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Abstract

Very recently, the classification of Moufang polygons has been completed by
Tits and Weiss. Moufang n-gons exist for n € {3,4,6,8} only. For n € {3,6,8},
the proof is nicely divided into two parts: first, it is shown that a Moufang n-gon
can be parametrized by a certain interesting algebraic structure, and secondly, these
algebraic structures are classified. The classification of Moufang quadrangles (n=4)
is not organized in this way due to the absence of a suitable algebraic structure.
The goal of this article is to present such a uniform algebraic structure for Moufang
quadrangles, and to classify these structures without referring back to the original
Moufang quadrangles from which they arise, thereby also providing a new proof for
the classification of Moufang quadrangles, which does consist of the division into
these two parts. We hope that these algebraic structures will prove to be interesting
in their own right.

Received by the editor September 19, 2002.

2000 Mathematics Subject Classification. 51E12, 16W10, 20E42.

Key words and phrases. Moufang quadrangles, quadrangular systems.

The author is a Research Assistant of the Fund for Scientific Research - Flanders (Belgium)
(F.W.O.-Vlaanderen).

vi



CHAPTER 1

Introduction

The irreducible spherical buildings of rank at least three have been classified
by J. Tits in 1974 [15]. The irreducible spherical buildings of rank two — which
are called generalized polygons — are too numerous to classify, but in the addenda
of [15], the Moufang condition for spherical buildings was introduced, and it was
observed that every thick irreducible spherical building of rank at least three as well
as every irreducible residue of such a building satisfies the Moufang condition. In
this sense, the Moufang polygons are the “building bricks” of any spherical building
of rank at least three.

Very recently, the classification of Moufang polygons has been completed by J.
Tits and R. Weiss in [20]. It was first shown by J. Tits (see [17] and [18]) that
Moufang n-gons exist for n € {3,4,6,8} only; see also [21]. For n € {3,6,8}, the
proof is divided into two parts, namely (A) it is shown that a Moufang n-gon can
be parametrized by a certain algebraic structure, and (B) these algebraic structures
are classified.

More precisely, it was already shown in 1933 (but in a slightly different form;
see [2] or [5]) by R. Moufang (see [11]) that all Moufang triangles can be described
by an alternative division ring, a notion which had been introduced by M. Zorn (see
[22]). These alternative division rings were classified by R. Bruck and E. Kleinfeld
in 1951; see [3]. The Moufang hexagons are described by unital quadratic Jordan
division algebras of degree three, also known as anisotropic cubic norm structures
(see [16]). These structures have been classified in its full generality in 1986 by
H. Petersson and M. Racine (see [13] and [14]), whose proof is built on earlier
work by A. Albert [1], F.D. Jacobson and N. Jacobson [6], N. Jacobson [7], [8] and
K. McCrimmon [9], [10]. The Moufang octagons, finally, can be described by a
so-called octagonal system, as was shown by J. Tits in 1983 (see [19]); since these
systems have a very simple description, there is no need for part (B) in this case.

The classification of Moufang quadrangles (n=4) in [20] is not organized in
this way due to the absence of a suitable algebraic structure. Instead, there are
six different parameter systems, and even then, the division of the proof into parts
(A) and (B) is missing in the two cases which lead to the exceptional quadrangles.
Surprisingly, one of these classes, namely the exceptional quadrangles of type Fy,
had only recently been discovered by R. Weiss during the classification process; see
also [12].

The goal of this article is to present a uniform algebraic structure for Mou-
fang quadrangles. These “quadrangular systems” reveal some of the structure of
Moufang quadrangles which is hard to see without them. For example, we have
successfully used them to answer a basic question about the automorphism group
of the Moufang quadrangles of type Fy left open in (37.38) of [20]; see [4]. More-
over, it is possible to classify these structures without referring back to the original
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2 1. INTRODUCTION

Moufang quadrangles from which they arise, thereby providing a new proof for the
classification of Moufang quadrangles, which does consist of the division into parts
(A) and (B).

The Moufang hexagons all arise from forms of algebraic groups of type Ga,
3Dy, Eg or Eg, or they are of mixed type associated with groups of type Gs. The
Moufang quadrangles arise either from certain classical groups or from forms of
algebraic groups of type Eg, E7 or Eg or are of mixed type associated with groups of
type Bs or 4. The quadrangular systems parametrize the Moufang quadrangles in
the same way that the Jordan algebras mentioned above parametrize the Moufang
hexagons, and it is our hope that the quadrangular systems will turn out to be
equally interesting objects of study.

We start by giving the (ad hoc) definition of the quadrangular systems. Consid-
ering the background of the Moufang quadrangles, it should not be too surprising
that we need a large number of axioms to describe these systems. In the next
chapter, we give some elementary properties of these systems. In chapter 4, we
explain how to construct a Moufang quadrangle starting from an arbitrary quad-
rangular system. In chapter 5, we show that every Moufang quadrangle arises in
this way. After a couple of remarks in chapter 6, we present a list of 6 examples
of quadrangular systems, which corresponds to the 6 different classes of Moufang
quadrangles as described in [20]. Finally, chapter 8 is devoted to the classification
of the quadrangular systems. We conclude with an appendix in which we restate
the axiom system for abelian quadrangular systems and for some specific subclasses
of those.

Acknowledgment

I am very grateful to Richard Weiss, for providing me a copy of his book “Mou-
fang Polygons” [20] prior to publication, and for the many illuminating discussions
we have had on this topic.



CHAPTER 2

Definition

Throughout this article, we will use the following notation. If S is a group,
then we define S* := S\ {neutral element}. If S is a set which contains an element
called “0”, then we define S* := S\ {0}. It will always be clear from the context
which definition we mean.

Consider an abelian group (V,+) and a (possibly non-abelian) group (W, H).
The inverse of an element w € W will be denoted by Bw, and by wy Hws, we mean
wq B (Bws). Suppose that there is a map 7 from V x W to V and a map 7y from
W x V to W, both of which will be denoted by - or simply by juxtaposition, i.e.
Tv(v,w) = vw = v - w and Ty (w,v) = wv = w-v for all v € V and all w € W.
Consider a map F from V x V to W and a map H from W x W to V, both of
which are “bi-additive” in the sense that

F(v1 4 v2,v) = F(vy,v) B F(vs,v);
F(v,v1 +v2) = F(v,v1) B F(v,02);;
H(w Bwsg,w) = H(wy,w) + H(wg,w);
H(w,w; Bwsy) = H(w,w1) + H(w,ws);
for all v,v1,v2 € V and all w,w;,wy € W. Suppose furthermore that there exists
a fixed element € € V* and a fixed element § € W*, and suppose that, for each
v € V*, there exists an element v~! € V*, and for each w € W*, there exists an

element k(w) € W*, such that, for all w,wy,wy € W and all v,v1,v3 € V, the
following axioms are satisfied. We define

T :=eF(e,v) —v

=
29
=%
B
i
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m
<
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=
=
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= F(V,V)

wy B ws)v = wiv B wyv.
v + vo)w = V1w + vow.

(Qy)

(Q2)

(Qs)

(Qu)

(Qs) w(—e€)-v=w(-v).
(Qs) v

(Qr)

(Qs)

(Q ;

S~ o~

~w(—e€) = vw.
7) Im(F) C Rad(H).
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4 2. DEFINITION

(Q11) w(vy + v2) = wuy Bwuy B F(vaw, vy).

(Q12) v(wy Bws) = vwy + vws + H(wsg, wiv).

(Qiz) (v ) '=0 (if v # 0).
(Qui) w(Ex(E0)) = w(—0) (if w % 0).
(Q15) wv-vt=w (if v £ 0).
(Qu6) v wv = —v(Bw) (if v # 0).
(Q17) F(vfl,@)vl = F(’Ul,vg) (lf v # 0)
(Qis) vi(w) - (Bw) = —v (if w # 0).
(Q19) w-vr(w) = k(w)v (if w # 0).
(Qz0) H(k(w1), w2)wr = H(wy, wa) (if w1 # 0).

Then we call the system (V, W, 7y, 7w, €,0) a quadrangular system. Note that
we omit the maps F and H in our notation, as well as the maps v — v~ and
w — k(w). The reason is that they are uniquely determined by V., W, 7y, 7w, €
and §; see Theorem 3.7.

REMARK 2.1. We will sometimes think about the maps 7 from V x W to
V and myy from W x V to W as “actions”, since it will turn out that, for every
w € W*, the map from V to itself which maps v to vw for every v € V is an
automorphism of V; similarly, for every v € V*, the map from W to itself which
maps w to wv for every w € W is an automorphism of W; see Theorem 3.6. Note,
however, that these maps are no group actions in the proper sense of the word,
since v(wy B ws) # vw; - we and w(vy + v2) # woy - vy in general.

REMARK 2.2. In writing down these axioms, we used the convention that the
maps which are denoted by juxtaposition preceed those which are denoted by “.”.
Note, however, that there is no danger of confusion, since we have not defined a
multiplication on V or on W. Hence we will often write wvv ! instead of wv -v™1!,
for example.

We will show in Theorem 3.8 below that the following two identities are satisfied
for every quadrangular system, for all v, v € V and all wy,wy € W.

(Q21) F(v1,v2) = F(v2,v1).
(Qa2) H(wy,wa) = —H(wz,w1).

REMARK 2.3. These two identities show that, in some sense, F' is a symmetric
form and H is a skew-hermitian form. Note, however, that V and W are not vector
spaces in general.

Moreover, we will show in Theorem 6.1 that the following four identities are
satisfied for every quadrangular system, for all v,c € V and all w,z € W. We first
introduce the notion of a reflection, which is a direct generalization of the classical
notion of a reflection in a quadratic space:

mp(c) i=c—vF(v ') (if v #0)
IL,(2) ==z Bw(—H(k(w), 2)) (if w#0) .

Then
(Qa3) v-Iy(2) = —v(Bw)zkr(w) (if w # 0).
(Qoa) w-my(€)~t - my(c) = wvev™ (if v £ 0).
(Q25) my(c- dv)w = m,(c-wv) (if v # 0)
(Qa6) Hg,(w-ez)v =g, (w - vz) (if w #0)



2. DEFINITION 5

Let Q:= (V,W, 1y, 7w,¢,0) and Q" := (V' W' 1y/, 7w+, €,d") be two quadran-
gular systems. We say that (¢,1) is a morphism from € to Q' if and only if ¢ is a
morphism from V to V/ and v is a morphism from W to W’ such that ¢(e) = €/,
P(6) =0, p(vw) = ¢(v)p(w) and Y(wv) = Y(w)e(v), for all v € V and all w € W.

A morphism (¢, ) is called an monomorphism (respectively epimorphism, iso-
morphism) if and only if both ¢ and ¢ are monomorphisms (respectively epimor-
phisms, isomorphisms). We call 2 and Q' isomorphic if and only if there exists an
isomorphism (¢, 1) from Q to €.






CHAPTER 3

Some Identities

We will now prove some identities which we will use in the construction of the
Moufang quadrangles in chapter 4, and which will also be used in the classification
of quadrangular systems.

DEFINITION 3.1. For each w € W*, we define A(w) := Bx(Bw). Using this
definition, (Q14) can be rephrased as k(A(w)) = w(—¢).

LEmMMA 3.2. Let (V,W, 1y, Tw,€,06) be a quadrangular system. Then, for all
w € W* and allv € V, we have that
(i) vwr(Bw) = —v;
(i) k(w)(w(Bw)) = w(-v).

ProOF. If we plug in A(w) for w in (Qs), then it follows from (Qq4) that
v(w(—e))(BA(w)) = —v, and by (Qg) and the definition of A, this is equivalent to
vwk(Bw) = —v, which proves (i).

If we plug in A(w) for w in (Q19), then we get, again by (Qu4), that A(w)(v -
w(—e€)) = w(—e)v. By (Qg), (Qs) and the definition of A, this is equivalent to
Bk (Bw)(vw) = w(—v). Replacing w by Bw now yields (ii). O

LEMMA 3.3. Let (V,W, 7y, Tw,€,0) be a quadrangular system. Then the fol-
lowing holds, for allw € W and allv eV :
(i) wv=0 < w=0o0rv=0;
(ii) vw=0 <= v=00rw=0.

Proor. We will only prove statement (i); because of Lemma 3.2(i), the proof of
(ii) is completely similar. By choosing v1 = vo = 0 in (Q11), we get w0 = w0 B w0,
from which it follows that w0 = 0. Similarly, it follows from (Qs) that Ov = 0.

On the other hand, suppose that wv = 0. If v # 0, then it follows from (Q15)
that w = wvv=t =0v=! = 0. O

LEMMA 3.4. Let (V,W, 1y, Tw,€,06) be a quadrangular system. Then, for all
w €W and all v € V', we have :
(i) (Bw)v =B(wv);
(ii) (—v)w = —(vw).
It follows that the notations Bwv and —vw are unambiguous.

PROOF. By putting w; = w and we = Bw in (Q3), we get 0v = wv B (Bw)v,
from which it follows that (Bw)v = B(wv). Similarly, (ii) follows from (Q4). O

LEMMA 3.5. Let (V,W, 7y, Tw,€,0) be a quadrangular system. Then the fol-
lowing holds, for allw € W and allv eV :

(i) wiv =wav <= w; =wg orv=0;

7



8 3. SOME IDENTITIES

(il) vyw = vow <= v; =vg orw =0.

PRrROOF. By (Q3) and Lemma 3.4(i), we have (w1 B ws)v = wiv H wev, and
so (i) is an immediate consequence of Lemma 3.3(i). Similarly, (ii) follows from
Lemma 3.3(ii). O

THEOREM 3.6. Let (V,W, Ty, Tw,¢€,0) be a quadrangular system. Then

(i) for every w € W*, the map from V to itself which maps v to vw for every
v €V is an automorphism of V ;

(ii) for every v € V*, the map from W to itself which maps w to wv for every
w € W is an automorphism of W .

Proor. We will only show (i), the proof of (ii) being completely similar. So
let w € W* be arbitrary, and let o be the map from V to itself which maps v to
vw for every v € V. By Lemma 3.3(ii), we have that a(0) = 0, and it follows from
(Q4) that a(vy + v2) = a(v1) + a(ve) for all v1,ve € V, so « is a group morphism.
Since w # 0, it follows from Lemma 3.5(ii) that « is injective. Finally, it follows
from (Qus) that a(—vk(Bw)) = v for all v € V, hence « is surjective as well, and
we are done. (]

THEOREM 3.7. Let (V,W, Ty, Tw,€,d) be a quadrangular system. Then the
maps F and H and the maps v — v~! and w — k(w) are uniquely determined.

PRrROOF. By (Q11), F(ve,v1) = Bévy B dvy B 6(vy + v2), so F is uniquely
determined. Note that this implies that the map v — v is uniquely determined as
well. By (Q12), H(wg,w1) = —ewy —ewq +€(wy +ws), so H is uniquely determined.
Suppose that v* were another “inverse” of v. Then it would follow from (Qig) that
v*(wv) = v~ H(wv), but then Lemma 3.5 would imply that v* = v~! after all.
Similarly, it follows from Lemma 3.2(ii) that the map « is uniquely determined. O

THEOREM 3.8. Let (V,W, Ty, Tw,€,d) be a quadrangular system. Then the
identities (Qo1) and (Qa2) are satisfied for all vi,vy € V and all wi,wy € W.

PrROOF. We will first show that (Qq;) follows from (Qs), (Qg) and (Qi1).

Since V is abelian, §(vy; + v2) = d(ve + v1), and hence, by (Q11), we have that
(S’Ul H (5’1)2 H F(’U27’U1) = (S’Ug H (5’1}1 H F(’Uh’vz) 5
for all v1,v2 € V. In order to show (Qa21), it thus suffices to show that dvq and Jvq
commute for all v1,v2 € V. By (Qs) and (Qg),
[51)1, 6’02}83 = F(H(é, 51}1)71)2) =0

for all v1,v9 € V, and hence (Qz;) holds.

Similarly, we will show that (Qgz2) follows from (Qi2), (Q15) and (Qis). By
substituting Bw for w and € for v in (Q14), we have that ew = —e~1(Bw) for all

w € W. Moreover, by (Q15), we™t = w for all w € W. By (Q2) and the fact that
H is additive in both variables, we thus have that

H(wq,wr) = e(wy Bws) — €wy — €Wy
= —e {(Bw, Bw) + ¢ 1 (Bw;) + ¢ 1 (Buws)
= —H(Bw;, Bwye™ )
= —H(wy,ws)
for all wy,we € W, hence (Q22) holds. O



3. SOME IDENTITIES 9

LEMMA 3.9. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then the map

v — T 1s additive. In particular, we have that —v = —v for all v € V.. Moreover,
for all c € V*, the map 7. is additive. In particular, we have that w.(—v) = —m¢(v)
forallveV.

Proor. It follows from (Q7) that H(F (e, v2), F(e,v1)) =0, for all vy, ve € V.
Hence

eF(e,v1 +v2) = e(F(e,v1) B F(e,v2))
= eF(e,v1) + €F(e,v2) ,
by (Q12). Since T = eF'(e,v) —wv, it follows from this that the map v — T is additive.
Similarly, it follows from (Q7) that H(F(c™1,v3), F(c™1,v1)c) = 0, for all ¢ € V*
and all vy, vy € V. Since the map v — T is additive, it now follows, again by (Q12),
that

Te(v1 4 v2) = (v1 4 v2) — cF (¢, v1 + v2)
=v+vy—c(F(c o) BF(c, 1))
= — cF(c™h77) + vy — cF (¢, T3)
= me(v1) + me(v2)

which is what we wanted to show. O

LeEmMA 3.10. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
w e W* and all v € V*, we have
(i) (-v)t=—(v1);
(il) k(Bw)=B\w).

PROOF. If we replace w by & in (Qig), we have that —(v=1)(dv) = v(BH9).
If we replace w by §(—¢) in the same identity (Qig), then we get, by (Qs) and
(Qg) that v=1(6(—v)) = —v(B5). If we replace v by —v in this identity, then
we get, using the fact that —v = —v, that (—v)~!(6v) = v(E6). It follows that
(—v)~Y(6v) = —(v71)(6v). Since dv is non-zero, this implies, by Lemma 3.5(i),
that (—v)~! = —(v~1), which proves (i). Identity (ii) follows immediately from the
definition of A. O

LeEmMMA 3.11. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
w e W and all v €V, we have

wv(—e) = w(—v) .

PrOOF. Note that this identity is trivial if v = 0, so assume v # 0. By
(Q15) and Lemma 3.10(i), we have that wvv~! = w(—v)(—v~!). It follows, by
(Qs), that wo(—€)(—v™!) = w(—v)(—v~!). By Lemma 3.5(i), this implies that
wv(—€) = w(—v), for all w € W and all v € V. O

LEMMA 3.12. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
v €V, we have

S

=0 .

PROOF. Assume v # 0. By replacing w by Ho in (Q1g), we see that 7 =
—v~1(Bdv). If, on the other hand, we replace v by v~ and w by dv in this same
identity (Qs), then we get v(dvv~!) = —v=1(Hdv). Combining those two equalities
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gives us the required identity ¥ = v, since v(dvv~1) is equal to v because of (Q15)
and (Qa). O

LEMMA 3.13. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
w e W and all v €V, we have
(i) w(—v) = F(vw,v) Bwv;
(ii) v(Bw) = H(w,wv) —vw .
PrOOF. If we put v1 = —v and v2 = v in (Q11), then we get that w0 =
w(—v) B wv B F(vw,—v). Since F is additive in both variables, this is equivalent
to w(—v) = F(vw, v) Bwv, which proves (i). Similarly, (ii) follows from (Qq2). O

LEMMA 3.14. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
v € V*, we have
(i) £(0v) =48(v)~;
(i) vt =)t
PROOF. If we substitute év for w and —v~! for v in Lemma 3.2(ii), then we
get that
k(0v) - (—v 1 (Bov)) = dvv™ !,
and hence, by (Q16) and (Qqs),
k(ov)-v1=14.
By (Q5), it thus follows that x(dv) = §(¥)~1, which shows (i). Note that it follows
from Lemma 3.13(ii) that v(Bd) = —v for all v € V, since § € Rad(H) by (Qg). By

Lemma 3.2(i) with Bév in place of w, (Q16) with T in place of v and B¢ in place
of w, Lemma 3.12, and (i) with T in place of v, we now have that

(@)~ =—(v)"" - (B60) - k(6D)
=v-6v =0 1(B0) =vT,
which shows (ii). O

LEMMA 3.15. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all

v1,V2 € V and all wi,ws € W, we have that
(i) F(vi,v2)(—€) = F(v1,v2)
(ii) H(k(wi(—¢€)),ws) = —H(k(wy),ws).

PRrROOF. If we substitute 73 for ve in (Qi7), then we get, using (Qsq1), that
F(vg,vfl)vl = F(v1,73). Replacing v; by —v; in this last identity and applying
Lemma 3.10(i) yields F(vo, v; ') (=v1) = F(v1,73). Thus, by (Qs), F(va, vy ') (—€)ny
F (v, vy vy, and it follows from Lemma 3.5(i) that F(ve, vy ') (—€) = F(vg, vy ).
Replacing vy by v ! and using (Qi3) completes the proof of (i).

The proof of (ii) is similar. If we substitute wy(—¢) for w; in (Qsp), then we
get that H(k(wy(—¢€)),ws) - wi(—€) = H(wi(—¢€),wz). On the other hand, since
Im(F) C Rad(H) by (Qr), it follows from Lemma 3.13(i) that H(w;(—¢€),w2) =
H(Bw,ws) = —H (w1, ws). Hence

H(r(wi(=€)), w2) - wi(—€) = —H (w1, w2) ,
and it follows from (Qg) and (Qgo) that
H(k(wi(—€)),wz) - wy = —H(k(wy),ws) - wy .
It now follows from Lemma 3.5(ii) that (ii) holds. O
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LEMMA 3.16. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
w e W and allv € V, we have

(i) Fvw,v Y Bw(—v)v=! =w (ifv#£0);
(ii) H(w, k(w)(—v)) +ve(w)w =v (if w#0).

PRrROOF. Putting v; = v and v2 = vw in (Qi17), and using (Qz1), yields
F(vw,v Y = F(vw,v), from which it follows, by (Qis), that F(vw,v=!) =
F(vw,v)v~1. Tt follows from Lemma 3.13(i) and from (Q3) that

w(—v)v~ ! = (F(vw,v) Bwv)v™*

(vw, v)v~t Bwvo™?

(vw, v HBw,

from which (i) follows, since Im(F) C Z(W) by (Qr) and (Qs).
If we plug in vk(w) for v in Lemma 3.13(ii), we get

ve(w)(Bw) = H(w,w - vi(w)) — ve(w)w ,
and applying (Qis) and (Q19) yields —v = H(w, k(w)v) — vk(w)w. Replacing v by
—v gives us the required identity (ii). O
THEOREM 3.17. Let (V,W, Ty, Tw,€,d) be a quadrangular system. Then, for
all wy e W*, wy € W, vy € V* and vg € V', we have

(i) F(2v2 — v F(vg,v7),07) =0;
(ii) H(k(wy) B XM wy),w2) + H(Aw1), w1 (—H (k(wy),ws))) =0.

PRrROOF. By (Qs), (Q15) and Lemma 3.15(i), we have
F(vz, o7 ) (~v)vr = Flug, o) (—e)vivg
= F(vg,v7 ) .
If we put v = v; and w = F(vq,v; ') in Lemma 3.16(i), we get
F(vrF(vp,07"),v7") = F(v2,07 ) B F(vz,07 1) (—on)or

F(vg, vy t) B F(va,v7t)
= F(2uq,v]")

from which (i) follows.
To prove (ii), we first observe that, by (Q7), it follows from Lemma 3.13(i) that

H(wy(—v),w2) = H(F(vwy,v) Bwiv,ws)
= —H(wyv,ws) ,
for all wy,wy € W and allv € V. We also observe that k(A(w))(—v) = w(—€)(—v) =

wv because of (Q14) and (Qs), and that ve(A(w)) = v(w(—€)) = vw because of
(Q14) and (Qg), for all w € W* and all v € V.
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If we substitute A(w;) for w and —H (k(w1 ), ws) for v in Lemma 3.16(ii), then
we get, using these remarks, that

H(Awi), wi(—H (k(w1),w2))) = —H (k(w1), w2) + H(k(w1), w2)wi A(w:)
= —H(k(w1),ws) + H(wy, wa)\(wy)
= —H(k(w1), w2) — H(wi(—¢€), wz)A(w1)
= —H(k(w1), w2) — H(x(Aw1)), w2)A(w1)
= —H(k(w1), w2) — H(A(w1), w2)
= —H(k(wy) B AMwy),ws) ,

where we have used identity (Qsgo) twice. This completes the proof of (ii). O
LEMMA 3.18. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then, for all
veV* ceV,weW* and z € W, we have that
(i) my(c)=c—vF(v 1,¢)=c—v1F(v,c);
(ii) Iy (z) = zBw(—H(k(w), 2)) = zBA(w)H (w, z) .
PRrOOF. By (Q17), (Q15) and ((Q16)7 we have that
vF(v e =v- Fv,c)v™!
=—v 1 (BF(v,¢)) .
Since Im(F) C Rad(H) by (Qr), it follows from Lemma 3.13(ii) that v =1 (BF (v, ¢)) =
—v~1F(v,c), and hence
vF(v 18 =v-1F(v,c),
which shows (i).
By (Q20), Lemma 3.2(i) and (Q19), we have that

w(=H(k(w), 2)) = w - (H(w, 2)x(Bw))
Br(Bw)H (w, 2)
= ANw)H(w,z) ,
which shows (ii). O

In the sequel, we will use both expressions as definitions of 7, and II,,, without
explicitly referring to this lemma.

