aoy I/—(\e/rw) o (bog If(a"w)) = o(aoy If(a"w) o~ oa(bog I/—(\e/rw)

(w(a) oy Z(02)) o~ (w(b) 03 Z(02))
o((a 0y Kerw) o~ o(b oy Kerw),

_(A4:01) (H3:05)

(Kerw;O1) |(R1 Pr) to (Z(02); 02)| Ra,Py)’ 0

i.e., o is an isomorphism from
Corollary 4.1 Let (%”1, 01), (#; O4) be multi-operation systems with groups (3; 01), (H;03)
for Yoy € 01 Yoq € 02 and w : (J4; 51) (%’é, 02) a homomorphism. Then there are repre-
sentation pairs (Rl,Pl) and (Ra, ﬁg) where Py C Ol, Py C Oy such that

~

(44;01) T (#3;02) |
(Kerw;él) (R1,P1) ( (O ) 02) (R2,P2)

Particularly, if (J%; 62) is a group, we get an interesting result following.
Corollary 4.2 Let (#;0) be a multi-operation system and w : (#;0) — (o/;0) a onto

homomorphism from (;0) to a group («;0). Then there are representation pairs (R, P),
P C O such that

(#;0) ~ (o
(Kerwr 0) P = (75°)

§85. Multi-Rings

An associative multi-operation system (J#; O; — Oz) is said to be a multi-group if (J;0) is a
group for Yo € Oy UOq, a multi-ring (or multi-field) if O1 = {1 <i <1}, Oy = {+4|1 <i <}
with rings (or multi-field) (J7;+;,-;) for 1 < ¢ < [. We call them [-group, I-ring or I-field
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for abbreviation. It is obvious that a multi-group is a group if |O; U Oz = 1 and a ring or
field if |O1| = |O3] = 1 in classical algebra. Likewise, We also denote these units of a l-ring
(A;01 — O3) by 1., and 04, in the ring (7;+,+;). Notice that for Va € ., by these
distribute laws we find that

a~ib:a-i (b—FlOJ”):CLZb—l—lCLZOJ“,
b-ia:(b+i0+i)-ia=b-ia+i0+i G a
for Vb € 2. Whence,

a - OJ”. = OJ”. and OJ”. G a = OJ”..

Similarly, a multi-operation subsystem of (J7; O; — Os) is said a multi-subgroup, multi-
subring or multi-subfield if it is a multi-group, multi-ring or multi-field itself.
Now let (J2; 01 — O2) be an associative multi-operation system. We find these criterions

for multi-subgroups and multi-subrings of (#77; O; — O3) in the following.

Theorem 5.1 Let (5; 01 — O be a multi-group, H C . Then (H; O1 — Os) is a

(i) multi-subgroup if and only if for Va,b € H, o € O1UOs, ao bt € H;

(ii) multi-subring if and only if forVa,b € H, -; € O1 and V+; € O2), a-; b, a+; bfml €H,
particularly, a multi-field if a -; b;l, a+; b_T_} € H, where, O1 = {-|]1 < i <1}, Oy = {+;]1 <
1 <1}

Proof The necessity of conditions (i) and (i7) is obvious. Now we consider their sufficiency.

For (i), we only need to prove that (H;o) is a group for Vo € O; U Os. In fact, it is
associative by the definition of multi-groups. For Va € H, we get that 1, = aoa;! € H and
looagst € H. Whence, (H;0) is a group.

Similarly for (ii), the conditions a -; b, a +; bjrl € H imply that (H;+;) is a group and
closed in operation -; € O7. These associative or distributive laws are hold by (; +;, ;) being
a ring for any integer 4,1 < < [. Particularly, a -; b ' € H imply that (H;-;) is also a group.
Whence, (J;+;,+;) is a field for any integer 7,1 < ¢ <[ in this case. O

A multi-ring (501 — Os) with O1 = {+|1 < i <1}, Oy = {+]1 <@ <} is integral if
for Ya,b € 5 and an integer i, 1 <i <[, a0,b=0bo;a, 1o, # 04; and ao; b = 04, implies that
a =04, or b=04,. If | =1, an integral I-ring is the integral ring by definition. For the case
of multi-rings with finite elements, an integral multi-ring is nothing but a multi-field. See the

next result.

Theorem 5.2 A finitely integral multi-ring is a multi-field.

Proof Let (J;01 — O3) be a finitely integral multi-ring with 2 = {a1,as--- ,an},
where 07 = {j|]1 <@ <1}, O2 = {+;|1 <i <!}. For any integer i, 1 < ¢ <[, choose an element
a € and a # 04,. Then

@05 a1, A0;A2, ", @O;0n

are n elements. If ao; as = ao; at, i.e., ao; (as +; a;l) = 04,. By definition, we know that
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as +; a;l = 04;, namely, a; = a;. That is, these ao; a1, ao; as, -, ao; a, are different two

by two. Whence,

H ={aoc;a1, aojaz, -+, ao;ay }.

1

Now assume a o; as = 1.,, then a=" = a,, i.e., each element of .7 has an inverse in

(A;-;), which implies it is a commutative group. Therefore, (J;+;,+;) is a field for any
integer 7,1 < i < [. O

Corollary 5.1 Any finitely integral ring is a field.

Let (5501 — O3), (#;0% — 03%) be multi-rings with OF = {¥]1 < i < [}, Of =
{+F1 < i < Iy} for k = 1,2 and g : (H;0f — O)) — (H#;0% — O3) a homomorphism.
Define a zero kernel Kerp of ¢ by

Kerpp = {a € Hlo(a) = 042,1 < i <o}

Then, for Vh € 77 and a € K&BQ, o(a-th) =04,0(:)h =04, ,ie,ah € I/{E}Bg. Similarly,
h-ia€e I/{\e_r/og. These properties imply the conception of multi-ideals of a multi-ring introduced
following.

Choose a subset Z C 7. For Vh € 5, a € Z, if there are

ho,a€Z and ao; h € H,

then 7 is said a multi-ideal. Previous discussion shows that the zero kernel @gg of a homo-
morphism g on a multi-ring is a multi-ideal. Now let Z be a multi-ideal of (J; 01 — O,).

According to Corollary 4.1, we know that there is a representation pair (Rg, P2) such that
f:{cH—iI | a € Ry, +; EPQ}

is a commutative multi-group. By the distributive laws, we find that

(a+ZI)J(b+kZ) = ajb‘i-kCLJZ—Fle—'—kZJZ
= a~jb+kI.

Similarly, we also know these associative and distributive laws follow in (f ;01 — Oa).
Whence, (i, 01 — 0y) is also a multi-ring, called the quotient multi-ring of (H; 01 — Oa),
denoted by (7 : T).

Define a mapping ¢ : (#; 01 — O3) — (H : I) by p(a) = a+;T forVa € # ifa € a+;T.
Then it can be checked immediately that it is a homomorphism with

Kergo = T.

Therefore, we conclude that any multi-ideal is a zero kernel of a homomorphism on a

multi-ring. The following result is a special case of Theorem 4.2.
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Theorem 5.3 Let (54; 01 — O3) and (5; 0% — O3) be multi-rings and w : (54;0%) —
(5 O3) be an onto homomorphism with (Z(03); O3) be a multi-operation system, where Z(O3)
denotes all units in (H#%;03). Then there exist representation pairs (Ry, P1), (R, P5) such that

, . (01 — O3)
K Dlnpy = “ 707707 P

Particularly, if (J%; 0?2 — O3) is a ring, we get an interesting result following.

Corollary 5.2 Let (57; 01 — O3) be a multi-ring, (R;+,) a ring and w : (A;03) — (R;+)
be an onto homomorphism. Then there exists a representation pair (R, 16) such that

(%:I”(Rj:) = (Ry+,-).

86. Finite Dimensional Multi-Modules

Let O ={+; |1 <i<m}, O ={4]1 <i<m}and Oy = {+;]1 <i < m} be operation sets,
(A ; O) a commutative m-group with units 04, and (#; 01 — O2) a multi-ring with a unit 1.
for V- € Op. For any integer 7, 1 < i < m, define a binary operation x; : Z x .# — # by
a xX;x fora € Z, v € A such that for Va,b € Z, Vx,y € 4, conditions following hold:

(1) ax;(x4;y)=ax;x+;a%X;y;

(ZZ) (a—hb) X, T =aX; T +;bx;x;

(#i7) (a - b) x; ¢ = a x; (b x; x);

(iv) 1., x;2 = =x.
Then (#;0) is said an algebraic multi-module over (%; 01 — Oz) abbreviated to an m-
module and denoted by Mod(.Z(0) : Z(O1 — Oz)). In the case of m = 1, It is obvious
that Mod(Z(O) : Z(01 — O3)) is a module, particularly, if (#Z; 01 — Oa) is a field, then
Mod (4 (O) : Z(O1 — O3)) is a linear space in classical algebra.

For any integer k, a; € Z and z; € 4, where 1 < i, k < s, equalities following are hold

by induction on the definition of m-modules.

aXp (X1 +r T2 +p - FETs) =a X &1 +5 QX To Fp - +k a5 Xp T,

(a14rao+r - Fras) Xp & = a1 X T +g a2 X T +p - +g Qs X T,

(@1 ag k- pas) Xpx =a1 X (a2 Xp - X (as Xp ) -+)
and
1"L1 Xy (1'1'2 Xig 0 Xig_y (1“ Xis ‘T)) =z
for integers i1,i9, - ,is € {1,2,--+ ,m}.

Notice that for Va,x € ., 1 <1i < m,

ax;r=ax;(x+;04,)=ax;x+;ax;04,,

we find that a x; 04, = 04,. Similarly, 0, x; a =04,. Applying this fact, we know that
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a X; T+ aj” X T = (a—i—ia;) xix =03 Xx;z =04,
and

axX;r+iax;ry, =ax;(x+;r])=ax;0p, =0q,.
We know that

(ax;x)y, =a7

I xix:axix_h_.

Notice that a x; x = 04, does not always mean a = 0; or z = 04, in an m-module
Mod(#(O) : (01 — Os)) unless a7 s existing in (B;+i, ) if © # 04,

Now choose Mod(#1(01) : #1(0} — O3)) an m-module with operation sets 07 =
{+]1<i<m} O = {1 <i<m} O = {+11|1 < i < m} and Mod(#(0s) :
H2(02 — 03)) an n-module with operation sets Oy = { +/ | 1 <i <n}, O? = {3|1 <i < n},
03 = {+12|1 < i < n}. They are said homomorphic if there is a mapping ¢ : .#1 — .#> such
that for any integer i,1 < i < m,

(1) oz +iy) =ulx)+" uly) for Va,y € A4, where o(+]) = +" € Oq;

(11) tla x; x) =a x; 1(x) for Vo € A, .

If ¢ is a bijection, these modules Mod(.#1(01) : % (01 — O1)) and Mod(#(Os) :
Ho (02 — 03)) are said to be isomorphic, denoted by

MOd(.//l(Ol) 2%1 (O% — O%)) = MOd(%Q(OQ) %Q(O% — O%))

Let Mod(#(0) : Z(0; — Oz)) be an m-module. For a multi-subgroup (A47;0O) of
(A;0), if for any integer i, 1 <i <m, a X,z € A for Va € #Z and x € ./, then by definition
it is itself an m-module, called a multi-submodule of Mod(.Z (O) : Z(O1 — O2)).

Now if Mod (A4 (0) : Z(01 — O3)) is a multi-submodule of Mod(.#Z (0) : Z(0y — (92))
by Theorem 4.2, we can get a quotient multi-group A/| r,p) With a representation pair (R, P)

under operations

(a+i )+ (b+; )= (a+b)+; N
for Va,b € R,+ € O. For convenience, we denote elements x +; ./ in %|<R_Ig) by (@ . For an
integer 7,1 < i < m and Va € Z, define
ax; 20 = (a x; )@,
Then it can be shown immediately that

’L) a X; (17(1)4— y(l))—ax'm‘i‘iaX'W;
i) (atib) x; 2 = a x; 20 44 b x; 20;
iii) (a3 b) x; 20 = a x; (b x; 20);

iv) 1, xmzm,

(
(
(
(
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i.e.,(%“RJ;) : #) is also an m-module, called a quotient module of Mod(.#(O) : Z(01 —
03)) to Mod (A (0) : Z(O1 — O2)). Denoted by Mod (4 /.N").

The result on homomorphisms of m-modules following is an immediately consequence of
Theorem 4.2.

Theorem 6.1 Let Mod(.#1(01) : #1(0F — 03)), Mod(#(Os) : #2(0? — O3)) be multi-
modules with O1 = { +, |1 <i<m}, O = { +/ |1 <i<n}, O = {}1 <i < m},
0} = {—|—11|1 <i<m}, O? ={3}1<i<n}, 05 = {+f|1 < i< n} and: Mod(A (0) :
P, (01 — 0)) — Mod(#>(02) : #2(0F — 03)) be a onto homomorphism with (Z(Oz); O2)
a multi-group, where Z(O3) denotes all units in the commutative multi-group (Ma; Oz). Then

there exist representation pairs (Ry, ﬁl), (Ra, 152) such that

Mod(A | N )| g, 5,y = Mod(#a(02)/T(O2))| (g,

where A = Kere is the kernel of . Particularly, if (Z(Oz); O2) is trivial, i.e., |Z(O2)| = 1,
then

Mod(////e/V)|(leal) > Mod(.#2(Os) : Bo(OF — O%))|(R21]32).

Proof Notice that (Z(O3); Oz) is a commutative multi-group. We can certainly construct
a quotient module Mod(.#5(02)/Z(02)). Applying Theorem 2.3.6, we find that

Mod (A [N )| (g, By = Mod(#2(02)/Z(02))| g, p,)-
Notice that Mod(.#2(03)/Z(O2)) = Mod(Mo(Os) : #2(0? — 03)) in the case of
|Z(O2)| = 1. We get the isomorphism as desired. O

Corollary 6.1 Let Mod(.Z(0O) : Z(01 — O2)) be an m-module with O = { +; | 1 <i <
m}, O1 = {41 < i < m}, Oz = {+i]1 < i < m}, M a module on a ring (R;+,-) and
¢ : Mod(#1(01) : %,(0} — OF)) — M a onto homomorphism with Ker. = 4. Then there

exists a representation pair (R', P) such that

Mod (A | N)| (g 5y = M,
particularly, if Mod (. (O) : Z(O1 — Os)) is a module A, then

M|N = M.

For constructing multi-submodules of an m-module Mod(.#Z(O) : Z(O1 — O3)) with
O={+;|1<i<m}, 01 ={4]1 <i<m}, Oy = {+;|]1 <i<m}, a general way is described
in the following.

Let S C .# with |S| = n. Define its linearly spanning set <§|%> in Mod(.#(0) : #(0 —
03)) to be

<§|e@> = {ééai]‘ X xij' Qi Ee@,l'ij € § },

i=1 j=1
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where
m n
@@aij Xij Ty = @11 X1211 +1 - +101n X1 Z1n
i=1 j=1
+(1)a21 Xg To1 +2 -+ +2 Q2 X2 XTop
_|_(2) ........................... _|_(3)
m1 Xm Tml +m e +m Amn Xm Tmn
m
with +1), +@) +G) ¢ © and particularly, if +1 = 49 = --- = +,,, it is denoted by S a; as

=1

usual. It can be checked easily that <§|%> is a multi-submodule of Mod(.Z(0) : Z(0O1 —

0,)), call it generated by S in Mod(.#(O) : #(Oy — Oy)). If § is finite, we also say that
<§|,%’> is finitely generated. Particularly, if § = {z}, then <§ |%’> is called a cyclic multi-
submodule of Mod (. (O) : Z(01 — Oz)), denoted by Zx. Notice that

Rr ={Paixiz|aicR}

i=1

by definition. For any finite set S , if for any integer 5,1 < s < m,

m S
DD xizy =04

i=1 j=1
implies that a;; = 0; for 1 <7 <m,1 < j < n, then we say that {zi]l1 <i<m,1<j<n}
is independent and S a basis of the multi-module Mod(.#(0) : Z(O1 — Os)), denoted by
<§|@> — Mod(4(0) : Z(O) — O)).

For a multi-ring (#; O1 — O3) with a unit 1. for V- € Oy, where O; = {-;|1 <i < m} and
Oy = {+]1 <i <m}, let

B™ = {(21, 29, ,xn)| 2 € B,1 <i<n}.

Define operations

(171, T2, Jn) +i (y1, Y2, ,yn) = ($1-i—iy17$2—i-iy2, ce ,l“n-i-iyn)

and

axi(fl,l“m"' 7$n):(a'i171,a'i332,"' ,a'ﬂ?n)

for Ya € % and integers 1 < i < m. Then it can be immediately known that 2™ is a multi-
module Mod(Z™ : %(0; — 05)). We construct a basis of this special multi-module in the
following.

For any integer k,1 < k <n, let

€ = (1.k,0+k,--- ,Ojrk);
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Notice that

(T1, 22, - ,Tp) = T1 X €1 +1 T2 X €2 +f -+ -+ Tn X €.
We find that each element in #Z(™ is generated by e, e, -- ,e,. Now since
($1,$2,' o ,J/'n) = (0+k70+k7 : 7O+k)
implies that z; = 04, for any integer i,1 < i < n. Whence, {ej, ez, -+ ,e,} is a basis of

Theorem 6.2 Let Mod (4 (O) : Z(01 — O3)) = <§|@> be a finitely generated multi-module
with S = {uy,u2, -+ ,un}. Then

Mod(.#(0) : Z(01 — 03)) = Mod(Z"™ : Z#(0; — Os)).

Proof Define a mapping 9 : .#(0) — Z™ by 9(u;) = e;, ¥(a xj u;) = a x; e; and
V(u; +x uj) = €; +, e; for any integers i, j, k, where 1 <4, j, k < n. Then we know that

0(@@@@‘ X ul) = @@ai]‘ X €;.

=1 j=1 i=1 j=1
Whence, 9 is a homomorphism. Notice that it is also 1 — 1 and onto. We know that ¢ is an
isomorphism between Mod(.Z (O) : Z(01 — 03)) and Mod(Z™ : Z(01 — 05)). O

§7. Combinatorially Algebraic Systems

An algebraic multi-system is a pair (.12?75) with

. m - m
o =) and 0 =|]0;
i=1 i=1
such that for any integer i,1 < i < m, (J%;O;) is a multi-operation system. For an algebraic
multi-operation system (JZ?T&) and an integer i,1 < i < m, a homomorphism p; : (JﬁN) —
(A; O;) is called a sectional projection, which is useful in multi-systems.

Two multi-systems (,53?;, o), (4%, 05), where o = U #£* and 0y = U OF fork=1, 2

i=1 =1
are homomorphic if there is a mapping o : @/ — o such that op; is a homomorphism for any
integer i, 1 < i < m. By this definition, we know the existent conditions for homomorphisms

on algebraic multi-systems following.

Theorem 7.1 There exists a homomorphism from an algebraic multi-system (,QZ 51) to

(szf; 52), where o, = U 2% and Op = U OF for k = 1, 2 if and only if there are ho-
i=1 i=1
momorphisms 11,12, -+, on (J4'501), (H5503), -+, (5, O5,) such that
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77i|9fi1mfjl = 77j|yfilmfjl
for any integer 1 <i,j < m.

Proof By definition, if there is a homomorphism o : (.;z?;, 51) — (.;z?;, 52), then op; is a
homomorphism on (J#; O}) for any integer i,1 < i < m.

On the other hand, if there are homomorphisms 11,12, - -+ , 7, on (JG; OF), (541 03), - - -,
(), 0L), define a mapping o : (.12?1/, o)) — (@Z, 0>) by o(a) = ni(a) if a € Y. Then it can
be checked immediately that o is a homomorphism. 0

Let o : (Jz?;, 0y) — (,Q;;, 05) be a homomorphism with a unit 1, for each operation o € 0.

Similar to the case of multi-operation systems, we define the multi-kernel I/{\e/r(o) by

Ker(o) ={ a € & | o(a) = 1, for Yo € 03 }.
Then we have the homomorphism theorem on algebraic multi-systems following.

Theorem 7.2 Let (JZZ/, 51), (szf; 52) be algebraic multi-systems, where A = U sk, O =

i=1

U OF for k = 1,2 and o : (JZZ/, 51) — (szf; 52) a onto homomorphism with a multi-group
i=1

(Z%;,02) for any integer i,1 < i < m. Then there are representation pairs (Ry, Py) and (R, P,)
such that

(A:0) | (i)
(Ker(0);01) ™)~ (F(02);0) P+

where (f((')z); 0s) = G (Z7;07).
i=1

Proof By definition, we know that o, : (J1;0}) — (%21), o Z)) is also an onto
homomorphism for any integer ¢,1 < i < m. Applying Theorem 4.2 and Corollary 4.1, we can
find representation pairs (R}, P!) and (R2, P2) such that

2 . 2
(A0} . i 9ow)

-1 = 2 .2
(KGI‘(OL%? )7 Oi ) (Rivﬁil) (Zo(i)v Oo(z)> (R! . O(l))

Notice that

1=1 L

for kK =1,2 and

Ker U Ker (0| 1)

=1

We finally get that
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(; O1) PR (eta; On) P
(Ker(0);0y) M) (7(0,); 05) (21
with
Ry =|J R and P, =[P}
=1 =1
for k=1 or 2. O

Let (A;0) be an algebraic system with operation o. We associate a labeled graph GT[A]
with (A4;0) by

V(GHA]) = A,
E(GF[A]) = {(a,c) with label ob |if aob = c for Va,b,c € A},

as shown in Fig.7.1.

o

Fig.7.1

The advantage of this diagram on systems is that we can find aob = ¢ for any edge in
GT[A], if its vertices are a,c with a label ob and vice versa immediately. For example, the
labeled graph GY[Z,] of an Abelian group Zy is shown in Fig.7.2.

w0 o 1 1) +0

+3

12 2\ /ABT +l

- 43
42
o
w0\ 3 +1 2 o0
Fig.7.2

Some structure properties on these diagrams GL[A] of systems are shown in the following.

Property 1. The labeled graph G*[A] is connected if and only if there are no partition A =
A1 |J Az such that for Vay € Ay, Yag € As, there are no definition for aj o ag in (A;o).

If GL[A] is disconnected, we choose one component C' and let A; = V(C). Define Ay =
V(GE[A])\ V(C). Then we get a partition A = Ay |J A2 and for Va; € Ay, Yas € As, there are
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no definition for aq o as in (A;0), a contradiction.

Property 2. If there is a unit 14 in (A;o), then there exists a verter 14 in GE[A] such that
the label on the edge (14,x) is ox.

For a multiple 2-edge (a,b) in a directed graph, if two orientations on edges are both to a
or both to b, then we say it a parallel multiple 2-edge. If one orientation is to a and another is

to b, then we say it an opposite multiple 2-edge.

Property 3. For Va € A, if a;! emists, then there is an opposite multiple 2-edge (14,a) in
GT[A] with labels oa and oaZ ', respectively.

Property 4. ForVa,b € A if aob = boa, then there are edges (a,z) and (b,x), x € A in
(A;0) with labels w(a,x) = ob and w(b, ) = oa in G[A], respectively.

Property 5. If the cancellation law holds in (A;0), i.e., for Va,b,c € A, if aob = aoc then
b = ¢, then there are no parallel multiple 2-edges in G*[A].

These properties 2 — 5 are gotten by definition. Each of these cases is shown in (1), (2), (3)
and (4) in Fig.7.3.

a
a b A

ob ob oa

1 r b

A

oa

14
(1) (2) (3) (4)

Fig.7.3

Now we consider the diagrams of algebraic multi-systems. Let (JZZ ﬁN) be an algebraic
multi-system with

o =\ and 6=]0;
i=1 i=1

such that (J%; O;) is a multi-operation system for any integer ¢,1 < ¢ < m, where the operation
set O; = {0;;]1 < j < n;}. Define a labeled graph G*[«/] associated with («/; &) by

m  n;

¢l = U 6 1500,

where GL[(; 0,5)] is the associated labeled graph of (% 0;;) for 1 <i <m, 1 < j < n;;. The

importance of G¥[«7] is displayed in the next result.
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Theorem 7.3 Let (.12?1/, o), (@Z, 05) be two algebraic multi-systems. Then

(@h; 01) = (sh; 00)
if and only if

GHlen] = GFlah).

Proof If (,QZ, ﬁNl) = (.12?2/, 52), by definition, there is a 1 — 1 mapping w : 4&%/—> ,%with
w : Oy — Oy such that for Va,b € &) and oy € 01, there exists an operation oy € 05 with the
equality following hold,

w(a oy b) =w(a) oy w(b).

Not loss of generality, assume a o1 b = ¢ in (,Q;;7 01). Then for an edge (a,c) with a label o1b

in G4 ], there is an edge (w(a),w(c)) with a label ogw(b) in G¥[aA)], i.e., w is an equivalence

from GF[aA] to GL[a). Therefore, GL[at] = GY[a).

Conversely, if GF[eA] = GE[ah], let @ be a such equivalence from G*[a] to GF |,

then for an edge (a, c) with a label o1b in GF[#4], by definition we know that (w(a),w(c)) with

a label w(o1)w(b) is an edge in GL[eh]. Whence,

w(a o1 b) = w(aw(or)w(d),
i.e., w: a4 — ah is an isomorphism from (Jz?;, 01) to (,Q;;, 0s). O

Generally, let (.12?1/, 51), (,QZ ; 52) be two algebraic multi-systems associated with labeled
graphs GL[aA], GF[ah). A homomorphism o : GF[e] — GL[a)] is a mapping ¢« : V(GE[a4]) —
V(GE[ah)]) and o : Oy — O such that u(a,c) = (u(a),(c)) with a label t(o)u(b) for ¥(a,c) €

E(G'[47]) with a label ob. We get a result on homomorphisms of labeled graphs following.

Theorem 7.4 Let (JZ?;, 51), (JZ?;, 52) be algebraic multi-systems, where o, = U sk, Oy =
i=1

U OF for k=1,2 and ¢ : (JZZ, 51) — (;zg, ﬁNQ) a homomorphism. Then there is a homomor-
i=1
phism 1 : G — GE|ah)] from GL[oA] to GF ot induced by t.

Proof By definition, we know that o : V(GE[#4]) — V(GL[e4]). Now if (a,c) € E(GE[a4])
with a label ob, then there must be aob = cin (JZZ/, 51) Hence, t(a)e(0)e(b) = ¢(c) in (sz{; 52),
where (o) € 0 by definition. Whence, (¢(a), (c)) € E(GE[«4]) with a label 1(0)(b) in G [],
i.e., ¢ is a homomorphism between G¥[@] and G¥ [/ )3]. Therefore, « induced a homomorphism
from GLa] to G| O

Notice that an algebraic multi-system (JZ}T % ) is a combinatorial system %1 with an under-

lying graph I', called a I'-multi-system, where

V(D) = {1 < i < ml,

ET) = {(#,75)|3a € H,b € H; with (a,b) € E(GF[o/]) for 1 <i,5 <m}.
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We obtain conditions for an algebraic multi-system with a graphical structure in the fol-

lowing.

Theorem 7.5 Let (.Q?,/ﬁ) be an algebraic multi-system. Then it is

(1) a circuit multi-system if and only if there is arrangement 7,1 < i < m for 4,55, - , I,
such that

A, (i, # 0, A, (A, #0

for any integer i(mod m), 1 <i<m but

A, (A, =0

for integers j # i — 1,i,i+ 1(mod m);
(it) a star multi-system if and only if there is arrangement 5€,,1 < i < m for 4,56, - , I,
such that

A, (A, #0 but A (A, =0

for integers 1 < i,j < m,i# j.
(#i1) a tree multi-system if and only if any subset of < is not a circwit multi-system under

operations in O .

Proof By definition, these conditions really ensure a circuit, star, or a tree multi-system.

Conversely, a circuit, star, or a tree multi-system constrains these conditions, respectively. [

Now if an associative system («/;0) has a unit and inverse element aj! for any element
a € o/, i.e., a group, then for any elements x,y € <7, there is an edge (z,y) € E(GF[</]). In
fact, by definition, there is an element z € 7 such that z;! oy = z. Whence, z 0z = y. By
definition, there is an edge (z,y) with a label oz in G¥[«7], and an edge (y, ) with label 25 L.
Thereafter, the diagram of a group is a complete graph attached with a loop at each vertex,
denoted by K[«;0]. As a by-product, the diagram GZ[G] of a m-group G is a union of m
complete graphs with the same vertices, each attached with m loops.