LEmMA 3.19. Let (V,W, 1y, Tw,€,0) be a quadrangular system, and let w €
Rad(H) and v € V. Then wv € Rad(H) as well.

PRrROOF. By (Qs), [w,ws]m = 0 for all wy € W, hence v(w B ws) = v(wy Bw).
It follows from (Qi2) that H(ws,wv) = H(w,wev) = 0 for all wy € W, since
w € Rad(H). By (Qa2), this implies that H(wv,w2) = 0 for all wy € W, hence
wv € Rad(H). O

LEMMA 3.20. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then we have
that vw = —5(6v=1)(Bwv) for allv € V* and allw € W.

PROOF. It follows from (Qig) that 7w = —v~}(Bwv) for all v € V* and all
w € W. In particular, we have that ¥ = —v~*(Hdv) for all v € V*, and hence that
v (6v) = vt by Lemma 3.2(i). If we substitute this expression for v~! in the first
identity, then we get that 7w = —vk(év)(Bwv) for all v € V* and all w € W. The
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result follows, since k(év) = dv=1 for all v € V* by Lemma 3.14(i) and Lemma
3.14(ii). O

LEMMA 3.21. Let (V,W, Ty, Tw,€,9) be a quadrangular system. Then m,(vw) =
v(Bw) for allv e V* and allw € W.

PROOF. Let v € V* and w € W be arbitrary. It follows from (Qs) and (Q1s)
that w(—v)v~! = w(—e¢). It thus follows from Lemma 3.16(i) that F(vw,v=!) =
w B w(—e¢). Hence, by (Q12), (Qs), (Qs) and Lemma 3.13(ii),
vF (Tw, v ) = v(w B w(—e))

= vw+ v w(—e) + H(w(—e), wv)

= vw+ vw + H(w(=¢), w(—e)(~v))

= vw+ vw — v(Buw(—6)) — v(w(—e))

= vw + vw — v(Bw) — vw

= ow —v(Bw) ,
and hence

7o (vw) = vw — vF(tw, v ") = v(Bw) ,

which is what we had to show. O

The following two lemmas generalize some properties of reflections in an ordi-
nary quadratic space.

LEMMA 3.22. Let (V,W, 1y, Tw,€,0) be a quadrangular system. Then

(i) F(v,my(c)) = F(v,—c) for allv e V* and allc € V;
(ii) HA(w),IL,(2)) = —H(k(w), 2) for allw € W* and all z € W .

PROOF. By Lemma 3.18(i) and Theorem 3.17(i) with v~! in place of v; and ¢
in place of vy, we have that

F(v,my(c)) = F(v,c —v~1F(v,¢))
(2¢ —v~1F(c,v),v) B F(c,v)
(v, =¢)
(

which shows (i). By Theorem 3.17(ii) with w; = w and wq = 2,

I
oo

H(Aw), My (2)) = HA(w), z Bw(—H(k(w), 2)))
= H(k(w) BA(w), 2) + HA(w), w(=H(k(w), 2))) — H(k(w), 2)
= 7H(I<&(’LU),Z) )
which shows (ii). O

LEmMA 3.23. Let (V,W, 1y, Tw,¢,0) be a quadrangular system. Then

(i) my(my(c)) =c forallv e V* and allc € V;
(il) Oy (2)) = 2z for allw € W* and all z € W .
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PROOF. By Lemma 3.22(i),
o (T, (€)) = my(e) —v™1F (v, my(c))
= —mu(—¢) —v=1F (v, —¢)
=c+ v 1F(v,—¢c) — v 1F(v,—c)
=c,
which shows (i). By Lemma 3. 10(11) and Lemma 3.22(ii),

g, (I (2)) = 1Ly (2) B (Bw)(-H (£(Bw), I1,(2)))
I, (2) BwH (A(w), Iy (2))
1L, (2) Bw(—H(k(w), 2)

)

which shows (ii).



CHAPTER 4

From Quadrangular Systems To Moufang
Quadrangles

We will now describe how we can construct a Moufang quadrangle from a
quadrangular system. We will use the method described in Tits and Weiss [20].
Therefore, we will describe 4 groups Uy, Us, Us and Uy, and we will implicitly
define the group U, := (Uy, Us, Us, Uy) by giving the commutator relations between
any two of those groups. It is possible to construct a graph Q out of the data
(Uy, U1, Us, Us, Uy).

To prove that this construction will actually result in a Moufang quadrangle,
it suffices to check that certain conditions Ay, By and Cj, are satisfied (see [20] for
details), and that we can construct groups Uy and Us, such that, for every ag € U,
there exists some element p(ag) € UfaoUf, and for every as € UZ, there exists
some element p(as) € UiasU;, for which certain conditions have to be satisfied
(see again [20] for details).

Let (V, W, 1y, Tw,¢€,0) be a quadrangular system. Let U; and Us be two groups
isomorphic to W, and let U; and Uy be two groups isomorphic to V. Denote the
corresponding isomorphisms by

1 W —=U; s we o (w)

x9: V—oUs : v aa(v)

xz3: W = Us : w— z3(w) ;

x4: VoUy s v zy(v)
we say that Uy and Uz are parametrized by W and that Us and Uy are parametrized
by V. For all 1 <i < j <4, we will denote the group (U;,...,U;) by Uy j;. Now,
we implicitly define the group U, = Uy 4 by the following commutator relations:

(1 (w), 23(ws) ™| = 2o (H (w1, w3)) ,
[22(01), T4 (v2) "] = 23(F(v1,02))
[21(w), z4(v) 1] = z2(vw)z3(wWo)
[Ui;UiJrl] =1 Vie {172,3} R

for all w,wy,ws € W and all v,v1,v9 € V. We will denote the corresponding graph
by Q(V,W, 1y, Tw,€,6). If we define

Gus(@1(wy), z3(ws) ') = 2o (H (w1, w2)) ,
oa(xa(v1), w4 (v2) 1Y) = 23(F(v1,02)) ,
Gra(z1(w), za(v) 1) = za(vw)as(wv) |

then we can rephrase the conditions Ay, By and Cy as follows.
For all (4,) € {(1,3),(2,4), (1,4)}, the following conditions should hold, for all
a;,b; € Uy, for all a;,b; € U;, and for all ¢ € Ujjyq j-13-

15
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Aij. fz‘j(azbz,ﬂbj ) &J(az7 a; ) &](b“a]—l) )
Bij. &j(al,(a]bj)’) &ijlas, a; ] )&J(az»b] 1)% .

Cij- cLisanay ) = i tagaing?

THEOREM 4.1. Let (V,W, Ty, Tw,€,d) be a quadrangular system. Then the
corresponding graph Q(V, W, Ty, 7w, €,8) satisfies all of the conditions A;;, B;; and
Cij.

Proor. By plugging in the formulas for the functions &;;, we get the following
explicit conditions, which must hold for all v,v’,v1,v2 € V and all w,w’, wy,ws €
wW.

Az, @o(H(wy Bwg,w')) = xo(H(wy,w'))™ (W2) 2y (H(we,w')).
Agg. z3(F(v1 4 v2,0")) = 23(F(v1,0"))*22) 25(F(vg,0")).
Ay zo(v(wBws))zs((wiBws)v) = (z2(vwy)zs(wiv))*1(W2). (25 (vwe ) x5 (wev)).
Bis.  ao(H(w',wy Bwy)) = zo(H(w',w))x(H(w' wy))*s(BEw2),
Bos.  x3(F (V' 01 +v2)) = a3(F (v, )) 3(F (v, vp))%a(=v2),
Bis.  xa((vi+ve)w)zs(w(vi+v2)) = (zo(viw)as(woy))-(z2(vow)as(wvg))®4(—¥1),
Crs.  wa(v)72H W) — g () Bw)aa(w)ar (w)za@u').
Cor. wa(w)mFOD)) — o ()a(=0)2a ()2 ()aa(—0)
Cian.  wa(v)m2(owaswn) — g (ryor (Bulas()or waa(—v),
Ciag.  wa(w/)m2@ws(wo) — g (of)or Ew)as@e w)za(—v),

Note that [Uy, Us] = [Uz, Us] = [Us, Us] = 1; some of the conditions can be simpli-
fied by this observation.
Condition (A;3) is equivalent to

2o (H (wy Bws,w)) = zo(H(wy,w"))xs(H(we,w)) ,

which is, in turn, equivalent to the fact that H is additive in the first variable.
Completely similarly, (Asz4), (Bi3) and (Bz4) also follow from the fact that F' and
H are additive in both variables.

By (Q12), the left hand side of (A;4) can be rewritten as

xa(vwy + vwe + H(wa, w1v))zs((wy B ws)v) .
Using the fact that b = [a, b~ 1]b, we can rewrite the right hand side as
oo (vwy) [m1 (ws), 23 (w1v) s (wiv) s (Vws )23 (Wav)
which is also equal to
xo(vwy)xa(H (we, wiv))xs(wiv)ze (vws)xs(wev) .
Since [Uy, Us] = [Ua, Us] = 1, we can rewrite this once more as
o (vwy + vwe + H (wa, w1v))xs(wiv + wav) .

It now follows from (Qgz) that (A14) holds.
Similarly, (B14) follows from (Qq1) and (Q4); we additionally need the fact that
Im(F) < Z(W), which follows from (Q7) and (Qsg).
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Since [Us,Uy] = [Us,Us] = [U2,Us] = 1, (C13) becomes trivial. Because
[Us, Us] = [Us, Us] = 1, we have that (C24) is equivalent to the condition [w, F'(v,v')]m =
1. Since Im(F') < Z(W), this is always satisfied.

To prove (Ci4,2), we need to show that

@ (v') = wp(vf) e T

which is the same as
(x2(v/)m4(v))w1(w) _ xQ(v/)z4(v) )

V'), a(
(2 (0)) ") = (2 (0" ) (F (o, —v)) )7+
[

= 29(v) [z (w), 23(F (v, —v))  Has(F(v', —v))
= 2o(v" )z (H(w, F(v', —v)))z3(F (v, —v))

= x2(v")z3(F (v, —v))

= 1;2(1/)14(1))

since Im(F') < Rad(H) by (Q7). Thus (C14,2) holds.
The left hand side of (C14,3) is equal to

z3(w')[z3(w'), z3(wo)]
which is, by (Qs), also equal to

x3(w' B F(H(w,w),v)) .
The right hand side is equal to

g ()1 B0)a ()1 (whaa(—0)
= (ra(H(w, ') g )72 (54
= (w2~ H(w,w'))a(F(H (w, w), 0)as (w'))#(224(-)
— (wa(— H(w, w)) s (w8 F(H (w, '), 0)))7 @1
= (zo(—H (w,w"))z2(H(w,w' B F(H(w,w'),v)))zs(w B F(H(w,w'),v)))* )
= z3(w B F(H(w,w'),v))" )
= x3(w B F(H(w,w'),v)) ,
thus (Ci14,3) holds. This concludes the proof of this theorem. O

Let Uy be a group parametrized by V (via a map x¢), and let Us be a group
parametrized by W (via a map z5). We define an action of Uy on Ujy g by the
following commutator relations.

[UOv Ul}

[zo(v1), T2 (v2) "]

1
z1(F(v1,72))

[20(v), 23(w) '] = @1 (wv)a2(—v(Bw))

for all w € W and all v,v1,v2 € V. For each z4(v) € Uj, we define an element
w(za(v)) € Udza(v)U§ as

@4 (v)) = wo(v™ x4 (v)zo(v™") -
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We define an action of Us on Upp 4) by the following commutator relations.
[£2(v), 25 (w) 1] = 23 (w(—v))za(—0(Bw))

r4(H (w2, w1))

1

[23(wr), 25 (w2) ']
[Us, Us] =
for all w,wy,ws € W and all v € V. For each x1(w) € Uy, we define an element
w(xy(w)) € Uz (w)UE as
(1 (w)) = x5 (k(w))z1 (w)as (A(w)) -
Note that, by Lemma 3.10, u(z4(v)™1) = p(xs(v)) 71, and p(zy (w) 1) = p(x (w)) L.
It follows Theorem 4.1 that the graph Q(V, W, v, 7w, ¢€,0) satisfies the condi-
tions which are denoted by (M) and (My) in [20]. In order to obtain a Moufang
quadrangle, this graph additionally has to satisfy the conditions (M3) and (My).
In Theorem 4.2, we will show that (Ms3) holds; the validity of (My) will be shown
in Theorem 4.3.

THEOREM 4.2. Let (V,W, Ty, Tw,€,d) be a quadrangular system. Then the
corresponding graph Q(V,W, v, Tw,€,9), together with the group Uy and the map
1, satisfies the following conditions, for allv € V.

(i) Uét(“(é)) = Uy, considered as subgroups of Aut(Up g)) ;
(i) U{L(“(v)) = Us. More precisely, we have that x;(w)*®1(") = g3(w(—v))
for allw e W and allv e V*;
(iii) U;(“(U)) = U, . More precisely, we have that xo(v")*®4() = z5(7,(v"))
or all v' € and all v € ;
for allv' € V and all %
(iv) Uét(“(v)) = U, . More precisely, we have that xz(w)*®+(") = gz (wv~")
forallw e W and allv e V*;
(v) Uf(“(ﬁ)) = Uy, considered as subgroups of Aut(Up g)) .
PRrROOF. For all w € W and all v € V*, we have
xl(w)u(m(v)) = xl(w)wo(vfl)m(v)%(vfl)

= (w)x‘l(v)wO(vil)

- (xl(w)xQ(—’U’U})l'g(w(_v)))wo(v_l)

= 21 (w)21 (F(—0w, v 1)) 22 (—vw)zy (w(—v)v )
'xQ(_m)wg(w(—v))

= 3(w(—v) |

where we have used Lemma 3.16, (Q16) and Lemma 3.12 for the last equality. By
substituting wv=! for w and —v for v, we also get

21 (wo™HMEY) = o (wo ) |
and since p(z4(—v)) = p(r4(v))~! and by (Qys), it follows that
23(w) 1) = gy (w1 |

So we have proved that U{L(“(U)) C Uz and U?fl(“(v)) C U;. If we replace v by —v in

those two relations, and conjugate by p(x4(v)), it also follows that Uy C U§L<w4(v))

and Us C U**") 8o (ii) and (iv) are proved.
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We will now prove (iii). For all v € V* and all v" € V, we have
2o (v )1 ®) — xz(v/)xo(v Daa()zo(v™)

) a0 P

V)@ (—vF (™ v))as(Fu™ o) (—v))

@2(v' )23 (BF (v, 0))) > @)
= (@1 (F(o™ ", 0))aa () — vF (™, 7))

@\ e\

where we have used (Qq7) for the last equality. It follows that

N (Fo™t v —vF(v=10)) e (v —vF (v, 0"))

2o (v )HEO) = g (F(v™t, 07
Fo='")

= zo(v' —

= wa(my (V)

where we have used Lemma 3.9 and Theorem 3.17(i). Hence Ug(“(v)) C Us,, and

again by replacing v by —v and conjugating by p(z4(v)), we get that Us C U;(“(”))

as well, from which (iii) follows.

To prove (v), we will check that the action of p(z4(—€))z4(v)u(zs(e)) on Up g
is the same as the action of x(v) on Up g}, for all v € V. Note that we will use the
fact that we=! = w, which follows by choosing v = € in (Qy5), and the fact that
F(e71,9) = F(e,v), which holds by substituting e for vy in (Q17).

Using the definition of the map v — T, we see that

22 ()4 = (v — eF (7))
z2(v — €F(e,v))

= x9(-7) ,

for all v € V. Since —(—7) = v, replacing v by —7 and conjugating by p(z4(—¢))
yields

xQ(U)u(m(fE)) = 29(—T7)
for all v € V', as well. For the action on Uy, we have

21 (w) s D@ E) g () (DI(a(0)

3

8

1w

(w)

— xg(w)“(“(e))
(w)
(w)

= 21 (w)*®

for the action on Us, we have

(0 Y (DT (W(Es(9) — g () ra)n(ra(e)

= (z2(—0")a3(F(V,0)))("4()
= aa(v)z ( (v,0"))
= a9(v")™
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To check the action on Usz, we need (Qg), (Qs), (Q22), Lemma 3.9 and Lemma
3.13(ii) :

xS(w)u(u(—e))m(v)u(u(e)) — xl(w(_e))m(v)u(m(ﬁ))

= (21 (w(—€))za(—vw)x3(wv))H ()
wo)

= z3(w)x2(TW)x1 (

= z1 (wv)z2(vw + H(wv, w))zs(w)
= 21 (wv)zs(vw — H(w, wo))zs(w)
= a1 (wo)zs(—v(Bw))ws(w)

= x3(w)””°(”)

Thus (v) is proved.

To prove (i), we will check that the action of p(x4(€))zs(v)u(zs(—¢)) on Up g
is the same as the action of xg(v) on Uy 3. We can take a shortcut by observing
that

p(za(€))za(v)u(za(—e€)) = p(za(€))?u(za(=€))za(v)u(za(e) nlza(=€)* .
We just have to do a short calculation to see that
21 (W) = g (W) =D = 2 (w(—e)) ;
x2(v)u(w4(e))2 — xQ(v)u(u(fe))g = 25(v) ;
25 (w)MFH D = g ()@ DT = gy (w(—e)) .
For the action on U, we have

21 ()P Es T W (=) — 3 () s (DT (Wp(ws(@)n(wa(~e))?

(u
1(w(—e))e
(w)

for the action on Us, we have, by Lemma 3.15, that

2

2o (0! PP ENTA @A) _ g (s a()(wa () (s ()

= 22(v")z1 (F(v,v')(—¢))
= 29(v )1 (F(v,v"))
_ xz(vl)ro(v)

Finally, for the action on Us, we have, using Lemma 3.11, that

zg(w)u(m(é))m(v)u(m(76)) - x3(w(,e))#(m(*6))14(v)u(u(e))u(u(%)f

= (21 (w(=v))wa(~v(Bw))as (w(—e))) @ (=D*
= 1 (wv)z2(—v(Bw))zs(w)
_x?’( )mo(v)

So we have proved (i), and this completes the proof of this theorem. O
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THEOREM 4.3. Let (V,W,7y,Tw,€,0) be a quadrangular system. Then the
corresponding graph Q(V,W, Ty, 7w, €,9), together with the group Us and the map
1, satisfies the following conditions, for all w € W.

(i) U;(Il(a)) = Uy, considered as subgroups of Aut(Upp ) ;
ii = U, . More precisely, we have that x4(v)H* = xo(vw) for
allv eV and allw e W* ;

(iii) UL ) = Uy . More precisely, we have that z5(w')*@1(®) = g4(IT,, (w'))

for allw' € W and all w € W* ;

(iv) Ug(Il(w)) = U, . More precisely, we have that xo(v)*@1 (W) = g, (—vk(w))

forallveV and allw e W*;
(v) U{L(ml(‘s)) = Us, considered as subgroups of Aut(Uz 4)) -
PROOF. The proof of this theorem is very similar to the previous one, so we

will skip most of the calculations.
For all w € W* and all v € V', we have

()W) — g ()5 (51 (W) (A(w))
= za(—vk(w)) ,

where we have to use (Q19) and Lemma 3.16(ii). By substituting —w for w and vw
for v, we also get
22 (vw) @ EW) = g (—vwk(Bw)) |

and since p(z1(Bw)) = p(x1(w))~! and by Lemma 3.2(i), it follows that
x4(v)u(ml(w)) = zo(vw) .

So we have proved that Uf(xl(w)) C U, and Ug(xl(w)) C U. If we replace w
by Bw in those two relations, and conjugate by u(z;(w)), it also follows that
U, C Uét(ml(w)) and Uz C Uf(ml(w)). So (ii) and (iv) are proved.

We will now prove (iii). For all w € W* and all w’ € W, we have

xg(w/)u(wl(w)) _ :ES(w')fvs(ﬁ(w))wl(w)ws(A(w))
— aa(w’ Buw(—H(x(w), ')
= a5(IL, (') |

where we have to use (Qa0) and Theorem 3.17(ii). Hence UL™ ")) C U3, and again
by replacing w by —w and conjugating by p(z1(w)), we get that Us C Uiﬁf(zl(w)) as
well, from which (iii) follows.

To prove (v), we will check that the action of p(x1(80))z1(w)u(21(6)) on U 4
is the same as the action of z5(w) on Upa 41, for all w € W. First of all, observe that
it follows from Lemma 3.13(ii) and from the fact that § € Rad(H) (by (Q7)) that
v(B0) = —v. If we put w = 6 in (Q1g), it thus follows that vk(d) = v; if we put
w = B0 in this same identity (Qus), it follows that vk(B0) = —v. Furthermore, if
we put wy =6 in (Qap), it follows from (Q7) that H(k(d),w) =0, for all w € W.

Using these facts, we can prove that

x4(v)u(w1(55))w1(w)u(w1(5)) — x4(v)15(w) :
x3(w')“(“(55))“(“’)”(“(5)) — xg(w’)fﬁs(w) :

2o (0)HE BT @1 () — g (yes(w)
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where we have to use (Q21) and Lemma 3.13(i) as well. Thus (v) is proved.

To prove (i), we have to check that the action of u(x1(d))xs(w)u(x1(BS)) on
Ulz,4) is the same as the action of x5(w(—¢)) on Uz 4. Again, we can take a shortcut
by observing that

p(1(8))a1 (w) (1 (86)) = p(x1(6)) (a1 (B6))ar (w)p(x1(6)) p(x1(86))* .
First, we observe that
xQ(v)M($1(5))2 — xz(v)u(m(Elé))g = 25(—0) ;
x3<w)u(x1(6))2 — xs(w)u(xl(Elé))z = z3(w) ;
$4(U)#(m1(5))2 — x4(v)u(x1(55))2 = 24(—v) .

It now follows from a short calculation that
M(U)u(wl(5))ws(w)u(w1(E'5)) — x4(v)w5(w(’€)) :

$3(w/)#(rl(6))rs(w)#(r1(56)) — xs(w/)zs(w(—E)) :
2o (v)HE1 DT (W)n(21(B0) — 4, (1)) 7s(w(=e)
So we have proved (i), and this completes the proof of this theorem. O

This completes the proof of the fact that the graph Q(V, W, 7y, 1w, €,0) is a
Moufang quadrangle.



CHAPTER 5

From Moufang Quadrangles To Quadrangular
Systems

In this chapter, we will prove that every Moufang quadrangle can be obtained
from the construction described in the previous chapters. We will make intensive use
of Chapter 21 “Quadrangles” in [20]. Since we are dealing with the same objects
as in [20], it should not be very surprising that we need these same properties.
However, after recalling these facts, our approach will very quickly diverge from
the one given in [20].

Let T' be an arbitrary Moufang quadrangle, and consider a fixed apartment
¥ =1(0,1,...,7), where the vertices are labeled modulo 8. We will denote its root
groups U(4,i4+1,...,i4+4) by U;, for all ¢ € Z. The following properties of the root
groups are fundamental.

THEOREM 5.1. (1) Ui, U] < Upgrj-1), fi<j<i+4

(i) For each i, the product map from U; x Ujp1 X Uiy X Uiz to Uy iqg) is
bijective.

PROOF. See, for example, [20, (5.5) and (5.6)]. O

Thanks to this theorem, we can use the following notation. Let a; € U; and

a; € U;, with j € {i+ 2,7+ 3}. For each k such that i < k < j, we set
@i, aj]k = ai ,

where aj, is the unique element of U appearing in the factorization of [a;,a,] €
Ulit1,j-1)-

Let V; := [U;i—1,Ui+1] < U; and Y; := Cy,(U;—2) < U; for each i. It can be
shown (see [20, (21.20.i)]) that ¥; = Cy, (Ui42) as well.

The following theorem defines the functions x, A and pu.

THEOREM 5.2. For each i, there exist unique functions ki, \; - U — Uf, 4, such
that (i —1)®*(@) = 41 and (i +1)%(@)% = — 1, for all a; € UF. The product
wi(a;) == ki(a;)a;Ai(a;) fizes i and i + 4 and reflects &, and UJ‘.“(C“) = Usiqa—j for
each a; € U} and each j.

PROOF. See [20, (6.1)]. O

Since we will apply these functions only when it is clear in which U} the argu-
ment lies, we will write x, A and p in place of k;, A; and p;. Note that it follows
from the last statement of this theorem, that U; and U; are conjugate (and hence
isomorphic) whenever ¢ and j have the same parity.

LEMMA 5.3. For all a; € U}, we have :
() plai?) = plai) ™ ;

23
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(it) Ma; ') = ra)™";
(iii) p(a?) = u(a;)? for every element g € Aut(T') mapping X to itself.

7

PROOF. See [20, (6.2)]. O
The following “Shift Lemma” is essential.

THEOREM 5.4. Suppose, for some 1, that [ai7a;r13] = @j11Gi42, With ap € Uy
for each k, and with a; and a;+3 non-trivial. Then we have:

: _ klaits) _ ke
(i) ai = ai,y™ and ;41 = a3 ;

(i) [5(aiys), a;y) = aiiga ;
(ii) [@it1, (@) "] = Givoaiss .
PROOF. See [20, (21.19)]. O

The following theorem already puts strong restrictions on the root groups.

THEOREM b5.5. By relabeling the vertices of ¥ by the transformation i — 5 — i
if mecessary, we can assume the following :
1) Yi#1, [U, U] <V; <Y; < Z(U;), for all odd i ;
(ii) U; is abelian, for all even i.

PROOF. See [20, (21.28)]. O

From now on, we will assume that we have chosen the labeling of our apartment
3 in such a way that the statements of Theorem 5.5 hold.
We will also use the following results from [20].

THEOREM 5.6. (see [20, (21.29)])
If ay € YY", then k(a1) and A ay) both lie in YgF.

THEOREM 5.7. (see [20, (21.33)])
Let h = p(a1)?, for some ay € Y{*. Then :
(i) a? = a3, for all a3 € Uz ;

(ii) af =a;*, for all ay € Uy .

THEOREM 5.8. (see [20, (21.34)])
k(as) = ANaa), for all ay € Uj.

THEOREM 5.9. (see [20, (21.36)])
Let ay € Uf, ag € U, a3 € Us and ag € Uf. Then :

(1) a5“Vayt = [[M(as), a5, ad ;
( ) [[ ( ) 1] CL41]3: [a27a4]_1;

(iil) [a1, [as, ( D7 Y = [a1,a3'] 7t

THEOREM 5.10. (see [20, (21.37)])
[u(a4)2,Y1U2Y3U4] = 1, fOT’ all a4 € UI

PRrROOF. For all the proofs of these theorems, see [20], except for Theorem
5.9(iii), for which the proof is completely similar to the proof of Theorem 5.9(ii). O

We can now start to build up our quadrangular systems. We start the con-
struction by choosing an arbitrary parametrization of the group U; by some group
(W,H) = Uy, and an arbitrary parametrization of the group U, by some group
(V,+) =2 Uy. We will denote the isomorphisms from W to Uy and from V to Uy by
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x1 and x4, respectively. Choose some fixed elements e; = x1(d) € Y{* (note that
Y7* is non-empty because of Theorem 5.5(1)) and e4 = z4(¢) € Uy, where we choose
eq in Y ¥ if Yy, # 1. Since Us is isomorphic to Uy, we can also have it parametrized
by the same group (W, H) by some isomorphism z3, which we define by setting

z3(w) := [z1(w),eg s,
for all w € W. Similarly, we let Uy be parametrized by (V,+), via the isomorphism
x9 defined by
22 (v) = [er,24(v) M2,
for all v € V. To parametrize Uy and Us, we choose the following isomorphisms xg
and x5 from V to Uy and from W to Us, respectively :
2o(v) := mg(v)HeD) |
z5(w) := xl(w)“(el) ,
for all w € W and all v € V. We will now define a map F from V x V to W and a
map H from W x W on V, by setting
[£1(w1), 23(w2) 1] = w2 (H (w1, w2))

[22(v1), 24 (v2) '] = 23(F(v1,02)) ,

for all wy,ws € W and all v1,v9 € V. Furthermore, we define a map 7y from V x W
to V and a map my from W x V' to W, both of which will be denoted by - or by
juxtaposition, by setting

[21(w), 24(v) 2 = za(rv (v, w)) = T2 (vw) |
[z1(w), z4(v) "3 = 23(Tw (W, v)) = 23(WYV) ,

for all w € W and all v € V. Finally, for each w € W*, we define two elements
k(w), A(w) € W* by setting

Kz (w)) = z5(k(w))
Az (w)) = z5(Mw))
and for each v € V*, we define an element v—! € V*, by setting
K(za(v)) = zo(v7") .
Note that, by Theorem 5.8, A(z4(v)) = z¢(v™1) as well.
If we can now prove that these data satisfy all of the axioms (Q1) — (Qz0),
then we have proved that every Moufang quadrangle can actually be obtained from
the construction in the previous chapters, since we have started from an arbitrary

Moufang quadrangle. At the same time, however, we will show that the identities
(Q21) — (Q26) hold; see Theorem 6.1.

REMARK 5.11. It is interesting to observe that the choice of § and € is arbitrary
(up to some restrictions about the radical). This gives us some freedom for the
choice of the base points for the parametrizing structure of an arbitrary Moufang
quadrangle. See also Remark 6.4.

By Theorem 5.5(ii), the group Uy is abelian. Since Uy is parametrized by (V, +),
we have that V is abelian as well.

By the definition of the isomorphism z3 and the definition of the map from V x
W to V, we have, for all w € W, that x3(w) = [z1(w),e; ']z = [z1(w), z4(e) )3 =
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x3(we), from which it follows that w = we, which proves (Qp). Similarly, we can
prove that (Qg2) holds.

We now take a look at the subgroups V3 and Y3 of Us. By definition, we
have V3 = [Up, U] = [22(V),24(V)71] = 23(F(V,V)) = x3(Im(F)). The ele-
ments of Uz which commute with every element of U;, are exactly those elements
x3(w) € Us such that [z1(w’),z5(w)] = 1, for all w' € W, this is, such that
zo(H(w',w)) = 1 or equivalently H(w',w) = 0, for all w' € W. This means
that Y3 = Cy,(U1) = x3(Rad(H)). It now follows from Theorem 5.5(i) that
W, W] < Im(F) < Rad(H) < Z(W). In particular, we have proved (Q7). We
have also proved that [Im(F), W] = 1.

Completely similarly as in the previous paragraph, it follows from the defini-
tions that Y1 = Cy, (Us) = z1(Rad(H)) and that Yy = Cy, (Uz2) = x4(Rad(F)). It
thus follows from e; = z1(d) € Y;* that 6 € Rad(H)*, and it follows from the fact
that ey = z4(e) was chosen to lie in Y;* if Y4 # 1 that € € Rad(F)* if Rad(F') # 0.
Hence we have shown (Qg) and (Qqp).

Using the identity [ab,c™!] = [a,c !°[b,c7!] and the fact that U; and U,
commute (because of Theorem 5.1(i)), we can deduce that

2o (H(w; Bws,w)) = [z1(wy Bws), z3(w’) ™
= [z1(w1) w1 (w2), 23 (w') ]
= [w1(wn), w3 (w) 7171 [ (wo), s (w') 7]
= @2 (H (w, w'))" > o (H (w3, w'))
= x2(H (w1, w')) w2 (H (w2, w'))
= zo(H(wy,w') + H(wz,w'))

for all wy,ws,w’ € W, so H is additive in the first variable. Similarly, it follows
from the identity [a, (be)™] = [a,bY][a,c™!]P" " that H is additive in the second
variable. In the same way, we can deduce from those two identities that F' is
additive in both variables. Since we will use this fact very often from now on, we
will not mention it explicitly anymore.

Using the same identity [ab, c™!] = [a, c~!]°[b, ¢ 7] and the fact that [Us, Up] = 1
(since V is abelian) and [Us,Us] = 1 (by Theorem 5.1(i)), we deduce that
zo(v(wy Bws))zs((wy Bws)v) = [z1(w; Bws), z4(v) "]

= [a1 (wi)z1 (wa), 24 (v) 7]

= [y (w1), 24 (v) 717 [y (w2), 24 (0) ]

2(vw1)a:g(wlv))ml(wg)xg(vwg)xg(wgv)

(
(

)

vwy)xo (H (we, w1v))xs(wiv)ze (vws)xs(wav)

vwi + vwe + H(we, wrv))xs(wiv Bwav) |

X2
T2
for all wy,ws € W and all vy, ve € V. By Theorem 5.1(ii), this implies that
zo(v(wy Bwsy)) = xo(vwy + vwe + H(wy,wiv)) and
z3((w1 Bwsa)v) = z3(wiv Bwav) |

for all wy,wy € W and all vy,vy € V, from which it follows that (Q12) and (Q3)
hold.



5. FROM MOUFANG QUADRANGLES TO QUADRANGULAR SYSTEMS 27

Similarly, it follows from the identity [a, (bc)~!] = [a,b"!][a,c]? ", the fact
that [Im(F'), W] = 1 and the fact that [Us, Ug] 1 (because of Theorem 5.1(i)),

that (Q11) and (Q4) hold.
Now, we will define a map v — v from V to V, by setting

xQ(U)u(w) = z5(-7) ,

for all v € V; we will prove later on (see page 31) that © = eF'(e,v) — v. Note that,
by Theorem 5.10, we have 5 (v)*¢)° = 25(v), and hence —(—v) = v, for all v € V.
If we invert the identity zo(v)*(¢4) = 29(—7), then we get xg(—v)“(e‘*) = x9(7); it
follows that —v = —v, for all v € V. Combining these two relations, we also get
v=uv,forallveV.

THEOREM 5.12. For allw € W and all v € V', we have:

(i) wo(v) ) = zq(v) ; (vi) @1 (w)He) = z5(w) ;
(i) z1(w )“(64) = x3(w(—e)) ; (vii) @2 (v )“(el) = z4(-v);

(iii) xg(v) = x9(—7) ; (viii) xg(w)“( = z3(w);

(iv) z3(w)* (94 = z1(w) ; (ix) @a(v) ) = a(v) ;

(v) wa(v)ed) = 2o (v) ; (x) x5(w)) = 21 (w(—e)) .

PRrROOF. First of all, (iii), (v) and (vi) hold by definition. By Theorem 5.10,
24(0)Me)® = 24(v). So if we conjugate (v) by u(es), we get (i). If we apply
Theorem 5.4(i) on the identity

[21(w), 24(v) 7] = @2 (vw)zs(wo)
we get that
21 (w) = zg(wo)* @) and
zo(vw) = M(U)u(xl(w)) ,
for all w € W* and all v € V*. If we choose v = € in the first equality, we get, by
(Q1), that z1(w) = z3(w)**), which proves (iv). If we choose v = —¢ in this same
equality, we get
71 (w) = a(w(~) )
= z(w(—e)")”
by Lemma 5.3(i); conjugating by wu(es) yields (ii).

If we choose w = 4 in the second equality, then it follows from (Qz) that x2(v) =
x4(v)*(¢1) | which proves (ix). By Theorem 5.7(ii), we have that x4(v)“(31)2 =
x4(—v). So if we conjugate (ix) by p(e1), we get (vii).

By Theorem 5.6, we know that u(e;) € Y;Y1Ys. Since Y1 = Cy,(Us) and
Y5 = Cy, (Us), it follows that [u(e1), Us] = 1, which implies (viii).

If we conjugate the identity

[21(w), 24(v) 7] = @2 (vw)as(wo)
by u(e1)?, we get, using (vi), (vii), (viii) and (ix), that
[5 (w)* ) 24 (—0) 7] = @ (—vw)as(wo)
for all w € W and all v € V. If we choose v = —¢, then this yields

[s (w) ), e;1] = wa(ew)zs(w(—e)) .
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It now follows from Theorem 5.4(i) and (iv) that
w5 (W) ) = wy(w(—e))" V) = 21 (w(=e)) ,
for all w € W, which proves (x). O
So far, we have proved (Qi1), (Q2), (Qs), (Q4), (Q7), (Qo), (Quo), (Qu1) and

(Q12). We now continue to prove the other axioms.
If we conjugate the identity

[1(w1), 23(w2) "] = 2o (H (w1, w3))

by u(eq), we get, by Theorem 5.12; that

(23 (w1 (=€), 21 (w2) 7] = w2(—H(wi, w2)) ,
for all wy,wy € W. Using the fact that [b,a] = [a,b] 7!, it follows that

[21(Bws), 23(Bwi (=€) '] = 22 (H (w1, w2))
hence

2o (H (Bwz, Bwi(—¢))) = z2(H (w1, w2)) ,
for all wy,wy € W. Using the fact that H is additive, it follows from this last
equality that H (ws,w1(—¢)) = H(wy,ws)), for all wy,ws € W. Note that it follows
from (Q12) that H(wsa,wy(—¢€)) = —H (wa, w1), for all wy,ws € W, so we have that
—H(wy,w1) = H(wy,ws)), which proves (Qa2).
Completely similarly, we can conjugate the identity
[22(v1), 24(v2) 7] = w3 (F(v1,v2))

by u(er), and, again by Theorem 5.12, we find after a short calculation that
F(v1,v2) = F(vg,v1), for all vy, vy € V, which proves (Qa1).
If we conjugate the identity

[21(w), 24 (—0) ] = 22 (—vw)as(w(—v))
by u(e1)?, then we get, by Theorem 5.12, that
[£1(w(—€)), 24(v) 7] = @2 (vw)as(w(—v))
for all w € W and all v € V. But on the other hand, we have that
[21(w(=€)), z4(v) '] = za(v(w(—€)))z3(w(—€)v) ,

for all w € W and all v € V. By Theorem 5.1(ii), this implies that vw = v(w(—e¢))
and w(—v) = w(—€)v, for all w € W and all v € V. Thus we have proved (Qg) and

(Qs)-

If we conjugate the same identity
[21(w), 24(v) '] = @2 (vw)z3(wo)
by u(eq)?, we get, again by Theorem 5.12, that
[21(w(=€)), 24(v) '] = w2(vw)zs(wo(—e)) ,

from which it follows immediately (by Theorem 5.1(ii)) that w(—e)v = wv(—e¢), for
all w € W and all v € V. This means that w(—v) = wv(—¢) as well.
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We will now prove (Qg). We will make use of the identity [a,b] = a~'a® and
of the identity [abc, d] = [a, d]*¢[b, d]°[c, d].

23(F(H (wz,wn),v)) = [22(H (w2, w1)), 24(v) "]
= [[z1(wg), x3(w1) 1], 2a(v) ]
= [ (we), w(wn) ']~ (we), wa(wy) 17
= [z1(w2), w3 (w1) ") "oy (w2) w2 (vwe) w3 (wav), 23 (we) ™

If a; € Ui, as € Us and ag, bz € Us, then [ag,bg} S [UQ,Ug] = 1 and [al,b?,] S
[U1, Us] < Us (by Theorem 5.1(i)), and since [Us, UsUs] = 1, we have that [aq, b3]*2*3 =
[a1, bg} Therefore [alagag, bg] = [al, bg] [a3b3]. Hence

1}.

3(F(H(wz,w1),v)) = [21(ws2), 23(w1) "] w1 (wa), 23(wi) s (wav), 23 (wr) ']
= [23(w2v), x5(w1) 7]
= z3(Bwyv Bw; Bwyw Bwy) ,
and since Im(F') < Z(W), we have that
23(F(H (wg,w),v)) = x3(Bw; Bwsv B w, B wev)
= x3([w1, wav]m)

as well, for all wy,wy € W and all v € V| which proves (Qs).
We will now apply the Shift Lemma 5.4(ii) on the identity

[1(w), 24(v) 7] = 22 (vw)zs(wo) .
This gives us the identity
[k(24(v)), 23(wo) 1] = 21 (w)a2 (Vw) .

Note that, by definition, we have x(z4(v)) = zo(v™1). If we conjugate this identity
by p(eq), we thus get, by Theorem 5.12, that

[24(v™1), 21 (wv) '] = 23(w(—€))x2(~T0) .
Inverting this identity and replacing w by Bw yields
(21 (wo), 24(—(v™1)) ] = 22(v(Bw))zs(w(—e))
for all w € W and all v € V*. But on the other hand, we have
[21(wo), 24(—(v™1)) 7] = @2(— (07 ") (wo) )z (wo(~(v™1)))
for all w € W and all v € V*. By Theorem 5.1(ii), this implies that
v(Bw) = —(v7)(wv)
w(—€) = wo(~(v71)) ,

for all w € W and all v € V*. If we apply the identity w(—v) = wv(—e¢) on the
second equality, we can conclude that this is equivalent to

v (wv) = —v(Bw) ,

wvv Tt =w

)

for all w € W and all v € V*. So we have proved (Qi6) and (Q1s).
If we replace v by v~ and w by wv in (Qyg), then we get

(™) Hwvr™) = —v=1(Buwv) ,
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for all w € W and all v € V*. Using (Q15) and (Q16) once again, and using the
fact that —(—v) = v for all v € V, we get
(v w =vw

for all w € W and all v € V*. If we choose w = §, it follows that (v=!)~! = v, for
all v € V*, which proves (Q13).

If we take a; = x4(v) in Lemma 5.3(ii), then we get that A(z4(—v)) = k(x4(v)) 71,
for all v € V*. By the definition of v~!, this is equivalent to xo((—v)~!) =
zo(—(v71)), from which it follows that (—v)~t = —(v™1), for all v € V*.

Similarly, if we choose a; = 21 (w) in Lemma 5.3(ii), then we get that A(z1 (Bw)) =
k(z1(w))~L, for all w € W*. By the definition of x and A, this is equivalent
to z5(A(Bw)) = x5(Bk(w)), from which it follows that A\(Bw) = Bk(w), for all
we W+,

If we apply the Shift Lemma 5.4(iii) on the identity

[21(w), 24(v) 7] = @2 (vw)zs(wo)
then we get that
[22(vw), Az1(w)) ™' = z3(wv)za(v) |
for all w € W* and all v € V. By definition, we have A(z1(w)) = z5(A(w)). If we
conjugate this identity by u(e;)™!, we thus get, by Theorem 5.12, that

[z4(vw), 21 (A(w)) '] = z3(wo)z(—v) |

for all w € W* and all v € V. We can rewrite this identity as
[1(BA(w)), z4(—vw) 1] = 29 (v)23(Buww) ,
for all w € W* and all v € V. On the other hand, we also have that
[21(BA(w)), z4(—vw) ] = 22 (—vw(BAMw)))z3(BA(w)(—vw)) ,
for all w € W* and all v € V. Tt follows from Theorem 5.1(ii) that
v = —vw(BA(w)) ,
wv = Aw)(—vw) ,

for all w € W* and all v € V. If we replace w by BA(w) and v by vw in the second
equality, then we get

BA(w)(vw) = A(BA(w))(—vw(BA(w))) ,
for all w € W* and all v € V. If we use these same equalities once again, then we
can simplify this to
Bw(—v) = A(BA(w))v
for all w € W* and all v € V. If we choose v = ¢, then we get A(BA(w)) = Bw(—e¢),
for all w € W*. Since \(Bw) = Bk(w), for all w € W*, this is the same as
k(A(w)) = w(—e), for all w € W*, so we have proved (Qi4). If we replace w by
Buw, then we get A(k(w)) = w(—¢) as well. Now, we substitute «(w) for w in the
equations
v =—vw(BA(w)) ,

wv = AMw)(—vw) ;
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this gives us, using the fact that A(k(w)) = w(—e¢), that
v = —un(w)(Bu(—e)
k(w)v = w(—e)(—vr(w)) ,

for all w € W* and all v € V. It suffices to use (Qg) and (Qs) to see that those
two equations are equivalent to (Q1s) and (Qg), respectively.
If we put ag = x2(v2) and a4 = x4(vy) in Theorem 5.9(ii), then we get

[M@a(01)), 2 (v2) "1, wa(v1)]s = [w2(v2), wa(v1)] 7",
for all v; € V* and all v € V. First of all, we have that
[Mza(v1)), 22(v2) 1] = [wo(v7 ), w2 (v2) ']
= [za(vy ), o (—3) 1Y
= ([wa(T2), wa(—vy )M
= (w3(F (03, —vy 1) ~H)Hew
= 23(F (T3, v] ))u(e4)
= 21 (F(vz,011))
for all v1 € V* and all vo € V. So it follows from this identity that
[21(F(0z, 07 1)), za(=v1) s = [22(va), za(—01) 717!
for all v1 € V* and all v, € V, from which it follows that
F(uz, o0 ") (~v1) = F(vz,v1)
for all v; € V* and all vo € V. If we now replace v; by —vy, then we get, using the
fact that (—v;)~' = —(v; ") and (Qg1), that (Q7) holds.
If we choose v1 = € in (Qy7), then we get that F'(e™!,7) = F(e,v), forallv € V.
If we put ag = x2(v) and a4 = e4 in Theorem 5.9(i), then we get
22 (0)" Vg (0) 7 = [[A(ea), z2(v) "], €4l
for all v € V. We have that

(Mea), 22(0) 7' = 21(F(T,e71))

for all v € V. Thus we have
22 ()M (0) 7! = [[A(ea), 22(v) "], eal2

= [21(F(e,0)), z4(—€) "2
= xo(—€F(e,v)) ,

for all v € V. Since o(v)* (¢ xy(v)~! = 25(—0 — v), we conclude that
T =¢€eF(e,v) — v,
for all v € V; see page 27.
If we put a1 = z1(w;) and a3 = x3(wy) in Theorem 5.9(iii), then we get

[21(wr), [w3(w2), k(w1 (w1)] "2 = [21(w1), z3(we) 717,
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for all w; € W and all wo € W*. First of all, we have that

[23(w2), k(21 (w1))] = [w3(w2), z5(K(w1))]
= [ws(wa), 1 (s (wy))]* V)
= ([z1(k(w1)), 23 (Buwg) 1~ 1)He)
= (wa(—H (r(wy), wy)) "))

2 (H (r(wy), wy))HV)

4(—H (k(w1), w2))

for all w; € W and all wy € W*. So it follows from this identity that

[21(w1), 24 (—H (k(w1), w2)) "2 = [z1(w1), m3(ws) '],

for all w; € W and all wy € W*, from which it follows that
—H(k(w1),w2)wy; = —H (w1, ws) ,

for all w; € W and all we € W*. So we have proved (Qgp).

Since we have shown all of the identities (Q1) — (Q20), we can conclude that
every Moufang quadrangle can be obtained from a quadrangular system.

In particular, we are now allowed to use the results of chapter 4 as well. We
thus continue to show that the identities (Qz23) — (Q26) hold.

In order to show (Qa23), we will calculate the expression

o () [ (O)) (s ()53 V()

with v € V and w,z € W* in two different ways. We have shown in Theorem
4.3(iii) that
xB(z)u(zl(w)) = 23(I,(2))

for all w,z € W*. If we let u(eq) act on both sides of this equality, then it follows
by Lemma 5.3(iii) and Theorem 5.12 that

z1(2)M@s (=) — g (I1,,(2))
and it thus follows by substituting w(—e) for w and by Lemma 5.3(iii) that

(e (2)) @) = (w1 (T~ (2)))

for all w, z € W*. By Lemma 3.15(ii), IL,,(_¢)(2) = II,(2) for all w,z € W*. Since
0 € Rad(H) by (Qg), it now follows that

u(xl(z))“(””?’(w))“(“(5)) = p(z1 (T (2)))
and hence, since II,,(d) = 4,

[1(21(8)) plr (2))] 2 DO = (1 (86)) (1 (s (2)))

for all w,z € W*. Note that vk(d) = v for all v € V. Since we have shown in
Theorem 4.3 that

To(v)M@1 W) = ) (—vk(w))  and

CM(U)u(avl(w)) = x5 (vw)
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for all v € V and all w € W* it thus follows, by Lemma 5.3(i), that

@ra (v) @1 @) (@r (D)o yu(@a(8) (@ (T (2)))
= qq(—v)H@[u())
= 2o(—v - Iy (2))

for all w,z € W*.
On the other hand, if we let u(e4) act on both sides of the identity z4(v)*(1(®) =
x2(vw), then we can deduce that

zo(v)MW) = 4o (—pw)  and
xz(v)“(””?’(w)) = z0(Th(w))
for all v € V and all w € W*. Hence, by Lemma 5.3(i),

o () O (s (72D G2 )4 (E8) (s (B)) s (9)) a1 (2)) s (w) (s (6))

(
=2, (E(Elw))H(wl(5))M($1(Z))M(ZFS(W))#(M((S))
( p(xs(w))p(zs(6))

= 22 (0(Bw)zr(w))

for all w, z € W*. Hence we have shown that (Qa3) holds.
The proof of (Q24) follows in a completely similar way by calculating the ex-

pression
x3(w)[H(I4(6))#(I4(C))}“(mz(u))“(m(e))

with w € W and v, ¢ € V* in two different ways.
We will now show (Qgs). Let c € V, v € V* and w € W* be arbitrary. This
time, we will calculate the expression

xz(c)[#(m(t?))u(wl(w))]"(”(’“))
in two different ways. By Theorem 4.2(ii),
xl(w)“(“(”)) = z3(w(—v))
for all v € V* and all w € W, and hence, by Lemma 5.3(iii),
(111 (8)) (e (w)) 4D = pu (60)) (s (wo))
It follows that
$2(C)[u(:rl(5))u(w1(w))]“’(”(_"” = xy(c)P(F3 () n(zs(wr)

29(C - K((gv))u(ws(wv))

xo(—C - K(0V) - wv) .

On the other hand, we have shown in Theorem 4.2(iii) that

:CQ(U)u(u(v)) = xo(my (1))
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for all w € V and all v € V*, and hence, by Lemma 5.3(i),
x2(C)[#(11(5))#(I1(w))]/‘($4(*”)> _ xz(C)#(z4(v)),u(z1(5))#(11(74;))#(14(_@))

= o(my (c)) (@ ODH @ (W) u(za(=v))

= xg(—m(c)w)‘““(—“))

= Zo(—7_y(mp(c)w)) .