Summarizing previous discussion, we can sketch the diagram of a multi-group as follows.

Theorem 7.6 Let (.12?75) be a multi-group with o = U 7, 0 = U Oi, O; ={0;5,1<j <
i=1 i=1
n;} and (A;0i5) a group for integers i,j, 1 <1 <m,1 <i<mn;. Then its diagram Gl is

m  n;

GHar] = | | K[#; 045].

i=1j=1

Corollary 7.1 The diagram of a field (H;+,0) is a union of two complete graphs attached

with 2 loops at each vertex.

Corollary 7.2 Let (4&7, 5) be a multi-group. Then G*[<7] is hamiltonian if and only if €r is

hamiltonian.
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Proof Notice that %t is an resultant graph in G'[«/] shrinking each U K|[H;044] to a
j=1

vertex .7 for 1 < i < m by definition. Whence, 4t is hamiltonian if G¥[/] is hamiltonian.
Conversely, if ¢ is hamiltonian, we can easily find a hamiltonian circuit in G'[</] by
applying Theorem 7.6. O

§8. Remarks

8.1 These conceptions of multi-group, multi-ring, multi-field and multi-vector space are first
presented in [11]-[14] introduced by Smarandache multi-spaces. In Sections 4 — 5, we consider
their general case, i.e., multi-operation systems and extend the homomorphism theorem to this
multi-system. Section 6 is a generalization of works in [13] to multi-modules. There are many
trends or topics in multi-systems should be researched, such as extending those of results in

groups, rings or linear spaces to multi-systems.

8.2 The topic discussed in Section 7 can be seen as an application of combinatorial spec-
ulation([16]) to classical algebra. In fact, there are many research trends in combinatorially
algebraic systems, in algebra or combinatorics. For example, given an underlying combinatorial
structure G, what can we say about its algebraic behavior? Similarly, what can we know on its
graphical structure, such as in what condition it has a hamiltonian circuit, or a 1-factor? When

it 1s reqular? -- - etc..
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Abstract: The present study further strengthens the use of the Keedwell CIPQ against
attack on a system by the use of the Smarandache Keedwell CIPQ for cryptography in a
similar spirit in which the cross inverse property has been used by Keedwell. This is done
as follows. By constructing two S-isotopic S-quasigroups(loops) U and V such that their
Smarandache automorphism groups are not trivial, it is shown that U is a SCIPQ(SCIPL)
if and only if V' is a SCIPQ(SCIPL). Explanations and procedures are given on how these
SCIPQs can be used to double encrypt information.
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81. Introduction

1.1 Quasigroups and Loops

Let L be a non-empty set. Define a binary operation (-) on L : If z -y € L for all z,y € L,
(L,-) is called a groupoid. If the system of equations ;

a-x=>= and y-a=1»

have unique solutions for x and y respectively, then (L,-) is called a quasigroup. For each

A are called

x € L, the elements z¥ = :erp,x’\ = xJy € L such that zz” = e” and 2’z = e
the right, left inverses of x respectively. Now, if there exists a unique element e € L called
the identity element such that for all x € L, z-e = e-2 = x, (L,-) is called a loop. To
every loop (L,-) with automorphism group AUM (L, ), there corresponds another loop. Let
the set H = (L,-) x AUM(L,-). If we define o’ on H such that (a,x) o (8,y) = (af8,20 - y)
for all (o, z), (3,y) € H, then H(L,-) = (H, o) is a loop as shown in Bruck [6] and is called the
Holomorph of (L, ).

A loop is a weak inverse property loop(WIPL) if and only if it obeys the identity

a(ye)’ =y or  (ay)z =y

1Received May 6, 2008. Accepted August 18, 2008.
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A loop(quasigroup) is a cross inverse property loop(quasigroup)[CIPL(CIPQ)] if and only
if it obeys the identity

Ty -z’ =y or z-yxf =y or 2 (yz) =y or Dy -x=y.

A loop(quasigroup) is an automorphic inverse property loop(quasigroup)[AIPL(AIPQ)] if
and only if it obeys the identity

(zy)” = aPy? or (xy)* = 2y,

The set SYM(G,-) = SYM(G) of all bijections in a groupoid (G, -) forms a group called
the permutation(symmetric) group of the groupoid (G,-). Consider (G, -) and (H, o) been two
distinct groupoids(quasigroups, loops). Let A, B and C be three distinct non-equal bijective
mappings, that maps G onto H. The triple a = (A, B, C) is called an isotopism of (G, -) onto
(H,o) if and only if

2AoyB = (z-y)CVa,yed.

If (G,-) = (H, o), then the triple a = (A, B, C) of bijections on (G, -) is called an autotopism
of the groupoid(quasigroup, loop) (G,-). Such triples form a group AUT(G,-) called the au-
totopism group of (G,-). Furthermore, if A = B = C, then A is called an automorphism
of the groupoid(quasigroup, loop) (G,-). Such bijections form a group AUM (G, -) called the
automorphism group of (G, -).

As observed by Osborn [17], a loop is a WIPL and an AIPL if and only if it is a CIPL.
The past efforts of Artzy [1]-[4], Belousov and Tzurkan [5] and recent studies of Keedwell [12],
Keedwell and Shcherbacov [13]-[15] are of great significance in the study of WIPLs, AIPLs,
CIPQs and CIPLs, their generalizations(i.e m-inverse loops and quasigroups, (r,s,t)-inverse
quasigroups) and applications to cryptography.

Interestingly, Huthnance [7] showed that if (L, -) is a loop with holomorph (H, o), (L,-) is
a WIPL if and only if (H,o) is a WIPL. But the holomorphic structure of AIPL and a CIPL
has just been revealed by Jaiyéold [11].

In the quest for the application of CIPQs with long inverse cycles to cryptography, Keedwell
[12] constructed the following CIPQ which we shall specifically call Keedwell CIPQ.

Theorem 1.1 Let (G,-) be an abelian group of order n such that n+ 1 is composite. Define a
binary operation o’ on the elements of G by the relation a ob = a"b%, where rs =n+ 1. Then

(G,0) is a CIPQ and the right crossed inverse of the element a is a*, where u = (—r)3

The author also gave examples and detailed explanation and procedures of the use of this
CIPQ for cryptography. Cross inverse property quasigroups have been found appropriate for
cryptography because of the fact that the left and right inverses z* and z” of an element z do
not coincide unlike in left and right inverse property loops, hence this gave rise to what is called
cycle of inverses or inverse cycles or simply cycles, i.e finite sequence of elements x1, x2, - , Ty,
such that 2 = z341 mod n. The number n is called the length of the cycle. The origin of the
idea of cycles can be traced back to Artzy [1],[4] where he also found there existence in WIPLs

apart form CIPLs. In his two papers, he proved some results on possibilities for the values of
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n and for the number m of cycles of length n for WIPLs and especially CIPLs. We call these
Cycle Theorems for now.

In application, it is assumed that the message to be transmitted can be represented as single
element z of a quasigroup (L, -) and that this is enciphered by multiplying by another element
y of L so that the encoded message is yxr. At the receiving end, the message is deciphered
by multiplying by the right inverse y” of y. If a left(right) inverse quasigroup is used and the
left(right) inverse of z is #* (2*), then the left(right) inverse of #* (z*) is necessarily x. But if
a CIPQ is used, this is not necessary the situation. This fact makes an attack on the system
more difficult in the case of CIPQs.

1.2 Smarandache Quasigroups and Loops

The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. In
her book [19], she defined a Smarandache loop(S-loop) as a loop with at least a subloop which
forms a subgroup under the binary operation of the loop. In [9], the present author defined
a Smarandache quasigroup(S-quasigroup) to be a quasigroup with at least a non-trivial as-
sociative subquasigroup called a Smarandache subsemigroup (S-subsemigroup). Examples of
Smarandache quasigroups are given in Muktibodh [16]. In her book, she introduced over 75
Smarandache concepts on loops. In her first paper [20], on the study of Smarandache notions
in algebraic structures, she introduced Smarandachely left(right) alternative loops, Bol loops,
Moufang loops, and Bruck loops. In [8], the present author introduced Smarandachely inverse
property loops(IPL) and weak inverse property loops(WIPL).

A quasigroup(loop) is called a Smarandache certain quasigroup(loop) if it has at least a
non-trivial subquasigroup(subloop) with the certain property and the latter is referred to as
the Smarandache certain subquasigroup(subloop). For example, a loop is called a Smarandache
CIPL(SCIPL) if it has at least a non-trivial subloop that is a CIPL and the latter is referred to
as the Smarandache CIP-subloop. By an initial S-quasigroup L with an initial S-subquasigroup
L', we mean L and L’ are pure quasigroups, i.e. they do not obey a certain property(not of
any variety).

If L is a S-groupoid with a S-subsemigroup H, then the set SSY M (L, ) = SSYM(L) of
all bijections A in L such that A : H — H forms a group called the Smarandache permuta-
tion(symmetric) group of the S-groupoid. In fact, SSYM (L) < SYM(L).

Definition 1.1 Let (L,-) and (G, o) be two distinct groupoids that are isotopic under a triple
(U, V,W). Now, if (L,-) and (G, ) are S-groupoids with S-subsemigroups L' and G’ respectively
such that A : L' — G', where A € {U,V, W}, then the isotopism (U, V,W) : (L,-) — (G,0) is
called a Smarandache isotopism(S-isotopism).

Thus, if U =V = W, then U is called a Smarandache isomorphism. Hence we write
(L,) % (G,o).

But if (L,-) = (G, 0), then the autotopism (U, V, W) is called a Smarandache autotopism (S-
autotopism) and they form a group SAUT (L, -) which will be called the Smarandache autotopism
group of (L,-). Observe that SAUT (L, ) < AUT(L,-). Furthermore, if U =V =W, then U is
called a Smarandache automorphism of (L,-). Such Smarandache permutations form a group
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SAUM(L,-) called the Smarandache automorphism group(SAG) of (L,-).

Now, set Hs = (L,-) x SAUM(L,-). If we define o’ on Hg such that («,z) o (8,y) =
(af,zp - y) for all (o, ), (B,y) € Hg, then Hg(L, ) = (Hg,o0) is a S-quasigroup(S-loop) with
S-subgroup (H’,0) where H' = L' x SAUM(L) and thus will be called the Smarandache
Holomorph(SH) of (L,-).

The aim of the present study is to further strengthen the use of the Keedwell CIPQ against
attack on a system by the use of the Smarandache Keedwell CIPQ for cryptography in a similar
spirit in which the cross inverse property has been used by Keedwell. This is done as follows.
By constructing two S-isotopic S-quasigroups(loops) U and V such that their Smarandache
automorphism groups are not trivial, it is shown that U is a SCIPQ(SCIPL) if and only if V/
is a SCIPQ(SCIPL). Explanations and procedures are given on how these SCIPQs can be used
to double encrypt information.

§2. Preliminary Results

Definition 2.1(Smarandachely Keedwell CIPQ) Let Q be an initial S-quasigroup with an initial
S-subquasigroup P. Q is called a Smarandachely Keedwell CIPQ(SKCIPQ) if P is isomorphic
to the Keedwell CIPQ, say under a mapping ¢.

The following results that have recently been established are of paramount importance to
prove the main result in this paper.

Theorem 2.1(Jaiyéold [10]) Let U = (L, ®) and V = (L, ®) be initial S-quasigroups such that
SAUM(U) and SAUM (V) are conjugates in SSY M (L) i.e there exists a v € SSY M (L) such
that for any v € SAUM(V), v = ¢ ta) where « € SAUM(U). Then, Hs(U) = Hs(V) if
and only if 6 @yy = (xf B y)o V z,y € L, f € SAUM(U) and some 6,y € SAUM(V).

Theorem 2.2(Jafyéold [11]) The holomorph H(L) of a quasigroup(loop) L is a Smarandache
CIPQ(CIPL) if and only if SAUM (L) = {I} and L is a Smarandache CIPQ(CIPL).

§3. Main Result with Applications

3.1 Main result

Theorem 3.1 Let U = (L,®) and V = (L,®) be initial S-quasigroups(S-loops) that are
S-isotopic under the triple of the form (68,7 1,671) for all 3 € SAUM(U) and some
5,y € SAUM (V) such that their Smarandache automorphism groups are non-trivial and are
congugates in SSY M (L) i.e there exists a 1 € SSYM(L) such that for any v € SAUM(V),
v = ¢ tayp where « € SAUM(U). Then, U is a SCIPQ(SCIPL) if and only if V is a
SCIPQ(SCIPL).

Proof Following Theorem 2.1, Hg(U) 7z Hg(V). Also, by Theorem 2.2, Hg(U)(Hg(V))
is a SCIPQ (SCIPL) if and only if SAUM(U) = {I}(SAUM (V) = {I}) and U(V) is a
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SCIPQ(SCIPL).

Now let U be an SCIPQ(SCIPL), then since Hg(U) has a subquasigroup(subloop) that
is isomorphic to a S-CIP-subquasigroup(subloop) of U and that subquasigroup (subloop) is
isomorphic to a S-subquasigroup(subloop) of Hg (V') which is isomorphic to a S-subquasigroup
(subloop) of V, V is a SCIPQ(SCIPL). The proof for the converse is similar. O

3.2 Application To Cryptography

Let the Smarandache Keedwell CIPQ be the SCIPQ U in Theorem 3.1. Definitely, its Smaran-
dache automorphism group is non-trivial because as shown in Theorem 2.1 of Keedwell [12].
For any CIPQ, the mapping J, : = — = is an automorphism. This mapping will be trivial
only if the S-CIP-subquasigroup of U is unipotent. For instance, in Example 2.1 of Keedwell
[12], the CIPQ (G, o) obtained is unipotent because it was constructed using the cyclic group
Cs5 =< c: c® =e > and defined as a o b = a3b?. But in Example 2.2, the CIPQ gotten is not
unipotent as a result of using the cyclic group C1; =< c¢: ¢! = e >. Thus, the choice of a
Smarandache Keedwell CIPQ which suits our purpose in this work for a cyclic group of order
n is one in which rs = n+ 1 and r + s # n. Now that we have seen a sample for the choice of
U, the initial S-quasigroup V' can then be obtained as shown in Theorem 3.1. By Theorem 3.1,
V is a SCIPQ.

Now, according to Theorem 2.1, by the choice of the mappings «, 3 € SAUM(U) and
Y € SSYM(L) to get the mappings 0,7, a SCIPQ V can be produced following Theorem
3.1. So, the secret keys for the systems are {«, 5,9, ¢} = {0,7v,¢}. Thus whenever a set of
information or messages is to be transmitted, the sender will enciphere in the Smarandache
Keedwell CIPQ by using specifically the S-CIP-subquasigroup in it(as described earlier on in
the introduction) and then enciphere again with {«, 3,1, ¢} = {4,7, ¢} to get a SCIPQ V which
is the set of encoded messages. At the receiving end, the message V' is deciphered by using an
inverse isotopism(i.e inverse key of {«, 3,9} = {d,7}) to get U and then deciphere again(as
described earlier on in the introduction) to get the messages. The secret key can be changed
over time. The method described above is a double encryption and its a double protection.
It protects each piece of information(element of the quasigroup) and protects the combined
information(the quasigroup as a whole). Its like putting on a pair of socks and shoes or putting
on under wears and clothes, the body gets better protection. An added advantage of the use
of Smarandache Keedwell CIPQ over Keedwell CIPQ in double encryption is that the since
the S-CIP-subquasigroups of the Smarandache Keedwell CIPQ in use could be more than one,
then, the S-CIP-subquasigroups can be replaced overtime.
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81. Introduction

Curves of constant breadth were introduced by L. Euler [3]. In [8], some geometric properties
of plane curves of constant breadth are given. And, in another work [9], these properties are
studied in the Euclidean 3-Space E3. Moreover, M. Fujivara [5] had obtained a problem to
determine whether there exist space curve of constant breadth or not, and he defined breadth
for space curves and obtained these curves on a surface of constant breadth. In [1], this kind
curves are studied in four dimensional Euclidean space E*.

A regular curve with more than 2 breadths in Minkowski 3-space is called a Smarandache
breadth curve. In this paper, we study a special case of Smarandache breadth curves. We
investigate position vector of simple closed time-like curves and some characterizations in the
case of constant breadth. Thus, we extended this classical topic to the space E3, which is related

with Smarandache geometries, see [4] for details. We used the method of [9)].

82. Preliminaries

To meet the requirements in the next sections, here, the basic elements of the theory of curves
in the space E} are briefly presented. A more complete elementary treatment can be found in
the reference [2].

The Minkowski 3-space E?} is the Euclidean 3-space E® provided with the standard flat

metric given by

1Received July 1, 2008. Accepted August 25, 2008.
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(,) = —dx? + da3 + da3,

where (71,72, 73) is a rectangular coordinate system of Ef. Since (,) is an indefinite metric,
recall that a vector v € E} can have one of three Lorentzian characters: it can be space-like
if (v,v) > 0 or v = 0, time-like if (v,v) < 0 and null if (v,v) = 0 and v # 0. Similarly, an
arbitrary curve ¢ = ¢(s) in E} can locally be space-like, time-like or null (light-like), if all of its
velocity vectors ¢’ are respectively space-like, time-like or null (light-like), for every s € I C R.
The pseudo-norm of an arbitrary vector a € F} is given by |al| = \/|{a,a)|. ¢ is called an unit
speed curve if velocity vector v of ¢ satisfies ||v|| = £1. For vectors v,w € E it is said to be
orthogonal if and only if (v, w) = 0.

Denote by {T, N, B} the moving Frenet frame along the curve ¢ in the space E3. For an
arbitrary curve ¢ with first and second curvature, k and 7 in the space E$, the following Frenet
formulae are given in [6]:

Let ¢ be a time-like curve, then the Frenet formulae read

T 0 & 0 T
N |. (1)
B

% =
I
=

|

\]

[

where

(T,T)=—1, (N,N) = (B,B) = 1,
(T,N) = (T,B) = (T,N) = (N,B) =0

Let a and b be two time-like vectors in E}. If a and b aren’t in the same time cone then
there is unique real number § > 0 called the hyperbolic angle between a and b, such that
g(a,b) = ||a|| ||b]| coshd. Let 9 = ¥(s) be a time-like curve in E3}. If tangent vector field of this
curve forms a constant angle with a constant vector field U, then this curve is called an inclined
curve.

In [7], the author wrote a characterization for the inclined time-like curves with the follow-

ing theorem.

Theorem 2.1 Let p = ¢(s) be an unit speed time-like curve in E}. o is an inclined curve if
and only if

£ = constant. (2)
-

§3. The Time-like Curves of Constant Breadth in E}

Definition 3.1 A regular curve with more than 2 breadths in Minkowski 3-space is called a

Smarandache breadth curve.

Let ¢ = ¢(s) be a Smarandache breadth curve. Moreover, let us suppose ¢ = ¢(s) simple

closed time-like curve in the space E}. These curves will be denoted by (C'). The normal plane
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at every point P on the curve meets the curve at a single point ) other than P. We call the
point @ the opposite point of P. We consider a curve in the class I' as in [?] having parallel
tangents 7' and 7™ in opposite directions at the opposite points ¢ and ¢* of the curve. A
simple closed curve having parallel tangents in opposite directions at opposite points can be

represented with respect to Frenet frame by the equation
©*(s) = (s) + miT + maN + m3B, (3)

where m;(s), 1 < i < 3 are arbitrary functions and ¢ and ¢* are opposite points. Differentiating

both sides of (3) and considering Frenet equations, we have

dgo*_T@_ dmy

ds ) ds = ds +mar+ 1T+
m2 dm3 : (4)
(W + miKk — mgT)N+ (W +m2T)B
Since T* = —T. Rewriting (4), we have respectively,
dm _ —maok — 1 — ds”
dj N 2 ds
ma
—dS = —MmM1Kk + msT . (5)
dmg
= —MaT

If we call ¢ as the angle between the tangent of the curve (C') at point ¢(s) with a given

d
fixed direction and consider d—¢ = K, we have (5) as follow:
s

dm

a5 = 2= )

Cil—ﬂ;f = —mi+mspT o, (6)
dm3 — —mapr
do

1 1
where f(¢) = p+ p*, p = — and p* = — denote the radius of curvatures at ¢ and ¢*,
respectively. And using system (6), we have the following differential equation with respect to

miy as

f=0. (7)

Kk [d®my  d%f d k. [dPm df -k dm; T
7 [ a5 +d7>2} a5 [W‘m“% LA el
Equation (7) is a characterization for ¢*. If the distance between opposite points of (C) and

(C*) is constant, then, we can write that

lp* — @ll = —mT +m3 +m3 =1 = constant. (8)
Hence, we write
—mlz—rzﬁl +m2%+m3%20. 9)
Considering system (6), we obtain
ma (ML ) — 0. (10)

d¢
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dm1

We write m; =0 or o = —myg. Thus, we shall study in the following subcases.
d
Case 1. % = —ma. Then f(¢) = 0. In this case, (C*) is translated by the constant vector
u=m1T +masN + msB (11)

of (C). Now, let us to investigate solution of the equation (7), in some special cases.

Case 1.1 Suppose that ¢ is an inclined curve. If we rewrite (7), we have the following

differential equation:

d3m1 7'2 dm1

General solution of (12) depends on character of Z. Due to this, we distinguish following
K

subcases.

Case 1.1.1 7 > k. Then the solution above differential equation is:

2 2
m1 = Crcos\| — — 1¢ + Casiny/ — — 1¢. (13)
K K

And therefore, we have mo and mg, respectively,

2 [ -2
mg = E—l{clsm E—lqﬁ—Cgcos E_l(b}’ (14)
T 2 . TP
m3 = — |Crcosy\/ — — 1¢p+ Cosiny/ — — 10| . (15)
K K2 K2

where C7 and Cy are real numbers.

Case 1.1.2 7 < k. Then the solution has the form

2 2
1——2¢ — l——2¢.
my = A16 K + A26 K (16)
Hence, we have msy and mgs as follows:
2 2
2 I-—=9¢ A\ 1=-—5¢
my =1\/1—— —Aje K 4+ AjeAse K , (17)
K
VR
1-—¢ —\1-—5¢
ms = T Aie K2 + Ase K2 . (18)
K

where A; and A, are real numbers.

Corollary 3.1 Position vector of ¢* can be formed by the equations (13), (14) and (15) or
(16), (17) and (18) according to ratio of T
K
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Case 1.2 Let us suppose m; = ¢; = constant # 0. Thus mo = 0. From (6)3 we easily have

ms = c3 = constant. And using (6)2 we get

Kk C
== 2 = constant. (19)
T C1

Equation (19) shows that ¢ is an inclined curve. Therefore, Case 1.2 is a characterization
for the inclined time-like curves of constant breadth in E}. Then the position vector of p* can

be written as follow:

o =9+ T+c3B. (20)

And curvature of ¢* is obtained as
K* = K. (21)
Case 2 m; = 0. Then ma = —f(¢). And, here, let us suppose that ¢ is an inclined curve.

Thus, the equation (7) has the form

a2f 72
— + —=f=0. 22
Tt (22
The solution of (22) is
f(¢) = Ly cos £¢ + Losin £¢. (23)
where L1 and Ly are real numbers. Using equation (23), we have mq and ms
me = —Ly COSZ¢—LQSiHI¢: —p—pF, (24)
K K
ms = Ly sin —¢ — Ly sin —¢. (25)
K K
And therefore, we write the position vector and the curvature of ¢*
* * . T . T
¢" =@+ (=p—p" )N + (Lisin—¢ — Lysin —¢)B, (26)
. 1
K= T (27)

L1 cos I¢ + Lo sinz¢ - —
K K K
And the distance between the opposite points of (C') and (C*) is

lo* — || = L3 + L3 = constant. (28)
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Abstract: A basis B for the cycle space C(G) of a graph G is called a d-fold if each edge
of G occurs in at most d of the cycles in the basis B. A basis B for the cycle space C(G) of a
graph G is Smarandachely if each edge of G occurs in at least 2 of the cycles in B. The basis
number, b(G), of a graph G is defined to be the least integer d such that there is a d-fold
basis of the cycle space of G. MacLane [20] made a connection between the the number
of occurrence of edges of a graph in its cycle bases and the planarity of a graph, which is
related with parallel bundles on planar map geometries, a kind of Smarandache geometries.
In fact, he proved that a graph G is planar if and only if b(G) < 2. Jaradat [10] gave an
upper bound of the basis number of the strong product of a graph with a bipartite graph in
terms of the factors. In this work, we show that the basis number of the strong product of
a theta graph with a cycle is either 3 or 4. Our result, improves Jaradat’s upper bound in

the case of specializing the factors by a theta graph and a cycle.
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81. Introduction

In graph theory, there are many numbers that give rise to a better understanding and interpre-
tation of the geometric properties of a given graph such as the crossing number, the thickness,
the genus, the basis number, etc.. The basis number of a graph is of a particular importance
because MacLane, in [20], made a connection between the number of occurrences of edges of a
graph in its cycle bases and the planarity of a graph; in fact, he proved that a graph is planar
if and only if its basis number is at most 2. For the completeness, it should be mentioned that
a basis B of the cycle space C(G) of a graph G is Smarandachely if each edge of G occurs in at
least 2 of the cycles in B

Product of graphs occur naturally in discrete mathematics as tools in combinatorial con-
structions. They give rise to important classes of graphs and deep structure problems. There
are many graph products in the literature, such as, Cartesian product, strong product, lexico-

graphic product, semi-strong product and semi-composition product. The extensive literature

1Received July 18, 2008. Accepted August 30, 2008.
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on products that has evolved over the years presents a wealth of profound and beautiful results.
This led Imrich and Klavzar to write a whole book on graph products [7].

The main purpose of this paper is to investigate the basis number of the strong product of
a theta graph with a cycle. Our result improves the upper bounds that expected from applying
Jaradat’s theorems.

82. Definitions and preliminaries

Unless otherwise specified, the graphs considered in this paper are finite, undirected, simple
and connected. For a given graph G, we denote the vertex set of G by V(G) and the edge set
by E(G).

For a given graph G, the set £ of all subsets of E(G) forms an |E(G)|-dimensional vector
space over Zs with vector addition X @Y = (X\Y)U(Y'\ X) and scalar multiplication 1- X = X
and 0- X =) for all X,Y € £. The cycle space, C(G), of a graph G is the vector subspace of
(€,®,-) spanned by the cycles of G. Note that the non-zero elements of C(G) are cycles and
edge disjoint union of cycles. It is known that for a connected graph G the dimension of the

cycle space is the cyclomatic number or the first Betti number
dim C(G) = |E(G)| = |V(G)| +r (1)

where 7 is the number of components in G.

The first important use of the basis number dates back to MacLane [20] when he made
the connection between the basis number of a graph and the planarity. There after, in 1981,
E. Schmeichel [21] formalized the definition of the basis number of a graph as follows: A basis
B for C(G) is called a cycle basis of G. A cycle basis B of G is called a d-fold if each edge of G
occurs in at most d of the cycles in B. The basis number, b(G), of G is the least non-negative
integer d such that C(G) has a d-fold basis.

Latter on, Schmeichel [21] investigate the basis number of the known classes of graphs such
as the complete graphs K, and the complete bipartite graphs K, ,,,. In fact, he proved that
b(K,) =3, forn>5 and b(K, ) =4 for all n,m > 5 except a few numbers of graphs. Also,
he proved that for any positive integer r, there exists a graph G with b(G) > r. After that, he
joined Banks to prove that the basis number of n-cube is 4 for all n > 7 (see [6])

Since 1992, many researchers were attracted to study the basis number of graph products.
The Cartesian product, O, was studied by Ali and Marougi [3] when they gave the following
result:

Theorem 2.1 (Ali and Marougi) If G and H are two connected disjoint graphs, then b (GOH) <
max{ b(G)+ A(Ty), b(H)+ A (T¢)} where Ty and Tg are spanning trees of H and G,

respectively, such that the mazimum degrees A\ (Tg) and A(Tg) are minimum with respect to

all spanning trees of H and G.

Also, Alsardary and Wojciechowski [4] proved that for every d > 1 and n > 2, b(K%) < 9 where
K% is a d times Cartesian product of the complete graph K,,.
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Upper bounds of the strong product, X, were obtained by Jaradat [11], [14] and [15] when

he gave the following results:

Theorem 2.2(Jaradat) Let G be a bipartite graph and H be a graph. Then b(H K G) <
max{b(G) +1,2A(G) + b(H) — 1, [%J Jb(H) + 2}.