Since 7_,(u) = 7, (u) for all w € V and all v € V*| it follows by comparing these
two expressions that
¢ k(6v) - wo = Ty (my(c)w) .

If we substitute ¢ - v for ¢ in the last identity and apply m, on both sides, then we
get, by Lemma 3.23(i), that

To(c - 6v - k(6) - wv) = T, (c- dv)w .

Since dv € Rad(H) by (Qg) and Lemma 3.19, it follows by Lemma 3.13(ii) and
Lemma 3.2(i) that

¢ ov- K(0v) = —c- (Bov) - k(dv) = ¢,
which completes the proof of (Qas).
The proof of (Qgs) follows in a completely similar way by calculating the ex-
pression
w3 (w)PEa(@)u(@s(—o) D
with w € W, z € W* and v € V* in two different ways.
This concludes the proof of all of the identities (Q1) — (Qaz6)-



CHAPTER 6

Some Remarks

We start by pointing out that we have really shown that the identities (Qa3) —
(Qq6) follow from the axioms (Q1) — (Qso)-

THEOREM 6.1. Let Q := (V,W, Ty, Tw,¢€,0) be a quadrangular system. Then
the identities (Qa3) — (Qa¢) hold, for all v,c € V and all w,z € W.

PROOF. Let Q := (V,W, 1y, 7w, €, §) be a quadrangular system. Then it follows
from chapter 4 that we can construct a Moufang quadrangle I' starting from 2. In
chapter 5, it is shown that every Moufang quadrangle can be constructed from
a quadrangular system for which additionally the identities (Q23) — (Qz6) hold.
In particular, I' can be constructed from a quadrangular system, which can be
chosen to coincide with the quadrangular system €2 that we started with, since the
choice of the parametrization of the groups U; and U, and of the elements € and
0 was arbitrary. (Note that the parametrization of the groups Us and Us and the
definition of the maps F' and H then automatically coincide by construction.) This
shows that 2 is a quadrangular system for which additionally the identities (Qa3)
— (Qg6) hold. Since Q was arbitrary, these identities hold for every quadrangular
system. ([l

REMARK 6.2.  One might wonder why we pay so much attention to these last
four identities (Q23), (Q24), (Q25) and (Qzs). The reason is that these identities
turn out to be essential for the classification of the quadrangular systems, but still,
we are not aware of a direct proof for the fact that they follow from the other
axioms.

REMARK 6.3. Although every quadrangular system gives rise to a Moufang
quadrangle and every Moufang quadrangle can be constructed from a quadrangular
system, it is not true that there is a bijection between the set of classes of isomorphic
quadrangular systems and the set of classes of isomorphic Moufang quadrangles. In
particular, two non-isomorphic quadrangular systems can give rise to isomorphic
Moufang quadrangles. However, two isomorphic quadrangular systems will always
give rise to isomorphic Moufang quadrangles.

REMARK 6.4.  We could as well have defined a quadrangular system without
axiom (Qqp). The reason that we added this axiom has to do with the classification
of the so-called wide quadrangular systems which are the extension of a quadrangu-
lar system of quadratic form type. Without axiom (Q1¢), one would have to define
a translate of a quadrangular system of type Fj in order to describe all possible
quadrangular systems (up to isomorphism), which is not needed now because of
this extra axiom. (See section 8.5 for more details.)

On the other hand, if there are no quadrangles of type F} involved in a certain
application, then it can often be more convenient to drop this axiom (Q1g), since
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it gives more freedom in the choice of the base point € € V*. See also Remark 5.11
and Remark A.1.



CHAPTER 7

Examples

We will now present a list of six examples of quadrangular systems. These
examples correspond to the six different classes of Moufang quadrangles in [20]. The
goal of the next chapter is to prove that, up to isomorphism, this list is complete.

In each case, we will describe a parametrization for the groups V and W, that
is, we will describe V and W as groups which are isomorphic to certain other groups
V and W, respectively; we will denote the isomorphisms from V to V and from W
to W by square brackets: a € Vi [a] € V and be W s [b] € W.

7.1. Quadrangular Systems of Quadratic Form Type

Consider a non-trivial anisotropic quadratic space (K, Vp, q), that is, a commu-
tative field K (of arbitrary characteristic), a non-trivial vector space V; over K, and
a quadratic form ¢ from Vj to K such that ¢g(v) = 0 if and only if v = 0. Choose
an arbitrary element ¢ € Vg, and replace g by q(e)~'q. Then g(¢) = 1. Denote
the corresponding bilinear form of ¢ by f, i.e. f(u,v) := g(u 4+ v) — g(u) — q(v).
We define a map v — @ by setting ¥ := f(e,v)e — v for all v € V. (This map is
the negative of the reflection about the base point €.) Let V' be parametrized by
(Vo,+), and let W be parametrized by the additive group of K. We define a map
Ty from V x W to V and a map my from W x V to W as follows:

v ([v], [t]) := [o][t] := [to] ,
Tw ([t], [v]) = [t][v] == [tq(v)] ,

for all v € Vg and all t € K. Then (V,W, 7y, 7w, [€],[1]) is a quadrangular system.
One can check that

F([u]v [U]) = [f(uvv)] ’
H([s], [t]) = [0] ,
for all u,v € V and all s,t € K, and that

for all v € Vi and all t € K*. Note that [v] = eF (e, [v]) — [v] = [€][f(e,v)] — [v] = [7]
for all v e V.

These are the quadrangular systems of quadratic form type. They will be de-
noted by Qg (K, Vo, q).

7.2. Quadrangular Systems of Involutory Type

Following [20], we define an involutory set as a triple (K, Ko, 0), where K is a
field or a skew-field, o is an involution of K, and K is an additive subgroup of K
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containing 1 such that

K, C Ky C Fixg(o) and
a’Koa C Ky forallac K,
where K, := {a+a’ | a € K}. Note that if char(K) # 2, then K, = Fixk (o), and
hence Ky = K, as well, so the second condition is superfluous in this case.
Let V be parametrized by the additive group of K, and let W be parametrized

by Ky. We define a map 7y from V x W to V and a map 7 from W x V to W
as follows:

v (lal, [t]
mw ([t], [a]

):
for all @ € K and all t € K. Then (V, W, 1y, 7w, [1],[1]) is a quadrangular system.
One can check that

= la][t] := [ta] ,
= [t]la] == [a"ta] ,

F(la], [b]) = [a”b + b7a] ,

foralla € K* and all t € K. Note that [a] = ¢F (e, [a])—[a] = [1][a+a°]—[a] = [a“]
forall a € K.

These are the quadrangular systems of involutory type. They will be denoted
by Q[(K, Ko,O').

7.3. Quadrangular Systems of Indifferent Type

Again following [20], we define an indifferent set as a triple (K, Ko, Lo), where
K is a commutative field of characteristic 2, and Ky and Lg are additive subgroups
of K both containing 1, such that

K§Lo C Lo ,
LoKoy € Ky,
K generates K as a ring.

Let V' be parametrized by Ly, and let W be parametrized by K. We define a
map 7y from V x W to V and a map 7w from W x V to W as follows:

7v(lal, [t]) := [a][t] := [t*a] ,
mw ([t] [a]) == [t][a] := [ta] ,

for all a € Ly and all t € Ky. Then (V, W, v, 7w, [1], [1]) is a quadrangular system.
One can check that

=z
i
==
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for all a,b € Lo and all s,t € Ky, and that

for all @ € K* and all t € Kj. Note that [a] = [a] for all « € K.
These are the quadrangular systems of indifferent type. They will be denoted
by QD(K, Ko,L0>.

7.4. Quadrangular Systems of Pseudo-quadratic Form Type

Let K be an arbitrary field or skew-field, let o be an involution of K (which
may be trivial), and let V be a right vector space over K. A map h from V x V
to K is called a sesquilinear form (with respect to o) if and only if h is additive
in both variables, and h(at,bs) = t?h(a,b)s, for all a,b € Vp and all t,s € K.
A form h : Vo x Vy — K is called hermitian, respectively skew-hermitian, (with
respect to o) if and only if h is sesquilinear with respect to o and h(a, b)? = h(b, a),
respectively h(a,b)? = —h(b,a), for all a,b € Vj.

Let (K, Ky, o) be an involutory set, let Vj be a right vector space over K and
let p be a map from V; to K. Then p is an anisotropic pseudo-quadratic form on V
(with respect to Ky and o) if there is a form h on V) which is skew-hermitian with
respect to o such that

pla+b) = p(a) + p(b) + h(a,b) (mod Kj) ,
p(at) = t7p(a)t (mod Ky) ,
pla) € Ky <= a=0,

for all a,b € Vyand all t € K.

As in [20], we define an anisotropic pseudo-quadratic space as a quintuple
(K, Ky, 0, Vg, p) such that (K, Ky, o) is an involutory set, Vj is a right vector space
over K and p is an anisotropic pseudo-quadratic form on V| with respect to Ky and
0.

Let (K, Ko, 0,Vp,p) be an arbitrary anisotropic pseudo-quadratic space with
corresponding skew-hermitian form h. We define a group (T, H) as

T:={(a,t) e Vo x K | pla) —t € Ky},
where the group action is given by
(a,t) B (b,8) := (a+ bt + s+ h(b,a)) ,

for all (a,t), (b, s) € T. One can check that T is indeed a group with neutral element
(0,0), and with the inverse given by B(a,t) = (—a, —t + h(a,a)), for all (a,t) € T.

Let V be parametrized by the additive group of K, and let W be parametrized
by T. We define a map 7y from V' x W to V and a map 7y from W x V to W as
follows:

v ([v];[a,t]) = [v][a, 1] == [to]
w(la, 1], [v]) := [a, U] [v] := [av, v7t0]
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for all v € K and all (a,t) € T. Then (V,W, v, 7w, [1],[0,1]) is a quadrangular
system. One can check that

F([u], [v]) = [0,u"v 4+ v7u]

H{([a, ], [b, s]) = [I(a,b)] ,
for all w,v € K and all (a,t),(b,s) € T, and that
]t =71,

k(la,t]) = [at™,t77],

for all v € K* and all (a,t) € T*. Note that
[o] = [WF([L), [o]) = [v] = [1][0,0 +v7] = [v] = [v”]

forall v € K.
These are the quadrangular systems of pseudo-quadratic form type. They will
be denoted by Qp (K, Ko, o, Vo, D).

7.5. Quadrangular Systems of Type Eg, E7 and Ejg

We first recall the notion of a norm splitting, which has been introduced in [20,
(12.9)]. Let K be an arbitrary commutative field, let V; be a 2d-dimensional vector
space over K, and let ¢ be a regular quadratic form from V to K. First of all,
observe that, if E/K is a separable quadratic extension with norm N, then N is
a 2-dimensional anisotropic regular quadratic form from E (as a vector space over
K) to K. We say that (E,{v1,...,v4}) is a norm splitting of ¢ if and only if V;
is a vector space over F, where the scalar multiplication from E x Vj to V4 is an
extension of the scalar multiplication from K x Vg to Vp, such that {vy,...,v4} is
a basis of V over E for which

q(tivy + -+ +tqva) = s1N(t1) + - + saN(ta) ,
for all t1,...,tq € E. Observe that s; = q(v;), for all ¢ € {1,...,d}. The constants
81, 89,...,8q are called the constants of the norm splitting. Note that these con-

stants are all non-zero, since g is regular. It follows that a regular quadratic form
which has a norm splitting is anisotropic.

REMARK 7.1. This definition is equivalent to the assumption that ¢ has an
orthogonal decomposition g ~ ¢ 1L g2 L --- L g4, where each g; is a 2-dimensional
regular quadratic form with the same non-trivial discriminant.

Now let (K, Vh, q) be an arbitrary anisotropic quadratic space with correspond-
ing bilinear map f. An automorphism T of Vj is called a norm splitting map of g
if and only if there exist constants a, f € K with o = 0 if char(K) # 2 and a # 0
if char(K) = 2, and with 8 # 0 in all characteristics, such that

q(T'(v)) = Bq(v) ,

f(v, T(’U)) = aq(v) ’

T(TW)+aT(v)+Pv=0,
for all v € Vp. For each norm splitting map 7', we can define a corresponding norm
splitting map 7', defined by the relation T'(v) := av — T'(v) for all v € V5. It is
straightforward to check that T is a norm splitting map with the same parameters
« and S as the original norm splitting map T'.
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DEFINITION 7.2. Let K be an arbitrary commutative field, let V) be a vector
space over K, and let ¢ be an anisotropic quadratic form from Vj to K. Then
e ¢ is a quadratic form of type Fg if and only if dimxgVy = 6 and ¢ has a
norm splitting ¢ ~ s1N L sosN 1 s3N.
e ¢ is a quadratic form of type Er if and only if dimxgVy = 8 and ¢ has a
norm splitting ¢ ~ s1N L soN L s3N L s4N such that sysos3s4 & N(E).
e ¢ is a quadratic form of type Eg if and only if dimgVy = 12 and ¢ has a
norm splitting ¢ ~ 1N L --- 1 sgN such that —s1s983548586 € N(FE).
An anisotropic quadratic space (K, Vp, q) is called of type Eg, E7 or Eg if and only
if ¢ is a quadratic form of type Eg, 7 or Eg, respectively.

THEOREM 7.3. Let (K, Vp,q) be a quadratic space of type Ej, with k € {6,7,8},
and suppose that € is an element of Vi such that q(€) = 1. Let T be a norm splitting
map of q, and let Xy be a vector space over K of dimension 2873, Then there exists
a unique map (a,v) — av from Xog x Vo to Xo and an element £ € X§ such that

at = afte) ,
(av)v = aq(v) ,
§T(v) = (ET(e))v ,
forallae Xy, t e K and v € Vj.
ProoF. This follows from [20, (12.56) and (13.11)]. O

From now on, we let T' be a fixed arbitrary norm splitting map of ¢, and we
let X be a fixed vector space over K of dimension 2¥73. We apply Theorem 7.3
with these choices of T and Xy. Note that £ is not uniquely determined; see [20,
(13.12)].

REMARK 7.4. The first two conditions of Theorem 7.3 say that X is a C(q, €)-
module, where C(q, €) is the Clifford algebra of ¢ with base point e.

THEOREM 7.5. We can choose the norm splitting (E,{v1,...,v4}) in such a
way that v1 = € (and hence s1 = 1). Furthermore, if k = 8, then we can choose it
in such a way that Evsvszvavsve = & as well.

ProoF. This follows from [20, (27.20) and (27.13)]. O

So assume that the norm splitting satisfies the conditions of this Theorem.
Then we can now define a subspace My of X as follows.
If kK =6, then we set

My = {gt’l)g’l)g | t e E} 3
If £k =7, then we set
My := {€t1vavs + {tavivz + Etzvive + Stvivgus | T, ta,t3,t € B} 5
If £k = 8, then we set
My = { Z ftijvivj ‘ tij ek } .
1,j€{2,...,6}
1<j
THEOREM 7.6. Xy = &V & M.
PRrROOF. See [20, (13.14)]. O
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THEOREM 7.7. There is a unique map h from Xy x Xg to Vo which is bilinear

over K, such that
(i) k(& Ev) =T(v) —T(v), forallve Vy;
(ii) h(&§,a) =0, foralla e My;
(iii) h(a,b) = —h(b,a), for all a,be Xy ;
(iv) h(a,bv) = h(b,av) + f(h(a,b),e)v, for all a,b € Xy and allv € Vy.

PROOF. See [20, (13.15)]. O

We now define an element ¢ € V; as follows. Note that, if char(K) = 2, then
f(e,T(e)) = a # 0 by the definition of T'.

¢ = €/2 if char(K) # 2
"\ T(e)/f(e, T(e)) if char(K)=2 "
Next, let g be the bilinear form from Xy x X to K given by
g(a,b) := f(h(b,a),C)
for all a,b € Xj. Set
o 0 if char(K) # 2
) f(, Qe+ f(v,€)¢+ v if char(K) =2
for all v € V4.

THEOREM 7.8. There is a unique map 6 from Xg X Vi to Vi satisfying the
following conditions, for all a,b € Xy and all u,v € Vj:
(i) 6(&,v) =T(v);
(i) O(a+b,v) = B(a,v) + 0(b,v) + h(b,av) — gla, b)v
(iii) f(av,w) = O(a,w)q(v) — 8(a,v) f(w,v) + f(0(a,v), @)+ f(O(a,v*),v)w.

PROOF. See [20, (13.30), (13.31) and (13.37)]. O

Let ¢ be the map from Xy x V to K defined as
o(a,v) = f(8(a,v*),v) ,

for all a € Xo and all v € V.

Finally, we define a group (S,H) as S := Xy x K where the group action is
given by

(a,t) B (b,s) :=(a+b,t+s+g(a,b)),

for all (a,t), (b, s) € S. One can check that S is indeed a group with neutral element
(0,0), and with the inverse given by H(a,t) = (—a, —t + g(a, a)), for all (a,t) € S.

Let V be parametrized by (Vp, +), and let W be parametrized by S. We define
amap 7y from V x W to V and a map my from W x V to W as follows:

v ([v], [a,1]) := [v][a, 1] := [0(a,v) + tv] ,
w([a,t], [v]) == [a, t][v] := [av, tq(v) + ¢(a,v)] ,
for all v € V and all (a,t) € S. Then (V,W, 7y, mw,[€],[0,1]) is a quadrangular
system. One can check that
F(ul, o) = 0, f,0)] |
H([a, ], [b, ) = [h(a,D)] .
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for all w,v € V and all (a,t), (b, s) € S, and that
[~ = [a(v) '],

ab(a,€) + ta t
) =
D= 400, + 19 a0 1]
for all v € K* and all (a,t) € S*.

REMARK 7.9. It is not obvious at all to verify that this is a quadrangular sys-
tem. Quite a lot of identities involving these functions h, g, # and ¢ are needed. We
will omit these calculations, since our main interest here is to give a classification,
and not to prove existence. However, see [20, Chapter 13 and (32.2)] for more
details about these identities.

These are the quadrangular systems of type Fg, E7 and Eg. They will be
denoted by Qg (K, Vb, q).

7.6. Quadrangular Systems of Type I}

Consider an anisotropic space (K, Vp, ¢) with char(K) = 2 and with non-trivial
radical R := Rad(f) = Def(q) = {v € Vo | f(v,Vh) = 0} # 0. Suppose that there
is an element ¢ € R such that g(e) = 1. Then this quadratic space is said to be
of type Fy if and only if L := ¢(R) is a subfield of K, and there is a complement
S of R in Vj such that the restriction of ¢ to the subspace S has a norm splitting
(E, {v1,v2}) with constants s1,s2 € K* such that s;s9 € L*.

From now on, we will assume that (K, Vp,q) is of type Fy. Since t* = g(te) €
q(R) = L for all t € K, we have that K2 C L C K. Denote the restriction of g to
S by ¢1. Denote the norm of the extension E/K by N, and denote the non-trivial
element of Gal(E/K) by u — u (not to be confused with the map v — ¥ in the
definition of a quadrangular system). Set By := E@® E. Then By is a 4-dimensional
vector space over K which can be identified with S by the relation

(u,v) € By «— uvy+vvgy €S .

In particular, we will write g1 (u,v) = $1N(u) + s2N(v) for all (u,v) € By.

Next, we define a commutative field D := E?L = {u®s | u € E,s € L}. Then
E? C D C E, D/L is a separable quadratic extension, and D N K = L. The
non-trivial element of Gal(D/L) is precisely the restriction of the map u — @ to
D; hence we will also denote it by x — Z. Also, the norm of D is precisely the
restriction of N to D, and so we will denote it by N as well. Now set Ay := D& D;
then Ag is a 4-dimensional vector space over L. Observe that both s sy and s7 %s,
are elements of L. We now define a quadratic form ¢ on Ay given by

D(2,9) = 57 52N(@) + 57 252N (1)
for all (x,y) € Ag. If we set a := 57 sy € L and B :=s; " € K, then we have
q1(u,v) = 71 - (N(u) + aN(v)) for all (u,v) € By .
¢@(z,y) =a- (N(z)+ B2N(y)) for all (z,y) € Ay .

We will denote the bilinear forms corresponding to g; and g2 by f; and fs, respec-
tively.

THEOREM 7.10. For all (u,v) € By and all (x,y) € Ay we have:
(1) Q1(uvv) €L (uvv) = (an) ;
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(ll) QQ(z7y) € K2 — (myy) = (050) 5

(iii) a € L\ K2 ;

(iv) BE K\ L.

PROOF. See [20, (14.8)]. O

Note that it follows from (iii) and (iv) of this Theorem that K? C L C K. In
particular, K is not perfect.

Since L C K, we can consider K as a (left) vector space over L by the trivial
scalar multiplication s -t := st for all s € L and all t € K. Since K? C L and
char(K) = 2, we can also consider L as a (left) vector space over K by the scalar
multiplication ¢ * s := t2s for all t € K and all s € L. One can check that in this
sense, ¢ is a vector space isomorphism from R to L = g(R).

From now on, we will identify R with L via ¢, and we still identify S with
By = E® E. Combining those two identifications, we have actually identified Vj
with By @ L. Then € = (0, 1), and we have ¢(b, s) = q1(b) + s, for all (b, s) € Vp.

Now set Wy := Ag ® K. Then W, is a vector space over L, and we can define
a quadratic form ¢ from Wy to f given by G(a,t) = ga2(a) +t* for all (a,t) € Wy. It
follows from Theorem 7.10(ii) that § is anisotropic as well. One can actually check
that (L, Wy, §) is again a quadratic form of type Fj.

Finally, we define a map © from Ay @ By to By, a map Y from Ay @ By to Ay,
a map v from Ay @ By to K, and a map ¢ from Ag @ By to L as follows.

O((z,y), (u,v)) := (o - (Fv + Byv), zu + fyu) ,

T((x,y), (u,v)) == (ya* + agv?, B2 - (zu? + azv?)) ,
v((z,y), (u,v)) = a- (B (zuv + Zuw) + yav + yuv) ,
U((@,y), (u,0)) = o (zgu? + Tya® + a - (zyo” + Tjv?))

for all (z,y) € Ao =D & D and all (u,v) € B=E®E.
Let V' be parametrized by (Vy,+), and let W be parametrized by (Wg,+). We
define a map 7 from V x W to V and a map 7y from W x V to W as follows:

Tv([b, 8], [a,t]) := [b, s][a, ] ;== [O(a,b) + tb, j(a,t)s + (a,bd)] ,
w ([a, ], [b, s]) := [a, t][b, s] := [T (a,b) + sa, q(b, s)t + v(a,b)],

for all (b,s) € Vp and all (a,t) € Wy. Then (V, W, v, 7w, [0, 1], [0, 1]) is a quadran-
gular system. One can check that

F([b> S]v [blvsll) = [0’ fl(b7 bl)] )
H([aat]a [CL/ t/]) = [Oa f2(a7a/)] )
for all (b, s), (V/,s") € Vy and all (a,t),

[b,s] ™ =1la

) (
r([a1]) = [4(
for all (b,s) € Vi and all (a,t) € Wy.

(a/,t") € Wy, and that
b,s)" b, q(b,s)"?s] ,
a,t)f a?Q(avt)7 t} )

REMARK 7.11. It would be a very tedious job to check that this is indeed a
quadrangular system by only using the definitions of the different functions involved.
However, it is not very hard to prove the following list of twelve identities, after
which the verification of the axioms for the quadrangular systems is straightforward.
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THEOREM 7.12. For all a,a’ € Ag and all b,V € By, we have that
(i) v(a,b+ V) =v(a,b) +v(a,b) + f1(O(a,b),V);

(i) ¥(a+d’,b) = ¥(a,b) +1p(a’,b) + f2(Y(a,b),a’)
(iii) T(Y(a,b),b) = q:(b)?a;

(iv) ©(a,O(a,b)) = g2(a)b;

(V) G(T(aa b)> b) + bl/(a, b) =q (b)®(av b) ’
(vi) Y(a,O(a,b)) +ay(a,b) = g2(a)Y(a,b) ;
(vii) v(Y(a,b),b) = q1(b)v(a,d);

(Viii) w(av @(a7 b)) =42 (a)'(/}(av b) ;

(iX) ¢(T(a7 b)v b) =q1 (b)2¢(a’ b) 5

(X) V(”‘v @(av b) = QQ(a)V(av b) 5
(xi) q1(0(a,b)) = q1(b)g2(a) +¥(a,b) ;

(xii) g2(Y(a,b)) = q1(b)?

These are the quadrangular systems of type Fy. They will be denoted by
QF(K7 %a Q)

REMARK 7.13. Although it can be very useful to have these explicit formulas
to calculate with, this description is not very clarifying. The description in terms
of the quadrangular systems ought to give more insight in the structure of these
Fj-quadrangles. See section A.3.






CHAPTER 8

The Classification

We will now start the classification of the quadrangular systems. We start with
some definitions.

DEFINITION 8.1. A quadrangular system Q = (V, W, 1y, 7w, ¢€,0) is called in-
different if F =0 and H = 0, reduced if F # 0 and H = 0 and wide if F' # 0 and
H#0.

REMARK 8.2. We will prove that if Q@ = (V,W, 7y, Tw,¢€,0) is a quadrangu-

lar system with ' = 0 and H # 0, then Q* := (W, V, 7w, 7v,d,¢€) is a reduced
quadrangular system; see Theorem 8.13.

REMARK 8.3. Let Q = (V, W, 1y, 7w, ¢, 6) be a quadrangular system. If X C V
and Y C W, then the restriction of 7, to X x Y and the restriction of 7y to Y x X
will also be denoted by 7 and Ty, respectively.

DEFINITION 8.4. Let Q = (V,W, 7y, 7w ,€,d) be a wide quadrangular system.
Set Y := Rad(H). We will show below that I' := (V. Y, 7y, 7w,€,0) is a reduced
quadrangular system; see Theorem 8.14. We then say that € is an extension of T'.

DEFINITION 8.5. Let Q = (V,W, 7y, Tw,¢€,d) be a reduced quadrangular sys-
tem. Then € is said to be normal if and only if for all wy,ws,...,w; € W, there
exists a w € W such that ewqyws ... w; = ew.

Let Q = (V,W, 7y, Tw,¢€,d) be an arbitrary quadrangular system. The classifi-
cation will be divided up into the following five theorems.

THEOREM 8.6. If Q is reduced but not normal, then Q = Q;(K, Ky, o) for some
involutory set (K, Ky, o) such that o # 1 and K is generated by Ko as a ring.

THEOREM 8.7. If Q is normal, then Q = Qg (K, Vo, q) for some anisotropic
quadratic space (K, Vy,q).

THEOREM 8.8. If ) is indifferent, then Q = Qp (K, Ko, Lo) for some indifferent
set (K, Ko, L())

THEOREM 8.9. If Q is an extension of the reduced quadrangular system I' =
Q1 (K, Ko, o) for some involutory set (K, Ko, o) such that o # 1 and K is generated
by Ko as a ring, then Q = Qp(K, Ko, o, Vo, p) for some anisotropic pseudo-quadratic
space (K, K07 g, ‘/07P)

THEOREM 8.10. If Q is an extension of the reduced quadrangular system I' =
Qo (K, Vo, q) for some anisotropic quadratic space (K, Vo, q), then one of the fol-
lowing holds:

o There exists

47
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(a) a multiplication on Vi making the vector space Vi into an algebra over
K such that either Vg is a field and Vo /K is a separable quadratic
extension with norm q or Vy is a quaternion division algebra over K
with norm q
(b) an involution o of Vy (which is the unique non-trivial element of
Gal(Vp/K) if dimg Vo = 2 and which is the standard involution of
Vo if dimge Vo = 4),
(¢) a non-trivial right vector space X over Vy,
(d) a pseudo-quadratic form m on X ,
such that (Vo, K,0,X, ) is an anisotropic pseudo-quadratic space, T =
Qr(Vo,K,0) and Q=2 Qp(Vo, K, 0, X, 7).
o (K,Vh,q) is a quadratic space of type Eg, E7 or Eg, and Q = Qg (K, Vg, q).
o (K,Vb,q) is a quadratic space of type Fy, and Q = Qp(K,Vy,q).

We will now prove the two theorems which we mentioned in the above remarks.
But first, we make an easy but useful observation.

LEMMA 8.11. IfRad(F) # 0, then W is abelian, and all elements of V. and W
have order 1 or 2. Furthermore, m.(v) = v for all v € Rad(F)* and allv € V, and
T=w forallveV.

PROOF. Let r be an arbitrary non-zero element of Rad(F). If we substitute r
for v in (Qg), then we get that [wq,wor]m = 0 for all wy,ws € W. Substituting
war ™t for wy shows, by (Qu5), that W is abelian.

If we substitute = for v in 3.13(i), then we get that w(—r) = F(rw,r) Bwr =
Buwr for all w € W. By (Qs5), this implies that w(—e)r = Bwr, hence w(—e¢) = Bw
for all w € W. It thus follows from (Qg) that v(Bw) = vw for all v € V and all
w € W. In particular, v(B6) = v. On the other hand, it follows from 3.13(ii) that
v(B9) = H(J,év) —vd = —v, for all v € V. Hence v = —v for all v € V, so every
element of V' has order 1 or 2.

In particular, e = —e, hence w = w(—e) = Bw for all w € W, that is, every
element of W has order 1 or 2.

Finally, 7.(v) = v+ r~1F(r,v) = v for all » € Rad(F)* and all v € V. Since it
follows from (Quo) that e € Rad(F'), we have in particular that 7 = m.(v) = v for
allv e V. (]

REMARK 8.12. Apart from the last statement, we have avoided to use (Q1o)-
We thereby want to stress the fact that this axiom is not essential, and is really only
needed to simplify the list of the wide quadrangular systems which have Rad(F') #
0. See Remark 6.4.

THEOREM 8.13. Let Q = (V,W, 1y, Tw,€,0) be a quadrangular system with
F =0and H # 0. Then Q" := (W,V,7w,7v,d,€) is a reduced quadrangular
system.

PROOF. Since F' = 0, it follows from Lemma 8.11 that W is abelian and that
all elements of V' and W have order 1 or 2. In particular, we will write 4+ in place
of B and B. We define w := §H (4, w) + w, for all w € W. Then it follows from
(Qg) that w = w, for all w € W. We also set w™! := x(w) for all w € W* and
k(v):=v~ ! forallv e V*. Let F* = H and H* = F = 0.

We will denote the axioms that we have to prove for Q* by (Q;)*.
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Since all elements of V' and W have order 1 or 2, the axioms (Q5)* and (Qg)*
are trivial. Note that 7 = v for all v € V and w = w for all w € W. We
now prove the remaining axioms. We observe that (Q1)* = (Qz2), (Q2)* = (Qu1),
(Qs)” = (Q4), (Qa)" = (Qs3), (Qu3)" = (Qua), (Qua)” = (Qu3), (Qu7)* = (Q20)
and (Q20)* = (Q17). It follows from F = 0 that Rad(F) = V and hence Im(H) C
Rad(F') 3 ¢; this shows (Q7)* and (Qg)*. Now (Qg)* follows from the fact that
V is abelian and that F' = 0; (Qq0)* follows from (Qg). By (Qa2), H(wi,ws2) =
H(wg,wq) for all wy,wy € W. Since W is abelian, it follows from (Qi2) that
v(wy +ws) = v(we +wi) = vwy + vwy + H(wy, wav) = vwy +vws + H(wqv, wq) for
allv € V and all wy, ws € W. This proves (Q11)*. Vice versa, it follows from (Q11)
that w(vy 4+ v2) = wvy +wwve for all w € W and all vy, v € V', which proves (Q12)*.
By (Qu3), we have that (Qs) is equivalent to wv=tv = w. It follows that (Qq5)*
= (Qis) and (Q18)* = (Q15). Again by (Q13), we have that (Q1g) is equivalent to
v(wv™!) = v lw. Hence (Q16)* = (Qu9) and (Q19)* = (Qu¢). It follows that Q*
is a quadrangular system, which is reduced since H* = 0 and F™* # 0. [

THEOREM 8.14. Let Q = (V,W, 7y, Tw,¢€,0) be a wide quadrangular system.
Set Y :=Rad(H). ThenT := (VY, v, Tw,€,0) is a reduced quadrangular system;
see Remark 8.3.

PROOF. First of all, we observe that Y is a subgroup of W: if wi,ws € Y, then
H(wy Bws,w) = H(wy,w) + H(ws,w) =0 for all w € W, so wy Bwy €Y as well.
It only remains to show that 7w (Y x V) C Y, F(V,V) CY and x(Y*) C Y. So
let w be an arbitrary element of Y, and let v be an arbitrary element of V. Then
[w, wa]m = 0 for all wy € W by (Qg), and therefore v(w B wy) = v(wy Bw). Tt
follows from (Qi2) that H(wg,wv) = H(w,wev) = 0 for all wy € W. By (Qa2),
this implies that H(wv,wy) = 0 for all wy € W, hence wv € Y. So we have proved
that (Y x V) =Y -V C Y.

It follows from (Q7) that F(V,V) C Y. Now let w be an arbitrary element
of Y*. Substituting —e for v in 3.2(ii) yields x(w)(—e(Bw)) = w, hence k(w) =
w(—e(Bw))"t € Y-V CY. So I is a quadrangular system, which is reduced since
H restricted to Y x Y is identically zero. (I

8.1. Quadrangular Systems of Involutory Type

Our goal in this section is to classify the quadrangular systems which are re-
duced but not normal.

Let Q = (V,W,7v,7w,€,d) be a quadrangular system. For the moment, we
only assume that H = 0, so § is reduced or indifferent.

Since H = 0, it follows from (Qg) that W is abelian. We will write + and —
in place of B and B, respectively. It follows from 3.13(ii) that v(—w) = —vw for
all v € V and all w € W. If we replace wy by —ws in (Q12), we get v(w; — we) =
vw —vws, for allv € V and all wy, ws € W. In particular, it follows from ew; = ewq
that wy = we, by 3.3(ii).

By (Qis), we have ex(w)w = € for all w € W. If we replace w by —w, we
get that e(—k(—w))w = € for all w € W. Hence ex(w)w = e(—k(—w))w, so
ex(w) = e(—r(—w)) by 3.5(ii) and hence k(w) = —k(—w) for all w € W by the
previous paragraph. Moreover, by (Qg) and the result of the previous paragraph, we
have that w(—e) = w for all w € W. It now follows from (Q14) that x(x(w)) = w,
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for all w € W. Hence we will write w=! in place of k(w), for all w € W. Note that
it follows from 3.2(i) that vww ™! = v, for all v € V and all w € W*.

For all wy,ws,...,w, € W*, let m = wiewse---ew, be the automorphism of V'
which maps v to vwyws . .. w, for all v € V; see Theorem 3.6(i). Let M be the set of
all such automorphisms. Then (M, o) is a group with neutral element 6. We denote
the action of an element m € M by right juxtaposition, i.e. vm = vwiws ... w,. Let
K be the set of homomorphisms from V' to itself (additively) generated by a finite
number of elements of M. We write k = mq + - - - + my, where mq,...,my € M.
Again, we denote the action of an element k& € K by right juxtaposition, so we have
vk = vmq+- - -+vmy. Then K with this 4+ as addition and with e as multiplication is
a ring with multiplicative identity §. Note that, by (Q12), v(w; +wa) = vw; +vws,
hence the notation w; + ws is unambiguous. Let o be the automorphism of M
which maps m = w; e---ew, tom? :=w, e---ew;. We extend ¢ to K by setting
k7 i=m{+---+mf forallk=m;+---+my € K. Let F:= K.

LEMMA 8.15. Forallv eV, w e W andm € M, we have that w-em-v = w-vm.

PROOF. Let m = wy ®---ew, be an arbitrary element of M, so wy,...,w, are
elements of W*. We will show the lemma by induction on n.

Note that IIg, = idw since H = 0; hence by (Qag), the lemma holds for n = 1.
Assume that w-ew; ... wp—1-v=w- -vwy...w,_1 for allw e W and all v € V.
Then, by repeated use of (Qas),

W EW] .. . Wy V=W (EW] ... Wp_1 " Wp) v
=w- (ewy,) €Wy ... Wp_1 -V
=w- (ewy) VW ... WH_1
=w- (Vwy ... Wp_1 - Wy)
=W VW ... Wy,

for all w € W and all v € V, and we are done. [l

LEMMA 8.16. For allv € V and all w,z € W, we have that vwz = Vzw.

PROOF. Let v € V and w,z € W. We may assume that w # 0. Note that
Il,(z) = z since H = 0. Since v(—w) = —vw, it follows from (Qo3) that vz =
1

vwzw=1. Since (w™1)~! = w and by 3.12, it follows from this that vzw = vwz. O

LEMMA 8.17. For allv €V, allw € W and all m € M, we have that Twm =
vmw and Dmw = Dwm.

PROOF. Let m = wy ®---ew, be an arbitrary element of M, so wy,...,w, are
elements of W*. We will prove by induction on n that vwws ... w, = vw; ... w,w.
For n = 1, this was shown in Lemma 8.16. Assume that we have proved the current
lemma for n — 1. Then

TWWY ... Wy = VWW] ... WH_1 * Wy
=W1...WpH_1WWp
= W1 ... WRW ,

again by Lemma 8.16 with vw; ... w,_1 in place of v. This proves the first identity;
the second then follows from the first by substituting T for v. O
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LEMMA 8.18. For all v € V and all k1, ks € m, we have that Tkike = vkaki.

PROOF. Since both sides are additive in k1 and ko, it suffices to show this for
ki =m1 € M and ks = mg € M. Let mo = 21 @ --- @ 2, for some z1,...,2, € W*.
By repeated use of Lemma 8.17, we have that

vmime = UM12] ... 2,

= VZ1M122...2n

=021 .. Znmy
= vmamy ,
which proves the lemma. [
THEOREM 8.19. €k = €k, for all k € K.

Proor. It is sufficient to prove this for k € M. Let kK = w; @ --- e w, be an
arbitrary element of M, so wy,...,w, € W*. We will prove by induction on n that
€W ... Wy = €Wy ... WY.

First assume that n = 1. Since v(—w) = —vw for all v € V and all w € W, it
follows from 3.21 that €wy = —me(ew1) = —e(—wy) = ew.

Now assume that we have proved that ewy...w,_1 = ew,_1...w;, for all
Wi, ..., Wy_1 € W*. Then it follows from 3.12 and Lemma 8.17 that

EWp ... Wy = EWL ... WH_1Wn
= €Wnp—1 ... W1Wy,
= ﬁwn_l LW
= EWpWp_1 ... W1 ,
since €w,, = €Ww,, = €Wy, O

THEOREM 8.20. A := (E, W, 7y, Tw,¢€,0) is a quadrangular system; see Remark
8.3.

PROOF. First of all, we observe that E = ¢K is a subgroup of V, since ek + €ko
= e(ky + ko) for all ky,ky € K. Tt only remains to show that 7v(E x W) C E,
H(W,W) C E and (E*)~! C E. Since K ¢ W = K, we have that 7 (E x W) =
eK-W =¢e¢(KeW) =€¢K =FE. Since H=0, it is obvious that H(W, W) C E.
Finally, if we substitute ¢ for w in (Qu) and apply the fact that vww™! = v,
we get that v=1 = v(dv)~! for all v € V*. In particular, we get that (ek)~! =
€k(0-ek)™t =e(k” @ (5 -€k)™1) € €K for all k € K*, where we have used Theorem

8.19. Thus A := (E, W, 1y, Tw,¢€,0) is a quadrangular system. O

LEMMA 8.21. If vk = 0 for some v € V and some k € K, then vkek = 0 for
all ko € K.

PrOOF. We may assume that v # 0. We will first show the lemma for ko = w €
W. Since v(—w) = —vw, it follows from 3.20 that vw = Tm where m = dv—lewv €
M. By Lemma 8.18, it follows from vk = 0 that vwk = vmk = vkm = 0, which
proves the lemma in this case.

Now let ko = m = wy @ --- @ w, be an arbitrary element of M, then it follows
by induction on n that vmk = 0.
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Finally, let ks = m1 + --- + my be an arbitrary element of K, then it follows
from the previous paragraph that vkek = vm ik + - - - +vmyk = 0, which completes
the proof of this lemma. O

LEMMA 8.22. For all v1,v2 € V and all k € K, we have that F(vik,vy) =
F(vl,vgk").

PROOF. Since both V and W are abelian, it follows from (Qa21) and (Qi1)
that F(viw,vs) = F(v1,vow) for all v1,v3 € V and all w € W. For m € M, say
m = wp e--- ewy, it follows by induction on n that F(vim,vs) = F(v1,vam?).
Since F' is additive in both variables, it now follows that F(vik,vs) = F(v1, v2k?)
forany k=mq +---+my € K. O

Our first goal is to prove that A is a quadrangular system of involutory type.
Assume from now on that V' = E, that is, that Q = A.

LEMMA 8.23. (i) Let ke K. If ek =0, then k = 0.
(ll) Let k‘1, ko € K. ]f ek, = 6]{12, then k1 = ko.

ProOF. Let k € K be such that ek = 0. By Lemma 8.21, it follows that
ekok = 0 for all ko € K, and hence Vk = Ek = eKk = 0, which implies that £k =0
(remember that the elements of K are endomorphisms of V). This proves (i); (ii)
now follows from (i) by substituting k1 — ko for k. O

DEFINITION 8.24. For each k € K*, we define k' as the (unique!) element in
K such that (ek)™! = ek'.

LEMMA 8.25. For allk € K* and allw € W, we have that kew = w(ek)e (k')7.
PRrROOF. By (Qi6), we have that
(ek)w = (k) =1 - w(ek)
=c k- w(ck)
= (K o w(ck))
= ¢ (w(ek) o (K)7)
where we have used Theorem 8.19. It follows by Lemma 8.23(ii) that k e w =
w(ek) o (k')°. O
LEMMA 8.26. For allk € K* and allw € W*, we have that (kew)' = w~'ek’.

PRrOOF. By Lemma 8.25 with k£ e w in place of k£ and w1 in place of w and by
(Q19), we have that

(kew)ew ) ew
wl (e(kow)) e (kew) ew
=w(ck)o (kow) ew,
which, together with Lemma 8.25, implies that
w(ek) o (k) ew™ =w(ek) o (kow)? .
If we apply o to both sides, we get that
w o k' e w(ek) = (ko w) e w(ek) ,

from which it follows that w~' e k' = (k e w)’ since w(ek) is invertible in K. O

kew
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LEMMA 8.27. For all wy,...,w, € W*, we have that
(wl.....wn)/:wgl.....wl_l .
PROOF. By Lemma 8.26 with k& = §, we have that w| = w;*. Again by Lemma
8.26, it now follows by induction on n that

lo(wy e ew, 1)

_ -1 -1 -1
=W, W,y ®-cceW

(wl.....wn),:w;

which is what we wanted to show. O

Since it follows from this lemma that m e m’ = m’ e m = §, we will from now
on write m~! in place of m’ for all m € M.

LEMMA 8.28. For allm € M and all w € W, we have that w(em) = mewem?.

PROOF. First of all, observe that it follows from Lemma 8.27 that (m~1) =
(m?)~1. By Lemma 8.25, we have that m e w = w(em) o (m~1)?. It follows that
mewem? = w(em). O

LEMMA 8.29. For all k1, ks € K, we have that F(eky,eks) = ki @ kS + ko @ kY.

PROOF. Since v+ = eF (¢, v) for all v € V, we have that eF (e, ek) = ek+ek =
ek + ek and hence F(e,ek) = k + k7, for all k € K. It now follows from Lemma
8.22 that

F(eky, eks) = F(e, ekaky)
= F(e,e(ko @ k7))
:kQOkY—f—k’l.kg s

which proves the lemma. O

THEOREM 8.30. For all k € K and allw € W, we have that w(ek) = keowe k.

PROOF. In Lemma 8.28, we have shown this theorem for all £ € M. Now
suppose that the theorem holds for ki, ke € K. We will show that it then holds for
k1 + ko as well, which will prove the theorem for all k € K.

It follows from (Q;1) and Lemma 8.29 that

w(e(ky + ko)) = w(eky + €ko)
= w(eky) + w(eke) + F(ekaw, €ky)
=kiowek] +kyowek] + (kyow)eki + ko (ksow)’
=kiowek] +koowek] +kyoewek] +k ewek]

= (k1 +k)owe (ki + ko),
which is what we had to show. O

THEOREM 8.31. K o is a field or a skew-field.

Proor. We already know that K , is a ring. Let k be an arbitrary element
of K*. We will show that k' ek =k ek’ = 4.
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By (Q15), Theorem 8.30 and Lemma 8.25, we have that
§ = 0(ek)(ek) ™t
= 0(ek)(ek")
=k o d(ek) e (k')
=k o(ked)
=Kok,
and if we substitute &’ for k, then we get that § = k e k' as well, since it follows
from the definition of k¥’ that k" = k.

Hence every non-zero element k € K* is invertible with inverse k=1 = k/. It
follows that K . is a field or a skew-field. O

For technical reasons which will be clear in a moment, we let K . := Kfj.,
that is, we set kiko := ko @ kq for all ki, ks € K.

THEOREM 8.32. (K,W, o) is an involutory set. Furthermore, K is generated
by W as a ring.

PrOOF. We have just shown that K is a field or a skew-field. It is obvious
from the definition that 02 = 1 and that (kik2)® = (ko @ k1)° = k{ e k3 = kSk{
for all ky,ke € K, so ¢ is an involution of K. W is an additive subgroup of K
containing . By Lemma 8.29, k+ k% = F(e,ek) € Im(F') C W for all k € K, hence
K, C W, and by the definition of ¢, all elements of W are fixed by ¢. Finally, it
follows from Theorem 8.30 that KWk =ke W ek C W(ek) C W for all k € K.
Thus (K, W, o) is an involutory set.

The fact that K is generated by W as a ring follows immediately from the
definition of the ring K. O

THEOREM 8.33. (E, W, 7y, Tw,¢€,0) = Q; (K, W, o).

PRrROOF. Let ¢ be the isomorphism from [K] to E which maps [k] to ek for all
k € K, and let ¢ be the isomorphism from [W] to W which maps [w] to w for all
w € W. Then ¢([§]) = €d = € and ¥([0]) = ¢. Furthermore,

P([K][w]) = o([wk]) = e(wk) = e(k @ w) = ek - w = G([k])¢([w]) , and
P([w]k]) = P(kTwk) = K7wk =k e w e k7 = w(ek) = P([w])o([k]) ,

for all w € W and all k € K. Hence (¢,%) is an isomorphism from Q;(K, W, o) to
(E,VV,TV,TW,E,5). O

)
(

The next lemma shows the “o # 1”7 part of Theorem 8.6.

LEmMA 8.34. If (K, Ky, 0) is an involutory set with o = 1, then Q;(K, Ky, o)
is mormal or indifferent.

PROOF. Since o is an involution, ab = (ab)? = b%a’ = ba for all a,b € K, hence
K is abelian. It follows that F([a], [b]) = [2ab] for all a,b € K. If char(K) = 2,
then F' = 0, hence Q(K, Ky, o) is indifferent. So we can assume that char(K) # 2.
But then K, = {2a|a € K} = K, and hence Ky = K. It follows that for all
elements tq,ts,...,t, € Kp, the product t1t5...1¢, lies in Ky as well, and hence
[1][t1][t2] - - - [tn] = [1][t1t2 . . . t,], which implies that Q; (K, Ko, o) is normal. O
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From now on, we drop our assumption that V' = E (but we still assume that
H =0). Our next goal is to show that if € is reduced but not normal, then V = FE
after all.

We start with a generalization of Lemma 8.18:

LEMMA 8.35. For allve V*, allc €V and all k1, ks € K, we have that
7o (T (€)1 ) ko = 7y (my (cka) k1) .
PROOF. If we substitute ¢(6v)~! for ¢ in (Qas), then we get that m,(c)w =
Ty (€(0v) = (wv)), and hence 7, (m,(c)w) = €(6v)~(wv) for all ¢,v € V and all
w € W. Tt thus follows by 3.23(i) and Lemma 8.18 that
7o (Ty (C)w1 )we = E(0v) ~Hwiv)ws
= twz(6v) "1 (wyv)
= 7, (my (cwa)wy) |

which shows the lemma for all kq, ko € W. In the same way as in Lemma 8.17 and
Lemma 8.18, we can use induction to deduce from this that the lemma holds for
all k1,ks € M. Since 7, is additive, it then follows that the lemma holds for all
ki,ko € K. a

LEMMA 8.36. For allv € V* and all k € K, we have that m,(vk) = —vk°.

PRrROOF. Since 7, is additive, it suffices to show that m,(vm) = —vm? for all
m=wie®---ew, €M, which we will do by induction on n.

It already follows from 3.21 that m,(vw;) = —vw;, which shows the state-
ment for n = 1. Now assume that m,(vwy ... wp—1) = —vwy_1...wp for all

Wi, ..., Wy_1 € W. Then it follows by Lemma 8.35 that
(VW1 ... wy) = =Ty (T (VWp—1 . .. w1 )W)
= — 1y (7 (V)Wp )W —1 - - . w1
= —VWpWp_1 ... W1 ,
since m, (7, (V)wy) = —7, (Vwy) = Vwy,. ]
LEMMA 8.37. For allv €V and all w € W, we have that vww = v - §(ew).

PROOF. We may assume that v # 0. Since H = 0, it follows from (Qag) that
d(ew)v = §(vw), and hence §(ew) = §(vw)v~1. By (Qq¢), it follows that

v-d(ew) = v+ (Sow)v™) =v=1-§(vw) .

If we substitute vw for v, v=" for ¢ and w™" for w in (Qas), then we get, by (Quo),
(Qi6) and 3.21, that

Tow (0L - S(vw))w™ = 7y (v=1 - w1 (vw))
= Tow (VT - wv)
= Ty (VW)
=—vw,
and hence 7y, (v-0(ew)) = —vww, from which it follows, by 3.23(i), that v-d(ew) =
— T (VWw) = vww by Lemma 8.36, which is what we had to show. O

LEMMA 8.38. For allv €V and all w,z € W, we have that vwzw = v - z(ew).
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PROOF. We may assume that v # 0. Since H = 0, it follows from (Qag) that
z(ew)v = z(vw). By (Qug), it follows that

v-z(ew) =v- (z(vw)v) = v 2(vw) .