Theorem 2.3(Jaradat) Let G be a bipartite graph and C be a cycle. Then b(GRC) < 4+b(G).

The lexicographic product of two graphs G and H, G[H], was studied by Jaradat and
Al-zoubi [17] and Jaradat [13]. They obtained the following results:

Theorem 2.4 (Jaradat and Al-Zoubi) For each two connected graphs G and H, b(G[H])
Max{4,2A(G) +b(H),2+b(G)}.

IN

Theorem 2.5(Jaradat Let G, Ty and Tebe a graph, a spanning tree of G and a tree, respectively.
Then, b(G[T3]) < b(G[H]) < max {5,4+ 2A(TS,,) + b(H),2+ b(G)} where T stands for the
complement graph of a spanning tree T in G and Twin stands for a spanning tree for G such
that A(TS,) = min{ A(T)|T is a spanning tree of G}.

Ali [1], [2] gave an upper bound for the basis number of the semi-strong product, e, and
the direct product, x, of some special graphs when he proved that b(K,, e K,) < 9 for any
integers m,n and b(C,, x Cy,) = 3 for any two cycles C,, and C,, with n,m > 3. Also the
following upper bound (among other results) were obtained by Jaradat [8], [9], [14] and [18]:

Theorem 2.6(Jaradat) For each bipartite graphs G and H, b(G x H) <5+ b(G) + b(H).

Theorem 2.7 (Jaradat) For each bipartite graphs G and H,

if both of T; and Ty are paths,

b(G o H) < max{b(G) + b(H) + T s o path (A(Te) +b(H)}

if T is a path,

S O e W

if both of T and Ty are not paths.

The wreath product, was studied by Jaradat and Al-Qeyyam (See [5], [12] and [16]).

For completeness, we recall that for any two graphs G and H, the strong product G X
H is the graph with the vertex set V(G K H) = V(G) x V(H) and the edge set F(G X
H) = {(u1,u2)(vi,v2)|lugv; € E(G) and ug = vg or uy = v and ugvy € E(H) or ujv; €
E(G) and ugvy € E(H)}. The Cartesian product GOH is the graph with the vertex set
V(GOH) = V(G) x V(H) and the edge set E(GOH) = {(u1,u2)(v1,v2)|urv1 € E(G) and ug =
vy or uy = vy and ugve € FE(H)}. Also, the direct product G x H is the graph with the
vertex set V(G x H) = V(G) x V(H) and the edge set E(G x H) = {(uy,uz2)(v1,v2)|uivs €
E(G) and ugve € E(H)}.

In the rest of this paper, fp(e) stand for the number of elements of B containing the edge
e where B C C(Q).
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§3. The basis number of 0, X C,,

In this section we investigate the basis number of the strong product of theta graphs and cycles.
In fact we show that 3 < b(6,, ¥ C,,) < 4. Throughout this section we assume that 1,2,...,n
and 1,2...,m to be the vertices of 6,, and C,,, respectively.

Definition 3.1 A theta graph 6, is defined to be a cycle to which we add a new edge that joins

two non-adjacent vertices. We may assume 1 and 0 are the two vertices of 0, of degree 3.

Applying Theorem 2.2 for the case H = 6,, and G to be a cycle of even length C,,, we get
b(0,XC,,) < max{2,5,3,4} = 5. Also, applying the same theorem by considering H = C,,, and
G to be a theta graph that contains no odd cycles 6,,, we get b(C,,, K 6,,) < max{3,6,3,4} = 6.
Moreover, by specializing G in Theorem 2.3 to 6,, that contains no odd cycle, then b(6,, KC,,) <
6. However, these upper bounds will be reduced to 4 as we will see in Theorem 3.6. Now, for

this purpose, we consider the following cycles: For each j =1,2,...,m — 2, set
AD = (1,5)(2,5+ D(1,5+2)(6,5 + 1)(1,5),
Aéj) = (0,))(6 = 1,5+ 1)(6,5+2)(1,5 +1)(d,7),

and let

m—2 m—2
A= U Aﬁ” and AS) = U Aéj).
j=1 j=1
The following result will be useful in our main result.

Lemma 3.2 Fvery linear combination of cycles of A1 U Ay contains at least one edge of
{06, +1), (L +1)(6, /)1 <j <m—2}.

Proof Consider O to be a linear combinations of cycles of A; U Aéi). Then
S1 S2
0~ @
j=1 j=1

where AU € A, AD) € Ay 1 <1y < <1, and 2y < 23 < -+ < 2,,. Now, let
t; = min{1y,2;}. We now consider the following two cases.

Case 1. t; = 1;. Then by the definition of A, Agll) contains the edge (1,11)(d,,11 + 1)
where 1; < m — 2. Since E(AY) nEAY) = @, (1,11)(5,,1; + 1) ¢ A" for each 1 <
j < s1. Also, since 17 < 21,(1,11)(6,,1; + 1) ¢ AéQj) for each 1 < j < s5. Therefore,
(1,11)(4,,1, +1) € O.

Case 2. t; = 2;. Then we argue more or less as in Case 1, to have that (1,214 1)(6,,21) € O
where 21 < m — 2. O

Now, for j =1,2,...,m — 1, consider the following set of cycles:

ch = (17.7)(57.7) (17.7+ 1) (57.7+ 1)(17])7
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and let

Lemma 3.3 Every linear combination of cycles of K contains at least one edge of {(1,7)(d,7)|1 <
j<m-—1}

Proof Let

where K;, € K and j; < jo» <--- < js <m — 1. Then by the definition of X,
E(chl) N E(U§:2Kji) - {(le + 1)(67]1 + 1)}

But, (1,j1)(5,j1) € E(K 1). Hence, (1,j1)(5,j1) e 0. O

j
Lemma 3.4 Let 0, be a graph of order n > 4 and C,, be a cycle of order m > 3. Then
b(6,XC,,) > 3.

Proof Assume that 6, X C), has a 2-fold basis 5. Since the girth of 6, X C,, is 3, we
have that

31B] < 2[E(0,NCp)
3B3mn+1)+1) < 2@Bm(n+1)+nm)
I +9Im+3 < 6mn+6m+2nm
mn+3m+3 < 0
mn+3)+3 < 0
which is a contradiction. Hence B(6,, X C,,) is a 3-fold basis. O

The following result of Jaradat and et al. will be needed in our coming result:

Proposition 3.5 (Jaradat and et al)Let A and B be two linearly independent sets of cycles
such that E(A) NE(B) subset of an edge set of a forest or an empty set. Then AUB is linearly
independent.

The following cycles which were introduced in [11] will be used frequently in the coming
results.
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L = {£9 = (@0 ) @)l = 1,23, m— 1)
U {£<n> = (a,v,)(b,v1)(a,v1)(a, vn)}

Ty = {T(j) = (a,95)(a, vj41) (b, v5)(a,v5)[] = 1,2,3, - ;m — 1}
DT = (a,00) (@, 02) (b, 00) (@, ) }

S — {Sm = (@, 0541) (0, 03) (b, vj 1) (@, 1) [ = 1,2,3, -+ ym — 1}

U {S(") = (a,v1)(b,vy,)(b, vl)(a,vl)} .

Also

(a,v1)(b,v2)(a,vs)(b,v4) ... (a,vn—1)(b,v,)(a,vr) if m is even,

(a,v1)(b,v1)(a,v2)(b,v3) ... (a,vn—1)(b,vy)(a,vy) if m is odd.

Fn =
Let

Bap = Lap UTop USap and By = Bay — {S™ YU {F,}

Moreover, by Theorem 2.6 of [11], we have that

dimC(C, K C,,) = 3mn + 1. (2)

Note that 6,, ¥ C,, is decomposable into (C, X C,,) U (1adN,,) U (1a x C,,) where Ny, is the
null graph with vertex set V(C,,). Thus,

dimC(0, X C,,) = dimC(C, K Cp,)+m + 2m, (3)
3mn + 3m + 1. (4)

Now, we state and prove our main result.

Theorem 3.6 For any graph 0, of order n > 4 and cycle C,, of order m > 3, we have
3<b(0,KC,,) <4

Proof By Lemma 3.4, it is sufficient to exhibit a 4-fold basis, B, for C(6,XC,,). According
to the parity of m,n and § (odd or even), we consider the following cases.

Case 1. m and n are even and 0 is odd. Then define
n—1
B(6, X Cp,) = <U BaiaM) UB; ., UALUA UK U{C}U{C1,Cs,C3,Cy, C5}
i=1

where Bg,q,,, and B; .. are as in above and

ai

C=(1,1)(2,2)(3,1)(4,2)...(n — 1,1)(n, 2)(1, 1).

Also,
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G = (L,m=1)2,m)@3,m)(4,m)..(5,m)(1,m—1).

Co = (L1)(L,m)(6,m)(1,1).

Cs = (06,1)(0+1,2)(6,3)-.(6,m = 1)(1,m) (5,1).

Ci = (L,D(2m)(3,1)(4m)...(6,1) (L,m)(2,1) 3,m) ... (5, m) (1,1).
(

1
Cs = (L,m)(2,1)(3,m)(4,1)...(6,m)(1,m).

Let Bi ="} Bajasss UBE ., U{C}. Note that By =B(C,KC,,) is a basis for C(C,KC,y,)

(see Theorem 2.6, Case 1 of [11]). Thus, Bj is linearly independent. Note that C5 contains
the edge (4, m)(1, m) which does not appear in any cycle of By. Hence, B U {C5} is linearly

3

independent. Now, Cy contains the edge (d,m)(1,1) which does not appear in any cycle of
B1U{Cs}. So, By U{C5,C5} is linearly independent. Similarly, the cycle Cy contains the edge
(6,1)(1,m) which does not appear in any cycle of By UU{C5,Cs}. Thus, By U{Cs,Cy,C5} is
linearly independent. Also, C3 contains the edge (5, m — 1)(1,m) which does not appear in any
cycle of By U{Cy, Cy, Cs}. Therefore, By U{Cy, Cs,Cy, C5} is linearly independent. Finally, Cy
contains the edge (1,m — 1)(d, m) which does not appear in any cycle of By U {Cs, Cs,Cy, Cs}.
Thus, B1U{C1, Ca,Cs3,Cy, C5} is linearly independent. By Lemma 3.2, any linear combination of
cycles of A1 UA; contains at least one edge of {(1,7)(d, j+1), (1,7+1)(0,5)|1 < j < m—2} which
does not occur in any cycle of BiU{C1, Cs, C3,Cy,C5}. Thus, B1UAUAU{Cy,Cs,C3,Cy,Cs}
is linearly independent. Similarly, by Lemma 3.2, any linear combination of cycles of K contains
at least one edge of {(1,7)(0,7)|1 < j < m — 1}, which does not occur in any cycle of 5; U.4; U
Ay U{Cq,Cs,C3,Cy4,C5}. Therefore, B(0,, ¥ C,,) is linearly independent. Note that

5
Bl R Cm)| = |Baf + K] + | As] + [Aa] + D |Cil

i=1

5
= 3mn+ 1+ K|+ [A] + A2 + |G|
=1

= 3mn+l+(m—-1)+(m—-2)+(m—-2)+5
= 3mn+3m+1

= 3m(n+1)+1

= dimC(h, R C,,),

where the last equality follows from equation (4). Therefore, B(6,, X C),) is a basis for C(6,, X
Cp). To complete the proof of this case, we show that B(#,, X C,,) is a 3-fold basis. Let
e € E(0,KC,). Then 1) if e = (1,m — 1)(2,m), then fs,(e) = 1, fa,ua,ux(e) = 0 and
freas_ (e) =1. 2)Ife € {(i,m)(i+1,m)[i = 2,3,...,m—1}, then fp, (€) = 2, fa,ua,ux(e) =0
and fro,ye (e) = 1. 3) If e = (1,m)(d,m) or (1,1)(d,1), then fz,(e) =0, fa,ua,ux(e) =1 and
frea(e) < 2. 4)If e = (1,1)(1,m), then fz,(e) =2, fa,ua,ux(e) = 0and fioys (e) = 1. 5) If
ee{(,)(i+1,m),(i+1,1)(Em)li=1,2,...,n—1}U{(1,1)(n,m), (1,m)(4,1)} , then f5,(e) =
0, fauasu(e) =0 and froye (e) <2.6) Ifee {(1,5)(2,j +Dj =1,2,...,m =2} U{(d —
Lj)(6,j+1)]j=1,2,...,m—1}, then fg,(e) =1, fa,uauxc(e) =1 and frgys (e) =0. 7) If
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ee{(1,7+1)(2,7),(0—1,j+1)(,/)|j = 1,2,...,m—1}, then f5,(e) =2, fa,ua,ux(e) =1 and
freas_ (e) =0.8) Ife = (1,m—1)(d,m) or (1,m)(5,m—1), then fg, (e) =0, fa,u4,ux(e) =1
and froys (e) = 1. 9)Ife € { (1,5)(6,7+1), (1,7+1)(6,5)lj = 1,2,...,m—2}, then [z, (e) =0,
Faroason(®) <2 and frops (€)= 0. 10) e € { (5,7)(5 + 1, + 1), {(6,j + 1)(6 + 1,7)]j =
1,2,...,m—1}, then fz,(e) <2, fa,ua,ux(e) =0and fic,ys (e) < 1. if e is not of the above
form, then fg,(e) < 3, fa,ua,uxc(e) = 0 and frc,ys () = 0. From all of the above, we have
that fz9,m0,.)(€) < 3.

Case 2. m and ¢ are even and n is odd. Then define
n—1
B(6, X Cp,) = <U BaiaiH) UB; ., UA UA, UK U{C*,Cy,Cs, C5,Cy, Cs)
i=1

where
C*=(1,1)(2,2)(3,1)(4,2) ... (n,1)(1,1)

and Ba,a,,y, By, 0ys A1, A2, K, C1,C2 and C3 are as defined in Case 1 and

Cy = (1,1)(2,m)(3,1)(4,m)...(6, m)(1,1),
Cs = (1,m)(2,1)(3,m)(4,1)...(6,1)(1,m).

By the same argument as in Case 1 of Theorem 2.6 of [11], we show that (U;_; Ba,a,.,) U

B . U{C*} is linearly independent. Following, more or less, the same proof of Case 1 by

an a1

replacing C' with C*, we can show that B(6,, ¥ C,,) is a 4-fold basis for C(6,, ¥ C),).

Case 3. m,n and § are even. Then we define
n—1
B(6, R C,,) = <U BaiaiH) UB: ., UA UA UK U{C,C,Co,C5,C4, Cs},
i=1

where By,a,, 1, B} 4,5 A1, A2, K, C1,Cs, C3,Cy and Cy are as defined in Case 2 and C' is as in
Case 1. By following, word by word, the proof of Case 2 after replacing C* by C we get that
B(0, X Cy,) is a 4-fold basis.

Case 4. m is even and ¢ and n are odd. By relabeling the vertices of 6,, in the opposite

direction, we get a similar case to Case 2.

Case 5. m is odd and n and § are even. Then we define

n—1
B(6, X Cp,) = <U BaiaiH) UB; ., UALUA UK U{C}U{C1,Cs, C5,Cy, C5}
1=1

where B, B and C are as defined in Case 1. Also, A;, Az, K, Cs, Cy,C5, are as in

a;ai4+1 anal
Case 3, and
Cy = (1,m)(2,m)(3,m)(4,m—1)(5,m)(6,m —1)...(6,m —1)(1,m),

Cs; = (I,m-=1)(2,m)(3,m—1)4,m)...6,m)(1,m —1).
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Let Bi = U Baar,, UBL ., U{C}. Note that By =B(C, K C,,) is a basis for
C(C,, ® Cy,) (see Theorem 2.6 Case 2 of [11]). Thus, B is linearly independent. Note that
EB1)NECy) ={(1,1)(2,m),(2,m)(3,1),...,(d —1,1)(d, m)} which is an edge set of a path.
Thus, by Proposition 3.5, By U{C4} is linearly independent. Similarly, E(B; U{C4})NE(C5) =
{(1,m)(2,1),(2,1)(3,m),..., (6 —1,m)(d, 1)} which is an edge set of a path. Thus, by Proposi-
tion 3.5, By U{C4, C5} is linearly independent. Also, E(By U{Cy,Cs})NE(C2) = {(1,m)(1,1),
(1,1)(6,m)} which is an edge set of a forest. Thus, By U {Cs,Cy4,C5} is linearly independent.
Now, since E(Cy) N E(C3) = @ and

E(Ol U Cg) n E(Bl U {CQ, 04,05}) = {(z,m — 1)(2 + 1,m)|1 <3< — 1} U
{t,m)(i+1,m—=1)]2 < i<§d—1}U{(1,m)(2,m),(2,m)(3,m)},
which is an edge set of a tree, we have that B; U {C1, Cq, C3,Cy, C5} is linearly independent.
Now, by a similar argument as in Case 1, we can show that B(6,, ¥ C),) is a 4-fold basis.

Case 6. m and n are odd and § is even. Then we define

anal

B(6, R C,, <U Ba1a1+1> UB: . UA UAUKU{C*, Cy,Cy,C5,C4,Cs},

where Bya,,,, B85 4, A1, A2, K, C1,C2, C3,Cy and Cs are as defined in Case 5 and C* is as in
Case 2. To this end, we use the same argument as in Case 5 to show that B(6, X C,,) is a
4-fold basis.

Case 7. m,n and § are odd. Then we define

anal

B(6, R C,, <U Ba1a1+1> UB: , UA L UAUKU{C*, Cy,Cy,C5,C4,Cs},

where Bg,a, ., B;, ., are as defined above, K, A1, Az ad Cy are as in Case 5 and C* is as in Case

2. Also, we set,

Cr = (Lm— 1)@ m)Em—1)(dm)... (5~ 1,m) (6m) (Lm 1),
Cs = (1,m)2,m—-1)3,m)4,m—1)...(6 —1,m—1)(6,m—1)(1,m),
Cy (1,m)(2,m)(3,1)(4,m)(5,1)...(6, 1)(1, m),

Cs = (L2, 1)3,m)4,1)(5,m)...(5,m)(1,1).

As in Case 2, we can see that B; = (U;:ll Baiaiﬂ) uB* ne U C™ is linearly independent.
Now, the cycle C; contains the edge (6,m) (1, m — 1) which dges not appear in any cycle of By.
Hence B;U{C1} is linearly independent. Also, Cy contains the edge (4, 1) (1, m) which does not
appear in any cycle of B1 U{C1}. Thus, By U{C1,C4} is linearly independent. Cj contains the
edge (1,1) (6, m) which does not appear in any cycle of By U{C1,Cy}. So, By U{C,Cy,C5} is
linearly independent. Co contains the edge (1,m) (4,m) which does not appear in any cycle of
B1U{C1,Cy4,C5}. Hence By U{Cy,Cy, Cy,Cs} is linearly independent. Finally, C'5 contains the
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edge (1,m) (6, m — 1) which does not appear in any cycle of By U {Cy,Cy,Cy,Cs}. Therefore,
B1 U{Cy,Cs,C3,C4,C5} is linearly independent. To this end, to complete this case, we use
the same argue as in Case 1.

Case 8. m and ¢ are odd and n is even. By relabeling the vertices of ,, in the opposite
direction, we get a similar case to Case 7. O

By noting that C), X 6,, is isomorphic to 6,, X C,,, we get the following result:

Corollary 3.1  For any graph 0, of order n > 4 and cycle Cy, of order m > 3, we have
3<b(C,, K0,) < 4.
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Abstract: A regular curve in Minkowski space-time, whose position vector is composed
by Frenet frame vectors on another regular curve, is called a Smarandache Curve. In this
paper, we define a special case of such curves and call it Smarandache TBz Curves in the
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via the method expressed in [3]. By this way, we obtain an another orthonormal frame of
E}.
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81. Introduction

In the case of a differentiable curve, at each point a tetrad of mutually orthogonal unit vectors
(called tangent, normal, first binormal and second binormal) was defined and constructed,
and the rates of change of these vectors along the curve define the curvatures of the curve in
Minkowski space-time [1]. It is well-known that the set whose elements are frame vectors and
curvatures of a curve, is called Frenet Apparatus of the curves.

The corresponding Frenet’s equations for an arbitrary curve in the Minkowski space-time
E{ are given in [2]. A regular curve in Minkowski space-time, whose position vector is composed
by Frenet frame vectors on another regular curve, is called a Smarandache Curve. We deal with
a special Smarandache curves which is defined by the tangent and second binormal vector
fields. We call such curves as Smarandache TBs Curves. Additionally, we compute formulas
of this kind curves by the method expressed in [3]. We hope these results will be helpful to

mathematicians who are specialized on mathematical modeling.

§2. Preliminary notes

To meet the requirements in the next sections, here, the basic elements of the theory of curves
in the space Ef are briefly presented. A more complete elementary treatment can be found in
the reference [1].

Minkowski space-time Ef is an Euclidean space E* provided with the standard flat metric
given by

1Received August 16, 2008. Accepted September 2, 2008.
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g = —dx? + da + dx3 + da3,

where (21, 22,23, 24) is a rectangular coordinate system in E%.

Since g is an indefinite metric, recall that a vector v € Ef can have one of the three
causal characters; it can be space-like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 and null
(light-like) if g(v,v)=0 and v # 0. Similarly, an arbitrary curve a = a(s) in E{ can be locally
be space-like, time-like or null (light-like), if all of its velocity vectors o/(s) are respectively
space-like, time-like or null. Also, recall the norm of a vector v is given by |jv|| = \/[g(v,v)|.
Therefore, v is a unit vector if g(v,v) = +1. Next, vectors v, w in E{ are said to be orthogonal
if g(v,w) = 0. The velocity of the curve a(s) is given by ||a/(s)]| .

Denote by {T'(s), N(s), B1(s), B2(s)} the moving Frenet frame along the curve a(s) in
the space Ef. Then T, N, By, By are, respectively, the tangent, the principal normal, the first
binormal and the second binormal vector fields. Space-like or time-like curve a(s) is said to be
parametrized by arclength function s, if g(a/(s),a/(s)) = £1.

Let a(s) be a curve in the space-time Ef, parametrized by arclength function s. Then for
the unit speed space-like curve o with non-null frame vectors the following Frenet equations

are given in [2]:

T 0 00 T
N’ -k 0 0 N
- , &)
B 0 -7 o By
Bé 0 0 g Bg

where T, N, By and Bs are mutually orthogonal vectors satisfying equations
g(T,T) = g(N,N) = g(B1,B1) = 1,9(Ba, B2) = —1.

Here k,7 and o are, respectively, first, second and third curvature of the space-like curve a.
In the same space, in [3] authors defined a vector product and gave a method to establish the

Frenet frame for an arbitrary curve by following definition and theorem.

Definition 2.1 Let a = (a1, a2,a3,a4), b = (b1,b2,b3,b4) and ¢ = (c1,¢a,c3,c¢4) be vectors in

Et. The vector product in Minkowski space-time E{ is defined by the determinant

—€1 €2 €3 €4
a;  az as a

aNbNc=— ! 2o , (2)
by by by by

C1 C2 C3 Cq

where e1, e2,e3 and eq are mutually orthogonal vectors (coordinate direction vectors) satisfying

equations

eptNeaNes=eq ,ea/Neg/Neg=e€1 ,e3Neg/Nep =ex,eqg/Nep \Ney = —es3.
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Theorem 2.2 Let a = «(t) be an arbitrary space-like curve in Minkowski space-time E7 with

above Frenet equations. The Frenet apparatus of o can be written as follows;

7k ®)

o[ 0" — gla, ") o

N= (4)
H”O‘IHQ o — g(a/, a//)'a/

By = uN AT A Bo, (5)

TANAQ"

B = M s N A (6)
a0 = g(a’,a).a

" ol g

[T AN A ]| ®)
07107 = g(a, a).0r

and
Iv) B
p— g(a ) 2) (9)

1T AN A o]

where p is taken —1 or +1 to make +1 the determinant of [T, N, By, Ba| matrix.
83. Smarandache Curves in Minkowski Space-time

Definition 3.1 A regular curve in E}, whose position vector is obtained by Frenet frame vectors

on another reqular curve, is called a Smarandache Curve.

Remark 3.2 Formulas of all Smarandache curves’ Frenet apparatus can be determined by the

expressed method.

Now, let us define a special form of Definition 3.1.

Definition 3.3 Let & = £(s) be an unit space-like curve with constant and nonzero curvatures

k, 7 and o; and {T,N, By, B2} be moving frame on it. Smarandache TBs curves are defined
with )

X =X(sx) = ——=—==(T(s) + B2(9)). 10

(5%) = e (1) 4 Bals) (10)

Theorem 3.4 Let & = &(s) be an unit speed space-like curve with constant and nonzero cur-
vatures kK, 7 and o and X = X(sx) be a Smarandache TBy curve defined by frame vectors of
& =¢&(s). Then



54 Melih Turgut and Suha Yilmaz

(i) The curve X = X(sx) is a space-like curve.
(i7) Frenet apparatus of {Tx, Nx Bix,Bax,kx,Tx,0x} Smarandache TBy curve X =
X (sx) can be formed by Frenet apparatus {T, N, By, B, k,T,0} of £ = &(s).

Proof Let X = X(sx) be a Smarandache TBy curve defined with above statement. Dif-
ferentiating both sides of (10), we easily have

dX dsx 1
——— = —————(kN +0By). 11
- Dl ) (11)
The inner product g(X’, X’) follows that
g( X' X" =1, (12)

where / denotes derivative according to s. (12) implies that X = X (sx) is a space-like curve.

Thus, the tangent vector is obtained as
1

Then considering Theorem 2.1, we calculate following derivatives according to s:

1

"no__ 2 2
X" = 7\/m( k“T —ToN + kTB1 + 0°Bs). (14)
" 1
X = —— (k10T + (—K> — k7°)N + (0 — 7%0)B) + k10 By). (15)
VK2 + o2
1
X" = [T+ ()N + (.)By + (6% — 720%)Ba]. (16)

VK2 + 02
Then, we form
1
VK2 + 02

Equation (17) yields the principal normal of X as

||X/||2-X”—9(X/,X”).X/ = [~k?T — 70N + kTB1 + 0By). (17)

Ny — —k2T — 70N + k7B + UBQ' (18)
\/—Ii4 + 202 + K272 + o2

Thereafter, by means of (17) and its norm, we write first curvature

-kt + 7202 + K272 4 02
Rx = \/ I<L2 T 02 . (19)
The vector product Tx A Nx A X" follows that
1 ko (k2 + 02) (12 — 0)T + k1o?(Kk? + 0)N
Tenngax— L1 [l ) ) ( ) : (20)
Al —k270(Kk? + 0) By + K7(k% + 02) (K2 + 72) By
where, A = L . Shortly, let us denote Tx A Nx A X" with ;T +

(=4 +7202+k272+402) (k2 +02)
[oN +13B1 + 14Bs. And therefore, we have the second binormal vector of X = X (sx) as
LT +1oN +13B1 4+ 14 B>

Box = . 21
X h V-BHB+E+13 1)
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Thus, we easily have the second and third curvatures as follows:

(B +1B+1E2+15)(k%+02)
™ = T3 2,24 2.2 1 52 (22)
—K*+T1%0° + KT+ 0O

o2(0? — 72)
X=T 9 2 22 2,02 (23)
(K24 02)/-B+1B2+12+12

Finally, the vector product Nx A T'x A Box gives us the first binormal vector

1 [(kols — 0%la — T(k% + 0?) )T — o(K%ly + ol1)N
BlX - ,uz ; (24)
+k(k2ly + oly) By + [£%(0la — K213) + Tl1(k? + 02)] By
where L = L O

\/(—l%-’-lg+l§+lﬁ)(ﬁ2+02)(—H4+T202+H2T2+G’2) '

Thus, we compute Frenet apparatus of Smarandache TBs curves.