If we substitute vw for v, v=! for ¢ and z for w in (Qas), then we get that
Tow (V™ d(vw))z = Ty (v™1 - 2(vw))
and hence
Tow (V- 0(€w))z = Ty (v - 2(ew)) .

It now follows from Lemma 8.37 and Lemma &8.36 that

v+ 2(ew) = Ty Ty (VWW) 2)
= Ty (—vWW2)

= vwzw ,

which proves the lemma. ([l

LEMMA 8.39. Forallv eV, allz € W and allm € M, we have that vmzm?® =
v - z(em). In particular, vmm?® = v - §(em).

PrROOF. Let m = wy e - -e0w, with wy,...,w, € W*. We will prove the lemma
by induction on n.

We have already shown in Lemma 8.38 that the current lemma holds for n = 1.
Now assume that vwy ... wp_1YWp—1...wy = v - y(ewy ... w,—1) for all y € W.
Then by Lemma 8.38 and (Qa6), we have that

VWL .. Wy Wy, .« . . W] = ((vw1 .. .wn_l)wnzwn)wn_l R Ti
=Wy ... Wy—1 - 2(€Wy) - Wp_1 ... w1
=v-z(ew,)(ewy ... wp_1)

=v-z(ewy ... wp_1Wy) ,

and we are done. O

LEMMA 8.40. For allv € V and all wy,ws,ws € W, we have that
(i) F(vwy,vwows) = F(ewq, ewaws)v ;
(il) vwiwaws + vwswowy = vF (ewr, ewsws) .

PROOF. By (le), (Qll) and (Q26)7 we have that

F(vwy, vwaws) = ws(vwy + vwsy) — ws(vwy) — ws(vws)
= wy - v(w + wy) — W3 - VW] — W3 - VWa
=ws - e(w) +wa) -V — W3- €Wy -V — W3 €W+ V
= (w3 - (ewy + €ws) — w3 - €W — W3 + €Wa) - v

= F(ews, ewqws)v ,
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which proves (i). By Lemma 8.36, the definition of 7, Lemma 8.22, (i) and (Q¢),
we have that

VW WeWs3 + VW3WaW1 = VW3WaW1 — T, (VW3Waw? )

= v~ F(v, vwzwaw )

= v~ F(vwy, vwsws)

=v~1. Fews, ewswy)v
= vF(ew, ewsws) ,
which proves (ii). O
LEMMA 8.41. Let wi,wz, w3 € W be arbitrary. Let k = w; + wy @ w3 € K.
Then
(i) vkk® =v-d(ek) for allv eV ;
(ii) If ek =0, then k=0.
PRrROOF. By Lemma 8.39, Lemma 8.40(ii) and (Q11), we have that
vkk? = v(wy + we @ w3) (w1 + w3 ® wo)
= VW1W1 + VW W3W3W2 + VW1 W3W2 + VW2wW3W1
=v-0(ewr) + v - d(ewaws) + vF (ewq, ewaws)
= v - (6(ewy) + d(ewaws) + F(ewy, ewaws))
= v - §(ew; + ewqws)
=v-d(ek)

for all v € V, which proves (i). Now suppose that ek = ew; + ewsws = 0. Then it
follows, by (Q11), Lemma 8.15 and Lemma 8.40(i), that

0=20-(ewy + ewaws) - v
=0 -ewy v+ 0§ ewaws - v+ Flewy, ewqws) - v
=4 -vwy + 6 - vwaws + F(vwy, vwaws)
=4 (vwy + vwows)
=4 vk,
and hence vk =0, for all v € V. So k = 0. O

REMARK 8.42. It will follow from the classification that the statements in
Lemma 8.40 and Lemma 8.41 actually hold in a much broader generality, for all
reduced quadrangular systems. More precisely, we have that

(i) F(vky,vks) = F(eky,eka)v;
(ii) vk 4 vk® = vF(ek,€);

(iii) vkk® =wv - 0(ek);

(iv) if ek =0, then k = 0;
for all v € V and all k, k1, ko € K. However, we are not aware of a simple proof of
these facts at this step of the classification.

By definition, Q = (V,W, 7y, 7w,¢€,0) is normal if and only if eM = eW.
To complete the proof of Theorem 8.6, it will thus suffice to prove the following
theorem:
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THEOREM 8.43. IfV # E and F # 0, then eM = eW. Furthermore, vm =
vm? and vm =vm for allv € V\ E and allm € M.

PROOF. We start by showing that 7w = Tw for all v € V' \ E and all w € W.
Solet v € V\ E and w € W be arbitrary. By 3.20, vw = v - fv~! - wv, and hence
vw — ow = vk for k = w — év~ ' e wv. On the other hand,

vw — ow = vw — eF (v, €)w — vw
=vw — eF(eF (v, €)w — vw, €) + eF (v, €)w — vw
=eF(v,6)w — eF(eF (v, €)w — vw, €)
ceK ,

hence vk € eK. Suppose that vk # 0. Then it would follow from Lemma 8.41 that
ek # 0 and that vkk? - (6(ek))™! = v. Hence v € eK - k% - (§(ek)) ™! C eK = E,
which contradicts the choice of v. So we must have vk = 0, and thus tw = vw,
which shows that 7w = Tw.

We will now show by induction on n that vwy ... w, = vw; ...w, for all v €
V\ E and all wy,...,w, € W. We have already shown this for n = 1, so suppose
that it holds for n — 1. We may assume that w; # 0 for all ¢ € {1,...,n}. If
v € V\ E, then also vw; ... wp,—1 € V \ E, since v = vwy ... wp_1w,_1 .. .wl_l.
Hence we can substitute vw; ... w,_1 for v in the result of the previous paragraph,
and we get that

VWY ... Wy =0W] ... Wp—1 * Wy
=W1...Wp—-1 "Wy
=W ... Wy, ;
the statement thus holds for n as well. This shows that om = vm for allv € V\ E
and all m € M.

We will now prove by induction on n that vwy ... w, = vw, ...w; forallv € V
and all wy,...,w, € W. Again, we have already shown this for n = 1, so suppose
that it holds for n — 1. Then, by Lemma 8.17,

VWL ... Wy = VWp_1... W1 W,
= WpWp—-1...W1
=Wy, ... W ,
so it holds for n as well. We have thus proved that vm = vm? for all m € M.

Since v € V\ E if and only if 7 € V \ E, it follows from the previous two
paragraphs that vm = vm? for allv € V' \ E and all m € M.

Now, we first assume that ¢ ¢ Rad(F). Since F is a proper subgroup of V, V
is generated by V'\ E. Since € ¢ Rad(F), this implies that F'(¢, V' \ E) # 0, so there
exists an element v € V' \ E such that F(e,v) # 0. Let m be an arbitrary element
of M, and let my := F(e,v)"! @m € M. Then it follows from vms = ¥my that

eF(e,vms) —vmg = eF(e,v)ma — vmgy
and hence
eF(e,vF(e,v) " m) = eF(e,v)F(e,v) 'm
from which it follows that

em = eF(e,vF(e,v) " 'm) € eW ,



8.1. QUADRANGULAR SYSTEMS OF INVOLUTORY TYPE 59

for all m € M. So we have shown that eM = e¢W in this case.

Now assume that ¢ € Rad(F'). By Lemma 8.11, all elements of V and W have
order at most 2, and v = v for all v € V.

Since F' # 0, there exists an element n € V \ Rad(F). By Lemma 8.22,
Rad(F) - K = Rad(F), so E = eK C Rad(F), and hence n € V' \ E. Tt follows
that nm = nm? for all m € M, which implies, by Lemma 8.36, that m,(nm) =
nm® = nm. By the definition of m,, this implies that n~'F(n,nm) = 0, and
hence F(n,nm) = 0 for all m € M. Since F is additive, this in turn implies that
F(n,nK) = 0. Since we chose 1 € Rad(F'), we conclude that V # nK.

We now show that m,(vw) = m,(v)w for all v € V \ nK and all w € W. So
let v € V\nK and w € W be arbitrary. If we substitute n for v and v(én)~! for
¢ in (Qags), then we get that m,(v)w = m,(v(dn)~(wn)), and hence m,(m,(v)w) =
v(6n) " (wn). Hence vw + (7, (v)w) = vk where k = w + (dn) "' o (wn) € K. On
the other hand,

vw + 7 (7 (V)W) = vw + 7, (vw + nF(n~ v)w)

= vw +vw +nF(n~" v)w +nF (0~ vw +F (" v)w)

=nF(n Y, v)w+nF (" vw+nF(n~ ! v)w)

enk,
hence vk € nK. In a similar way as in the first paragraph, it would follow from
vk # 0 that v € nK, which would contradict the choice of v. Hence vk = vw +
(1 (v)w) = 0, and thus 7, (vw) = 7, (v)w.

Again, it follows by induction on n that m, (vw; ... wy,) = m,(v)w; ... w, for all
v € V\nK and all wq,...w, € W, that is, m,(vm) = m,(v)m for all v € V' \ nK
and all m € M.

Since nK is a proper subgroup of V, V is generated by V \ nK. Since n ¢
Rad(F), this implies that F(n, V \ nK) # 0, so there exists an element v € V' \ nK
such that F(n,v) # 0. It follows from (Qq7) that F(n=1,v) = F(n,v)n~! # 0 as
well.

Let m be an arbitrary element of M, and let mo := F(n~!,v)"tem € M.
Then it follows from 7, (vms) = m,(v)ms that

vms +nF(n~" vma) = vma +nF(n~ ! v)me
and hence
nF(n~ L vF (=t o) tm) = nF (=Y o) F(n~" o) tm
from which it follows that
nm = nF (@~ oF (7~ v) " im)
for all m € M. So we have shown that nM = nW.

Since n € V' \ Rad(F) and € € Rad(F'), we have that n + € € V \ Rad(F) as
well. So the conclusion of the previous paragraph is also valid for 1 + €, that is,
(n+e)M = (n+ e)W. Now let m be an arbitrary element of M. Then nm = nuw,
and (n+ e)m = (n + €)wy for some wy,wy € W. It follows that

em=nm+ (n+e¢€)m
=nuwy + (n+ €)ws
=n(wy + we) + ews .
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If wy 4+ we # 0, then it would follow from this that
n = (em + ews) - (wy +wy) " € eK = E C Rad(F) ,

which contradicts the choice of . Hence we must have w; + wo = 0, and it follows
that em = ewy. Since m was arbitrary, we have shown that eM = eK also in this
case.

This completes the proof of this theorem, and thereby also the proof of Theorem
8.6. O

8.2. Quadrangular Systems of Quadratic Form Type

Our goal in this section is to classify the quadrangular systems which are nor-
mal.

Let Q@ = (V,W,7v,Tw,€,0) be a quadrangular system which is normal. In
particular, €2 is reduced, so H = 0.

LEMMA 8.44. K is abelian, i.e. vkike = vkoky for allv € V and all ki, ks € K.
Fquivalently, o = 1.

PrOOF. Note that by the definition of o, K is abelian if and only if o = 1.

It suffices to show that vwiws = vwow; for all v € V and all wy,ws € W. If
v € V '\ E, then this follows by substituting w; e wy for m in Theorem 8.43. If
v = €, then ewjws = ews for some ws € W since 2 is normal. Hence, by Theorem
8.19, ewywso = ews = €w3 = ewiwz = ewsw;. Finally, assume that v = ek for some
k € K. Then vwiwe = ekwiws = ewow1k® = ewjwok? = ekwow; = vwowi, again
by Theorem 8.19. This shows the lemma in all possible cases. (I

LEMMA 8.45. For all v € V', we have that vK = vW.

Proor. It suffices to show that vM = vW.

First, assume that v € E, say v = ¢k for some k € K. Let m € M be arbitrary.
Then em = ew for some w € W, since 2 is normal. Since K is abelian by Lemma
8.44, it follows that vm = ekm = emk = ewk = ekw = vw, which shows that
vM = vW in this case.

Now, assume that v € V'\ E. Note that it is sufficient to show that vwjws € vW
for all wy,ws € W; it then follows by induction that vM = vW. Choose two
arbitrary elements wq,ws € W. By Lemma 8.40(ii) and Lemma 8.44, we have
that vwiwows + vwiwews = vF (ewy, ewows), or equivalently, vwiwows(§ + §) =
vF(ewy, ewows), for all wz € W.

We now distinguish two cases. First, assume that § +9 = 0. It then follows, by
(Q12), that all elements of V' and W have order at most 2. Since €2 is normal, there
exists a w € W such that ew;ws = ew. By the previous paragraph, F(ew;, ewqw) =
0, and hence, by Lemma 8.22 and Lemma 8.40(i), F'(vwyws, vw) = F(vwy, vwaw) =
F(ewy, ewsw)v = 0 as well. By Lemma 8.15, it follows that

d(vwiwg + vw) = § - vwiwg + 6 - vw + F(vwiws, vw)
=0 -ewjwy v +0-ew-v
=0-ew-v+d-ew-v

which implies that vwyws + vw = 0, hence vwiws = vw € vW, which is what we
had to show.
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Now, assume that § + § # 0. Then we set w3 = (§ + §)~! in the identity
vwiwaws(d + 0) = vF (ewr, ewaws), which yields

vwiwy = vF (ewr, ewy (6 +6) ™) € v,
which proves the lemma in this case as well. (I

LEMMA 8.46. Let w € W and k € K be such that vk = vw for some v € V*.
Then k = w.

Proor. We will show that uk = uw for all w € V. We distinguish two cases.

First, assume that v € vK. Since vK = vW by Lemma 8.45, there exists a
z € W such that u = vz. Then uk = vzk = vkz = vwz = vzw = ww, since K is
abelian.

Now, assume that v ¢ vK. By Lemma 8.45, there exists a wy € W such that
uk = uws, and there exists a ws € W such that (v + u)k = (v + u)ws. We have to
show that w = wy. We have that vws + vws = (v + w)ws = (v + u)k = vk + uk =
vw + uws, from which it follows that u(ws — wy) = v(w — w3). Since u & vK, this
can only occur if wz — wy = 0, and then w — w3 = 0 as well. Hence w = w3 = wa,
which is what we had to show. O

REMARK 8.47. It follows from this lemma that if ki,ke € K are such that
vk1 = vko for some v € V*, then ki = ko, since, by Lemma 8.45, there exists a
w € W such that vk, = vw = vks.

THEOREM 8.48. K o is a commutative field.

PrOOF. We have already shown in Lemma 8.44 that K is a commutative ring.
It only remains to show that every element of K* is invertible. Let k be an arbitrary
non-zero element of K. Since §2 is normal, ek = ew for some w € W; hence by
Lemma 8.46, k = w. It follows that k is invertible with inverse k~! = w™!, since

wew l=wlew=4. |

By Lemma 8.46, (K, +) & W as additive groups. We will denote the isomor-
phism by square brackets, that is, for every ¢t € K, we will denote the corresponding
element of W by [t]. Since K is a commutative field, V is a (left) vector space over
K, with scalar multiplication given by tv := v[t], for all t € K and all v € V. From
now on, we will denote the multiplicative identity of K by 1 in place of 6. Then
0 = [1] € W. If there is no danger of confusion, we will also write st in place of set
for s,t € K, and t? in place of te ¢ for t € K.

DEFINITION 8.49. We define a map ¢ from V' to K by setting [¢(v)] = dv = [1]v
for all v € V. Furthermore, we define a map f from V x V to K by setting
[f(v1,v2)] = F(v1,v2) for all v1,ve € V.

LEMMA 8.50. For allv eV, allw e W and allt € K, we have that

(i) 7w =vw;
(i) tv =tv.

Proor. We first show (i). If v € €W, then vw € eW as well, and it follows

from Theorem 8.19 and Lemma 8.44 that 7w = vw = Tw (remember that o = 1).

If v & eW = €K, then we have already shown this in Theorem 8.43.
Identity (ii) now follows by substituting [¢] for w in (i). O

LEMMA 8.51. For allv € V and all t € K, we have that [tlv = [tq(v)].
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PROOF. Let w := [t] € W. We have to show that wv = w e dv. By (Q1g)
and Lemma 8.50(i), v™! - wv = vw = vw. On the other hand, v=! - (w e §v) =
v=1 - dv - w = Yw, again by (Q16). Hence v=1 - wv = v~ - (w e §v), which implies
by Lemma 8.46 that wv = w e jv. O

().
PROOF. Let w := [t] € W. If we substitute u for v and v(du) ! for ¢ in (Qzs),

then we get that m,(v)w = m, (v(6u)~1(wu)), and hence, by Lemma 8.50(i) and
Lemma 8.51, that

LEMMA 8.52. For all u,v € V and allt € K, we have that m,(tv) = tm,

which is what we had to show. O

THEOREM 8.53. q is an anisotropic quadratic form from V to K with corre-
sponding bilinear form f.

PROOF. Let v € V and t € K be arbitrary, and let w := [t] € W. Then, by

(Q26),
[qtv)] = [glvw)]| = - vw =8 ew-v=0v - ew .

By Lemma 8.46, it follows from Lemma 8.38 that we w e z = z - ew for all z € W.
Hence

[q(tv)] = 6v - ew = w e w e v = [t] o [t] @ [q(v)] = [t*q(v)] .

Next, it follows from (Qq1) that for all u,v € V, [¢(u +v)] = d(u +v) =
du+dv+ F(u,v) = [g(uw)]+[q(v)] +[f(u,v)] = [g(u) + q(v) + f(u,v)]. We now show
that f is bilinear over K. Let u,v € V* and t € K be arbitrary. By Lemma 8.52,
we have that m,(tv) = tm,(v). By the definition of m,, this yields

tv —u"1F(u,tv) = to — tu= F(u,v) .
By Lemma 8.50(ii), it follows that u =1 F(u,tv) = tu~'F(u,v), hence

u - F )] = w - [f )] <[] = [ (,0)]

By Lemma 8.46, this implies that f(u,tv) = tf(u,v). Since f is symmetric, it
follows from this that f is bilinear over K.
Finally, ¢ is anisotropic, since ¢(v) = 0 implies that v = 0 and hencev =0. O

LEMMA 8.54. For all u,v € V, we have that ¢(v) = q(v) and f(u,v) = f(u,v).
ProoF. We have that

q(9) = q(f (€, v)e —v)
= q(f(e,v)e) +a(v) — f(f(e,v)e,v)
= fle,0)%q(e) + q(v) — f(e,0) f(€,v)
=q(v) ,
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and hence
f(@,v) =q(u+7v) —q(u) —q(v
= q(u+v) —q(u) —q(v
= f(u,v)
as well. 0

THEOREM 8.55. (V,W, Ty, Tw,€,0) = Qo(K,V,q).

PROOF. Observe that g(e) = 1, since [g(€)] = Je = = [1].

Let ¢ be the isomorphism from [V] to V' which maps [v] to v for all v € V', and
let 9 be the isomorphism from [K] to W which maps [¢] to [t] for all ¢t € W. Then
#(le]) = € and ¥([1]) = [1] = J. Furthermore,

o([v]t]) = o([tv]) = tv = o[t] = o([v])¢([t]) , and

P([t[v]) = ¢([tg(v)]) = tq(v)] = [t = $([N)S([v]) ,
for all t € K and all v € V. Hence (¢,%) is an isomorphism from Q¢ (K, V,q) to
(V,W,rv,mw,¢€,6). O

This completes the proof of Theorem 8.7.

8.3. Quadrangular Systems of Indifferent Type

Our goal in this section is to classify the quadrangular systems which are in-
different.

Let Q = (V,W, 1y, 7w, €, d) be a quadrangular system which is indifferent. Then
F =0and H = 0. By Lemma 8.11, all elements of V and W have order 1 or 2,
and for all v € V| we have T = v. Furthermore, we have 7,(c) = ¢ for all v,c € V.

LEMMA 8.56. K is abelian, i.e. vkike = vkoky for allv € V and all ki, ks € K.

PRrROOF. By Lemma 8.36, we have that m,(vk) = vk® and hence vk = vk°
for all v € V and all k € K. It follows that vk1ks = v(k; @ k) = v(ky @ k)7 =
v(kS @ k) = vkJk{ = vkok; for all v € V and all k;, ke € K. O

LEMMA 8.57. For allv € V and all k € K, we have that vkk = v - §(ek).

PROOF. It already follows from Lemma 8.39 that vmm = v - d(em) for all
m € M. Now suppose that vkik; = v - 6(ek;) and vkoks = v - 6(eks) for some
k1,ky € K. We will then show that v(ky + k2)(k1 + k2) = v - d(e(k1 + k2)), which
will prove the lemma.

By (Q11), (Q12) and Lemma 8.56, we have that

v(ky + ko) (k1 + ko) = vkik1 4+ vkoka + vk1ka + vkoky
=v-d(eky) + v - §(eka) + vk1ka + vk1 ko
=v- (d(ek1) + 0(ek2))
=0 - (eks + €k2)

v-o(e(ky + k2))

and we are done. O

LEMMA 8.58. For allv €V and all k € K, we have that § - vk =§ - ek - v.
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ProOOF. In Lemma 8.15, we have already shown this for all & € M. Now
suppose that d - vk, = §-€k1-v and § - vky = § - €ko - v for some ki, ko € K. We will
then show that ¢ - v(k1 + ko) = d - €(k1 + k2) - v, which will prove the lemma.

By (Q11), we have that

0-v(ky + ko) =0 (vky + vko)
=6 vky +0-vky
=0-e€k1-v+06-€ky-v
=0-(eky + €ka) - v
=6 -¢e(ky+ ko) v,

and we are done. O

THEOREM 8.59. K , is a commutative field of characteristic 2 with multiplica-
tive identity 0.

Proor. We have already shown in Lemma 8.56 that K . is a commutative
ring. Let k € K be arbitrary. If d(ek) = 0, then it would follow from Lemma 8.58
that vk = 0 for all v € V and thus k¥ = 0. Hence §(ek) is invertible for all k # 0,
and it then follows from Lemma 8.57 that vkk(d(ek))™' = v for all v € V. This
implies that k is invertible with inverse k=1 := k o (6(ek)) .

Furthermore, for all v € V and all k € K, we have that v(k+ k) = vk +vk =0,
hence k + k = 0, so char(K) = 2. O

LEMMA 8.60. Ifvky = vky for somev € V* and some k1, ko € K, then ky = ks.

PRrOOF. If vk; = vko for some v € V* and some kq, ko € K, then v(k;+k2) = 0.
If we would have that ki # ko, then k1 4+ k2 would be invertible, and it would then
follow that v = v(k1 + ko) (k1 +k2) ™! = 0, a clear contradiction. Hence k1 = ky. [

THEOREM 8.61. (K, W,0V) is an indifferent set. Moreover, jv @ w = wv and
wewedv =473 -vw forallveV and allw e W.

PRrOOF. It is obvious that W is a subgroup of (K,+). Since dvy; + dvy =
d(v1 +v2) by (Q11), 6V is a subgroup of (K, +) as well. Furthermore, both W and
0V contain the multiplicative identity 9.

By (Q25), €-0v-w=¢-wv for all v € V and all w € W. It follows by Lemma
8.60 that dv e w = wwv, and hence 6V e W C W.

By (Q26), we have that 6 -vw = §-ew-v = dv - ew, for all v € V and all
w € W. By Lemma 8.60, it follows from Lemma 8.38 that wew e z = z - ew for all
z € W. Hence dv - ew = w e w e dv. It follows that w e w e dv = § - vw, and hence
W?2edV C6V.

Finally, it follows from the definition of K that K is generated by W as a ring.
This shows that (K, W, V) is an indifferent set. O

THEOREM 8.62. (V,W, 1y, 7w ,€,0) = Qp (K, W, V).

PROOF. First, we observe that v is uniquely determined by dv, since 6(vy + va)
= dv1 + dvg by (Q11)-

Let ¢ be the isomorphism from [§V] to V' which maps [§v] to v for all v € V|
and let ¢ be the isomorphism from [W] to W which maps [w] to w for all w € W.



8.4. QUADRANGULAR SYSTEMS OF PSEUDO-QUADRATIC FORM TYPE, I 65

Then ¢([0]) = ¢([0€]) = € and ¥([§]) = §. Furthermore, it follows from Theorem
8.61 that
$([6v][w]) = d([w? o 6v]) = ¢([8 - vw]) = vw = ¢([v])¥([w]) , and
P([wl][6v]) = ¢ ([6v e w]) = P([wo]) = wv = P([w])p([6v]) ,
for all v € V and all w € W. Hence (¢, %) is an isomorphism from Qp (K, W,dV)
to (V,W, 1y, Tw, €, 9). O

This completes the proof of Theorem 8.8, and thereby the classification of all
reduced quadrangular systems.

8.4. Quadrangular Systems of Pseudo-quadratic Form Type, I

Let Q = (V,W, 7y, Tw,€,0) be a wide quadrangular system which is the exten-
sion of a reduced quadrangular system A of proper involutory type; more precisely,
let A= (V,Rad(H), v, Tw,€,0) = Q(K, Ko, o) with K = (Kp) and o # 1, where
Ty and Ty are as in Remark 8.3. In particular, V' = [K].

DEFINITION 8.63. Let Y := Rad(H). Note that Y is a normal subgroup of W
since Y C Z(W) by (Qs); let W := W/Y. Let ¢ be the canonical surjection from
W to W. We will also write @ in place of t(w), for all w € W. Then ; = by if
and only if w; Bws €Y.

By (Qs) and (Qy), [wy,ws] € Im(F) C Y, hence W is abelian; we will use the
additive notations 4+ and — for W. We can define a map Ty from W x V to W,
which we will denote by - or by juxtaposition, by setting

Tw (W0, v) ;== W - v :=wv
for all v € V and all w € W. This is well defined: let w; = ws, then w; Bw, € Y,

and hence w1v Bwyv = (wy Bws)v € Y since Y -V =Y it then follows that
W1V = Wwav.

REMARK 8.64. If s € Kj, then the notation [s] is ambiguous. If we want
to make clear whether we mean [s] € V or [s] € W, we will write [s], and [s],,,
respectively. Note that [s], € Y for all s € Ky, and that €[s], = [s], for all s € K.

THEOREM 8.65. W is a right vector space over K, with scalar multiplication
given by wt :=w - [t], for allt € K and all w € W.
Proor. We have that
(01 + o)t = (D1 +w2) - [t] = ¢((w1 +w2) - [t])
= v(wy - [t]) + t(ws - [t]) = Wy - [t] + e - [t] = Wit + Wat
for all t € K and all wy,wy € W. By (Qq1) and (Q7),
Wty +t2) = - [ty + o] =@ ([ta] + [t2]) = e(w - ([t2] + [t2]))
= u(w - [t] Bw - [to] B F([t2]w, [t1]))
=v(w - [t1]) + t(w - [ta]) = @ - [t1] + @ - [t2] = Wt; + Wity

for all t1,t5 € K and all w € W.

It only remains to show that w(t1te) = (wt1)ts for all t1,t5 € K and all w € W.
(The other axioms for a vector space are obvious.) We thus have to check that
v(w - [t1te]) = t(w - [t1] - [t2]). Since K = (Kj), it suffices to show this for ¢; € Ko;
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the result for t; = s1...s, with s1,...,s, € Ky will then follow by induction on n,
and since we have already shown that @ - [t3+t4] = @- [t3] +w - [t4] for all t3,t4 € K,
the result then follows for all t; € K.

By Remark 8.64, (Qgs) and the definition of Q(K, Ky, o), we have that

- [st],,

and hence ¢(w - [s], - [t]) = ¢(w - [st], ) for all s € K¢ and all ¢t € K, which is what
we had to show. O

DEFINITION 8.66. Let 7 be the map from W to V/[Kg], which maps @ to ew
(mod [Ky],). This map is well defined: let wy,ws € W be such that w; = ws.
Then wy Hws € Y, hence

€W, — €Wy = 6((11)1 H U}Q) H ’IUQ) — €W
= e(wy Bws) + ews — ews
= e(w; Bws) € €Y = ¢[Ky),, = [Ko],

by (Qu2).
LEMMA 8.67. For all W € W, we have that w(w) = 0 if and only if w = 0.

PROOF. Let w € W be such that m(w) = 0. Then ew € [Ky),, say ew = [s],
with s € Ko. By 3.13(ii), ¢(B[s),) = —e¢[s], since [s], € Y. It follows that
e(wB]s], ) = ew+e(Bls], ) = ew —¢[s],, = ew —[s], =0, and hence w = [s],, € Y.
It follows that w = 0. g

DEFINITION 8.68. Let h be the map from W x f/[Zto K, defined by the identity
[h(w1,We)] := H(wy,ws) for all wy,we € W. Since W = W/ Rad(H), the map h is
well defined.

LEMMA 8.69. For allv e V, allw € W and all y1,...,y, € Y, we have that
TWYL .. Y = VYL .. YpW.

ProoOF. We will first prove the lemma forn =1. Letv e V,w e Wandy €Y.
We may assume that w # 0. Note that I1,,(y) = y since y € Rad(H). It follows

from (Qg3) that vy = —v(Bw)yk(w), and hence, by (Q1s), 77(Bw) = 7(Bw)y.
Substituting HBw for w now yields the result for n = 1.

We advance to general n by induction. Let v € V, w € W and y1,...,y, € Y,
and suppose that Dwy; ... Yn—1 = Oy1 ... Yn_1w. Then

VWY1 -+ Yn = VYL - Yn—1W * Yn
=VY1-.-Yn-1YnW ,
where we have used the lemma for n = 1 in the last equality. This completes the

proof of this lemma. ([l

LEMMA 8.70. For allw € W and all y1,...,yn €Y, we have that €ewy; ...y, =
€ - y1w. In particular, for allw € W and all s € Ky, we have that [s],w =

w -
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ProoOF. By Theorem 8.19, €y1 ... ¥n = €Ypn...y1. The first result follows by
substituting e for v in Lemma 8.69.

In the particular case n = 1 and y; = [s],, we get that ew[s],, = €[s], w
[s],w.

ol

THEOREM 8.71. The map h is a skew-hermitian form over K with respect to

PROOF. Since H(wy,ws) = —H (ws, wy) for all wy, wy € W by (Qa2), and since
ﬁ = [t7] for all t € K, it follows that h(w1,ws) = —h(ws,w;)7, for all wy,ws € W.
By (Q22), (Q12) and Lemma 8.70,

H(wl ’ [S]V’w2) = 7H(w2aw1 ) [S}V)

= —[s], - (w1 Bwa) + [s], - w1 + [s], - w2
= —¢(w) Bws)[s, + ewils], + ewsls),
= —H(wa, w1) - [s],

= H(wy,w2) - [s]

w o

for all wi,wy € W and all s € K. Hence
[h(@1s, W2)] = [A(W1,W2)] - [s), = [sh(w1,w2)] ,

from which it follows that h(wqs,wse) = sh(wi,ws) for all wi,wy € W and all
s € Ky. Since K = (Kj) and since h is additive in both variables, it follows from
this that h(wt, ws) = t7h(wq,ws) for all wi,wy € W and all t € K.

Finally, h(w1,wot) = —h(Waot,01)” = —(t7h(w2,w1))7 = —h(2, 1)t =
h(wy, W)t for all wy,wy € W and all t € K. This shows that h is a skew-hermitian
form over K with respect to o. O

DEFINITION 8.72. For all t € K, let k; be the homomorphism from V to itself
which maps [¢'] to [tt'] for all [t'] € [K] = V. We denote the action of k; by right
juxtaposition, i.e. [t'|k; = [tt'] for all ¢, € K. In particular, we can identify ks
and [s], for all s € K. Moreover, we set kY := k;» for all ¢t € K. Note that the set
{kt | t € K} coincides with the set K that we defined in the beginning of section
8.1. In particular, we can apply the lemmas and theorems of that section on the
sub-quadrangular system A = (V) Y, 7y, 7w, €, 9).

LEMMA 8.73. For all w € W and all t1,t5 € K, we have that
ekrwks + ekowk = eF ([ta]w, [t1]) + H(wlt2], w[t1]) ,
where k1 = ki, and ko 1= ky,.
PRrROOF. By Lemma 8.22 and the definition of the map v — v, we have that

eF([ta]w, [t1]) = eF (ekaw, €ky)
= eF(ekqwky , €)

= EkQU.)k(lT + EkQ’U.)ki' s
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and by Theorem 8.71 and 3.13(ii), we have that
H(wltz], wlt1]) = [A(witz, Wi )]
= [tgh(w, wt1)]
= [h(w, wty1)]kS
= H(w, w[t:])k3
= [t](Bw)ks + [t1]wk3
= ek (Bw)k3 + ekywk] .
It only remains to show that ekowky = —eky(Bw)kg. By Lemma 8.70, we have

that ekfw = ewk; for all w € W and all ¢t € K. By (Qi6) with € in place of v and
Lemma 8.18 with e(HBw) in place of v, it follows that

ckywhy = EWk kY
= —e(Buw)kgk]
= —c(Bw)k{kS
= —ek1 (Bw)kg
which completes the proof of this lemma. ([
THEOREM 8.74. For allw € W and all t € K, we have that € - w[t] = ekywky .

Proor. First assume that t = sy...s, with s1,...,s, € Ky. Let y; =
[sily, € Y for all i € {1,...,n}. Then we have to show that € - w(ey;...yn) =
€Y1 - YnWYn . .. y1 for all w € W. By (Q4), Lemma 8.27 and Lemma 8.70,

eyr - Ynw = —(ey1...yn) 1 (Bw-ey1...yn)

= —eynt .y (Bw-eyr...yn)

= —eBw- ey yn)yr oy
=e(w-eyr. . ya)yy -yt

from which it follows that e(w - ey1 ... yn) = €Y1 ... YnWYr, - - - Y1.
Now suppose that €-w[t;] = ekywk{ and e-w(ts] = ekqwkg for some t,t3 € K,
where where k; := k;, and kg := k¢,. We will show that

w[t1 + tQ] = 6(]{?1 + kg)w(kl + kg)a s

which will prove the theorem for all ¢t € K, since K = (Kj).
By (Q11), (Q12) with v =€, (Q7) and Lemma 8.73, we have that

wty + to] = € w([t:] + [t2])
=e¢- (wlt1] Bwlte] B F([ta]w,t1))
=e-wt1] + € wlta] + eF([te]w, t1) + H(w[ta], w[t1])
= ek wky + ekowks + ekiwk + ekowky
= e(ky + ka)w(ks + k2)7 ,
which completes the proof of this theorem. ([l

LEMMA 8.75. Let w € W and t € K be arbitrary. Let x € K be such that
ew = [x]. Then [tjw = [zt], and ekywkf = [t xt].
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PrOOF. By Lemma 8.70, we have that
[tlw = ekyw = ewky = [x°)k? = [tz°] = [xt] ;

it then follows that

ekwwky = [xt]k] = [t7xt] ,
and we are done. O

DEFINITION 8.76. For all @ € W, let p(w) be any element ¢t € K such that [t]

is contained in the coset w(w) € V/[Kpl,. Hence p is a map from W to K such
that [p(w)] = ew (mod [Ky], ).

THEOREM 8.77. (K, Ky, 0, W,p) is an anisotropic pseudo-quadratic space with
corresponding skew-hermitian form h.

PRrROOF. It only remains to show that p is a pseudo-quadratic form. All equiv-
alences will be modulo [Ky],. By (Q12), we have that

[p(w1 + w2)] = [p(we + 1))
= 6(’(1)2 H wl)

ewy + ewy + H(wy,ws)
= [p(@1)] + [p(w2)] + [A(w1, w2)]
for all wy,wy € W, which shows the first property.
Next, let w be an arbitrary element of W, and let € K be such that ew = [z].
Then [p(w)] = [z], and hence [t7p(w)t] = [t°zt], since t7 Kot C Ky. It follows from
Theorem 8.74 and Lemma 8.75 that

[p(wt)] = € wlt] = ekywky = [t7xt] = [t7p(0)t] ,
which shows the second property.

Finally, if [p(w)] = 0 for some w € W, then m(w) = 0 and hence w = 0 by
Lemma 8.67. U

LEMMA 8.78. Let the group T be as in section 7.4. For each element (a,z) € T,
there is a unique element w € W such that w € a and ew = [z]. If we denote this
element by x(a, ), then x is an isomorphism from T to W.

PROOF. Let (a,z) € T be arbitrary. Choose an arbitrary element z € a.
Then a = %, and ez = [z] (mod [Kp),) by the definition of 7. Hence ez — [z] €
[Kol, = €Y, say ez — [z] = ey with y € Y. Set w = 2By, then & = Z = a, and
cew = e(zBy) = ez — ey = [z] by (Qi2) and 3.13(ii). This shows the existence of w.

Now suppose that wy,ws € W are such that w; = ws and ew; = ews. Then
w1 Bwse € Y, and hence, by (Q12),

0 = ewy — ews
= e((w1 Bwsy) Bwsy) — ews
= e(wy Bws) + ews — ews
= e(wy Bw,) ,

from which it follows that w; = ws.

Hence x : T — W is a well defined map, which is bijective, with the inverse
map given by x !(w) = (w,z) € T, where [x] = ew. In order to show that y is
an isomorphism, it now suffices to show that x ! (w; Bws) = x ! (wy) B x 1 (ws).



70 8. THE CLASSIFICATION

Let x1,292 € K be such that [r1] = ew; and [x5] = ews. Then e(w; B wse) =
ewr + ewy + H(wa, w1) = [z1] + [x2] + [h(W2, w1)], and hence

X_l(wl Hﬂwg) = (@1 + Wo, 1 + X2 + h(?IJQ,’LT]l))

= (12)1,1‘1) H (IZJQ,LEQ)
=X "H(w) Bx " (wa)

which completes the proof of this lemma. ([
THEOREM 8.79. (V,W, 1y, 7w ,€,0) = Qp(K, Ko,mw,p).

PROOF. Let ¢ be the isomorphism from [K] to V which maps [¢] to [¢] for all
t € K, and let ¢ be the isomorphism from [T] to W which maps [a, 2] to x(a,x)
for all (a,z) € T. Then ¢([1]) = [1] = € and ([0, 1]) = § since § € Y (hence & = 0)
and €d = [1].

Now, let t € K and (a,x) € T be arbitrary. Let w = ¥([a,2]) = x(a, z), then
a =w and ew = [z]. By Lemma 8.75, [zt] = [t]w, hence

¢([tl]a, 2]) = o([at]) = [2t] = [tlw = &([t])¢([a, 2]) , and
U([a, 2][t]) = ([at, 7 at]) = w(t] = P([a, z])B([1]) ,

since wt] = wt = at and € - w[t] = [t°xt] by Theorem 8.74 and Lemma 8.75. Hence
(¢,4) is an isomorphism from Qp(K, Ko, 0, W,p) to (V,W, v, 7w,€,9). O

This completes the proof of Theorem 8.9.

8.5. Quadrangular Systems of Type F}

Let Q = (V,W, 7y, Tw,€,0) be a wide quadrangular system which is the exten-
sion of a reduced quadrangular system A of quadratic form type; more precisely, let
A = (V,Rad(H), v, Tw,€,0) = Qg (K, Vb, q), where 7y and Ty are as in Remark
8.3.

Our goal in this section is to classify these quadrangular systems in the case
that Rad(F) # 0.

So assume that Rad(F') # 0. It then follows from (Q1p) that ¢ € Rad(F). Note
that 7 = v for all v € V by Lemma 8.11.

REMARK 8.80. We will identify V' and Vj in the sequel if there is no danger of
confusion, which will allow us to use notations like tv with ¢ € K and v € V.

Observe that the axiom system is very symmetrical now. (See section A.3.1 in
the appendix.) In particular, every identity will have a “dual identity”, which is
obtained by switching the roles of V and W.

LEMMA 8.81. For all v,vi,v9 € V' and all w, w1, ws € W, we have that
(i) F(viw,ve) = F(v1,vow) ;
(il) H(wiv,wa) = H(wy,wav) .

PROOF. Since both V and W are abelian, it follows from (Q2;1) and (Qq1) that
F(viw,ve) = w(ve + v1) + wug + wvy = w(vy + v2) + wuy + wuy = F(vaw,vy) =
F(v1, vw), which proves (i). Similarly, (ii) follows from (Qz2) and (Qq2). (Identity
(ii) is the “dual” of identity (i).) O
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DEFINITION 8.82. Let R := Rad(F). Then € € R, and R # V since F # 0.
Moreover, let L := q(R) C K.

LEMMA 8.83. ¥ := (R, W, 7v,Tw,¢€,9) is a quadrangular system with Fsx, = 0
and Hyx; # 0; see Remark 8.3.

ProOF. First of all, we observe that R = Rad(F') is a subgroup of V, since F
is additive in both variables. We have that Im(Fy) = F(R, R) =0, and Im(Hy) =
H(W,W) = Im(H) # 0. It now only remains to show that (R x W) C R,
H(W,W) C R and (R*)~ C R.

If v € R, then F(v,V) = 0, hence F(vw,V) = F(v,Vw) C F(v,V) = 0 as
well for all w € W, by Lemma 8.81(i). Hence /(R x W) = R-W C R. Since
W is abelian, it follows from (Qg) that H(W,W) C Rad(F) = R. Finally, if
v € R*, then F(v™=1,V) = F(v,V)v=! = 0 by (Q17), and hence v=! € R. Thus
Y= (R,W,1v,Tw,€,0) is a quadrangular system. O

By Theorem 8.13, ¥* = (W, R, 7w, v, 0, €) is a reduced quadrangular system.
Suppose that ¥* were of involutory type, say X* = Q;(J, Jo, o) for some involutory
set (J, Jo,0). Then § € Rad(H) would imply that 0 = Fx«([1],[a]) = [a + a°] and
hence a + a” = 0 for all @ € J, from which it would follow that Fx«([a],[b]) =
[(a”D) + (a”b)°] = 0 for all a,b € J. Hence Hy, = Fyx+ = 0, a contradiction.

It follows that ¥* must be of quadratic form type. In particular, R has the
structure of a field, W is a (right) vector space over R, and the map p: W — R :
w — ew is a quadratic form. If we denote the multiplication in R by e, then we
have that w(ry e r) = (wry)ry for all w € W and all r1,7r2 € R.

LEMMA 8.84. L is a subfield of K, with K> C L C K. Moreover, q is a field
isomorphism from R to L.

ProOOF. We will first prove that ¢ is an isomorphism (both additive and mul-
tiplicative) from R to L. Since L = ¢(R), ¢ is surjective. For all r1,73 € R, we
have that [q(r1 4+ r9)] = 6(r1 + 72) = dr1 + dra = [q(r1) + q(r2)], by (Q11); hence g
is additive. In particular, if ¢(r1) = g(r2), then ¢(r1 + r2) = 0 and hence r; = rq,
since ¢ is anisotropic. Hence ¢ is injective. Furthermore, for all 71,72 € R, we have
that [q(ry @ 72)] = 0(ry @ r2) = (dr1)r2 = [q(r1)]r2 = [g(r1)q(r2)] by Lemma 8.51,
hence ¢ is multiplicative.

It follows that L = ¢(R) is a commutative field which is isomorphic to R.
Finally, for all t € K, we have that q(te) = t?q(e) = ¢, hence K2 C ¢(R) = L since
te € Rad(F). O

DEFINITION 8.85. For all s € L, we let [s] := ¢~ 1(s) € V. If we want to make
clear whether we mean [s] € V or [s] € W, we will write [s], and [s],,, respectively.
By Lemma 8.84, we can consider W as a (left) vector space over L via the scalar
multiplication sw := w]s] for all w € W and all s € L.

DEFINITION 8.86. Let ¢ be the map from W to L given by ¢(w) := q(p(w)) =
q(ew) for all w € W, and let f be the map from W x W to L given by f(wq,ws) :=
q(H(wy,ws)) for all wy,we € W. In particular, ew = [§(w)], and H(wy,ws) =
[f (w1, ws)], for all w,wy,wy € W.

v

LEMMA 8.87. ¢ is a quadratic form from W to L with corresponding bilinear

form f .
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PROOF. Since p is a quadratic form from W to R with corresponding bilinear
form H, it follows by Lemma 8.84 that § = q o p is a quadratic form from W to L
with corresponding bilinear form f = ¢qo H. (]

REMARK 8.88. For s € L and ¢t € K, we will write ¢[s] and {[¢] in place of
q([s]) and ¢([t]), respectively.

LEMMA 8.89. For all v,v1,v9 € V and all w,wy,wy € W, we have that
(i) F(v1,v2) =0 = wvvg = wugvy ;
(ii) H(wi,ws) =0 = vwiwy = vwawy .

PRrROOF. Observe that (Qa3) can be rewritten as “vIL,(z) = vwzw™'", and
that (Qa4) can be rewritten as “wm,(c) = wvcv ™17 since 7,(c) = €.

Let v1,v2 € V be such that F(v,v3) = 0, and assume that v; # 0. Then
Ty, (V2) = vo. It then follows from (Q24) that wvy = wvlvgvfl for all w € W,
hence (i). Identity (ii) is the dual of (i). O

In particular, s(wv) = wv[s] = w[sjv = (sw)v and t(vw) = vw[t] = v[tjw =

(tv)w for allv € V, w € W, s € L and ¢t € K. It follows that the notations swv
and tvw are unambiguous.
LEMMA 8.90. For all v € V* and all w € W*, we have that
(1) v =q(v) "oy
(i) w=! = g(w) tw.
PROOF. If we substitute & for w in (Qyg), then we get that v = v=! . v =
v g(v)], = q(v)v~t, which proves (i). Similarly for (ii). O
LEMMA 8.91. Forallv e V*, we W* te K and s € L, we have that
(i) w-tv = §twv;
(i) v - sw = ¢[s]ow ;
(iii) wov = glg(v)]jwv™t;
(iv) v = glg(w)vw "
PROOF. We only prove (i) and (iii). By (Qas),
w-tv=w-vt] =w-elt]-v=w-[{[t]], -v=q§[t]wv
which proves (i). It follows from Lemma 8.90(i) and (i) that wv = w - g(v)v~! =
Glg(v)Jwv!, which proves (iii). O
LEMMA 8.92. For all v,c €V, w,z € W, we have that
(i) wvev = w(f(v,c)v+ q(v)c);
(ii) vwzw = v(f(w, 2)w + §(w)z) .
PrROOF. We only prove (i). We may assume that v # 0. By (Q24) and by
Lemma 8.90(i),
wvev ™! = wm,(¢) = w(c+ f(v,e)v™h) = w(c+ f(v,c)q(v) ) .
It follows by Lemma 8.91(iii) and Lemma 8.91(i) that

wvev = glq(v)]woev™! = glg(v)w(c + f(v,¢)q(v) " v) = w(g(v)e+ f(v,c)v) ,
which is what we had to show. O

LEMMA 8.93. For allv,c eV, w,z € W, we have that
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(i) wve+ wev = (j[fA(v, c)w +
(i) vwz + vzw = q[f(w, z)]v +

[f(w, 2) f(wv, 2)].

PROOF. Again, we only prove (i). We may assume that v # 0. By (Qa4),
Lemma 8.91(i) and Lemma 8.90(i),

1

[f (v, ) f (vw, )] ;

woev” T = wmy(c)
= w(c+ f(v,e)p™)
=we+w- fv,e)vt + F(f(v,c)v™ 1, cw)
= we + 4[f (v, )wo ™" + [f(f(v, c)q(v) " v, cw)]
and hence, by Lemma 8.51,
wve = wew + Gl (v, 0)}w + [f(v, a(v) " (v, cw)]o
= wev + 4[f (v, O)w + [f (v, ¢) f (v, cw)]
= wev + 4[f (v, O)Jw + [f (v, ¢) f(vw, )],
which is what we had to show. (]
LEMMA 8.94. For allveV,ceV* we W and z € W*, we have that
(i) z-vz=q(z)zv;
(ii) ¢ we=q(c)ew;

(iii) f(z,w-v2)z7! = f(zv,w)z;

(iv) fle,v-we)e™t = f(ew,v)c.

PRrOOF. We will only prove (i) and (iii). First of all, observe that it follows from
(Q12) that H(w,wv) = 0forallv € V and allw € W. In particular, I1,(z-€z) = z-ez
and I1,(z - vz) = z - vz. It thus follows from (Qgs) that z - vz = z- ez - v = §(2)2v,
which shows (i). By Lemma 8.81(ii) and Lemma 8.90(ii), it now follows that

flzw-v2)27t = f(z vz, w0)4(2) "z

= fla(2)2v,w)4(2) "2
= f(zv,w)z
which shows (iii). O
LEMMA 8.95. For allv € V and all w € W, we have that
(@) [d(wv)] = o(o)[a(w)]
(i) [g(vw)] = g(w)]g(v)] -
PrOOF. We will only prove (i). We may again assume that v # 0. Since
e € Rad(F), it follows by Lemma 8.81(i) that F(v,ec) = F(ve,e) = 0 and hence
mp(ec) = ecfor all ¢ € V. If we set ¢ = e in (Qa5), we thus get that e-dv-w = e-wv,
and hence [(wv)] = e-wv =€-0v-w = e[q(v)|w = q(v)ew = q(v)[§(w)]. O
LEMMA 8.96. For all v,c € V and all w,z € W, we have that
(i) w- vz + §(z)wo = f(w,20)z + f(w, 2)zv;
(ii) v-we+ q(c)vw = f(v,cw)e+ f(v,c)cw.
ProOF. We will only prove (i). We may assume that z # 0. By (Qqg), we
have that

w-ez-v+ 2z TH(zyw-ez) v =w-vz+ 2z "H(z,w-vz) ,
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hence

G(z)wv + f(z,w ce2)z v =w - vz + f(z, w-vz)z Tt

and it follows from Lemma 8.94(iii) that
G(2)wv + f(z,w)zv = w - vz + f(zv,w)z

which is what we had to show. O

At this point, we will break the symmetry. We cannot avoid this, since L is a
subfield of K, but not vice versa.

LEMMA 8.97. For allt € K and all s € L, we have that

(i) sft] =[st] ;

(ii) t[s] = [t*s] .
PROOF. By Lemma 8.51, we have that s[t] = [t][s] = [tq[s]]. Since [s] = ¢71(s)
by definition, it follows that s[t] = [st]. On the other hand, t[s] = tq~ (s) =
q 1 (t%s) = [t%s]. O

Now choose fixed arbitrary elements £ € W\Y and d € V' \ R.