Corollary 3.1 Suffice it to say that {Tx, Nx Bix,Bax} is an orthonormal frame of Ef.
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81. Introduction

An n x n nonnegative matrix A = (a;;) is said to be Smarandachely primitive if A* > 0 for at
least two integers k > 0 and primitive if for some integers k£ > 0. The least such integer k is
called the Smarandache exponent or exponent of A and denoted by v (A) and (A), respectively.
The associated graph of symmetric matriz A, denoted by G(A), is the graph with a vertex set
V(G(A)) ={1,2,--- ,n} such that there is an edge from ¢ to j in G(A) if and only if a;; > 0.
A graph G is called to be primitive if there exists an integer k£ > 0 such that for all ordered
pairs of vertices 4,j € V(G)(not necessarily distinct), there is a walk from ¢ to j with length
k.The least such k is called the exponent of G, denoted by v(G). Clearly,a symmetric matrix
A is primitive if and only if its associated graph G(A) is primitive. And in this case, we have
v(A) = v(G(A)). By this reason as above, we shall employ graph theory as a major tool and
consider v(G(A)) to prove our results.

Let SE,, be the exponent set of n x n symmetric primitive matrices. In 1986,Shao! proved
SE, ={1,2,---,2n—2}\ S, where S is the set of all odd numbers among [n,2n-2] and gave the
characterization of the matrix with exponent 2n — 2. In 1990, Wang[®! gave the characterization

(6]

of the matrix with exponent 2n — 4. In 1991, Li'® obtained the characterization with exponent

ISupported by the Priority Discipline of Beijing Normal University and NNSFC ( 10271017).
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2n— 6. In 1995, Cai and Zhang!™ derived the complete characterization of symmetric primitive
matrices with exponent 2n — 2r(> n). In 2003, Cai and Wang!® got the characterization with
exponent n — 1. In 2004,Cail® characterized the matrix with exponent n — 2. The purpose of
this paper is to go further into the problem and give the complete characterization of symmetric

primitive matrices with exponent n — 3.

§2. Some lemmas on v(G)

For convenience, We will narrate the lemmas with graph theory below.

(4]

Lemma 2.1'Y G is a primitive graph iff G is connected and has odd cycles.

The local exponent from vertex u to v, denoted by ~y(u,v), is the least integer k such that
there exists a walk of length [ from u to v for all I > k.We denote y(u,u) by v(u) for short.

Lemma 2.2[4 If G is a primitive graph, then

G) = .
(@) uﬁggg}gc)v(u,v)

We denote by P(u,v) the shortest walk from w to v in G. The length of P(u,v) is called
the distance between u and v, denoted by dg(u,v). The diameter of G is defined as

diam(Q) = da(u,v).
iam(G) u,'gIel?})((G) a(u,v)

Let G7 and G2 be two subgraphs of G.P(G1,G2) denotes the shortest walk between Gy
and Gs.Its length

da(G1,G2) = min{dg(u,v) | u € V(G1),v € V(G2)}.

[9]

Lemma 2.3”! Let G be a primitive graph,and let u,v € V(G). If there are two walks from u

to v with length ky and ks, respectively,where ki + ko = 1(mod ),then
~v(u,v) < max{ky, ka} — 1.

Let u,v € V(G),we name the walk from u to v with different parity length to dg(u,v) a
dissimilar walk, denoted by W (u,v). The shortest (u, v)-dissimilar walk is called the primitive
walk between u and v, denoted by W, (u,v), its length is denoted by b(u, v) [9].

Lemma 2.4 If G is a primitive graph, then
y(u,v) = b(u,v) — 1.
Therefore,
v(G) = max b(u,v)—1.

u,veV(G)

Lemma 2.5 Let G be a primitive graph, then
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(1) v(u,v) > dg(u,v);
(i1) v(u,v) = dg(u,v)(mod 2);
(7i1) v(G) > diam(G),and v(G) = diam(G)(mod 2).

Lemma 2.6!8 Suppose G is the primitive graph with order n. If there are u,v € V(G) such
that v(u,v) = v(G), then for any odd cycle C in G we have

V(P (u,0)) NV(C)] < n—~(G).

Apparently, any (u, v)-dissimilar walk is inevitably correlative with some odd cycle. And for
any odd cycle C, there is a (u, v)-dissimilar walk correlative with C, we denote it by W (u, v, C').
Therefore, there must be some smallest odd cycle Cy such that W, (u,v) = W(u,v,Cy). We
call Cy a (u,v)-primitive cycle or the primitive cycle of P(u,v). If there exists a (u, v)-shortest
path which intersects with its primitive cycle Cp, then we can choose some (u, v)-shortest path,
denoted by P(u,v) might as well, such that their intersected vertexes can be arranged on a
path.Set p = [V (P(u,v)) NV (Cy)|,then p < min{n —~(G), [2], 3(|Co| — 1)}. Ulteriorly, we have

7(“‘7’0) = 7(“‘7’0700)
dg(u, Co) + |P(Co)| + da(v,Co) — 1
da(u,v) +|Col —2(p — 1) — 1,

where P(Cyp) denotes the left part of Cy which deletes the part in common with P(u,v). If the
(u,v)-shortest path has at most one intersected vertex with its primitive cycle Cp, there must
be w € V(Cp) such that dg(u, Co) = dg(u, w) and dg (v, Cy) = da(v, w). Further we have

7(”71)) = 7(”71)700)
dg(u, Co) + |Co| + dc:(v, CQ) -1
de(u,w) + |Co| + dg (v, w) — 1.

83. Constructions of graphs

Let G be a primitive graph with order n. If there exists a vertex w € V(G) such that v(w) =
v(G), we call G a graph of the first type, otherwise a graph of the second type. Firstly, we define
a class of graphs N,,_3 as follows:

Denote the set Ny, = M, UNPL U U NS where NP1 < d < n—2,d =
1(mod 2),n = 1(mod 2)) are defined as follows.

Let n = 2r + 3 and K = (V,E) be a graph, where the vertex set V = |J V; with
0<i<r
VinVi=¢(0<i<j<r)and Vp ={wy |l =1,2,---,7+ 3}k =0,1,---,7),the edge set

E=F UEy with By ={w |u e V;,v € V;41,0<i<r—1}and Ey = {uv | u,v € V,.}. For any
odd number d such that 1 < d <n — 2, let t = r—%(d—l). We put the path P, = uq ou1,1 - - u1t
and the cycle Cy = uy g1 441 U1 pU2, -~ U2 e+1U1 ¢,a0d set K(g) = P U Cy which we call it
a structural graph. Let the set of induced subgraphs with order n of K which contain K4 be
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K@, For any N € K9, we denote the spanning subgraph of N which contains subgraph K, (d)
by N4y, and define the set of graphs N@ as:

ND ={Ny |Ne KD 1<d<n-2d=1(mod 2)}.

We mark the graphs of N4 with ./\/7(1'17)3 which satisfy the following qualifications:

(1) diam(N(g) < n —3;
(2) For any odd number d’ > d, there doesn’t exist the graph K4 in N(g);

(3) Let = be the vertex of N4 such that dy, (z,Cq) > t, then there must exist a odd
cycle C such that:
2dN ) (2,C) +|C] <n —2.

Let u; € V(P(x,Cq)) N P,(i < t) be the vertex with the smallest subscript. If C' is the odd
cycle which doesn’t intersect with K4y and has at most one intersected vertex with P(z,u;)(The
shortest path from C to P(x,u;) is denoted by P(w, z), where w € V(P(z,u;)) and z € V(C).
And it suggests that C' and P(x,u;) has only one vertex in common if w = z), and such that

2dn,,, (w, z) + |C| is as small as possible, then

(i) if |C]+d =4 and dn, (2,u;) + dn, (w,2) + |C| =t + 3, then we must have
2dN ) (w, 2) + |C] # 2(t — i) + d.
(@) if |C| =d =1 and dn, (v, u;) + dn, (w,z) =t + 1, then we must have
AN, (W, 2) #t —i.
(#ii) if |C] =d =1 and dn, (¥, u;) + dn, (w,2) =t + 2, then we must have
|dN(d) (wvz) - (t - Z)' > 6.

Another class of graphs M,,_3 is defined as follows:
Let n —3 = m + 2r, then n — 3 = m(mod 2). Let T = (U, F) be a graph, where the

vertex set U = |J Uy with U;NU; =90 <i<j<r)and U; = {u | k=0,1,--- ,n—
0<i<r
1}i = 0,1,2,---,r), the edge set F = Fy U Fy U F3 with Fy = {u;jug; | j+1+i+k =

1(mod 2)},F5 = {uv | u,v € U, } and F3 = {uv | u € U,_1,v € U, }.We defined the set of graphs
M3 = Mi?lg U Mijlg u Mfzg U Mf’zg as follows:

(i) Construction of J\/lfzo_)3: Let dy, d; be the odd numbers such that 1 < dg,d; < 5 and
2 < dp+d; < 6,and tg,t; be the positive numbers such that 2r + 1 = 2tg + dy < 2t; + dy
and m + 1ty +t1 +do +di < n+1. We put the path Py = ugjui,;j---u,,; and the path
Pro=wuguii-uy (0 < h<i<j<m+h<n—1). Let Cy be the cycle with length
dp which has only one intersected vertex uy, ; with Fy, while Cy, be the cycle with length
dy which has only one intersected vertex u;, ; with P; and doesn’t intersect with Cgy,. Put
Kay.a, = P(uo,p,wo,m+n) U Py U P UCyUCH, and call it a structural graph. Let V (do,dy) =
V1 (do, dl)UVQ(do, dl), where Vl(do, dl) = V(Kdo,dl) with |Vl(d0, d1)| =m+to+ti+do+di—1 <
n,and Va(do,d1) C U \ Vi(do, dy) with |Va(do,d1)| = to + 3 — t1 — di < 2. Therefore, we have
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[V (do,d1)] = n. We choose the connected subgraph Ty, 4, of T[V(do,d1)] to form the set of
graphs Mﬁfl3, where Tg, 4, satisfies that:

(1) diam(Tgy,a,) <n—3;

(2) V(Td07d1) = V(d07 dl)? and E(Kd07d1) - E(TdO;dl);

(3) there doesn’t exist a path P5 and an cycle Cy, such that 2t + dy < 2tg + dy and they
have only one common vertex uy, ;,where Py = ug ju; ;- - - U, with length to > 0 and Cy, is an
odd cycle with length do;

(4) if there exist a (x4, ;,Yp,i)-path with length p = to +4 — 1 — di < 3 which connects
PoUCy to PLUCY in Ty, 4, — E(Kay.4,), where 0 < a <ty and 0 < b < t1, then we have

a+b+p>j—i,a+b+i+j=p(mod 2),

and
(2to+do) — 2t1+d1) —(p+i—j)<a—-b<p+i—j;

(5) if there exists a vertex x in Ty,,q, such that dr, , (z,Co) > to and dr, , (v,C1) >
to + %(do — dy), there must exist an odd cycle C' such that

2dr,, 4, (,C) +|C| <m+2r+1.

(#i) Construction of ./\/151123: Let m +2tg+3 =n,t9 > 0. Let Cyy = w0, - - - Uy, iUty ,it2 "
u1i42u0(0 < h < i < m+4+h < n-—1), then |C,| = 2to + 1(Cy, is a loop on wug, if
to = 0). Put the graph K, 1, = P(uo,n, wo,m+n) U Ct,, and call it a structural graph. Let
V(m,to) = Vi(m,to) U Va(m,to), where Vi(m,to) = V(K1) and Va(m,tg) C U\ Vi(m,to)
with [Va(m,to)| = 2. We choose the connected subgraph T, ;, of T[V(m,to)] to form the set
of graphs MS}lg, where 15, ;, satisfies that:

(1) diam(T i) <1 —3;

(2) V(Tim,to) = V(m, to), and E(Km,) € E(Tmg,);

(3) neither does there exist an odd cycle with length 25 + 1 that has only one intersected
vertex with P(ug pn, wo,m+n), nor does there exist an odd cycle Cy with length d such that
2t +d < 2tg + 1 in T}y, 4, Where t = dr,, , (P(uo,n, u0,m+n), Ca) > 0;

(4) if there exists a (up,i, Uq,i+2)-path with length p < 3 which divides up Cy, in Ty, —
E(Km.1,), where 0 < a,b < ty, then a,b must satisfy that:if a + b = p(mod 2), then |a — b| < p;
ifa+b+4+1=p(mod 2), then a +b+p > 2ty + 1;

(5) if there exists a vertex x in T, 4, such that dr,, , (v, Cy,) > %m, there must be an odd
cycle C such that

2dr,

m,tg

(z,C)+|C|<m+2r+1,

(731) Construction of ./\/151223: Let m + 2ty + 3 = n,tp > 0. We put the cycle Cy, =
Qi+ Uty iZUtg i1 - U0,i+1%0,4:(0 < h < i< i+1<m+h <n-—1), where z = w41, or
Utg+1,i+1,then |Cy| = 2t + 3. Put Ky iy = Puo,n, wo,m+n) U Ciy, and we call it a structural
graph. Let V(m,to) = Vi(m,to) U Va(m,ty), where Vi(m,to) = V(Kp,,) and Va(m,tg) C
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U\ Vi(m,to) with |Va(m,to)| = 1. We choose the connected subgraph T}, ;, of T[V (m,to)] to
form the set of graphs J\/l,(z2_)3,where Ton,i, satisfies that:

(1) diam(Typ i) < n —3;

(2) V(T te) = V(m, to), and E(Kn.iy) € E(Tm);

(3) neither does there exist an odd cycle with length less than 2(¢y + ¢) — 1 which have
q(1 < ¢ < 2) intersected vertexes with P(ug,p, U m+h), nor does there exist an odd cycle Cy
with length d such that 2t +d < 2to + 1 in T}y, 4,, where t = dr,, (P(uo,hy %0,m+h)s Ca) > 0;

(4) if there exists a (up,i, Uqg,i+1)-path with length p < 2 that divides up Ci, in Ty, —
E(Kpm.t,), where 0 < a,b < to+ 1, then a,b must satisfy that: if a + b = p(mod 2), then
a+b+p>2tg+2;if a+b+ 1= p(mod 2),then |a —b] < p+1;

(5) if there exists a vertex x in T), 1, such that dr,, , (z,C)) > sm — 1, there must be an

odd cycle C' such that
2dr

m,tg

(,C)+|C| <m+2r+1.
(tv) Construction of ./\/151323: Let m 4+ 2tg + 1 = n,tp > 0. We put the cycle Cy, =

U0, k—1 * * * Uty k—1Utg k41 ** - U0, k+1U0,kU0k—1(0 < h < k=1 < k+1<m+h <n-—1), then
|Ci| = 2to + 3. Put Kpyyy = Pluon, uom+n) U Chy, and call it a structural graph. Put
V(m,to) = V(Km,,). We choose the connected subgraph T, 1, of T[V (m,to)] to form the set
of graphs ./\/151323, where T, 1, satisfies that:

(1) diam(Tm 1) <1 —3;

(2) V(Tim,to) = V(m, to),and E(Km,t,) € E(Tmt);

(3) neither does there exist an odd cycle with length less than 2(ty + ¢) — 3 which have
q(1 < ¢ < 3) intersected vertexes with P(ug,p, U m+h), nor does there exist an odd cycle Cy
with length d such that 2t +d < 2tg + 1 in T}y, 4,, where t = dr,,, , (P(uo,n, 0, m+1n), Ca) > 0;

(4) if there exist an edge up k—1Uq k+1 that divides up Cy, in Ty, 4y — E(Kp ), where
0 <a,b < tpy, then a,b must satisfy that:

a+b=1(mod 2),|a —b| < 3;

if there exists an edge vgzq (or viys) that divides up Cy, in Ty ¢y — E(Km 1, ), where 1 < a < to(or
1 <b<tp), then a(or b) must satisfy that: a = 2(or b= 2), or a = 1(or b = 1)(iff ty = 1);

(5) if there exists a vertex x in Ty ¢, such that dr,, , (z,C) > 2m — 2, there must exist
an odd cycle C such that
2dr,, ,, (,C)+ |C| <m+2r+1.

84. Main results and proofs

Theorem 4.1 G is a graph with order n of the first type with v(G) =n — 3 iffl G € N,,_3.

Proof For the necessity, suppose G is a graph with order n of the first type with v(G) =

n — 3. Then there must be a vertex ug and an odd cycle C' in G such that

Y(ug) = ¥(uo, C) =v(G) =n — 3.
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We choose 1y and C such that d = |C| is as great as possible, and denote C' = Cy. Note that

Y(G) = v(uo) = dg(uo, uo)(mod 2), dg(uo, ug) = 0,

we set v(G) = 2r. So we get n = 2r + 3.
Let t = dg(up, Cy),then

Y(up) =2t +d—1=2r=n—3.

Thus we get
1
n:2t+d+2,t=r—§(d—1),1§d§2r+1.

We put the path P, = P(ug, Cy) = uguy - - - ug, the cycle Cy = ugtipqq -+ - - uppq—1ue, and let

=~
—
Nl
~—
I

V(Pt U Cd)7 ‘/Q(tv d) = V(G) \ Vvl@’ d)7
E(P,UCy), Ex(t,d) = E(G) \ Ey(t, d).

=
i
—
S

I

Thus
ny = |V1(t,d)| =t+d,ny = |Vé(t,d)| =t+2.

It suggests above that there is a structural graph K = P U Cy in G.To testify that G €
./\/;@3 C N, _3,we shall prove that: (a) G meets the construct qualifications of ./\/;@3, and (b)
G is a subgraph of K.

(a) Note that diam(G) < v(G) = n — 3, then the first construct qualification meets.By the
choose of Cy, there doesn’t exist the structural graph K4)(d’ is an odd number with d’ > d)
in G, thus the second qualification meets. Suppose that there exists a vertex x such that
da(z,Cq) > t, then

Y(x,Cq) =2dg(x,Cq) +d—1>2t+d—1=n—3.
If 2d¢(z,C) 4+ |C| > n — 2 for any odd cycle C which is different from Cy in G, we can get
v(z,C) =2dg(z,C)+|C| —1>n—3.
Thus we get a contradiction
(G) =z y(@) > n—3=7(G).

Let u; € V(P(z,Cq)) N Pi(i < t) be the vertex with the smallest subscript. Then P(x,u;)
is a shortest path from C' to F;. Let C be the odd cycle which doesn’t intersect with K (g
and has at most one intersected vertex with P(x,u;)(The shortest path from C to P(z,u;) is
denoted by P(w, z), where w € V(P(z,u;)) and z € V(C'). It suggests that C and P(z, u;) have
only one vertex in common if w = z), and such that 2dx,, (w, 2) + |C| is as small as possible.
Note that

~¥(z, ug, C) de(u,ug) + 2da(w, z) + |C| — 1,
Y(z,ug,Ca) < dg(u,up) + 2dg(ui,ug) +d — 1,

IN
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we then have

v(@, uo, C) + (@, uo, Ca)
= 2(dg (u, uo) + dg (ui, ur) +da(w, 2) +|Cl+d — 1) — (d + [C]).
(1) Suppose that |C| +d =4. If dg(z,u;) + dg(w, 2) + |C| =t + 3 and 2dg(w, z) + |C| =

2(t — i) + d, then we have
7(‘@7 Uo, C) = 7(x7 uo, Cd)

and
da(x,u;) + da(w, 2) + |C| = 1=t + 2 = |[Va(d)|.
Therefore,
da(z,uo) + dag(w, 2) + dg(us, ug) + |Cl+d — 1 =n.
Thus we get
7(x7u07 C) + 7(‘T7u07 Cd) =2n—-4= 2(” - 2)
and

v(z, o, C) = v(2,u0,Cq) =n — 2.

(2) Suppose that |C| =d = 1. If dg(x,u;) + dg(w, z) =t + 1 and dg(w, z) =t —i. Then
we have

y(w,u0,C) = y(x,up, Cq)

and
de(z,ui) +da(w, 2) + [C] =1 =1+ 1= [V(d)| — 1.
Therefore,
de(z,ug) + da(w, 2) + dg(ui,ug) + |C|+d—1=n—1.
Thus we get
")/(.I,’LL07 C) + ’Y(Ia uo, Od) = 2(” - 1) —-2= 2(” - 2)
and

’7(1},110, C) = 7(x7u07 Cd) =n—2.

(3) Suppose that |C| = d = 1.If dg(z, u;) + dg(w,z) = t + 2 and |dg(w, z) —t —i] < 6.
Then we have
|7(‘/I:7 uo, C) - 7(‘T7 Uo, Cd)' < 67

and
de(z,u;) +da(w, z) + |Cl =1 =t+42 = |Va(d)].
Therefore,
de(z,ug) + da(w, 2) + dg(ui,ue) + |C| +d — 1 =n.
Thus we get

Y(z,ug, C) + y(x,u0,Cq) =2n —2=2(n —1).
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Note that
¥(z, up, C) = y(x, ug, Cyq)(mod 2).

Hence we get
min{vy(z, ug, C), y(z,up,Cq)} > n —2.

The three cases lead to a common contradiction
¥(z,up) = min{y(z, up, C), y(z,up,Cq)} > n — 2.

So the third qualification meets.

(b) Let
V(G) = Uy UULU---UU,_, UT,,

where

Ui, ={u| dg(ug,u) =i,u € V(G)},

(i:071,... r—1).
Uy = {u | dg(uo,u) > r,u € V(G)},

Then G[U;](i = 0,1,--- ,r— 1) must be a null graph. Otherwise, there must be some odd cycle
in G’ = G[UgUU U---UU,_4]. Let C be the odd cycle such that de(uo, C) + $(|C| — 1) is as
small as possible in G’. Then we have

a0, C) + 3(C] = 1) < r.
This implies a contradiction
V(o) < ¥(uo, C) = 2d¢(uo, C) +[C] =1 < 2r =n — 3 = y(uo).
Note that |U;| > 1(i = 0,1,---,r). Then we have
|U;| <2r4+3—r=r+3.

So we can assert that G is a subgraph of K. Therefore, G € Néd_)g C Nn_s.

For the sufficiency, without loss of generality, we let G € N,Ei)3 with 1 < d < n—2 and
d = 1(mod 2). It is obvious that G is connected and has K4 = P; UCy as its structural graph.
In the following argument, we shall prove two results:

(1) y(uo) =n - 3

Clearly, we have
Y(ug, Cq) = 2dc(up, Cq) + |Cal =1 =2t+d—1=n—3.
Hence we have n = 2t +d + 2. Put
ny = |Vi(d)| = |[V(P,UCyq)| =t +d,

and
ng = [Va(d)| = [V(G) \ V1| =t + 2.
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If there is an odd cycle C' in G such that v(ug,C) < n — 3 = 2r, then 2dg(uo,C) +
|C| =1 < 2r, ie. dg(uo,C) + 3(|C| — 1) < r. This implies that G[U’] contains the odd cycle
C,where U' = {u|| dg(up,u) < r,u € V(G)}. Because the induced subgraph K[V'] of K about
V' = {u]| di(uo,u) < ryu € V(K)} is bipartite, its subgraph G[U’] doesn’t contain any odd

cycles,a contradiction. So we have y(ug) =n — 3.
(2) Vu,ve V(G),y(u,v) <n-—3

It is obvious that v(u) < n — 3 for any vertex in G. In what follows, it suffices to prove
~¥(u,v) < n —3 for any two distinct vertexes u and v in V(G).

If dg(u,Cq) + da(v,Cq) < 2t, We can easily get vy(u,v) < n —3. So we put dg(u,Cq) +
de(v,Cy) > 2t, and without loss of generality we let dg(u, Cy) > t,then there must be an odd
cycle C in G such that 2d¢g(u, C') +|C| < n — 2. Suppose that V(P (u,C)) NV (P,) # ¢, let w €
V(P(u,C)) NV (P,) be the first vertex along P(u,C) from u to C, then dg(u,w) > da(ug, w).
We then have

IN

’7(”070) < 2(d0(u07w) + dg(w,C)) + |C| -1
2(dg(u,w) + dg(w,C)) + |C|] =1
= 2dg(u,C)+|C| —1<n—3=r~(up),

¥(uo)

N

a contradiction. Therefore P(u,C) doesn’t intersect with P;.
Let M be the component with u of G[V2(d)] in G, we shall complete our arguments in the

following three cases:
@ V(@) NV(Ca) # ¢
By the connectivity of G and |Va| = ¢ 4+ 2, we have dg(u,Cy) = t + 1 or t + 2 which

correspond to the following six cases.
(a) dg(u,Cq) =t +2,dg(v,Cy) =t —1
If v € V(P;), we have
Y(u,v) < Alu,v,Cq) < dg(u,Cq) + da(v,Cy) + |Cq| — 2
= (t+2)+(t-1)+d—2=2+d—1=n—3.
If v € V(P(u,C)), we have
Y(u,v) < y(u,v,C) =dg(u,C) +de(v,C)+|C| -1
< 2dg(u,C)+|C|—1<n-3.
(b) de(u,Cq) =t +2,da(v,Cq) =t
If v € V(P;),note that P(u,C) has no intersected vertex with P;, we then have
V(P(u,v) UV (Cq)| =2t +d+2=n.

Hence the odd cycle C such that 2dg(u, C') + |C| < n — 2 must be a loop on P(u,v), this means
|C| = 1. So we get

IN

Y(u,v,C) = dg(u,v) + |C| —1
= dg(u,v) < diam(G) < v(G).

v(u, v)
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If v e V(P(u,C)), we have

Y(uw,v) < (w0, C) =dg(u, C) +da(v,C) +|C[ -1
< 2dg(u,C)+1C)—1<n-3.
(C) dG(ua Od) =i+ 2,dG(U, Od) =t+1
This suggests that v € V(P(u,C)), i.e. uv € E(P(u,C)), hence we have
Y(uw,0) < (w0, C) =dg(u, C) +da(v,C) +|C[ -1
< 2dg(u,C)+|C|—1<n-3.
(d) dg(u,Cyq) =t +1,dg(v,Cq) =t

The argument is similar to (a).
(e) dg(u,Cyq) =t+ 1,de(v,Cyq) =t +1
Let uw € E(P(u,C)),there must be vw € E(G) \ (E(Kq4)U E(P(u,C))). Hence we have
7(”7’0) < FY(UH v, O) < dG(uv C) + dG(’U, C) + |O| -1
= 2dg(u,C)+|C|—1<n-3.
(f) da(u,Cy) =t+1,dg(v,Cq) =t + 2
The argument is similar to (c).
(D) V(C)nV(Ca) = &, V(C)NV(P) # ¢

Let u;, u; € V(C)NV(P,) be the vertexes with the smallest and biggest subscripts respec-
tively, where ¢ < j <t — 1. By the construct qualification (2), we have

2d(ug, ui) + |C| > 2d(ug, ut) + d,

i.e.

1 1
5(|O|—1) Zt—i+§(d+1).
By d(u,Cy) >t + 1, we have

d(u,C)+%(|C|—1)+(t—j)2t+1,

i.e.

1
d(w,C) +5(C1 =1) 2 j+1.
Hence,
1
d(w,c) +[C| = (=i +1) 2 t+ 1+ S(d +1).
In addition, notice that |Va(d)| = ¢ + 2. We have
du,C) +|C| = (j—i+1) < t+2.

So we have )
t—|—1—|—§(d+1)§d(u,c)+|0|—(j—i+1)§t—|—2.
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This means
d=1,|C| =2t —2i+3,

and
d(u,C) =i+j—t@i+j>t).

If v € V(M), it is obvious that
V(u,v) <7(u, C) <~(G).
If v ¢ V(M), clearly we have
1
7(“’7 ’U) < 7(”7“’0) < 7(”7“’07 C) < d(uu C) + d(’u,o, C) + §(|C| - 1)
= (i+j-t+i+t—i+1)=i+j+1<~(G).
(IT1) V(C) N V(Ca) = 6, V(C) NV(P) = &

Let u; € V(P(u, Cq))NV (P;)(i < t) be the vertex with the smallest subscript, then P(u, u;)

is the shortest path from u to P;. We shall discuss in the two following cases.

(a) Suppose C and P(u,u;) have at least two intersected vertexes. Then |C] > 3.
Let v € V(M).If P(u,C) intersects with P(v,C), then we have

Y(uw,v) < y(u,v,0)
< 2max{d(u,C),d(v,C)} +|C| -1
< 2(Vald)] - [Ch)+1C] -1

2t — |C] + 3 < 2t < 4(Q).

If P(u,C) doesn’t intersect with P(v,C'), then we have
Y(u,v) < y(u,v,C) < Vo(d)] = 1=t +1 < y(G).
Let v ¢ V(M) and |V, | = [Vi(d) \ V(P(uo, us))| > 2. Then we have
Y(u,v) < (u,0,C) <n— V| =1 <n—3=7(G).

If V|| = 1, it means that i = ¢t — 1 and d = 1. Note that d(u,Cy) > t+ 1, we have
d(u,u;) > i+ 1 = t. Note that |Va(d)| =t + 2,|C| > 3,we have |C| < 5: if |C] = 3, there
must be only two intersected vertexes of C' and P(u,u;); if |C| = 5, there must be just three

intersected vertexes of C' and P(u,u;). Thus we can easily have

(b) Suppose that there is at most one intersected vertex of C' and P(u,u;). Let P(w, z)
be the shortest path from C to P(u,u;), where w € V(P(u,u;)) and z € V(C)(w = z suggests
that there is only one intersected vertex of C' and P(u,u;)).

Let v € V(M). If P(u,C) doesn’t intersect with P(v,C), we have

Y(u,v) < y(u,v,C) < [Va(d)| =1 =t+1<~(G).
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If P(u,C) intersects with P(v,C), note that 2d(u, C') + |C| < 2t + d, we then have

d(u,C) <t + %(d— ).

If d(v,C) < t+2—|C|, i.e. d(v,C)+|C| -1 < t, we have

y(u,v) < y(u,v,C) <d(u,C) +dv,C)+|C| -1
< (t+%(d—|C|))+t§2t+d—1=7(G).
If d(v,C) > t + 2 — |C|, note that d(v,C) + |C| < |Va(d)| =t + 2, we then have
d(v,C)=t+2—1C]|.

Now it is clear that u is just on P(v,C) and d(v,Cy) >t + 1. So there must be an odd cycle
C’ such that

2d(v,C") + |C'] < 2t +d.
If C' is a loop on P(u,v), we then have

Y(u,v) < d(u,v) < diam(G) < v(G).

Otherwise, C’ doesn’t intersect with P(u,v). This suggests that d(u,C’) < d(v,C"). Hence we
have

V(u,v) < (v, C) < 7(G).
If |C'] > 3,then C’ must intersects with C. Similarly, d(u, C") < d(v,C"). So we have
Y(w,v) <v(v,C") < (G).

Let v ¢ V(M). Note that

¥(u, ug, C) = d(u, up) + 2d(w, z) + |C| — 1,
~v(u, ug, Cq) = d(u, ug) + 2d(u;, us) +d — 1,
we have
7(”7“’07 C) + 7(”7“’07 Cd)
= 2(d(u,uo) + d(u, ue) + d(w, 2) + |C] +d = 1) = (d + |C]).
If d+ |C| > 6, we have

~(u, uo) = min{y(u, ug, C), y(u, uo, Cq)} < n —3.
Therefore, we get
'y(u,v) < FY(ua UO) < FY(G)
In what follows, it suffices to discuss the case such that |C|+ d < 4.
Suppose that |C| +d = 4 and d(u, u;) + d(w, z) + |C] < t + 2, we have

d(u,u;) +d(w,z) + |C] =1 <t+1=|Va(d)] — 1,
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ie.
d(u,ug) + d(ui,ug) + d(w, 2) + |C|+d—1<n-—1.

Hence we have
FY(ua uop, C) + ’Y(U,UO, Od) S 2(” - 1) —4= 2(” - 3)

This suggests that
mln{’}/(uv Uo, C)v F)/(ua Uo, Od)} <n-— 3.

Suppose that d(u,w;) + d(w, z) + |C| > t + 3, note that
d(uyu;) +d(w, 2) + |C| — 1 < |Va(d)| =t + 2,

we then have
d(u, u;) + d(w, z) + |C| = 1 = [Va(d)],

ie.
d(u,ug) + d(us, ug) + d(w, z) + |C|+d — 1 = n.

Hence
y(u, uo, C) +y(u,u0,Cq) < 2n —4 = 2(n —2).
By the construction of the G, we have
2d(w, z) + |C| #2(t — i) + d,

ie.
FY(ua Uo, C) 3& FY(ua Uo, Cd)

This suggests that
min{y(u, ug, C), y(u, uo, Cq)} < n —3.

Suppose that |C| =d =1 and d(u, u;) + d(w, z) < t, we then have
d(uyu;) +d(w, 2) + |C| — 1 =t = |Va(d)| — 2,

ie.
d(u,ug) + d(us,u) + d(w, z) + |C|+d—1<n-—2.

We then have
~v(u, ug, C) + y(u, up, Cq) < 2(n—2) — 2 =2(n—3).

Thus we have
min{vy(u, ug, C), v(u, uo, Cq)} < n —3.

Suppose that d(u,u;) + d(w, z) >t + 1. Note that

d(uyu;) +d(w, z) + |C| =1 < |Va(d)| =t + 2,

69
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we then have
t+1<d(u,u;)+dw,z) <t+2.

If d(u,u;) + d(w, z) =t + 1, we thus get
d(u,ug) + d(ui,ug) + d(w, 2) + |C|+d—1=n—1.
It means that
~y(u, ug, C) 4+ y(u, up, Cq) =2(n — 1) = 2 = 2(n — 2).
Note that d(w, z) # t — i, we have
~(u, ug, C) # v(u, ug, Ca).

We therefore get
mln{’}/(uv Uo, C)v FY(ua uo, Od)} <n-— 3.

Suppose that d(u,u;) + d(w, z) =t + 2, then we have
d(u,ug) + d(ug,ut) + d(w, z) + |C|+d — 1 =n.

Hence
v (u, uo, C) + 7y (u, ug, Cq) = 2n.

If |[d(w, z) —t —i| > 6, we then get
|’}/(’U4, Uo, C) - 7(”7 U, Cd)' > 6.

This suggests that
mln{’}/(uv Uo, C)v FY(ua uo, Od)} <n-— 3.

From those as above, we can easily get
7(”7“) < 7(“’7 UQ) < V(G)

Hence, ¥V u,v € V(G), we have v(u,v) <n — 3. O

Theorem 4.2 G is a graph with order n of the second type with v(G) =n — 3 iff G € M,,_s.

Proof For the sufficiency, V G € M,,_3, we have v(G) = n — 3 and y(w) < v(G) for all
w € V(G) by a direct verification.
Now for the necessity, suppose G is a graph of order n of the second type with v(G) = n—3.

Then there must be two distinct vertexes v and v and an odd cycle Cy such that
y(u,v) = vy(u,v,Co) = v(G) =n — 3.

We put the path P(u,v) = vovy - - vy, where vg = u and v, = v with n — 3 = m(mod 2).

Without loss of generality,we set

n—3=m+2r,dy =|Co| = 1(mod 2).
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Suppose that C is an odd cycle in G, then we have
V(P(u,0)) N V(C)| < n—(G) = 3

In the following, we shall complete our arguments in four cases.

(I) Suppose that any odd cycle doesn’t intersect with any (u,v)-shortest path in G, then we
have
to = dg(P(’u,’U),CQ) > 0.

By the equation y(u,v) = y(u, v, Cp), we can easily get
n=m+ 2ty +do + 2.
We put the path Py = P(P(u,v),Co) = zox1 - - - x1,, where xo = v; and x,, € V(Cp). Set
Vi = V(P(u,v)) UV(Co) UV (F), V2 = V(G) \ V1,

then we have
|V1| :m+t0+d0,|‘/2| :t0+2.

Suppose that the odd cycles C; and C5 satisfy the following qualifications respectively.
7(”) = 7(“’7 01)7 ’7(/0) = 7(U7 02)
If V(P(u,Cy)) NV (Py) # ¢ and V(P(v,C2)) NV (Py) # ¢, it is clear that

v(u, Cl) =(u, 00)7 Y(v,C2) = ’7(”7 Co).

Hence
y(u) = y(u,Co) = 2dg(u,Co) +do — 1 = 2dg(u, z4,) +do — 1 < n — 3,
y(v) = 7(v,Co) =2da(v,Co) +do — 1 =2dg(v,z,) +do — 1 < n—3.
Thus we get
v(G) =~y(u,v) = ~(u,v,Co) =dag(u,zt,) +dg(v,x,) +do — 1

< 7’L—3:’7(G),

a contradiction. So we assume V(P (u,Cy)) NV (Py) = ¢ without loss of generality. Suppose
v; € V(P(u,Cy))NV(P(u,v)) is the intersected vertex with the biggest subscript, put the path
P, = P(P(u,v),C1) = yoy1- -y, with dy = |C1| and ¢, = dg(vi, C1), where yg = v; and
yt, € V(C1). Then we have V(Py) NV (Py) = ¢(i < j) and

th<ti+d — 1< |Vo| <t +2.
By the choose of P(u,v) and Cy, we have

2t + dy < 2t1 + dy.
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Hence
2t1 +2d7 — 6 +dy < 2ty +dy < 2t + dy < 2ty + 5.

So we get
2<dp+d <6,[tg—t1] <2.

Set Kg,.4, = P(u,v) U Py U P, UCyUCq, then we have
|V(Kd07d1)| =m-+tly+11+ do +d;—1< n,

and
V(G)\ V(Kag,a,) =to+3—t1 —dy <2.

It is easy to verify that G meets the first three construct qualifications (1),(2) and (3) of Ty, 4, -
We shall prove that G meets the other qualifications:

Suppose there exists a (x4, yp)-path with length p which connects Py U Cp to Py U Cy in
G — E(Kgy,4,), where 0 < a <ty and 0 < b < t;. Clearly,p = to +4 — t1 — di < 3. Because any
odd cycle doesn’t intersect with the (u,v)-shortest path P(u,v), then we have

a+b+p>j—i,a+b+i+j=p(mod 2),
and

dg(vo,vi) +dg(vi,yp) +p  +  da(za,v)) +da(vj,vm) + 2dc(a, 74,) +[Col — 1
¥(u, v),

Y]

and

dg(vo,vi) +da(vi,yp) + 0 +  da(2a,vj) + da(vj, vm) + 2da(ys, y¢,) + |Ci| — 1
v (u,v).

v

Hence we have
i+tb+p+a+m—j+2(to—a)+do—1>m+2tg+dy—1,

and
i+b+ptat+m—j+2t —b)+d —1>m+2tg+do— 1.

Therefore,we get
(2to +do) — (2t1 +dy) —(p+i—j)<a—b<p+i—j.

The qualification (4) thus meets.
Suppose that there exists a vertex z in G such that dg(z,Cy) > to and dg(z,Cp) >
to + %(do —dy), then we can conclude that

v(z, Co) < 7(G),y(z,C1) < v(G).

Hence there must be an odd cycle C' in G such that

v(x) =v(z,C) <~(G),
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ie.
2dg(x,C)+|C|—1<n—3=m+2r

The fifth qualification (5) meets.
Clearly, G C T, then we have G € M;OZB.

(IT) Suppose that there exists an odd cycle C' and a path P(u,v) in G such that |V (P(u,v))N
V(C)| = 1, but for any odd cycle C’ and any (u,v)-shortest path P’(u,v), |V(P'(u,v)) N
V(C")| > 2 doesn’t come into existence. Without loss of generality, we assume that C' is the
smallest odd cycle which meets the above qualifications, and V(P(u,v)) NV(C) = {v;}. Hence

n—3=7v(u,v) <y(u,v,C)=m+|C|-1=|V(Pu,v)UC)| —1<n-1.

Note that n — 3 = m(mod 2), we have m + |C| = n — 2 or m + |C] = n. Suppose
that m + |C| = n, then we can assert that C' isn’t a primitive cycle of P(u,v), and V(G) =
V(P(u,v)) UV(C). Note that

m = dg(u,v) <vy(u,v) =n—3,

then we have |C| > 3. Suppose that the odd cycles C; and Cy satisty the following equations
respectively:
W(U) = 7(“’7 01)7 V(U) = 7(U7 02)

If both C and Cs intersect with C', clearly we have

’Y(uv Cl) = ’Y(uv C)v FY(’Uv CQ) = ’Y(uv C)

It is easy to verify
max{y(u, C),y(v,C)} = ¥(G),

a contradiction. Hence, we assume that C; doesn’t intersect with C' without loss of generality.
Therefore, C; must intersect with P(u,v), and Cy is a loop on v; of P(u,v)(without loss of
generality,we set ¢ < j). This contradicts the choose of C.Hence,m + |C| # n. Therefore,we set
m + |C] =n — 2. We then have

n—3= ’}/(U,’U) = 'Y(U,’U, C)
We might as well put the cycle C = Cy = yo - - yeo 21, - - - 190, Where yo = v;. Thus, we have
|C| = 2to+ 1,n =m + 2ty + 3.

We put the graph K, +, = P(u,v)UCy. It is obvious that its order is n — 2. It is easy to verify
that G meets the first three construct qualifications (1), (2) and (3) of T}, 4,. We shall prove
that G meets the other qualifications:

Suppose that there is a (x4, yp)-path with length p which divides up Cy in G — E(K, 1),
where 0 < a,b < ty.Clearly,p < 3. Note that any odd cycle in G has only one intersected vertex
with the (u,v)-shortest path, and Cy is the smallest odd cycle which has only one intersected

vertex with P(u,v):
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If a+b+ 1= p(mod 2), then we have
da(viyza) + da(vi, yp) +p = [Col,

i.e.
a+b+p>2t+1.

If a + b = p(mod 2), then we have

dg(vo, vm) + 2dg(xq, vi) + |Co| — da(xa,vi) — da(vi, yp) +p — 1 > y(u,v)

and
da(vo, vm) + 2d(vi, yp) + |Co| — d(za, vi) — da(vi, yp) +p — 1 2> y(u,v),
i.e.
m+a+2t0—b—|—p2 m+2t0
and

m+b+2t0—a+p2m+2t0.

Hence, |a — b| < p, and the fourth qualification (4) comes into existence.
Suppose there exists a vertex z in G such that dg(z,Co) > im, then we have y(z, Co) >
~v(G). Therefore, there must be an odd cycle C' such that

V(@) = (2, C) <~(G),
ie.
2dq(z,C)+|C|—1<n—3=m+2r

The fifth qualification (5) comes into existence.
Clearly, G C T, then we have G € Miflg.

(III) Suppose that there exists an odd cycle C' and a path P(u,v) in G such that [V (P(u,v))N
V(C)| = 2, but for any odd cycle ¢’ and any (u,v)-shortest path P’(u,v), |V(P'(u,v)) N
V(C")| > 3 doesn’t come into existence. Without loss of generality, we assume that C' is the
smallest odd cycle satisfying the above qualifications, and V(P (u,v)) NV (C) = {v;, v;(i < j)}.
Clearly, 7 =i+ 1. Hence, we have

n=3 = 7(uv) <y(wv,0) =it (m—j)+|C| -2
= m+|C|-3=|V(P(u,v)UC)| —2<n-2.
Note that n — 3 = m(mod 2). We have v(u,v) = v(u,v,C). Hence, C is a (u, v)-primitive

cycle, where n = m+|C|. We might as well put the cycle C' = Cy = yo - - - Y1, 22+, - - - ToYo,where
Yo = v; and zo = v;41. Hence, we have

|CQ|=2t0+3,n=m+2to+3.

We put the graph K, ¢, = P(u,v)UCy. It is obvious that its order is n — 1. Tt is easy to verify
that G meets the first three construct qualifications (1),(2) and (3) of T}, 4. We shall prove
that G meets the other qualifications:
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Suppose that there exists a (4, y»)-path with length p which divides up Co in G—E(K,;, 4,).
where 0 < a,b < tg.Clearly,p < 2. Note that any odd cycle has at most two intersected
vertexes with any (u,v)-shortest path in G, and Cj is the smallest odd cycle which has just two

intersected vertexes with P(u,v).

(a) If a+ b+ 1 = p(mod 2), then we have

dc(vo, vm) + 2dc(vj, zqa) +|Co| —  da(vj,zq) — da(vi,yp) — dg(vi,vj) +p—1
> y(u,v)
and
dg(vo, vm) + 2da(vi, yp) + |Co| —  da(vj,zq) — da(vi, yp) — da(vi,vj) +p—1
> y(u,v).

Hence, we have
m+a+2tg—b+p+1>m+ 2

and
m+b+2tg—a+p+1>m-+ 2.

Therefore, we have
la—bl<p+1.

(b) If @ + b = p(mod 2), because Cy is the the smallest odd cycle which has just two
intersected vertexes with P(u,v), we have
dg(vj, xq) + da(vi, yp) + da(vi,v5) +p > |Col.
We thus get
a+b+p> 2ty +2.

Suppose that there exists a (z,x,)-path(or (z,yp)-path) with length p in G — E(K,4,)
which divides up Cp, where 0 < a,b < tg. Clearly, p < 2. If a + to + 1 = p(mod 2), note that

Cy is the smallest odd cycle which has just two intersected vertexes with P(u,v), then we have
dG(Uju :Ea) + p + dG(Za yto) + dG(ytm Ui) + dG(viv Uj) > |CO|

We thus get
a+p>to+ 1

If a + top = p(mod 2), then we have
dc(vo, Um) + 2dc(Ta,vj) + (p+ da(Tas Tr,) + da (2, 24)) — 1 > y(u,v),

i.e.
m+2a+ (p+to—a+1)—1>m+ 2t.

We then get
a+p=to.
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Using analogous argument, we can get the corresponding restrained qualifications for b. Hence

the fourth construct qualification (4) comes into existence.

Suppose that there exists a vertex z in G such that dg(z,Cy) > %m — 1, then we have

~¥(z,Cy) > v(G). Hence, there must exist some odd cycle C such that

V(@) =7(,C) <~(G),
ie.
2dg(x,C)+|C|—1<n—3=m+2r

The fifth qualification (5) thus comes into existence.
Clearly, G C T, then we have G € Mflg.

(IV) Suppose that there exists an odd cycle C and a path P(u,v) in G such that |V(P(u,v))N
V(C)| = 3. Without loss of generality,we assume that C' is the smallest odd cycle which
meets the above qualifications, where V(P(u,v)) N V(C) = {vi, vk, vj(i < k < j)}. Clearly,
j=k-+1,i=Fk— 1. Hence,we have
n—3 = ~vu,v) <y(u,v,C)=i+(m—j)+|C|—3
= m+|C|-5=|V(P(u,v)UC)|—3<n-3.

Therefore, we have
Y(u,v) =y(u, v, C), [V(P(u,v)) UV(C)| = [V(G)| = n.

We might as well put the cycle C' = Cy = yoy1 - - - Y, Tt - - - T1ZoWY0, Where yo = Vp—1, W = v

and xg = vgy1. Hence, we have
|Co| = 2to + 3,n = m + 2ty + 1.

We put the graph K, 1, = P(u,v)UCy. It is easy to verify that G meets the first three construct
qualifications (1), (2) and (3) of T},,. We shall prove that G meets the other qualifications:
Suppose that there exists an edge zqyp in G — E(K,y, +,) which divides Cy, where 0 < a,b <
to. Note that Cj is the smallest odd cycle which has just three intersected vertexes with the
(u,v)-shortest path P(u,v), then we have a + b = 1(mod 2). In addition, we have

dg(vo,vm) + 2da(za,vj) + |Co| —da(xa,v)) — da(vi,vj) — da(vi, y»)
> y(u,v)
and
da(vo,vm) + 2da(vi, )  +  [Col — da(xa,vj) — da(vi,vs) — da(vi, yp)
=z y(wv).

Hence, we have
m+a+2tg—b+1>m+2t—2

and
m+b+2tg—a+1>m-+ 2ty — 2.
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We thus get |a — b| < 3.
Suppose that there exists an edge vy, in G — E(K,,,) which divides up Cy, where
1 S a S to.

If a is an odd number, then we have
da(vo, vm) — da (v, vj) + 1+ da(vj,xq) — 1 > v(u,v),

i.e.
m—1+14+a—12>m+ 2ty — 2.

Thus, we have a > 2ty — 1. Therefore, we have tg = 1,a = 1.

If a is an even number, then we have

dc(vo, vm) —da(vi,vr) 4+ |Col —da(vj,2q) — da(vi,v;) + da (v, xq) — 1

> (u,v),

ie.
m—14+2t+3)—a—24+1—-1>m+2ty—2,

We thus get a < 2. Hence, we have a = 2.

Suppose that there is an edge viyp in G — E(K,, 1,) which divides Cp, where 1 < b < ¢.
Using an analogous argument, we have b = 2, or b = 1 (iff ¢, = 1). Hence, the fourth
qualification (4) comes into existence.

Suppose that there is a vertex x in G such that dg(z, C) >
~(G). Therefore, there must be an odd cycle C' such that

$m—2, then we have y(z, C) >

y(z) =7(z,C) <4(G),

ie.
2dg(z,C)+|C|—1<n—-3=m+2r

Hence, the fifth qualification (5) comes into existence.
Clearly,G C T, then we have G € MY, 0
Using the connection between the exponent of a matrix and the exponent of a graph stated

above, we have get the following result by combining Theorems 4.1 with 4.2.

Theorem 4.3 Let A be a symmetric primitive matrix with order n, then y(A) = n — 3 iff
G(A) c ./V'nfg UM, _3.

References

[1] J.A.Bondy and U.S.R.Murty, Graph Theory with Applications, Macmillan Press, Lon-
don(1976).

[2] R.A.Brualdi and H.J.Ryser, Combinatorial Matrix Theory, Cambridge University Press,
New York(1991).

[3] B.L.Liu, Combinatorial Matrix Theory(second edition,in chinese), Sience Press, Beijing(2005).



78 Lichao, Huangfu and Junliang Cai

[4] J.Y.Shao, The exponent set of symmetric primitive matrices, Scientia Sinica, A, Vol.9
(1986), pp.931-939.

[5] J.Z.Wang, The character of symmetric primitive matrices with certain exponents, J. Taiyuan
Machinery College., (1991)No.2.

[6] G.R.Li, The characterization of symmetric primitive matrices with exponent 2n—6, J. Nanjing
Univ.(Graph Theory), Vol.27(1991),pp.87-92.

[7] J.L.Cai and K.M.Zhang, The characterization of symmetric primitive matrices with expo-
nent 2n — 2r(> n), Linear Multilin.Alg., 39(1995), pp.391-396.

[8] J.L.Cai and B.Y.Wang, The characterization of symmetric primitive matrices with expo-
nent n — 1, Linear Alg.Appl., 364(2003), pp.135-145.

[9] B.L.Liu, B.D.McKay, N.C.Wormald and K.M.Zhang, The exponent set of symmetric prim-
itive (0,1) matrices with zero trace, Linear Alg.Appl., 133(1990), pp.121-131.



International J.Math. Combin. Vol.3 (2008), 79-84

The Crossing Number of the Circulant Graph C(3k — 1; {1, k})

Jing Wang and Yuanqgiu Huang

(Department of Mathematics, Normal University of Hunan, Changsha 410081, P.R.China)

E-mail: wangjingl1001@hotmail.com, hyqq@public.cs.hn.cn

Abstract: A Smarandache drawing of a graph G is a drawing of G on the plane with
minimal intersections for its each component and a circulant graph C'(n; S) is the graph with
vertex set V(C(n;S)) = {vi|0 < i < n—1} and edge set E(C(n;S)) = {viv;[0<i#j<n-—

1, (i—j)modn € S}, S C{1,2,---,[5]}. In this paper, we investigate the crossing number
of the circulant graph C(3k—1;{1, k}) and get the result that k < cr(C(3k—1;{1,k})) < k+1
for k > 3.
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81. Introduction

A graph G = (V,E) is a set V of vertices and a subset E of unordered pairs of vertices, called
edges. A Smarandache drawing of a graph G is a drawing of G on the plane with minimal
intersections for its each component. Certainly, we only need to consider Smarandache drawing
of connected graphs. The crossing number cr(G) of a graph G is the minimum number of
pairwise intersections of edges in a drawing of GG in the plane. It is well known that the crossing
number of a graph is attained only in good drawings of the graph, which are those drawings
where no edge crosses itself, no adjacent edges cross each other, no two edges intersect more
than once, and no three edges have a common point. Let D be a good drawing of the graph G,
we denote the number of crossings in D by cr(D).

The circulant graph C(n;S) is the graph with vertex set V(C(n;S)) = {v;|0 <i<n—1}
and edge set E(C(n;S)) = {vivj[0 <i#j<n—1,(i—j)modne S}, SC{L,2,---,[5]}.

Calculating the crossing number of a given graph is NP-complete [1]. Only the crossing
number of very few families of graphs are known exactly, some of which are the crossing number
of circulant graph.

Yang and Lin, etc. researched on the crossing number of circulant graphs. In [2] they
showed that

er(C(n; {1,3})) = ng +nmod3 (n>38).

In [3], they gave an upper bound of C(mk; {1, k}) for m > 3, k > 3, proved that

er(C(3k; {1,k})) =k (k > 3),
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and in [4], they obtained that the crossing number of C(n; {1, [§] — 1}) is n/2 for even n > 8,
for odd n > 13, they showed that

4h+2, n=8h+1, h=>2,

n 4h+2, n=8h+3, h>2,
er(C(ns{l, [5] —1})) <

2 4h + 3, n=8h+5, h>1,

4h+5, n=8h+7, h>=1.

In 2005, Ma, et al. determined that the crossing number of C(2m + 2; {1, m}) is m+1 for
m > 3, see [5].

P.T.Ho [6] investigated the crossing number of the circulant graph C'(3k + 1;{1,k}) and
proved that c¢r(C(3k + 1;{1,k})) =k + 1 for k > 3.

In this paper, we study the crossing number of the circulant graph C(3k — 1;{1,k}) and
get the main result that

E<er(CBk—1;{1,k})) <k+1 for k>3.

82. Some lemmas and the main result

Let A and B be two disjoint subsets of E. In a drawing D, the number of crossings made by
an edge in A and another edge in B is denoted by ¢rp(A, B). The number of crossings made
by two edges in A is denoted by crp(A), then er(D) = erp(F). By counting the number of
crossings in D, we have Lemma 2.1.

Lemma 2.1 Let A, B,C be mutually disjoint subsets of E. Then

crp(AUB) = crp(A) + erp(B) + c¢rp(4, B);
erp(AUB,C) =crp(A,C)+ erp(B,C).

Let E; = {0iVit1, ViVktis VkgiV2k4is Vit 1 V2h4is Vki—1 Vkis V2k4i—1V2k4i } for 0 < i <k — 2,
and let Fy_1 = {vr_1V2k—1, V2k—100, U2k—2V2k—1, U3k—2Vp |, see Fig.1. Then it is not difficult to
observe that

k—1
E(C(3k—1;{1,k}) = | E
=0

E,NE; =0, 0<i#j<k-—-1

We define fp(E;) (0 <i < k—1) to be a function counting the number of crossings related
to E; in a drawing D as follows:

fo(E;) = erp(E;) + Z crp(Ei, Ej) /2.
0<j<k—1,j7#i

With Lemma 2.1 and the above notations, we can get
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Figure 1: A good drawing of C(3k — 1; {1, k})

Lemma 2.2 ¢r(D) = S fn(Ey).
=0

In a drawing D, if an edge is not crossed by any other edge, we say that it is clean in D;
if it is crossed by at least one edge, we say that it is crossed in D. The following lemma is a

trivial observation.

Lemma 2.3 If there exists a crossed edge e in a drawing D and deleting it results in a new
drawing D*, then cr(D) > er(D*) + 1.

Lemma 2.4 ¢r(C(3k — 1;{1,k})) > k for k > 3.

Proof We will prove it by induction on k. For k = 3, from [2], we have cr(C(8;{1,3})) =
4 > 3. Now suppose that for k > 4, er(C(3(k —1) — 1;{1,k —1})) > k — 1, let D be a good
drawing of C(3k — 1;{1,k}).

Since C'(3k —1; {1, k}) is non-planar, one of the edges in D must be crossed, that is to say,
ViVi41 O Uk, is crossed for some ¢ where 0 < i < 3k — 2. If v;v;41 is crossed for some i, we
may assume that i = 3k — 2. If v;v,4,; is crossed for some i, we may assume that i = k — 1. By
these assumptions, we have

fp(Ex—1) 205

We assert that

fp(E;))>1 for 0<i<k—2 or er(D) >k (1)

Therefore, if cr(D) < k, we have fp(E;) > 1 for all i = 0,1,--- ,k — 2 by (1), combining this
with fp(Ex—1) > 0.5, by Lemma 2.2, we have k > ¢r(D) > k — 1 + 0.5, which is impossible
since cr(D) must be an integer.

So, it suffices to verify that (1) is true. Suppose by contradiction that there exists i
(0 < ¢ < k—2) such that fp(E;) < 1. From the definition of fp, we get that crp(E;) = 0.

Furthermore, there are only two possible drawings of E;, which are shown in Figure 2.
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Vit1 Vok4i Voki—1 Vit1 Vok+i Vokyi—1

Vkti—1

®
Ui Vk+i Vkti—1 V; Uk+i

Figure 2: Two possible drawings of E;

Vit1 U2k +i V2k+i—1

Figure 3: E; U ViV2k4i—1

We can claim that E; must be drawn as in the left hand side of Figure 2 in D. Suppose that
E; is drawn as in the right hand side of Figure 2. Since vertex vi4;—1 and vertex vogy;—1 lie
in different regions, so both the edge vjy;—1v2k4i—1 and the path vg4;—1Vk+i—2V2k+i—2V2k+i—1
must cross the edges in F;, and we have fp(FE;) > 1, a contradiction to our assumption that
fo(E;) < 1.

Case 1. Suppose that fp(E;) > 0. Since fp(F;) < 1, from the definition of fp, exactly one of
the edges in FE; is crossed.

First we consider that v;vor4;—1 is clean. Then E; U v;v954;—1 must be drawn as in Fig-
ure 3. Denote the regions by a,b and c as in Fig.3. We can assert that vertex vi4;_2 must
lie in the same region in which vertex vi4;—1 lies. Or else, both the edge vgy;—2vk+;—1 and
the path vgi;—ov;—2v;—1Vk4;—1 must cross the edges on the boundary of a except v;vog1i—1,
so we have fp(E;) > 1, which is a contradiction. Furthermore, we can also get that vogy;—o
must lie in the region a : if vop4;—o lies in the region b, then both the edge vogti—1V2k4i—2
and the edge vj4;—2vUak4+i—2 must cross the edges on the boundary of b, which is a con-
tradiction; if wvopy,—2 lies in the region ¢, then both the edge wvg4;—2vorti—2 and the path
Ukt i Ukit1 * * * V2kti—3V2k+i—2 must cross the edges in F;, which is also a contradiction. Since
both vertex viy;—2 and vertex var4;—2 lie in the region a, the pathes v;11vito - Vgti—3Vkti—2
and V41V 4ip1Vk+it2 * - V2k+i—3V2k+i—2 must cross the boundary of a, respectively, and we can
have fp(E;) > 1, which is impossible.

Now consider that v;veg4;—1 is crossed.

Case 1.1. Suppose that the edges v;11v2k+; and vogy;—1v254; are clean. We will produce
from D a drawing D*, which is constructed by drawing a new edge connecting vertex wv;;i
to vertex vsg4i;—1 close enough to the edges v;y1vok+s and vog4i—1v2k+i, and by deleting the
edges ViU2k+i—1y ViVk+iy Uk+iU2k+i and Vj4+1V2k+4, S€E Figure 4(1) Since the edges Vi+1UV2k+1i
and vag4i—1V2k4; are clean, one can observe that the new edge v;41v2x4;—1 doesn’t produce

any additional crossing. And because the crossed edge v;vof1;—1 in D is removed from D,
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it I
P U2k+i
i

U
V2k+i—1

(1) (2)

Figure 4: New drawing D* produced from drawing D

we can get that cr(D) > er(D*) + 1 by Lemma 2.3. D* is a drawing of the subdivision of
C3(k—1)—=1;{1,k—1}), s0o we have cr(D) 2 er(C(3(k—1) = L; {1,k—1}))+ 1 > k.

Case 1.2. Suppose that one of the edges v;41V2k+; OF Vag4i—1V2k+i is crossed. Analogously, by
drawing a new edge connecting vertex viy,—1 to vertex vy, quite close to the edges vgy;—1Vk4i
and vgy;v2k44, and by deleting the edges v; Vg1, Vi4iV2k+i, ViVakt+i—1 and Vg4i—1V2k4i—1, & NEW
drawing D* can be produced from D, see Figure 4(2). One can easily see that the new edge
Uk+i—1V2k+; doesn’t produce any additional crossing since the edges vgii—1Vk+; and vg4iV2k4i
are all clean. Since the crossed edge v;va4;—1 in D is removed from D, by Lemma 2.3, we can
obtain that cr(D) > cr(D*)+ 1. D* is a drawing of the subdivision of C(3(k—1)—1;{1,k—1})
as well. These facts imply that ¢r(D) > er(C(3(k—1) — 1;{1,k—1}))+ 1 > k.

Case 2. Suppose that fp(F;) = 0. Since the edges in F; are all clean, v;vox4;—1 doesn’t cross
any edge in E;, then FE; U v;v954,—1 is drawn as in Figure 3. If v;vg54,—1 is clean, then the
boundary of a is clean, we follow the analogous arguments presented in Case 1. If v;vgp44—1 is
crossed, we can follow the same arguments presented in Case 1.1.

From all the above cases, we have shown that (1) is true. O

Theorem 2.5 k < cer(C(3k —1;{1,k})) < k+1for k > 3.

Proof A good drawing of C'(3k—1;{1, k}) in Fig.1 shows that cr(C(3k—1;{1,k})) < k+1
for k > 3. This together with Lemma 2.4 immediately indicate that k < er(C(3k —1;{1,k})) <
k+1 for k > 3. O

We end this paper with the following conjecture.

Conjecture cr(C(3k —1;{1,k}))=k+1 for k > 3.
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Abstract: For vertices u and v in a connected graph G = (V, E), the distance d(u, v) is the
length of a shortest u— v path in G. A u— v path of length d(u,v) is called a u—v geodesic.
For an integer k > 1, a geodesic of length k in G is called a k-geodesic. A set S C V is a
k-edge geodetic set of G if each edge e € E — E(< S >) lies on a k-geodesic of some pair
of vertices in S and a set T C V is an edge geodetic set of GG if each edge of G lies on a
geodesic of some pair of vertices in T', and Smarandache edge-geodetic set of GG if each edge
of G lies on at least two geodesics of T'. The minimum cardinality of a k-edge geodetic set
of G is the k-edge geodetic number egy(G) and the minimum cardinality of an edge geodetic
set is the edge geodetic number eg(G). In this paper we investigate how the edge geodetic
number and the k-edge geodetic number of a graph G are affected by adding a pendant edge
to G. Tt is proved that if G’ is a graph obtained from G by adding a pendant edge, then
eg(G) < eg(G") < eg(G)+1 and eg2(G) < eg2(G’) < eg2(G) + 1. For any integer k > 2, it is
also proved that egi(G’) < egr(G) + 2. Tt is shown that for any integer k > 4 and for every
pair a,b of integers with 4 < a < b+ 2, there is a connected graph G such that egr(G) = b
and egr(G’) = a, where G’ is a graph obtained from G by adding a pendant edge.

Key Words: Smarandache edge-geodetic set, geodetic number, edge geodetic number,

k-geodetic number, k-edge geodetic number, k-extreme edge.
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81. Introduction

By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple
edges. The order and size of G are denoted by n and m respectively. For basic graph theoretic
terminology, we refer to Harary [3]. For vertices u and v in a connected graph G, the distance
d(u,v) is the length of a shortest u-v path in G. It is known that the distance is a metric on
the vertex set of G. A w-v path of length d(u,v) is called a u-v geodesic. A vertex z is said
to lie on a u-v geodesic P if x is a vertex of P including the vertices v and v. For any path
P in a graph and two vertices x,y on P, we use P[z,y] to denote the portion of P between x
and y, inclusive of & and y. The neighborhood of a vertex v is the set N(v) consisting of all
vertices u which are adjacent with v. A vertex v is an extreme vertex of G if the subgraph

induced by its neighbors is complete. The closed interval I[u,v] consists of all vertices lying on

ISupported by DST Project No. SR/S4/MS: 319/06
2Received May 6, 2008. Accepted September 2, 2008.
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some u-v geodesic of G, while for S C V, I[S] = |J I[u,v]. A set S of vertices is a geodetic
u,veS
set if I[S] =V, and the minimum cardinality of a geodetic set is the geodetic number g(G). A

geodetic set of cardinality ¢g(G) is called a g-set of G. The geodetic number of a graph was
introduced in [1], [4] and further studied in [2], [5]. It was shown in [4] that determining the
geodetic number of a graph is an NP-hard problem. A set S of vertices is an edge geodetic set of
a graph G if each edge of G lies on a geodesic of vertices in S, and Smarandache edge-geodetic
set of G if each edge of G lies on at least two geodesics of S. The minimum cardinality of an
edge geodetic set is the edge geodetic number eg(G). An edge geodetic set of cardinality eg(G)
is called eg-set of GG. Edge geodetic sets and the edge geodetic number of a graph with several
interesting applications are investigated in [7].

For an integer k > 1, a geodesic in G of length k is called k-geodesic. A vertex v is called k-
extreme vertex if v is not the internal vertex of a k-geodesic joining any pair of distinct vertices
of G. Obviously, each extreme vertex of a connected graph G is k-extreme vertex of G. In
particular, each end vertex of G is a k-extreme vertex of G. A set S C V is called a k-geodetic
set of G if each vertex v in V' — S lies on a k-geodesic of vertices in .S. The minimum cardinality
of a k-geodetic set of G is its k-geodetic number gi(G). A k-geodetic set of cardinality gx(G) is
called gj-set. The k-geodetic number of a graph was refereed to as k-geodeomination number
and studied in [6].

For any S C V, let E(< S >) denote the edge set of the subgraph induced by S. A set
S C V is called a k-edge geodetic set of G if each edge in E — E(< S >) lies on a k-geodesic
of vertices in S. The minimum cardinality of a k-edge geodetic set of G is its k-edge geodetic
number egr(G). A k-edge geodetic set of cardinality egi(G) is called egx-set of G. For k > 2,
an edge of G is called k-extreme edge if it does not lie on any k-geodesic of vertices of G.

For the graph G given in Fig.1.1, it is easy to see that the set S = {v1,v2,v5,v6} of end
vertices is a go-set and so g2(G) = 4. Since the edge vzvy does not lie on any 2-geodesic of
vertices of S, S is not a 2-edge geodetic set of G. It is easily seen that S; = {v1,v9,v3,v5, 06}
is a minimum 2-edge geodetic set of G so that ega(G) = 5. Also, So = {v1,v2,v4,v5,06} is
another egs-set of G.

U1 Us

U3 V4

Vg Ve

Fig.1.1

The k-edge geodetic number of a graph was introduced and studied in [8]. It is proved
in [8] that each triple a, b,k of integers with 2 < a < b and k > 2 is realizable as the k-
geodetic number and k-edge geodetic number of a graph respectively. Also it is shown in [§]

that for given integers a,b,c and k > 2 with 3 < a < b < ¢, there is a connected graph G with
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9(G) = a, eg(G) = b and egy(G) = c. These concepts have many applications in location theory
and convexity theory. There are interesting applications of these concepts to the problem of
designing the route for a shuttle and communication network design.

A fundamental question in graph theory concerns how the value of a parameter is affected
by making a small change in the graph. The geodetic number and the k-geodetic number,
affected by adding a pendant edge, was discussed in [5] and [6] respectively. In this paper we
study how the edge geodetic number and the k-edge geodetic number of a graph are affected
by adding a pendant edge to the graph.

Throughout the following G denotes a connected graph with at least two vertices. The

following theorems will be used in the sequel.

Theorem 1.1([7]) FEach extreme vertex of a connected graph G belongs to every edge geodetic
set of G. In particular, if the set of all extreme vertices W is an edge geodetic set of G, then

W is the unique eg-set of G.

Theorem 1.2([8]) Ewvery k-edge geodetic set contains both the ends of each k-extreme edge. If
the set W of the ends of all the k-extreme edges together with the set of k-extreme vertices is a
k-edge geodetic set, then W is the unique egg-set of G and so egr(G) = |W|.

Theorem 1.3([7]) For any tree T with k end vertices, eg(T) = k.

Theorem 1.4([7]) For a connected graph G, eg(G) = 2 if and only if there exist two antipodal

vertices u and v such that every edge lies on a u — v geodesic of G.
Theorem 1.5([7]) For a connected graph G, no cut vertex belongs to any eg-set of G.
Theorem 1.6([7]) For the complete bipartite graph K, n(m,n > 2), eg(Kpm.n) = min{m,n}.

Theorem 1.7([7]) If a connected graph G of order n has exactly one vertex v of degree n — 1
then eg(G) =n — 1.

§2. How the edge geodetic number
of a connected graph is affected by adding a pendant edge

In this section we discuss how the edge geodetic number of a connected graph G is affected by
adding a pendant edge to G. Let G’ be a graph obtained from a connected graph G by adding

a pendant edge uv, where u is not vertex of G and v is a vertex of G.

Theorem 2.1 If G’ is a graph obtained from a connected graph G by adding a pendant edge
uv at a verter v of G, then eg(G) < eg(G') < eg(G) + 1.

Proof Let S be any eg-set of G and let S” = SU{u}. We claim that S’ is an edge geodetic
set of G'. Let e be an edge of G'. If e € E(G), then e lies on a geodesic of vertices in S. If
e = uwv, then, since every edge geodetic set of GG is a geodetic set of G, it follows that the vertex
v lies on a & — y geodesic P with z,y € S. Then, it is clear that the portion P[x,v] of the . — v
path on P together with the edge uv is a z — u geodesic of G’, which contains the edge e with
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xz,u € S’. Hence S’ is an edge geodetic set of G’ and so eg(G’) < eg(G)+1. Let S’ be an eg-set
of G'. By Theorems 1.1 and 1.5, u € S and v ¢ S’. Also, it is clear that S = (5" — {u}) U {v}
is an edge geodetic set of G so that eg(G) < [S'| =1+ 1 =|5"| = eg(G’). Hence the result. [

Remark 2.2 The bounds for eg(G’) in Theorem 2.1 are sharp. If the graph G is the path
P, (n > 3) on n vertices, then, by Theorem 1.3, eg(P,,) = 2. Let G’ be the path obtained from P,
by adding a pendant edge at one of its end vertices. Then, by Theorem 1.3, eg(G’) = 2 = eg(G).
If G’ is the tree obtained from P, by adding a pendant edge at a cut vertex of P,, then by
Theorem 1.3, eg(G') = 3 = eg(G) + 1.

Theorem 2.3 Let G’ be a graph obtained from a connected graph G by adding a pendant edge
uv at a vertex v of G. Then eg(G) = eg(G’) if and only if v is a vertex of some eg-set of G.

Proof First, assume that there is an eg-set S of G such that v € S. Let S' = (S—{v})U{u}.
We show that S’ is an eg-set of G'. If e = wwv, then it is clear that e lies on every w — u geodesic
of G, where w € S’(w # u). Let e be any edge of G. Since S is an eg-set of G, e lies on a x — y
geodesic in G with z,y € S. If both ,y € S — {v}, then e also lies on a  — y geodesic in G’
with z,y € S’. If e lies on a & — v geodesic in G with x € S — {v}, then e also lies on  — u
geodesic in G’. Thus S’ is an edge geodetic set of G’ so that eg(G') < |S’| = |S| = eg(G). Now,
the result follows from Theorem 2.1.

Conversely, suppose that eg(G) = eg(G’). Suppose that v does not belong to any eg-set
of G. Let S’ be an eg-set of G'. Since u is an end vertex of G’ and v is a cut vertex of G’,
by Theorems 1.1 and 1.5, u € S" and v ¢ S'. Let S = (5" — {u}) U {v}. Then S C V(G) and
|S| = |97] = eg(G') = eg(G). Let e be any edge of G. Then e is also an edge of G’ and so e
lies on a geodesic P in G’ joining a pair of vertices x,y € S’. If x # w and y # u, then © € S
and y € S so that e lies on a geodesic joining a pair of vertices in S. Otherwise, let x # u and
y = u. Then it follows that e lies on a geodesic in G joining x and v in S. Thus, S is an edge
geodetic set of G and since |S| = eg(G), it follows that S is an eg-set of G. Since v € S, this is
contradiction to our assumption. This completes the proof. 0

Remark 2.4 If a vertex v is added to a connected graph G such that more than one edge
is incident with v, then the edge geodetic number of the resulting graph can stay the same,
increase significantly or decrease significantly. For example, for the complete bipartite graph
K,.n we have, by Theorem 1.6, eg(Ky, n) = m for all 2 < m < n. However, if we add a new
vertex to K, », and join this vertex to all the vertices of the minimum partite set containing m
vertices, the resulting graph is K, ,+1 and again by Theorem 1.6, the edge geodetic number is
m. Hence a new vertex may be added to a graph along with a large number of edges such that
it does not affect the edge geodetic number. On the other hand, it is clear that eg(C,,) = 2 for
all even n > 4. If we add a vertex v to this C}, and join v to all the vertices of C),, the resulting
graph is the wheel K7 + C,,. Now, it follows from Theorem 1.7 that eg(K; + C,,) = n and so
the edge geodetic number of the resulting graph increases significantly. Also, it is clear that
eg(Kin) =n for all n > 2. If we add a vertex v and join it to all the end vertices of K7 , then
we obtain the graph Ks,. By Theorem 1.6, eg(K> ) = 2, and so the edge geodetic number of

the resulting graph decreases significantly for large n.
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83. How the k-edge geodetic number
of a connected graph is affected by adding a pendant edge

We now consider how the k-edge geodetic number of a connected graph G is affected by the
addition of a pendant edge.

Proposition 3.1 Let G’ be a graph obtained from a connected graph G by adding a pendant
edge uwv at a vertex v of G. Then egr(G') < egr(G) + 2.

Proof Let S be an egg-set of G. Then S U {u,v} is a k-edge geodetic set of G’ and so
egr(G') < |S U {u,v}| < egr(G) + 2. O

Proposition 3.2 There is no connected graph G with diam(G) > k such that egr(G') = 2,
where G’ is a graph obtained from G by adding a pendant edge at a vertex of G.

Proof Suppose that there exists a connected graph G with diam(G) > k such that
egr(G') = 2. Let G’ be a graph obtained from G by adding a pendant edge uv at a ver-
tex v of G. By Theorem 1.1, u belongs to every edge geodetic set of G'. Let S’ = {u, y} be an
egr-set of G'. Then y # v and it is clear that S = {v,y} is a egp_1- set of G. Hence S is an
eg-set of G and d(v,y) = k — 1. Now, by Theorem 1.4, v and y are antipodal vertices and so

diam(G) = k — 1, which is a contradiction. Hence the result follows. O

Observation 3.3 In a connected graph G, each edge in G has at least one end in every 2-edge

geodetic set of G.

Theorem 3.4 If G’ is a graph obtained from a connected graph G by adding a pendant edge at
a verter of G, then ega(G) < ega(G') < ega(G) + 1.

Proof Let G’ be the graph obtained from G by adding a pendant edge uv at a vertex v
of G. Let S be an ego-set of G. Let S = S U {u}. We claim that S’ is a 2-edge geodetic
set of G’. Let e be an edge of G’ be such that e ¢ E(< S’ >). If e € E(G), then e lies on
a 2-geodesic of vertices in S. If e ¢ F(G), then e = wv and v ¢ S. Let vw be an edge of
G. Then, by Observation 3.3, we have w € S. Now, it is clear that the edge uv lies on the
2-geodesic P : w,v,u of G’ with w,u € S’. Hence S’ is a 2-edge geodetic set of G’ and so
eg2(G") < |8/ = ega(G) + 1.

Now, let 7" be any egs-set of G'. Then by Theorem 1.2, uw € T". Let T = (T" — {u}) U {v}.
Then |T| < |T’|. We show that T is a 2-edge geodetic set of G. Let e = axy be any edge of G
such that e ¢ E(< T >). Then it is clear that e ¢ E(< T’ >). Now, since e € E(G’) and T is
a ego-set of G, we see that e = xy lies on a 2-geodesic P of vertices in 77. By Observation 3.3,
we may assume that € T'. Assume that the geodesic P is P : x,y, 2 with x,2 € T'. Since
zy € E(G), we have © # u and so x € T. Now, if z = u, then y = v and so zy € E(< T >),
which is a contradiction. Hence z # u and so z € T'. Thus T is a 2-edge geodetic set of G so
that egs(G) < IT] < [T'] = ega(G). O

Proposition 3.5 Let G’ be a graph obtained from a connected graph G by adding a pendant
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edge uwv at a vertex v of G. If v belongs to some egs-set of G', then ega(G') = ega(G) + 1.

Proof Let T’ be an egao-set of G’ such that v € T’. By Theorem 1.2, uw € T’. Now, let
T =T —{u}. Then |T| = |T'] — 1 = eg2(G’) — 1 and as in the proof of Theorem 3.4, T is
a 2-edge geodetic set of G so that ega(G) < |T| = eg2(G’) — 1 Now, the result follows from
Theorem 3.4. O

Remark 3.6 The converse of Theorem ?7? is not true. For the graph G = Kj ,(n > 2), we
have that eg2(G) = n. However, if we add a pendant edge to the cut vertex of K ,, then the
resulting graph G’ is Ki 41 and so eg2(G') = n + 1 = eg2(G) + 1. However, the cut vertex of
K1 n41 does not belong to any egs-set of Ky 1.

Problem 3.7 Characterize graphs G for which ega(G') = ega(G), where G is a graph obtained
from G by adding a pendant edge.

In view of Proposition 3.1, we have the following realization theorem.

Theorem 3.8 Let k > 4 be an integer. For each pair a,b of integers with 4 < a < b+ 2, there
is a connected graph G with egr(G) = b and egr(G') = a, where G’ is a graph obtained from G
by adding a pendant edge.

Proof We prove the theorem by considering five cases.

Case 1. Let a = b. Let G be the graph obtained from the path P : wvg,vq,...,v; by

adding b — 3 new vertices ui,ug, ..., up—3 and joining them to vy. The graph G is shown in
Fig.3.1. It is clear that the edges u;v2(1 < i < b — 3) are the only k-extreme edges of G.
Hence S = {vo, v, u1, us, ..., up—3,v2} is the set of all k-extreme vertices and the ends of all

k-extreme edges of G. Since S is a k-edge geodetic set of G, it follows from Theorem 1.2 that
egi(G) = |S| =b.

Now, let G’ be the graph obtained from G by adding a pendant edge viz. It is clear that
G’ has no k-extreme edges. Let S" = {vg, u1, ua, ..., up—3,2} be the set of all k-extreme vertices
of G’. Since the edges vov; and vvy do not lie on any k-geodesic joining a pair of vertices in
S’, we have S’ is not a k-edge geodetic set of G'. Since S” U{uv;} is a k-edge geodetic set of G,
it follows from Theorem 1.2 that egy(G’) = |S'| +1=b = a.

U2

Vk—1 Vg

Fig.3.1

Case 2. a=b+ 1. Let G be the graph obtained from the path P : vg,v1,...,vx by adding

b — 2 new vertices uy, us, ..., up—2 and joining each u; to v1. Let S = {uy,ua, ..., up—2,v0, v}



On the Edge Geodetic and k-Edge Geodetic Number of a Graph 91

Then S is the set of all k-extreme vertices of G. It is clear that G has no k-extreme edges and
S is a k-edge geodetic set of G and so by Theorem 1.2, egr(G) = |S| = b. Now, let G’ be the
graph obtained from G by adding a new vertex x and joining it to v;. Then, just as above, the
set S = {u1,ug,...,up—2,2,v9, v} of all k-extreme vertices of G’ is the egx-set of G'. Hence
eg(G) =158"1=b+1=a.

Case 3. a =b+2. Let G be the graph constructed in Case 2. Then, as in Case 2, egr(G) = b.
Now, let G’ be the graph obtained from G by adding a new vertex z and joining it to ve. Then
the edge xv9 is the only k-extreme edge in G’. Since the set S" = {uy, ua, ..., up—2, Vo, Vg, T, vV2}
of all k-extreme vertices together with the ends of the k-extreme edge zvs is a k-edge geodetic
set, it follows from Theorem 1.2 that egy(G') = |S'| =b+ 2 =a.

Case 4. a =b— 1. Let GG; be the graph obtained from the path P : vy, vy, ..., v; by adding a
new vertex w and joining it to the vertices vy, vs and v3. Let Q : zg, 1, ..., Tr_2 be a path such
that it is vertex disjoint with G;. Let G2 be the graph obtained from G; and @ by identifying
the vertices vo and xp. Let G be the graph obtained from G2 by adding b — 5 new vertices
21,22, ..., 2p—5 and joining each z; to v;. The graph is G shown in Fig.3.2. It is clear that the
edge vow is the only k-extreme edge of G. Since the set S = {vg, 21, 22, - - . , 2b—5, Vg, Th—2, V2, W}
of all k-extreme vertices and the ends of the k-extreme edge vow of G is a k-edge geodetic set,
it follows from Theorem 1.2 that eg,(G) = |S| = b.

[ ] [ ] *® —— 0
Tk—3 Tk—2

[ ] [ ] e —— 0
Vk—1 Vk

Fig.3.2

Now, let G’ be the graph obtained from G by adding a pendant edge wz. It is clear that
G’ has no k-extreme edges. Since the set S" = {vo, 21, 22, . . . , 2b—5, T, Vg,
xg—2} of all k-extreme vertices of G’ is a k-edge geodetic set of G’ it follows from Theorem 1.2
that egr,(G') =S| =b—1=a.

Case 5. 4 < a < b-—2. Let G; be the graph obtained from the path P : vg,v1,...,v; by
adding a new vertex w and joining it to both vy and vs. Let G2 be the graph obtained from G4

by adding b — a — 1 new vertices uj, ug, ..., up—q—1 and joining each u; to the vertices vg, vs, vy
and w. Let G3 be the graph obtained from G2 by adding a — 4 new vertices z1, 2o, ..., 24—4
and joining each z; to v1. Let @ : zg,z1,...,Tr_3 be a path such that it is vertex disjoint with

G3. Let G be the graph obtained from G5 and @) by identifying the vertices vs and xg. The
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graph G is shown in Fig.3.3. It is clear that the edges u;v3 and w;w (1 <i<b—a—1) are the
only k-extreme edges of G and so by Theorem 1.2, the vertices w1, us,...,Up—q—1, V3, w belong
to every k-edge geodetic set of G.

22 z1 T2 Tk—4 T
o o z1
[ ] [ ] [ ] — 0
Za—4
Vo
[ ] [ ] —— 0
Vk—1 Uk
Ub—a—1
w
Fig.3.3
First, suppose that k = 4. Let S = {vg, u1,u2, ..., Up—aq—1,V3, W, 21,22, - « -  Za—4, L1 }. Then

S is the set of all k-extreme vertices and the ends of all k-extreme edges of G. It is clear that
S is not a k-edge geodetic set of G and S U {v4} is a k-edge geodetic set of G so that by
Theorem 1.2, egx(G) = |S|+1=0b—1+1=b. Now, let G’ be the graph obtained from G
by adding a new vertex x and joining it to w. Then the graph G’ has no k-extreme edges.
Let S" = {vo, 21,22+, 2a—4,%,21}. Then S’ is the set of all k-extreme vertices of G'. Tt is
clear that S’ is not a k-edge geodetic set of G’ and S’ U {v4} is a k-edge geodetic set of G’
so that by Theorem 1.2, egx(G') = [S'|+ 1 =a—1+ 1 = a. Next, suppose that k > 5. Let
T = {vo, U1, U2, -+, Ub—gq—1, U3, W, 21, 22, - - - y Za—d, Tk—3, V- Then T is the set of all k-extreme
vertices and the ends of all k-extreme edges of G. It is clear that T is a k-edge geodetic set of
G and so by Theorem 1.2, egi(G) = |T'| = b.

Let G’ be the graph obtained from G by adding a new vertex x and joining it to w.

Then G’ has no k-extreme edges and T’ = {vg, 21,22, .., 2a—4, %, T—3, Uk} is the set of all
k-extreme vertices of G'. Since T” is a k-edge geodetic set of G, it follows from Theorem 1.2
that egx(G’) = |T’| = a. Thus the proof is complete. O
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Abstract: A simple path cover of a graph G is a collection 1) of paths in G such that every
edge of GG is in exactly one path in ¢ and any two paths in 1 have at most one vertex in
common. More generally, for any integer k£ > 1, a Smarandache path k-cover of a graph G
is a collection v of paths in G such that each edge of GG is in at least one path of 1 and
two paths of ¢ have at most k vertices in common. Thus if £ = 1 and every edge of G is
in exactly one path in v, then a Smarandache path k-cover of GG is a simple path cover of
G. The minimum cardinality of a simple path cover of GG is called the simple path covering

number of G and is denoted by 7s(G). In this paper we initiate a study of this parameter.
Key Words: Smarandache path k-cover, simple path cover, simple path covering number.

AMS(2000): 05C35, 05C38.

§81. Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple edges.
The order and size of G are denoted by p and g respectively. For graph theoretic terminology

we refer to Harary [5]. All graphs in this paper are assumed to be connected and non-trivial.

If P = (vg,v1,v2,...,0,) is a path or a cycle in a graph G, then vy, va,...,v,_1 are called
internal vertices of P and vy, v,, are called external vertices of P. If P = (vg, v1,ve,...,v,) and
Q = (vy, = wo, w1, Wa, ..., W,) are two paths in G, then the walk obtained by concatenating P

and Q at v, is denoted by Po@Q and the path (v, vn_1,...,v2,v1,70) is denoted by P~!. For a
unicyclic graph G with cycle C, if w is a vertex of degree greater than 2 on C with deg w = k,
let e1,ea,...,ex_2 be the edges of E(G) — E(C) incident with w. Let T;,1 <i < k — 2, be the
maximal subtree of G such that T; contains the edge e; and w is a pendant vertex of T;. Then
T1,T5,...,Tk_o are called the branches of G at w. Also the maximal subtree T" of G such that
V(T)NV(C) = {w} is called the subtree rooted at w.

The concept of path cover and path covering number of a graph was introduced by Harary
[6]. Preliminary results on this parameter were obtained by Harary and Schwenk [7], Peroche
[9] and Stanton et al. [10], [11].
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Definition 1.1([6]) A path cover of a graph G is a collection ¢ of paths in G such that every
edge of G is in exactly one path in . The minimum cardinality of a path cover of G is called
the path covering number of G and is denoted by 7(G) or simply w.

Theorem 1.2([10]) For any tree T with k vertices of odd degree, m(T) =

[SIE

Theorem 1.3([7]) The path covering number of the complete graph K, is given by w(K,) = |

NS

].

(For any real number x, [x] denotes the least positive integer > x.)

Theorem 1.4([4]) Let G be a unicyclic graph with unique cycle C. Let m denote the number
of vertices of degree greater than 2 on C. Let k denote the number of vertices of odd degree.
Then

2 ifm=0
nG)={ 5+1 ifm=1
% otherwise

Theorem 1.5([4]) For any graph G, ©(G) > (%W

The concepts of graphoidal cover and acyclic graphoidal cover were introduced by Acharya
et al. [1] and Arumugam et al. [4].

Definition 1.6([1]) A graphoidal cover of a graph G is a collection 1) of (not necessarily open)
paths in G satisfying the following conditions.

(1) Ewvery path in 1 has at least two vertices.

(ii) Every vertex of G is an internal vertex of at most one path in 1.

(ii1) Fvery edge of G is in exactly one path in .

If further no member of v is a cycle in G, then v is called an acyclic graphoidal cover of G.
The minimum cardinality of a graphoidal cover of G is called the graphoidal covering number of

G and is denoted by n(G). Similarly we define the acyclic graphoidal covering number n4(G).

An elaborate review of results in graphoidal covers with several interesting applications
and a large collection of unsolved problems is given in Arumugam et al.[2].

For any graph G = (V, E), v = E is trivially an acyclic graphoidal cover and has the
interesting property that any two paths in ¢ have at most one vertex in common. Motivated
by this observation we introduced the concept of simple acyclic graphoidal covers in graphs [3].

Definition 1.7([3]) A simple acyclic graphoidal cover of a graph G is an acyclic graphoidal
cover ¢ of G such that any two paths in 1 have at most one vertex in common. The minimum
cardinality of a simple acyclic graphoidal cover of G is called the simple acyclic graphoidal

covering number of G and is denoted by 1n,s(G) or simply 1qs.

Definition 1.8 Let ¥ be a collection of internally disjoint paths in G. A vertex of G is said to

be an interior vertex of v if it is an internal vertex of some path in 1, otherwise it is said to
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be an exterior vertex of 1.

Theorem 1.9([3]) For any simple acyclic graphoidal cover v of a graph G, let ty denote the
number of exterior vertices of 1. Let t = min ty, where the minimum is taken over all simple

acyclic graphoidal covers ¢ of G. Then n.s(G) = q—p+t.

Theorem 1.10([3]) Let G be a unicyclic graph with n pendant vertices. Let C' be the unique

cycle in G and let m denote the number of vertices of degree greater than 2 on C. Then

3 ifm=0

n+2 ifm=1
Nas(G) = .

n+1 ifm=2

n ifm>3

Theorem 1.11([3]) Let m and n be integers with n > m > 4. Then

mn—m-—n zfng(g‘)
nas(Km,n) -

mn—m-—mn-+r ifn=_3)+rr>0.

In this paper we introduce the concept of simple path cover and simple path covering
number 7, of a graph G and initiate a study of this parameter. We observe that the concept
of simple path cover is a special case of Smarandache path k-cover [8]. For any integer k > 1,
a Smarandache path k-cover of a graph G is a collection ¥ of paths in G such that each edge
of G is in at least one path of 1) and two paths of ¥ have at most k vertices in common. Thus
if K =1 and every edge of GG is in exactly one path in 1, then a Smarandache path k-cover of
G is a simple path cover of G.

82. Main results

Definition 2.1 A simple path cover of a graph G is a path cover v of G such that any two
paths in 1 have at most one vertex in common. The minimum cardinality of a simple path
cover of G is called the simple path covering number of G and is denoted by 74(G). Any simple
path cover ¥ of G for which |¢| = ws(G) is called a minimum simple path cover of G.

Example 2.2 Consider the graph G given in Fig.2.1.
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(%1 V2 V3

V4

Fig. 2.1
Then ¢ = {(v1, v4, v7,v8), (U3, V4, V5, V6), (V2,v4), (v7,v5)} is & minimum simple path cover of G
so that 75(G) = 4.

Remark 2.3 Every path in a simple path cover of a graph G is an induced path.

Theorem 2.4 For any simple path cover ¢ of a graph G, let ty, = > t(P), where t(P) denotes
Pey
the number of internal vertices of P and let t = max ty, where the mazimum is taken over all

sitmple path covers 1 of G. Then ws(G) = q — t.

Proof Let i be any simple path cover of G. Then

q= > |E(P)]

Pevy

> (t(P) +1)

Pey

I+ > H(P)

Pey

=[] +ty
Hence |¢| = ¢ — ty so that 7,(G) = ¢ — t. O

Corollary 2.5 For any graph G with k vertices of odd degree 75(G) = % + > Lde—g”J —t.
veV(G)

Proof Since q = % + > {de—g”J the result follows. O
veV(G)

Corollary 2.6 For any graph G, 75(G) > % where k is the number of vertices of odd degree in

G. Further, the following are equivalent.

. k
(l) Ts (G) =3-
(i) There exists a simple path cover 1 of G such that every vertex v in G is an internal

vertex of L%J paths in 1.

(i) There ezists a simple path cover ¥ of G such that every vertex of odd degree is an
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external vertex of exactly one path in v and no verter of even degree is an external vertex of

any path in .

Remark 2.7 For any (p,q)-graph G, 75(G) < q. Further, equality holds if and only if G is
complete. Hence it follows from Theorem 1.3 that 7, (K,,) = 7(K,,) if and only if n = 2.

Remark 2.8 Since any path cover of a tree T' is a simple path cover of T, it follows from
Theorem 1.2 that my(T) = 7(T') = £, where k is the number of vertices of odd degree in 7.

We now proceed to determine the value of my for unicyclic graphs and wheels.

Theorem 2.9 Let G be a unicyclic graph with cycle C. Let m denote the number of vertices

of degree greater than 2 on C. Let k be the number of vertices of odd degree. Then
3 ifm=0

Eio  ifm=1

2

E41 ifm=2

k ifm>3

Proof Let C = (vy,va,...,0,,01).
Case 1. m=0.

Then G = C' so that m4(G) = 3.
Case 2. m=1.

Let v; be the unique vertex of degree greater than 2 on C. Let G be the tree rooted at
v1. Then Gy has k vertices of odd degree and hence 74 (G1) = % Let ¢1 be a minimum simple
path cover of G.

If deg vy is odd, then dega, v1 is odd. Let P be the path in 11 having v; as a terminal
vertex. Now, let

Py = Po(vy,v9)

Py, = (vg,vs3,...,v,) and

P3 = (UT,’Ul).

If deg vy is even, then degg, vy is even. Let P = (21, 232,..., %y, U1, Tyr41,...,Ts) be a path
in 91 having v; as an internal vertex. Now, let

Pl = ($1,$2,...,£L‘T7’U1,’U2)

Py = (x5, Z5-1,...,Tr41,01,0,) and

P3 = (’1}2,’03, . ,UT).

Then ¢ = {¢1 — {P}} U {Pi, P, Ps} is a simple path cover of G and hence 74(G) <
|1+ 2 = % + 2. Further, for any simple path cover ¢ of G, all the k vertices of odd degree
and at least two vertices on C' are terminal vertices of paths in 1. Hence t < g — g — 2, so that
ms(G)=q—t>%+2. Thus n,(G) = £ +2.
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Case 3. m =2.

Let v; and v;, where 2 < i < r, be the vertices of degree greater than 2 on C'. Let P and
(@ denote respectively the (v1,v;)-section and (v;, vi)-section of C. Let v; be an internal vertex
of P(say). Let Ry and Ry be the (v, v;)-section of P and (vj,v;)-section P respectively. Let
(1 be the graph obtained by deleting all the internal vertices of P.

Subcase 3.1 Both deg v; and deg v; are odd.

Then both dega, v1 and degq, v; are even. Hence G is a tree with £ — 2 odd vertices so
that 75(G1) = % — 1. Let 1 be a minimum simple path cover of G; . Then ¥ = ) U{R1, R2}
is a simple path cover of G and [¢| = § + 1.Hence m,(G) < & + 1.

Subcase 3.2 Both deg v1 and deg v; are even.

Then degg, v1 and degq, v; are odd. Hence G is a tree with k + 2 vertices of odd degree
so that 75(Gy) = % + 1. Let 97 be a minimum simple path cover of G1.

Suppose v; and v; are terminal vertices of two different paths in v, say P, and P respec-
tively. Now, let

Qr=PioR

Qs = P,o Ry! and

Y = {1 —{P1, P2} } U{Q1,Q2}.

Suppose there exists a path P; in 1 having both v; and v; as its end vertices. Then let
P, = Q. Let P; be an uj-w; path in ¢ having v as an internal vertex and P3 be an us-w- path
in 41 having v; as an internal vertex. Let S; and Sy be the (uy,v;)-section of Ps and (w1, v1)-
section of Ps respectively. Let S and Sy be the (ug,v;)-section of Ps and (we, v;)-section of Ps
respectively. Now, let

Q1 =S10P 055"

Q2 = S20 Ry

Q3:S4OR2_1 and

¥ = {1 —{P1, P, P3}} U{Q1,Q2,Qs}.

Then v is a simple path cover of G and |[¢| = |[¢1] = g + 1 and hence 74(G) <

ST

+ 1.
Subcase 3.3 deg v is odd and deg v; is even.

Then dega, v1 is even and degq, v; is odd. Hence G is a tree with k vertices of odd degree
so that 7m4(G1) = % Let ¥1 be a minimum simple path cover of G1. Let P; be the path in 1
having v; as a terminal vertex.

If E(P)NEQ) =9, let

Q1 =PioRy"
Q2 = Ry and
¥ ={1 — {P1}}U{Q1,Q2}

Suppose E(P1) N E(Q) # ¢. Since dega, v; > 3, there exists an uj-w; path in ¢y, say Pa,
having v; as an internal vertex. Let S; and S2 be the (w1, v;)-section of Py and (u1, v;)-section
of Py respectively. Now, let

Q=P o Sfl

Q2 =550 R;l
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Qg = Rl and

Y ={1 — {1, R}} U{Q1,Q2,Qs}.

Then ¢ is a simple path cover of G and |¢| = [¢h;| + 1 = £ + 1. Hence m,(G) < & + 1.

Thus in either of the above subcases, we have 75(G) < % + 1. Also, for any simple path
cover 1 of G all the k vertices of odd degree and at least one vertex on C' are terminal vertices
of paths in t. Hence t < q — g — 1, so that 7,(G) =q—t > %—I—l.

Hence 75(G) = g + 1

Case 4. m > 3.

Let v, vig,...,vi., where 1 <143 <ig < --- <ig <rand s > 3, be the vertices of degree
greater than 2 on C. Let v;;, 1 < j < s, be a minimum simple path cover of the tree rooted
at vy, . Consider the vertices v;,,v;, and v;,. For each j, where 1 < j < 3, let P; be the
path in +;; in which v;; is a terminal vertex if deg v;; is odd, otherwise let P; be an u;-w;
path in ¢;, in which v;; is an internal vertex and R; and S; be the (uj,v;;) and (wj,v;;)-
sections of P; respectively. Further, let P = (vi,, i, 41, ..,Viy), @ = (Vig,Vig41,-..,0iy) and
R = (’UZ‘S,’UZ'3+1, e 7”1’1)-

If deg v;,,deg v;, and deg v;, are even, let )1 = Ry o Po R;l, Q2= S20Q0 Rgl and
Q3=S30R051_1.

If deg vi,,deg v;, and deg v;, are odd, let Q1 = Py o P, Qa = Py0(Q and Q3 = P30 R.

If deg vi, , deg vi, are odd and deg v;, is even, let Q1 = Pyo Po P2_1 , Q2 =R30Q ! and
Qs = S30R.

If deg v;,,deg v;, are even and deg v;, is odd, let Q1 = Ry o Po R;l, Q2 =50Q0 P?jl
and Q3 = Ro S %

Then ¢ = ( LSJ i, — {P1, P2, P3}) U{Q1,Q2,Q3} is a simple path cover of G such that

j=1

every vertex of odd degree is an external vertex of exactly one path in ¢ and no vertex of even

degree is an external vertex of any path in . Hence m4(G) = % O

Corollary 2.10 Let G be as in Theorem 2.9. Then 7s(G) = n(G) if and only if m > 3.

Proof The proof follows from Theorem 2.9 and Theorem 1.4. O
We observe that there are infinite families of graphs such as trees and unicyclic graphs
having at least three vertices of degree greater than 2 on C for which 7, = 7 and so the

following problem arises naturally.
Problem 2.11 Characterize graphs for which wg = 7.
Theorem 2.12 For a wheel W,, = K1 + C,,_1, we have

6 ifn=4

ms(Wh) = ‘
[%J +3 ifn>5

Proof Let V(W,,) = {vg,v1,...,0n—1} and E(W,,) = {vov; : 1 <i <m—1}U{vv;41:1 <
i<n—2}U{vivp_1}.
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If n = 4, then W,, = K, and hence m4(W,,) = 6.

Now, suppose n > 5. Let r = [ %]
If n is odd, let

Pi = (’Ui,’l}o,’l}r_ﬂ‘), 1= 1,2,...,7‘.
P’r+1 - (1}1,’(}2,...,’(}7«),
Pryo = (v1,v2,, V201, ..,Vry2) and

Pr+3 = (Ura Ur+41, Ur+2)-
If n is even, let

P; = (vi,v0,Vp_144), 1= 1,2,...,7 — 1.
P = (vo,v2r—1),

Py = (v1,v2,...,0.21),

Pryo = (v1,v20-1,...,Up41) and

P’r‘+3 - (v’r‘flv’UTv’UTJrl)-

Then ) = {Py, P, ..., P43} is asimple path cover of W,,. Hence ws(W,,) < r+3 = {%J +3.

Further, for any simple path cover ¥ of W, at least three vertices on C = (v1,va,...,v,_1) are
terminal vertices of paths in . Hence t < ¢ — % —3, so that 7, (W,,) = ¢—t > % +3=|2]+3.
Thus ms(W,) = [ 2] + 3. O

Remark 2.13 Since every simple acyclic graphoidal cover of a graph G is a simple path cover
of G and every simple path cover of GG is a path cover of G, we have 7,s > 75 > w. These
parameters may be either equal or all distinct as shown below. For the graph G; given in
Figure 2, 1,5(G1) = 7,75(G1) = 6,7(G1) = 5 and for the graph G2 given in Fig.2.2, we have
Nas(G2) = m5(Ga) = w(Ga) = 3.

Gh Go
Fig.2.2

Problem 2.14 Characterize graphs for which n.,s = 75 = .

We now proceed to obtain some bounds for 7.

Theorem 2.15 For any graph G, ws(G) > (%W Further, the following are equivalent.
(i) 7s(G) = [2]-
(”) nas(G) =A-1.

(i4t) G is homeomorphic to a star.
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Proof Since mg > 7, the inequality follows from Theorem 1.5.

Suppose 7s(G) = [%w Let v = {Py, Ps,...,P.}, where r = [%w be a minimum simple
path cover of G. Let v be a vertex of G with deg v = A. Then v lies on each P; and
v is an internal vertex of all the paths in ¢ except possibly for at most one path. Hence
V(P) NV (P;) = {v}, for all i # j, so that G is homeomorphic to a star. Obviously, if G is

A

homeomorphic to a star, then 7,(G) = [£]. Thus (i) and (iii) are equivalent. Similarly the

equivalence of (ii) and (iii) can be proved. O
Theorem 2.16 For any graph G, ms(G) > (‘2”), where w is the clique number of G.

Proof Let H be a maximum clique in G so that |E(H)| = (). Let ¢ be a simple path
cover of G. Since any path in ¢ covers at most one edge of H, it follows that 7s(G) > (“2’) O

In the following theorem we characterize cubic graphs for which 7, = (“2’)

Theorem 2.17 Let G be a cubic graph. Then 7,(G) = (%) if and only if G = K.

Proof Let G be a cubic graph with m,(G) = (%). Clearly w = 3 or 4. Suppose w = 3.
Then it follows from Corollary 2.6 that 74(G) > & so that p = 6. Hence G is isomorphic to the
cartesian product K3 X Ks and it can be shown that 7s(K5 x K3) = 6 # (‘2”) Thus w = 4 and

consequently G = K. O

Problem 2.18 Characterize graphs for which m,(G) = ().

If A < 3, then every simple path cover of G is a simple acyclic graphoidal cover of G and
hence 1,5(G) = m5(G). However, the converse is not true. For the complete graph K,(p > 5),

Ts = Nas Whereas A > 4. We now prove that the converse is true for trees and unicyclic graphs.
Theorem 2.19 Let G be a tree. Then 1n45(G) = 7s(G) if and only if A < 3.

Proof Let G be a tree with 1,5(G) = m4(G).

Suppose A > 4. Let v be a vertex of G with deg v > 4.

Let 1) be a minimum simple acyclic graphoidal cover of GG. Let P, and P» be two paths in
1 having v as a terminal vertex. Let Q = P; o P{l. Since G is a tree, @ is an induced path
and hence ¢ = (p — {P1, P2}) U{Q} is a simple path cover of G with |¢1] = [¢)] — 1 = 14s — 1
so that 75(G) < 14s(G) — 1, which is a contradiction. Hence A < 3. O

Theorem 2.20 Let G be a unicyclic graph. Then 1,5(G) = 75(G) if and only if A < 3.

Proof Let G be a unicyclic graph with 7,5(G) = 7s(G). Let k denote the number of
vertices of odd degree and n be the number of pendant vertices of G.
It follows from Theorem 1.10 and Theorem 2.9 that k = 2n. Now, suppose A > 3. Then

2g= 5. degv+ >, degv+ > degvw

vEV(G) vEV(G) vEV(G)
deg v=1 deg v>1 deg v>1
and is odd and is even

>n+3(k—n)+2(p—k)
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which is a contradiction. Hence A < 3. O

The above results lead to the following problem.

Problem 2.21 Characterize graphs for which 14s(G) = ms(G).

In the following theorem we establish a relation connecting the parameters 7,5 and 7.

Theorem 2.22 For any (p, q)-graph G, nqs(G) < WS(G)+q—p+n—§, where n and k respectively
denote the number of pendant vertices and the number of odd vertices of G. Further, equality

holds if and only if m4(G) = %

Proof Let ¢ be a minimum simple path cover of G. Let i(v) denote the number of paths in
1 having v € V' as an internal vertex. If i(v) > 2, let P;, where 1 <i <i(v), be the u;-w; path
in ¢ having v as an internal vertex and let @; and R;, where 2 < i < i(v), respectively denote
the (v, w;)-section and (v, u;)-section of P;. Let 11 be the collection of paths obtained from 1)
by replacing Ps, Ps, ..., P,y by Q2,Q3,...,Q4w) and Ra, Rs, ..., Ry, for every v € V with
i(v) > 2. Then 1)y is a simple acyclic graphoidal cover of G with |11| = 74 (G)+ > (i(v)—1).

eV
i(v)>2

Since i(v) < Ldeg UJ, it follows that

(@) < (@) + 5 (|22 ] 1)

veV
deg v>4

—rio s 3 (4]
deg v>2

=m(@ + T |- -n)

veV
deg v>2

deg v—1 deg v
—m(Q) + T fapl g Tl
vEV vev
deg v>2 deg v>2
and is odd and is even

_ deg v k—n deg v
Sm(@) 4 N dgrokmo s durogag
vEV veV
deg v>2 deg v>2
and is odd and is even

=m(@) + Y -kt r-pin
deg 052

=m,(G) + X vk _pin
veV

=7,(G)+q—p+n-— %
Thus 74s(G) < 7s(G)+q—p+n—~%. Further, it is clear that 1,,(G) = 7,(G)+¢—p+n—4%
if and only if there exist a minimum simple path cover 1 of G such that i(v) = Ve‘—g”J for all

v € V. Hence it follows from Corollary 2.6 that 1,s(G) = 75(G) + g —p+n — % if and only if
0

[SIE

Tg =

Corollary 2.23 If m4(G) = %, then 1,5(G) =q—p+n.
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Proof Suppose 75(G) = g By Theorem 2.22, we have 1,5(G) < ¢—p+n. Hence it follows

from Theorem 1.9 that 7,s(G) = ¢ —p + n. O

Remark 2.24 The converse of Corollary 2.23 is not true. For example, 74s(K45) = g—p = 11,
whereas 7s(Kq5) > 2 = %
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Abstract: For any vertex u € V(G), let Tn(u) = {u} U {uvjuv € E(G),v € V(G)}U{v €
V(G)|luww € E(G)} and f a total k—coloring on G. The total-color neighbor of a vertex u of
G is the color set C¢(z) = {f(x)|x € Tw(u)}. For any adjacent vertices x and y of V(Q)
such that Cy(z) # Cy(y), we refer to f as a k AVSDT-coloring of G (the abbreviation of
adjacent-vertez-strongly-distinguishing total coloring of G). The AVSDT-coloring number of
G, denoted by Xast(G) is the minimal number of colors required for an AVSDT-coloring of G.
A Smarandachely total coloring of a graph G is an AVSDT-coloring with |C'¢(2)\C#(y)| > 2
and |Cf(y)\C#(z)| > 2. In this paper, we calculate the AVSDT-coloring number of Sy, +W,.

Keywords: Smarandachely total coloring, join graph, AVSDT-coloring number.

AMS(2000): 05C15, 94C15.
81. Introduction

Graph coloring is a very important part of graph theory!!). Recently, the central part is to get
the chromatic number of the relate coloring. While it is a NP-problem to get the relate chromatic

(2]

number for most graphs. Now these vertex distinguishing edge coloring'“), adjacent-strongly

edge coloring!®!, D(f)-vertex distinguishing edge coloring!*, adjacent-vertex-distinguishing total
coloringl!, D(f3)-vertex distinguishing total coloring®!, vertex-distinguishing total coloring!,
adjacent-vertex-strongly-distinguishing total coloring[®, and a Smarandachely total coloring
etc. for a graph, are becoming an interesting research objects for researchers coming from

information or computer sciences.

Definition 1.18  Let G(V, E) be a simple connected graph with |V (G)| > 3, k is a positive
integer, [ is a mapping from V(G) U E(G) to {1,2,--- ,k}. If [ satisfies

(1) for any uv € B(G), we have f(u) # £(0), (u) # f(wv) £ F(0);

(2) for any adjacent edges uv,uw € E(G)(v # w), we havef(uv) # f(uw);

(3) for any edge uwv € V(G), we have C(u) # C(v),
where C(u) = {f(uw)} U{f()|uwwv € E(G)} U{f(uww)luv € E(G)}, then f is called adjacent-
vertex-strongly-distinguishing total coloring of G, denoted by k-AVSDTC of G for short, and

ISupported by NNSFC(10771091 and 10661007).
2Received July 8, 2008. Accepted September 26, 2008.
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the number

Xast(G) = min{k|k — AVSDTC of G}
is called the AVSDT-number of G.

Definition 1.2111 For a graph G and H with V(G)NV (H) = 0, E(G)NE(H) = 0, a new graph
G + H called the join of G and H is constructed by

V(G +H)=V(G)UV(H),E(G+ H) = E(G) U E(H) U {uvlu € V(G),v € V(H)}.

We once presented a conjecture on the AVSDT-number of a simple connected graph in [§]

following.

Conjecture Let G(V,E) be a simple connected graph with V(G) > 3. Then Xust(G) <
n + [loghy ] + 1, where [logh] denotes the minimal integer not less than logh, and the equality
holds if and only if G is a complete graph K, with n = 2% — 2.

For terminologies and notations not defined here, we refer to the reference [1].

82. Main results

Lemma 2.1 8 For a simple graph with no isolated edge, if uv € E(G) and d(u) = d(v) = A(G),

then

Xast(G) 2 A(G) + 2.
Remark When min{m,n}<4, the AVSDTC-number of S,, + W,, can be obtained easily.

Theorem 2.2 Suppose min{m,n} > 5, then
Xast(Sm + Wn) =m+n+3.

Proof We can know that if A(ug) = A(vg) = m+n+1, then xas¢(Sm+Wy) > m+n+3by
Lemma 2.1. In order to prove Xast(Sm + W) = m+n+ 3, we only need to give a (m+n+3) —
AV SDTC — coloring of Sy, +W,,. Suppose V(Sp,) = {u|i =0,1,--- ,m}, E(Sp) = {uou;li =
1,2, m}p, VIW,) ={vli=0,1,--- ,n}, EOW,) = {vovi|i = 1,2,--- ,n} U{v1ve, vavs, - , 0501 }.

Our discussion is divided into two cases by constructing the mapping f : V(G) U E(G) —
{1,2,---,m+n+3}.

Casel. m>n>5

In this case, define

f(uo):17f(ul):2uz:17277m7f(v_]):j+37.7:0717 , 13
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flugvj) =j+2,7=0,1,--- ,n—2; f(uovp—1) = m+n+1; f(uovn) =m+n+2;
flugw)) =n+2+1i,i=1,2,- = 2; f(ugum—1) = n+1; f(uoum) = n+2;
fluw)=i+j+3,i=1,2,---,m—1,7=0,1,2,--- ,n—2;
f(ulvj) :7’+.]+4 7’_1725' : 7m_4aj:n_17n;
f(um 3Un— 1) m"’n;f(umevn) = 3;f(um72vn71) - 3;f(um72vn) = 47
fum—1vn-1) =4 f(Um-1vn) =5; f(umvj) =m+35+3,7=0,1,--- ,n—3;
f(umvn 2) _4 f(umvn 1) — 5 f(umvn) —6
flvov) =m+j+4,j=12,- —1; f(vovn) = 1; f(v1vn) = m +n + 3.
. . , J = 1(mod2 .
For j =1,2,--- ,n—1, if n = 0(mod2), then let f(vjvj41) = and if
, J = 0(mod2
1, j = 1(mod2);
n = 1(mod2), then let f(vjv,1) =
2, j =0(mod2).

We can find classes C by the construction f following.

Clug) ={1,2, - ,m+n+2}

Cu;) ={1,2,--- ,n+i+4},i=1,2,--- ,m —5;

C(u;) = {1, ---,m+n},i=m—4,m—3,---,m;

Cvo) ={1,2,--- ,m+3,m+5m+6,--- ,m+n+3};C(v1) ={1,2,--- ,m+5,m+n+3}
C(vz):{1,2,3 i+2,i+3,-- ,m+i+2m+i+3,m+i+4},i=2,3,---,n—3;
Clvp_s) ={1,2,3,4,n,n+1, - ,m+n,m+n+2};
Cop-1)=1{1,2,3,4,5,n+1,n+2,--- ,m+n—1,m+nm+n+1,m-+n+3};

C(vn) =1{1,2,3,4,5,6,n+2,n+3,n+5n+6,--- ,m+nm+n+2,m-+n-+3}.

Obviously, C(u) # C(v) for all the vertices in S,, + W,, for Yuv € E(S, + W,). So
Xast(Sm + Wn) =m+n+3.

Case 2. n>m>5

Define f as follows in this case.

Fluo) = 1 f(us) = 2,0 = 1,2, ms fu) = j+3,5 = 0,1,
flugvj) =7+2,7=0,1,--- ,n—2; fupvp—1) =m+n+1; flupv,) =m+n+2;
flugu)) =n+2+4,i=1,2,--- ;m —2; f(uotm—1) = n+ 1; f(uoum) = n+2;

fluv;)) =i+j+3,1=12,--- , m—2,j=1,2,--- ,n—2;

fluv;)) =i+j+4,1=12,--- m—4,j=n—1,n;

f(um—3vn—1) =m+n; f(um—3vn) = 3; f(Um—20n-1) = 3; f(um—2v,) = 4;

fum—1v;) =n+2+4,j=0,1,--- ,m—=2; f(um—1vj) =5+j-—m,j=m—1,m, - n
flumvj)) =n+3+47=0,1,--- ,m—=3; flupv;)=6+j—m,j=m—2,m, - ,n.
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For j = 1,2,--- ,n — 1, if n = 0(mod2), let f(vjvjy1) =

n = 1(mod2), then f(vjv;41) = L § = Hmod2)
2, j=0(mod2).
When n — m = 1, define
floovj) =m+3j+4,j=1,2,--- ,n—2
fwovn—1) =n+1; f(vovn) = 1; f(v1vn) =m +n+ 3.
When n — m > 2, define
flovj))=m+7+2,j=1,2,--- ,n—m—1; f(voUn—m) =m+n+1;
Fovp—me1) =m+n+2; fvovj)) =m+j+2,j=n—m+2,n—m+3,---,n—2;
fvovn—1) =m+n+3; f(vovn) = 1; f(vivn) =m+n+3,

Then we know these classes C following by the definition of f.

C(up) ={1,2,--- ,m+n+2}
Cluj)=1{1,2, - ,n+i+4},i=1,2--,m—5
Cu;) ={1,2,--- ,m+n},i=m—4,m—3,--- ,m;
C(vo) ={1,2,--- ,m+n+ 3}

In the case of n — m =1, we find

Q

v1) ={1,2,--- ,m+2,n+3,n+4n+5m+n+3}
Cv;) ={1,2,3,j+2,7+3,--- ,m+j+1,n+j+2,n+j+3,n+4+;},i=2,3,--- ,n—4;
Up—3) ={1,2,3,4,n—1,n—2,--- ,;m+n—22n—12n+1}

(
(
(
(vn—2) ={1,2,3,4,5,n,n+1,--- , m+n—1,m+n+3};
(
(

Q Q

Cl(vp—
C

vn-1) =11,2,3,,5,6,n+1,n+2,--- m+n—1,m+nm+n+1}

ve) =91,2,3,4,6,7,n+2,n+3,n+5n+6,--- ., m+nm+n+2,m+n+3}

In the case of n — m > 2, we have

C(n)={1,2,---,m+3,n+3,n+4,m+n+3}.

If n-m-1>m-3, then

Cv;)={1,2,3,j+2,j+3,--- m+j+2,n+j+2,n+j+3},j=23,--- ,m—3;
C(vm-2)=11,2,3,4,m,m~+1,--- ,2m—1,m+n,2m};

C(v;) = {1,2,3,j+ 2,5 +3, m+j+1,54+j—m6+j—mm+j+2},j=m—

1,m,--- . n—m-—1;

Q

Upnem) =1{1,2,3n—m+2n—m+3,--- ,n+1,54+n—2m,6+n—2m,m+n+ 1};

Q

(

(Un—m+1) ={1,2,3,n—m+3,n—m=+4,--- ,n+2,6+n—2m,7+n—2m,m+n+2};
C(v;) ={1,2,3,j+2,j+3,--- ,m—+j+1,5+j—m, 6+j—m, m+j+2},j = n—-m+2,--- ,n—2;

(

Cvp—1) ={1,2,3,n+1,n+2,--- ,m+n—1,m+n,m+n+1,n+4—m,n+5—m, m+n+3};
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C(vn) =1{1,2,3,4,n4+2,n4+3,n+5,n+6, - - - ,m+n,n—m~+5,n—m+6, m+n+2, m+n+3}.

If n-m-1<m-3, then we get

Cv;)={1,2,3,j+2,j+3,--- ,m+j+2,n+j+2,n+j+3},j=23,--- ,n—m—1;

Clvj)={1,2,3,j+2,j+3,---,j+m+1n+2+jn+3+jm+n+1},j=n—m;
and if n-m+1<m-2, we get

Cv;) ={1,2,3,j+2,j+3,--- ,j+m+1n+2+jin+3+jm+n+2},j=n—m+1;

C(v;) ={1,2,3,5+2,j+3,- - ,m+j+1,n+2+5,n+3+5,m+j+2},j = n—m+2,--- ,m—3;

C(vm—2)=11,2,3,4,m,m+1,--- . 2m —1,m+n,2m}.

Now if n —m + 1 =m — 2, we know

Cvm-2)=11,2,3,4,mm+1,--- 2m—1,m+n,n+m-+ 2};
and for other cases, we get

C(v;) ={1,2,3,j+2,j+3,--- ,m+j+1,54+j—m, 6+j—m, m+j+2},j =m—-1,m,--- ,n—2;

Cvp—1) ={1,2,3,n+1,n+2,--- ,m+n—1,m+n,m+n+1,n+4—m,n+5—m, m+n+3};

C(vn) =1{1,2,3,4,n4+2,n4+3,n+5,n+6, - - - ,m+n,n—m~+5,n—m+6, m+n+2, m+n+3}.

Finally, if n — m — 1 = m — 3, we obtain

Cv;)={1,2,3,j+2,j+3,--- ,m+j+2,n+j+2,n+j+3},j=2,3,--- ,m—3;
Cv;) ={1,2,3,4,j+2,j+3,--- ,j+m+1Ln+24+jn+3+jm+n+1},j=n—m;
C(v;) ={1,2,3,4,5,j+2,7+3,---,j+m+1Ln+3+jm+n+2},j=n—m+1;
Clv;) =
C(vn

vj) ={1,2,3,j4+2,j+3,--- ,m+j+1,5+j—m,6+j—m, m+j+2},j = n—m+2,--- ,;n—2;
—1)={1,2,3,n+1,n+2,--- ;m+n—1,m+n,m+n+1,n+4—m,n+5—m, m+n+3};
Cvn) ={1,2,3,4,n4+2,n+3,n+5,n+6,--- ;m+n, n—m—+5,n—m+6, m+n+2, m+n+3}.
Obviously, C(u) # C(v) for all the vertices in S, + W,, for Yuv € E(S, + W,). So
Xast(Sm + W) =m +n+ 3. 0
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Abstract: Classifying objects needs permutation groups in mathematics. Similarly, con-
sideration should be also done for actions of multi-groups, i.e., permutation multi-groups.
In this paper, we consider the action of multi-groups on a finite multi-set, its orbits, multi-
transitive, primitive, etc. By choosing an element p in or not in a permutation group I, define
a new operation o, enables us to finding permutation multi-groups. Considering such per-
mutation multi-groups, some interesting results in finite permutation groups are generalized

to permutation multi-groups.
Key Words: Action of multi-group, permutation multi-group, representation, transitive.
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81. Introduction

A bijection f: X — X is called a permutation of X. In the case of finite, there is a useful way

for representing a permutation 7 on X, |X| =n by a 2 x n table following,

Il I2 ... In
Yi Y2 - Yn,
where, x;,y; € X and z; # x5, y; # y; if i # j for 1 < 4,5 < n. For three sets X,Y and Z,
let f: X - Y and h : Y — Z be mapping. Define a mapping ho f : X — Z, called the
composition of f and h by
ho f(x) = h(f(x))

for Vo € X. For example, let

Tr1 X2 Tn
T = b)
Yyr Y2 0 Yn,
and
yl y2 oo yn
g =
21 RZ2 o Zn,

1Received July 8, 2008. Accepted September 28, 2008.
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Then

1 X2 - Tp Yy Y2 - Yn €Ty T2 . In

Yyr Y2 o Yn, 21 22t Zn, 21 22 o Zn,

It is well-known that all permutations form a group II(X) under the composition operation.
For Vp € II(X), define an operation o, : II(X) x II(X) — II(X) by

oo,s=ops, forVo,sell(X).
Then we have
Theorem 1.1 (II(X);0,) is a group.

Proof We check these conditions for a group hold in (II(X); 0,). In fact, for Vr, o, € II(X),

(Topo)ops = (Tpo) o, < = Tpops

= 7p(00ops) =T o0y (00p6).

The unit in (II(X);0,) is 1o, = p~*. In fact, for VO € II(X), we have that p~' o, § =

Op
Go,p~t=0.
For an element o € II(X), ao_pl =plo~lp~t = (pop)~!. In fact,
g op(pop) "t =opp~toTlpT =pT = 1,
(pop) topo=ptoTpTipo =p Tt = Lo,
By definition, we know that (II(X);0,) is a group. O

Notice that if p = 1x, the operation o, is just the composition operation and (II(X);o0p)
is the symmetric group Sym(X) on X. Furthermore, Theorem 1.1 opens a general way for
constructing multi-groups on permutations, which enables us to find the next result.

Theorem 1.2 LetT be a permutation group on X, i.e., I' < Sim(X). For given m permutations
P1,P2, s Dm € I, (T;0p) with Op = {o,,p € P}, P = {p;,1 < i < m} is a permutation
multi-group, denoted by 9.

Proof First, we check that (I';{op,,1 < ¢ < m}) is an associative system. Actually, for
Vo,¢,7 € 4 and p,q € {p1,p2, - ,Pm}, we know that

(Topa)ogs = (Tpo)ogs =Tpogs

= 7p(004¢) =To0p(0046).
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Similar to the proof of Theorem 1.1, we know that (I';o,,) is a group for any integer
i,1 <i<m. In fact, 15, = p; * and oo_pl_ = (piop;)~tin (4;0,,). O

82. Multi-permutation Representations

The construction for permutation multi-groups shown in Theorems 1.1 — 1.2 can be also trans-

ferred to permutations on vector as follows, which is useful in some circumstances.

Choose m permutations p1,pa, -+ ,pm on X. An m-permutation on x € X is defined by

Ptz — (pu(2), p2(a), (),

1.e., an m-vector on x.

Denoted by II(*) (X) all such s-vectors p("™). Let o be an operation on X. Define a bullet

operation of two m-permutations

P(m) = (p17p27' o 7pm)7
Q(sm) - (Q1aQ27 e 7Qm)

on o by

PP eQ® = (p1og,p2oqe,  ,Pm O Gm)
Whence, if there are l-operations o;, 1 < i < [ on X, we obtain an s-permutation system I1(*)(X)
under these [ bullet operations e;,1 < i < [, denoted by (II¢*)(X); ®}), where ©} = {e;]1 <i <

1.

Theorem 2.1 Any s-operation system (I, 6) on J with units 1o, for each operation o;,1 <
i < s in O is isomorphic to an s-permutation system (II®) (F); ©F).

Proof For a € #, define an s-permutation o, € I1(8)(#) by

oa(x) = (@01 x,a002, -+ ,a04x)
for Vo € J7.
Now let 7 : # — 11(*)(J#) be determined by 7(a) = o) for Va € . Since

Ua(loi) = (a 01 1oi7 T, Q041 1oi;a7aoi+l 1oi; T, Q0 loi)a

we know that for a,b € 7, o4, # op if a # b. Hence, 7 is a 1 — 1 and onto mapping. For
Vi, 1 <i<sand Vax € 7, we find that

r(a0 (&) = Gaon(a)
= (ao;boymw,ao;bogx, -+ ,a0;bosx)
= (aolx,a02x,--- ,GOS.’I]).Z' (bol xubOQ‘Tu"' 7bOS:I:)

= 0u(@) s on(x) = 7(a) & 7(B)(2).
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Therefore, 7(a o; b) = w(a) e; w(b), which implies that 7 is an isomorphism from (3, O)
to (1) (); ©5). O

According to Theorem 2.1, these algebraic multi-systems are the same as permutation
multi-systems, particularly for multi-groups.

Corollary 2.1 Any s-group (I, 6) with O = {0:]1 < i < s} is isomorphic to an s-permutation
multi-group (TI) (£); ©3).

Proof Tt can be shown easily that (TI*)(#); ®%) is a multi-group if (7, 0) is a multi-
group. 0
For the special case of s = 1 in Corollary 2.1, we get the well-known Cayley result on

groups.

Corollary 2.2(Cayley) A group G is isomorphic to a permutation group.

As shown in Theorem 1.2, many operations can be defined on a permutation group G,
which enables it to be a permutation multi-group, and generally, these operations o;,1 < i <5
on permutations in Theorem 2.1 need not to be the composition of permutations. If we choose
all 0;,1 <14 < s to be just the composition of permutation, then all bullet operations in ®f is
the same, denoted by ®. We find an interesting result following which also implies the Cayley’s
result on groups, i.e., Corollary 2.2.

(n!)!
(n!—s)!"

Theorem 2.2 (II®)(J7);®) is a group of order
Proof By definition, we know that

PE)(2) © QW () = (P1Q1(x), PQa(x), -, PsQs(x))

for VP®) Q) € TI®)(#) and Vo € . Whence, (1,1,---,1) (I entries 1) is the unit and
(P=6)y = (P, Pyt P71 the inverse of P®) = (Py, Py, ---, Py) in (II*®) (J#); ®). There-
fore, (II¢*) (#); ®) is a group.

Calculation shows that the order of TI®) (J7) is

which completes the proof. O
83. Action of Multi-group

Let (&?:5) be a multi-group, where &/ = U 7, 0= U O;, and X = |J X; a multi-set. An
i=1 i=1 i=1

action ¢ of (,Q{N7 ﬁ~) on X is defined to be a homomorphism

o (:0) = 9,
i=1
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for sets Py, Pa,- -+, P, > 1 of permutations, i.e., for Vh € 7, 1 < i < m, there is a permutation
@(h) :  — 2" with conditions following hold,

@(hog)=w(h)p(o)p(g), for h,ge H#; and o € O;.

Whence, we only need to consider the action of permutation multi-groups on multi-sets.
Let = (&7; 0) be a multi-group action on a multi-set X, denoted by ¢. For a subset A C X,
x € A, we define

¥ ={29|Vge¥} and 4, ={g |29 =x,9€ Y},

called the orbit and stabilizer of x under the action of ¢4 and sets

Grn={g|a9=x,9g€9 for Ve e A},

Gay={g| A=A, gc¥ for Vxec A},
respectively. Then we know the result following.
Theorem 3.1 Let I' be a permutation group action on X and ff; a permutation multi-group
(T'; Op) with P = {p1,p2, - ,pm} and p; € T for integers 1 < i < m. Then
(i) 98] = (@F)alla?%|, Vo € X;
(ii) for VA C X, (9F)a,Op) is a permutation multi-group if and only if p; € P for

1<i<m.

Proof By definition, we know that

(%), =T, and 2% = of

for z € X and A C X. Assume that 2¥ = {x1, 29, -+ ,2;} with 29 = x;. Then we must have

l
r={JgT..
i=1

In fact, for Vh € T, let 2" = 2,1 < k < m. Then 2" = 29 ie., 2"9% = z. Whence, we get
that hg,;1 € I'y, namely, h € g;1';.
For integers ¢, 7,1 # j, there are must be ¢;I',Ng; T, = 0. Otherwise, there exist hy,hy € T,
such that g;h1 = gjho. We get that z; = 29 = xgiheht = 95 — x;, a contradiction.
Therefore, we find that

P
9% = |T| = ITala"] = [(F%)all27% .

This is the assertion (7). For (ii), notice that (4£)a = 'a and I'a is itself a permutation
group. Applying Theorem 1.2, we find it. g
Particularly, for a permutation group I' action on €, i.e., all p; = 1x for 1 < i < m, we

get a consequence of Theorem 3.1.
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Corollary 3.1 Let T be a permutation group action on ). Then
(i) |TI=Talla™], Vo € O
(ii) for YA C Q, I'a is a permutation group.

Theorem 3.2 Let I' be a permutation group action on X and 9% a permutation multi-group
(T; Op) with P = {p1,p2,- -+ sDm}, pi € T for integers 1 < i < m and Orb(X) the orbital sets
of 9% action on X. Then

|Orb(X Z 1D (p

peGE

where ®(p) is the fixed set of p, i.e., P(p) = {x € X|2P = x}.

Proof Consider a set E = {(p,z) € 9% x X|2P = z}. Then we know that E(p,*) = ®(p)
and E(*,z) = (4¥),. Counting these elements in F, we find that

Yo e =D (%)

pEYE zeX
Now let 2;,1 < i < |Orb(X)| be representations of different orbits in Orb(X). For an
element y in x?;‘), let y = 27 for an element g € 9f. Now if h € (9%),, ie., y" =y,
then we find that (27)" = 7. Whence z9h9” " = 2;. We obtain that ghg™! € (9%).,, namely,
he gil(%};)m g. Therefore, (9%), C g~ (9L),,g. Similarly, we get that (4£),, C g(gp)yg L
ie., (9%), = g Y(9E) ., 9. We know that (L), = (9E)z,| for any element in x; 9% ,1<i <
|Orb(X)]. ThlS enables us to obtain that

Y@l = D (@)

peg)l(’ xeX
|Orb(X)|
- X 2 l#0.
yEwi
[orb(x)
= > @
i=1
|Orb(X)]
= > 1951 =0rb(X)||95|
i=1
by applying Theorem 3.1. This completes the proof. O

For a permutation group I' action on €, i.e., all p; = 1x for 1 < i < m, we get the famous

Burnside’s Lemma by Theorem 3.2.

Corollary 3.2(Burnside’s Lemma) Let I" be a permutation group action on Q. Then

|Orb($2 |®(g
S Z

gel
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84. Transitive Multi-groups

A permutation multi-group 47 is transitive on X if |Orb(X)| = 1, i.e., for any elements z,y € X,
there is an element g € ¥¥ such that #9 = y. In this case, we know formulae following by
Theorems 3.1 and 3.2.

| = 1X1(X)a] and 9] = D |2(p)l
pedE
Similarly, a permutation multi-group 9% is k-transitive on X if for any two k-tuples
(21,29, -+ ,x) and (y1,y2, - ,yk), there is an element g € %}(D such that 2? = y; for any
integer 7,1 < ¢ < k. It is well-known that Sym/(X) is | X|-transitive on a finite set X.

Theorem 4.1 Let I' be a transitive group action on X and ff; a permutation multi-group
(T'; Op) with P = {p1,p2, - ,pm} and p; € T for integers 1 < i < m. Then for an integer k,

(1) (T;X) is k-transitive if and only if (Ty; X \ {x}) is (k — 1)-transitive;
(ii) 9G¥ is k-transitive on X if and only if (9%). is (k — 1)-transitive on X \ {z}.

Proof If T' is k-transitive on X, it is obvious that I' is (k — 1)-transitive on X itself.
Conversely, if T'; is (k — 1)-transitive on X \ {z}, then for two k-tuples (z1,z2, -+ ,xx) and
(y1,Y2, - ,Yk), there are elements g1, g2 € I' and h € T',, such that

g1 __ g2 __ giyh _ , 92
of' =z, y? = and (2]')" = y;

for any integer 7,2 < i < k. Therefore,

grhgy .
x =y, 1<i<k.

K2

We know that T is ‘k-transitive on X. This is the assertion of ().

By definition, 4% is k-transitive on X if and only if I is k-transitive, i.e., (9%), is (k—1)-
transitive on X \ {z} by (7), which is the assertion of (7). O

Applying Theorems 3.1 and 4.1 repeatedly, we get an interesting consequence for k-

transitive multi-groups.

Theorem 4.2 Let 9% be a k-transitive multi-group and A C X with |A| = k. Then
L] = [XI(1X] = 1) (IX] = k + 1](Z) al-

Particularly, a k-transitive multi-group 4% with |9F| = | X|(|X| = 1)--- (| X| — k + 1] is
called a sharply k-transitive multi-group. For example, choose T' = Sym(X) with |X| = n,
i.e., the symmetric group S, and permutations p; € S,, 1 < i < m, we get an n-transitive
multi-group (S,; Op) with P = {p1,pa2, -+ ,Dm }-

Let ' be a transitive group action on X and 4£ a permutation multi-group (I'; Op) with
P = {p1,p2, -+ ,pm},pi € T for integers 1 < i < m. An equivalent relation R on X is
9G¥ _admissible if for ¥(z,y) € R, there is (29,y9) € R for Vg € 4¥. For a given set X and

permutation multi-group 47, it can be shown easily by definition that
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R=XxX or R={(z,x)x e X}

are ¥ -admissible, called trivially 9% -admissible relations. A transitive multi-group 9% is
primitive if there are no 9% -admissible relations R on X unless R = X x X or R = {(z,z)|z €

X}, i.e., the trivially relations. The next result shows the existence of primitive multi-groups.

Theorem 4.3 Every k-transitive multi-group 9% is primitive if k > 2.

Proof Otherwise, there is a ¥¥-admissible relations R on X such that R # X x X and
R # {(x,z)|z € X}. Whence, there must exists (x,y) € R, z,y € X and z # y. By assumption,
4P is k-transitive on X, k > 2. For Vz € X, there is an element g € 4% such that 29 = z
and y9 = z. This fact implies that (z,z) € R for Vz € X by definition. Notice that R is an
equivalence relation on X. For Vz1, 20 € X, we get (21, x), (x, 22) € R. Thereafter, (21, 22) € R,
namely, R = X x X, a contradiction. O

There is a simple criterion for determining which permutation multi-group is primitive by

maximal stabilizers following.

Theorem 4.4 A transitive multi-group 9% is primitive if and only if there is an element v € X
such that p € ({f};)x for ¥p € P and if there is a permutation multi-group (H; Op) enabling
(GE); Op) < (H; Op) = 9L, then (H; Op) = (9%)s; Op) or 9%

Proof If (H;0p) be a multi-group with ((9£).;0p) < (H;Op) < 9% for an element
g X X

x € X, define a relation

R={(2%2%") |ge9{, heH }.

for a chosen operation o € Op. Then R is a %)Ig—admissible equivalent relation. In fact, it
is ¥f-admissible, reflexive and symmetric by definition. For its transitiveness, let (s,t) € R,
(t,u) € R. Then there are elements g1, g2 € %}; and hq, ho € 'H such that

5= a9, t:IQIOhl, t = x92, u = gp92°h2

Hence, g9z o910k — x, i.e., g2_1 ogiohy € H. Whence, 92_1 ogi, 91_1 o0gs € H. Let g* = g1,
h* = gl_1 0 gy 0 hy. We find that s = 29, u = 29 °*". Therefore, (s,u) € R. This concludes
that R is an equivalent relation.

Now if ¥¥ is primitive, then R = {(z,7)|]z € X} or R = X x X by definition. Assume
R = {(z,z)|r € X}. Then s = 29 and t = 29°" implies that s = t for Vg € 9% and h € H.
Particularly, for g = 1o, we find that 2" = z for Vh € H, i.e., (H; Op) = (9%)s; Op).

If R =X x X, then (x,27) € R for Vf € 4£. In this case, there must exist ¢ € ¥ and
h € H such that z = 29,2/ = 29°". Whence, g € ((9£).;0p) < (H;Op) and gt oh™to f €
(9E)2; Op) < (H; Op). Therefore, f € H and (H; Op) = (9%); Op).

Conversely, assume R to be a ¢¥-admissible equivalent relation and there is an element
x € X such that p € (9F), for Vp € P, (9£).; Op) < (H; Op) < 9¥ implies that (H; Op) =
(9E).: 0p) o1 (91); Op). Define

H={hec9f | (x,2")€R}.
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Then (H; Op) is multi-subgroup of 4% which contains a multi-subgroup ((¢%).; Op) by defi-
nition. Whence, (H; 0p) = ((9%); Op) or 9E.

If (H;0p) = ((9%)s; Op), then x is only equivalent to itself. Since ¥¥ is transitive on X,
we know that R = {(z,z)|x € X}.

If (H;0p) = 9%, by the transitiveness of ¥ on X again, we find that R = X x X.
Combining these discussions, we conclude that 54}; is primitive. 0

Choose p = 1x for each p € P in Theorem 4.4, we get a well-known result in classical

permutation groups following.

Corollary 4.1 A transitive group I is primitive if and only if there is an element x € X such
that a subgroup H with 'y < H < T hold implies that H =T, or T.

85. Extended Permutation Multi-groups

Let T be a permutation group action on a set X and P C II(X). We have shown in Theorem
1.2 that (I'; Op) is a multi-group if P C I'. Then what can we say if not all p € P are in I'? For
this case, we introduce a new multi-group (f, Op) on X, the permutation multi-group generated
by P in I' by

T={g10p 20p ~0p g1 | g €0, €P, 1 <i<I+1,1<j <1},

denoted by <I‘§>. This multi-group has good behavior like £, also a kind way of extending a
group to a multi-group. For convenience, a group generated by a set S with the operation in I"
is denoted by (S)r.

Theorem 5.1 Let I' be a permutation group action on a set X and P C II(X). Then
(i) (TX) = (TUP)p, particularly, (LX) = 4L if and only if P C T;
(ii) for any subgroup A of T, there exists a subset P C T' such that

(Afiom) = (1%).
Proof By definition, for Va,b € I" and p € P, we know that

aopb = apb.

Choosing a = b = 1p, we find that

ao,b = p,

ie., I' C r. Whence,

(TuP). C(TX).

Now for Vg; e 'and p; € P, 1 <i <[+1,1<j <[, we know that
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g1 9p; 92 Opy *** Op; Gi4+1 = g1P192P2 * = * Pigi+1,

which means that

(T%) c (TU P)y..

Therefore,

<P§>:<FUP>F'

Now if <1"§> =9¥ ie., (T'U P)p. = T, there must be P C I". According to Theorem 1.2,
this concludes the assertion (i).
For the assertion (ii), notice that if P =T\ A, we get that

(A%)y=(aUr) =t

by (7). Whence, there always exists a subset P C I" such that

(Ax:0p) = (Tk).
O

Theorem 5.2 Let I" be a permutation group action on a set X. For an integer k > 1, there is
a set P € TI(X) with |P| < k such that (TX) is k-transitive.

Proof Notice that the symmetric group Sym/(X) is | X|-transitive for any finite set X. If
T is k-transitive on X, choose P = {) enabling the conclusion true. Otherwise, assume these
orbits of T action on X to be O1,04,---,0s, where s = |Orb(X)|. Construct a permutation
p € II(X) by

p = ((El,fEQ,"' ,.’I]S),
where z; € O;, 1 <i < sand let P = {p} C Sym(X). Applying Theorem 5.1, we know that
(T'%) = (DU P)y. is transitive on X with |P| = 1.
Now for an integer k, if <1"§1> is k-transitive with |P1| < k, let O1,0%,---,0; be these

orbits of the stabilizer <1"§1> action on X \ {y1,y2, - ,yx}. Construct a permutation
Y12 Yk

q = (217227"' 7Zl)7
where z; € O}, 1 < i <1l and let P, = P, U{q}. Applying Theorem 5.1 again, we find that
<F§2> is transitive on X \ {y1,y2, - ,yr}, where |P2| < |Pi| + 1. Therefore, <F§2> is
Y1y2--Yk

(k + 1)-transitive on X with |P;| < k + 1 by Theorem 2.5.7.
Applying the induction principle, we get the conclusion. 0

Notice that any k-transitive multi-group is primitive if & > 2 by Theorem 4.3. We have a
corollary following by Theorem 5.2.
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Corollary 5.1 LetT be a permutation group action on a set X. There is a set P € TI(X) such
that (%) is primitive.
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If you would not forgotten as soon as you are dead, either write things worth
reading or do things worth write.

By Benjamin Franklin, an American Scientist.
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