THEOREM 8.98. There exists an element e € V such that f(d,e) = 1 and
f(d,e€) = 0. Moreover, f(d€,e€) =q(&) € L\ K2.

PrOOF. We will first show the last statement. So let a,b € V be arbitrary
elements such that f(a,b) = 1. Then, by Lemma 8.81(i) and Lemma 8.91(iv), we
have that f(ag,b¢) = f(a,b€) = f(a,ala(E)]b) = qla(€)]f(a,b) = ala(©)] = a(€)
(note that [s] = ¢~!(s) for all s € L by definition). Let o := §(£). Suppose that
a € K?% say a = t? for some t € K. Then q(te) = t? = a = §(£) = q(ef), hence
e[t] = te = €£. Since [t] € Y, this implies that (£ + [t]) = €€ + €[t] = 0, and hence
¢ = [t] € Y, which contradicts the choice of £&. Hence a & K?2.

Since d ¢ R = Rad(F), there exist an elements v € V such that F(d,u) # 0.
Let v := f(d,u) 'u, then

f(dvv) = f(da f(da u)ilu)

In particular, f(d¢,v€) = §(€) = a. Since a ¢ K2, we have that a1 f(d,v€)? # 1
Now let

= (1+a7f(d,ve)?) " (v + o™ F(d, vE)ve) .
Then, by Lemma 8.81(i),

1+a ' f(d,ve)?) "

= ( fld,v + o™ f(d, vE)ve)
(1+a ' f(d,v8)?)

(

=1

f(d,v) +a~  f(d, v€) f(d, vE))
1+ a ' f(d,ve) )

1

1

—~

1+a tf(d, v§)2)

)
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and
F(de€) = (14 a ' £(d,v8)*) " £(d, v€ +a~" £(d, v€)vEe)
= (14 a7 f(d,08)%) 7 (£(d, v€) + a7 £(d, v8) f(d, vE€))
- (1+a F(d,v8)?) T (f(d, vE) + a7 f(d, vE)a)
=0,
which shows that e fulfills the required properties. O

From now on, let e € V be as in Theorem 8.98, and let a := f(d¢,e€) = ¢().
By Theorem 8.98, o € L\ K2.

THEOREM 8.99. Let B := (d,e,d¢, ef). Then dimyg B =4 and BN R =0.

PROOF. Let v = t1d + toe + t3d€ + t4e€ with tq1,to,t3,t4 € K be an arbitrary
element of B. Suppose that v € R = Rad(F) = Rad(f). Then f(v,d) = f(v,e) =
f(v.dg) = f(v.e€) = 0. Note that f(d.d) = f(d,d) = f(e.e) = fle,e€) =
F(d€,d€) = F(e&,e€) = 0 by (Qur), and that f(d, e€) = f(e, d) = 0 by Theorem
8.98 and Lemma 8.81(i). Moreover, f(d,e) = 1 and f(d¢,e) = a # 0. It now
follows from f(v,d) = 0 that to = 0, from f(v,e) = 0 that t; = 0, from f(v,d§) =0
that t4 = 0 and from f(v,e) = 0 that t3 = 0. Hence v = 0. This shows that
BNR=0.

Since 0 € R, the previous paragraph also shows that it follows from v = 0 that
ty =t =t3 =t4 = 0, hence d, e, d¢ and e are linearly independent. It follows that
dimg B = 4. 0

THEOREM 8.100. B+ = R, where B+ :={v € V| f(v, B) = 0}.

PROOF. It is obvious that R C B*. So let g be an arbitrary element of B*.
Then f(g,d) = f(g,e) = f(g,d&) = f(g,e&) = 0. If we substitute & for z, £de for w
and ¢ for v in Lemma 8.96(i), then we get that
Ede - g& + 4(€)¢deg = f(&de, Eg)¢ + f(&de, §)g -
Since f(e,g&) = 0 and f(d, g&) = 0, it follows from Lemma 8.89(i) that &de - g€ =
&d-g€-e=¢€-g€-d-e, and hence &de - g€ = §(§)Egde by Lemma 8.94(i). On the
other hand, since f(e,g) = 0 and f(d,g) = 0, it follows from Lemma 8.89(i) that
4(&)sdeg = (&)sdge = q(&)Sgde. ) A
Hence &de - g¢ = §(£)Edeg, and it follows that f(&de,£g)E = f(&de,)Eg. By
Lemma 8.81(i) and (Q11), we have that
[f(de.€)] = [f(¢d, o))

= [q(&d + &e)] + [q(&d)]

= [q(&(d + e))] + [q(&d)]

since F'(d¢,e) = 0. It follows from Lemma 8.95(i) that

[f (€de, €)] = q(d + €)[d(€)] + q(d)
= (q(d+e) + q(d) + qle)) o]
= f(d,e)[qa]

=[o,



76 8. THE CLASSIFICATION

and hence f(éde,&) = a # 0. It follows that &g = a~!f(Ede,£g)¢ = &r with
r = [a"tf(&de, Eg)] € R. Since £(g + 1) = £g + &r = 0 by (Qq1), we conclude that
g =r € R, which completes the proof of this theorem. ([l

Since dimg B = 4 is finite by Theorem 8.99, we have V = B + B*. Since
BN R = 0 by Theorem 8.99 and B+ = R by Theorem 8.100, it follows that V'
has a decomposition V' = B @ R. In particular, every complement of R in V has
dimension 4 over K. By symmetry, it also follows that every complement of Y in
W has dimension 4 over L.

Let 8 :=q(d)~!. Then 8 € K\ L, since 3 € L would imply that ¢(d) = 37! =
q[871] and hence d = [371] € [L] = R = Rad(f), which contradicts the fact that
fld,e) =1.

THEOREM 8.101. Let A := (£, &ed™1,&d™, 3%¢e). Then W = A Y.

PROOF. Let w = s1& + sofed™ + s3&€d™ ! + s48%Ee with s1, 59,53,84 € L be
an arbitrary element of A. Suppose that w € ¥ = Rad(H) = Rad(f). Observe
that Glg(d)] = q(e[qg(d)]) = q(q(d)e) = q(d)* = 72 and hence, by Lemma 8.91(iii),
f(ced™1,€) = f(ge,d ™) = dla(d)] " f(€e, &d) = aB? # 0. A

By (QIZ)? f(gag) = f(gd_l,f) = f(fe,f) = 0. It thus follows from f(waf) =0
that f(sﬁed’l, €) = 0 and hence s = 0. We now have w = s1& + s3¢d 1 + s48%€e.

Since f(&,&e) = f(€e,&e) = 0 and f(€d~',&e) = aBf? # 0, it follows from
f(w, &e) = 0 that s3 = 0, and hence w = s;& + s43%Ce.

Since f(f,fd_l) =0 and f(ge,gd_l) = af? # 0, it follows from f(w,gd_l) =0
that s4 = 0. Hence w = s1€.

Finally, it now follows from f(w,&ed™!) = 0 that f(s:&,Eed™!) = 51082 = 0
and hence s; = 0.

So we have shown that w € Y implies w = 0, and at the same time, we have
shown that £, fed™!, éd~' and B2¢e are linearly independent. Hence dim; A = 4
and ANY =0, from which it follows that A is contained in a complement of Y in
W. Since every complement of Y in W is 4-dimensional, this implies that A itself
is a complement of Y, ie. W =A@Y. O

Let E be the splitting field of the polynomial ¢(z) = q(d)z? + x + q(e) over K.
LEMMA 8.102. E/K is a separable quadratic extension.

PROOF. Suppose that t € K would be a root of ¢. Then

g(td +e) = q(td) + f(td, e) + q(e) = tq(d) + tf(d, e) + qle) = 6(t) ,
since f(d,e) = 1, hence ¢(td + ¢) = 0. Since ¢ is anisotropic, this implies that
td+ e = 0, which contradicts the fact that d and e are linearly independent. Hence
¢ has no roots in K, so F/K is a quadratic extension. Since the coefficient of z of
¢ is non-zero, the two roots of ¢ are distinct, hence the extension is separable. [

Let w € E'\ K be one of the roots of ¢. Let D := E?*L = L(w?). Then D
is the splitting field of the polynomial ¢'(x) = q(d)?z? + = + g(e)? over L. For
both extensions F/K and D/L, we will denote the norm by N and the non-trivial
element of the Galois group by = — =.

We can consider F as a 2-dimensional vector space over K, and D as a 2-
dimensional vector space over L. Let By := E @ E, and let Ay := D & D. Then
By is a 4-dimensional vector space over K, and Ay is a 4-dimensional vector space
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over L. We can identify B and A with By and Ay, respectively, by the following
relations.

trd + tae + tsdé +tef  ——  (t + tow, ts + tyw)
51€ + sofed™ + s38d™ ! + 548%¢e —— (51 + sow?, 83 + s4w?)
Since R = [L] and Y = [K], we have actually identified V" and W with By & L and
Ap ® K, respectively:
t1d+t26+t3d€+t46£+ [S] —— (tl +t2w,t3 +t4o.),s)
516+ sofed ™+ s36d™t + 54+ [t]  —— (514 saw?, 53+ saw?t)
For all (b,s) € By & L and all (a,t) € Ag ® K, we will denote the corresponding
elements of V and W by [b, s] and |[a, t], respectively.
We can now describe the quadratic forms ¢ and ¢ on By @& L and Ag & K,
respectively, via this identification.
THEOREM 8.103. For allu,v € E, s€ L, z,y € D andt € K, we have that
(i) glu,v,s] =B~ (N(u) + aN(v)) + s
(i) glz,y,1] = a(N(z) + BN (y)) + 2.

PROOF. Let u = t1 + tow and v = t3 + t4w be arbitrary elements of F, and let
s be an arbitrary element of L. Then we have that

qu, v, s] = q[t1 + taw, t3 + taw, $]
= q(t1d + t26 + t3d§ + t46§ + [SD
= q(t1d + t2e) + q(t3dS + tael) + qls] ,
since f(t1d + toe,t3d€ + tse€) = 0 and [s] € Rad(f). By Lemma 8.95(ii) and

Lemma 8.97(i), [¢(v€)] = a[q(v)] = [aq(v)], and hence ¢(v€) = ag(v) for all v € V.
It follows that

qu, v, s] = q(t1d + tz2e) + aq(tsd + tse) + q[s]
= q(t1d) + f(trd, t2e) + q(t2e) + a(q(tsd) + f(tsd, tae) + q(tse)) + qls]
= tiq(d) + trts + t3q(e) + a(tia(d) + tsta + tig(e)) + s
= q(d)N(t; + tow) + aq(d)N(t3 + taw) + s
=Y (N(u) +aN(v)) +s ,
which proves (i). Similarly, let ¥ = 51 + sow? and y = s3 + sqw? be arbitrary
elements of D, and let ¢t be an arbitrary element of K. Then we have that
Q[x7 Y, t} = Q[Sl + 32w27 53 + 34("-}27 t}
= (16 + safed " + s3&d ™" + s4fPEe + [t])

Note that f(Sed™!,¢d™") = f(e,&d'd™") = Gla(d)]~" f(¢e,€) = 0 by Lemma
8.91(iii), hence f(slf + sofed™ !, s3¢d™ 1 + 548%¢e) = 0. Since [t] € Rad(f), it thus
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follows that
Gz, y,t] = 4(s1€ + sa8ed ™) + 4(s38d ™" + sa7Ee) + 1]
= §(518) + f (18, sa8ed ™) + G(s2€ed ")
+(s3€d ™) + f(ss€d ™, saB?Ee) + q(saBEe) + 1]
= s74(&) + s152f (€, Ged ™) + s3q(Sed ™)
+ $3G(6d7Y) + 538487 f (€, Eed ™) + s36%q(Ee) + dlt] -

By Lemma 8.95(i) and Lemma 8.97(ii), [§(wv)] = q(v)[¢(w)] = [q(v)?G(w)], and
hence G(wv) = q(v)2g(w) for allv € V and all w € W. Remember that f(¢, fed™!) =
af? and that q(d=!) = q(d)~! = B. Since ¢[t] = q(e[t]) = q(te) = t2, it thus follows
that

2

dlz,y, 1] = sta + s1s208° + s3q(e)*q(d) o
+ s2q(d) 2o + s3548%af? + s18%q(e)?a + 12
= a(sf + s152¢(d) 7 + s39(e)*q(d)
+ B%(53 + s354q(d) 7% + s3q(e)*q(d)7?)) + ¢
= a(N(s1 + sow?) 4+ B2N(s3 + s4w?)) + 12
a(N(z) + °N(y) +*

which proves (ii). O

For all a € Ap and all b € By, we let g1(b) := ¢[b, 0] and ga2(a) := {[a, 0]. Denote
the corresponding bilinear forms by fi and fs, respectively. We now define maps
T, 7, © and ¥ from Ay x By to Ag, K, By and L, respectively, by setting

[a,0][b,0] = [Y(a,b),7(a,b)] ,
[b, 0l[a, 0] = [6(a, ), P(a.b)] ,
for all a € Ag and all b € By. We will show that these maps coincide with the maps
T, v, © and ¥ defined on page 44.
LEMMA 8.104. T=T.

ProoOF. All the equivalences in the proof of this lemma are modulo Y. Let

a;:=¢, by :=d,
ag 1= §ed71 , by :=e,
az =& ", b :=d¢ ,
aq = ﬁzée , by =€,

and let a;; = a;b; for all 4,5 € {1,2,3,4}. We first observe that £de + ed =
f(d,e)?¢ = ¢ and that éd e+ Eedt = f(d71, e)%¢ = 3%€ by Lemma 8.93(i). Then

an =¢-d=p"az ;
ap =& e=B2ay ;
a3 =& - dé = afd = af?ag ;

a4 =& - e = afe = a6*2a4 ;
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ag =&ed™ ' -d=Ee =B ay ;

ago = ed™ ' e = (Ed7 e + %) - e = q(e)?az + ay ;

ags =Ced™ ' dé=¢e-dé-d7 =€ -dEed™! = added™ = a(E + fed)d™! = aas + af%ay ;
ags =fed ™ eE =e-ef-d M =¢-ef-edt = ateed™! = agle)?as;
asi Eﬁdil-dzal ;

ages =&d e =%+ fed ! = Bar + as ;

asz=&d - dé=¢€-dE-d7 = abdd™ = aa ;

asg =Ed e =€-ef-d7 = afed™! = aay ;

ay = B*e-d=q(d)?B*ed t = ay ;

aiz = B2 ¢ = Bq(e)as ;

ay3 = B€e - dE = B2 - dE - e = [Patde = af? (€ + Eed) = af®ay + aas ;
agy = Be el = B¢ - ef - e = fPatee = af?q(e)?a; .

Hence
T((1,0),(1,0)) = (0,67%) ; T((0,1),(1,0)) = (1,0) ;
T((1,0), (w,0)) = (0,37%w?) ; T((0,1), (w,0)) = (8% +w?,0) ;
Y((1,0),(0,1)) = (0,a87%) ; Y((0,1),(0,1)) = (,0) ;
T((1,0),(0,w)) = (0,aB™%w?) ; T((0,1),(0,w)) = (aw?,0) ;
T((w?,0),(1,0) = (0, 37 %w?) ; T((0,w%),(1,0)) = (w?,0) ;
Y((@?0),(w,0) = (0,(e)* +w?);  T((0,&7),(w,0)) = (8%q(e)?,0) ;
Y((w2, 0), (0, 1)) = (0,0 + af?w?) ; f((07w2), (0, 1)) = (af? + aw?,0) ;
Y ((«?,0),(0,w)) = (0,aq(e)?) ; Y((0,47),(0,w)) = (afq(e)?,0)

Since w? = Bw + Bq(e)? and W = w + B, it is now straightforward to check that T
coincides with the map T defined on page 44 on the set
{(1’ 0)7 (w2’ 0)7 (07 ]‘)’ (07 w2)} X {(1’ 0)7 (w70)7 (0’ 1)7 (O’ w)} *
By (Q3) and (Qu1), the map T is additive in both variables. Since (sw)v = s(wv)
for all s € L, v € V and w € W, it follows that Y(sa,b) = sY(a,b) for all
s €L,a€ Agand b € By. By Lemma 8.91(i), we have that w(tv) = §[tjwv =
t2wv for all t € K, v € V and w € W, and hence Y(a,tb) = t2Y(a,b) for all
t € K,a € Ay and b € By. Since the same properties hold for T, and since
Ay = <(1,0),~(w2,0),(071),(07w2)> and By = ((1,0), (w,0),(0,1),(0,w)), it thus
follows that T = 7. O
LEMMA 8.105. For all a € Ag and all b,V € By, we have that
(1) ¢2(Y(a,b)) = q1(b)*g2(a) + #(a,b)* ;_
(i) 7(a,b+ b') =v(a,b) + ﬂ(a,Nb’) + f1(0(a,b),b) ;
(il) q1(©(a,d)) = ¢2(a)q1(b) + ¥ (a,b).

PRrROOF. By Lemma 8.95(i) and Lemma 8.97(ii), [§(wv)] = ¢q(v)[§(w)] = [q(v
and hence §(wv) = q(v)?¢(w) for all v € V and all w € W. If we choose v = |

)?q(w)],
b, 0]
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and w = [a, 0], then we get that
d[Y (a.b), 7(a, )] = q[b, 01*qa, 0] .

Hence qo(Y(a,b)) + #(a, b)> = q1(b)%ga(a), which proves (i).
Similarly, it follows from Lemma 8.95(ii) and Lemma 8.97(i) that ¢(vw) =
d(w)q(v) for all v € V and all w € W. It follows that

Q(é(a7 b)? Z/;(a> b)) = Q[aa O]Q[b7 0] :
Hence q1(0(a, b)) + 1 (a,b) = ga(a)q (b), which proves (iii).
Finally, it follows from (Q11) that

[a,0] - [b+b,0] = [a,0] - [b,0] + [a,0] - [/, 0] + F([b,0] - [a, 0], ¢, 0]) .
Projecting this identity on Y = [0, K] yields
v(a,b+') =v(a,b) +v(a,b) + f([O(a,b),¢(a,b)], [V, 0])
= v(a,b) + v(a,b') + f1(O(a,b),b) ,

which proves (ii). O

THEOREM 8.106. T=7T, v =v, © =0 and ¢ = .

PROOF. We have already shown in Lemma 8.104 that T = Y. It then follows
from Lemma 8.105(i) and Theorem 7.12(xii) that = v. Hence, by Lemma 8.105(ii)
and Theorem 7.12(i), we have that f,(0(a,b) — ©(a,b),b’) = 0 for all a € Ay and
all b, € By, from which it follows that ©(a,b) — ©(a,b) € Rad(f;) for all a € A
and all b € By. Since BN Rad(f) = BN R = 0 by Theorem 8.99, we have that
By NRad(f1) = 0 as well, and hence © = ©. Finally, it then follows from Lemma
8.105(iii) and Theorem 7.12(xi) that 1 = . O

THEOREM 8.107. (V,W, 1y, mw,€,6) =2 Qr(K, Vo, q).

PROOF. First of all, observe that ¢ is indeed a quadratic form of type F}, since
its regular component ¢; has a norm splitting q; (u,v) = 871N (u) + B taN(v), and
the product of the coefficients of the norm splitting is 87! - 87 'a = 2, which is
an element of L.

Let ¢ be the isomorphism from [Vj] = [By @ L] to V' which maps [b, s] to [b, s]
for all b € By and all s € L, and let 9 be the isomorphism from [Wy] = [A¢ ® K]
W which maps [a, t] to [a,t] for all a € Ag and all ¢t € K. Then ¢([0,1]) = [0,1] =
1), = € and ((0,1])) = [0, 1] = [1],, = 4.

Since ¢ and 1 are identity maps, it now only remains to show that it follows
from the relations

+

for all @ € Ay and all b € By that
[a, t][b, s] = [T(a,b) + sa, 7(a,b) + q[b, s]t] ,
[b, s][a,t] = [O(a,b) + tb,P(a,b) + dla, t]s] ,
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for all @ € Ag and all b € By. We will only show the first identity, the second one
being completely similar. Since [0, s] € Rad(F), it follows from (Q1) and Lemma
8.51 that

(b, s] + [0, t][b, s]

|[6,0] + [a, 0][0, s] + [0, Z][b, 5]

a,b),v(a,b)] + [sa,0] + [0, tq[b, s]]

a,b) + sa,v(a,b) + q[b, s]t] .

Since ¢ and 1 are identity maps, it is now obvious that ¢([b, s][a, t]) = ?([b, s (la, t])

and ¥([a, t][b, s]) = ¥([a,t])P([b, s]) for all (a,t) € Wy and all (b,s) € Vp; hence
(¢,1) is an isomorphism from Qp (K, Vg, q) to (V,W, Ty, Tw,€,0). O

8.6. Quadrangular Systems of Pseudo-quadratic Form Type, 11

In this section, we continue to assume that Q = (V,W, 1, 7w, €,d) is a wide
quadrangular system which is the extension of a quadrangular system A of quadratic
form type, i.e. A = (V,Rad(H),Tv,Tw,€,0) = Qq(K, Vb, ¢), where 7, and Ty are
as in Remark 8.3.

Our goal in this and the next section is to classify these quadrangular systems
if Rad(F) = 0. So assume that Rad(F) = 0. We continue to identify V and Vj if
there is no danger of confusion.

LEMMA 8.108. For allv eV, allw € W and all t € K, we have that (tv)w =
t(vw). It follows that the notation tvw is unambiguous.

PRrOOF. If we substitute [¢] for z, T for v and Bw for w in (Qa3), then we get,
since II,([t]) = [t], that

v =—(t-vw)k(Bw) ,
and hence, by Lemma 8.50(ii), that

tv = —(t-vw)k(Bw) .
It follows that

tv-w=—(t vw)k(Bw) - w
and hence, by (Q1s), that tv - w = ¢ - vw, which is what we had to show. |
DEFINITION 8.109. If char(K) # 2, let ¢ := ¢/2. If char(K) = 2, define

S1:={veV|F(ev) #0} and Sy := {ew | w € W}. If S1 NSy # 0, choose a fixed

element z € S; N Sy; if S1 NSy = 0, choose a fixed element z € S;. Observe that
Sy # 0 since € ¢ Rad(F). In both cases, we let ¢ := f(e,2) 2.

It follows that f(e,{) = 1, independent of the characteristic.

REMARK 8.110. This somewhat strange definition will become clear in section
8.7.

DEFINITION 8.111. An element w € W is called (-orthogonal if and only if

f(¢, ew) =0.

LEMMA 8.112. Each coset of Y in W contains a unique C-orthogonal element.
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PRrROOF. Consider an arbitrary coset w BY of Y in W (where w € W). An
arbitrary element of this coset, say wH [t] with ¢ € K, is (-orthogonal if and only if

f(C e(wH[t])) = 0. By (Qu2), f(¢, e(wH[t])) = f(C, ew+elt]) = f(C, ew)+f(C te) =
f(¢, ew) + ¢, hence w H [t] is ¢-orthogonal if and only if ¢t = —f((, ew). O

Since Y = Rad(H) is a normal subgroup of W, we can define the quotient
group X := W/Y. Since [W,W]g <Y, the group X is abelian. We will use the
additive notations + and — for X.

DEFINITION 8.113. We define a map p : X — W as follows. For each element
wHBY € X, we let p(w BY) be the unique element wBy € wBY C W which
is (-orthogonal; see Lemma 8.112. Moreover, for all z € X and all t € K, we let
(x,t) := p(x) B [t] € W. Note that p(z) € z for all x € X, and hence (x,t) € z for
all x € X and all t € K as well.

LEMMA 8.114. For all w € W, there exist unique elements x € X andt € K
such that w = (x,t).

PrOOF. Let w € W be arbitrary. Let x := wHY € X, and let
y=Bpx)BweBwBY)Bw=BYBwBw=Y.
Hence y = [t] for some ¢ € K, and we thus have that (z,t) = p(z)B[t] = p(z) By =
w.

Now suppose that (x1,¢1) = (22,t2) for some x1, 25 € X and some t1,ts € K.
Since (x1,t1) € 21 and (z2,t2) € g, it follows that the cosets x; and x5 have an
element in common, and hence they are equal, i.e. 1 = x5. It then follows from
(Ihtl) = ($27t2) that tl = t2 as well |:|

DEFINITION 8.115. We define a map G : X x X — W by setting

Gla,) = Bip(a+ b) BB p(a) B p(b)

for all a,b € X. Note that a and b are cosets of Y in W. It follows that G(a,b) €
—(a+b)+a+b=Y. Hence we can define a map g : X x X — K by setting
G(a,b) = [g(a,b)] for all a,b € X.

LEMMA 8.116. (a,t) B (b,s) = (a + b, t + s+ g(a,b)) for all a,b € X and all
t,se K.

PROOF. Since Y C Z(W) by (Qs), we have that
(a,6) B (b,5) = p(a) B [1] 8 p(b) B [5]
— pla) B p(b) Bt + 5]
= pla+b)B [g(a,b)] B[t +5]
=(a+b,g(a,b)+t+s),
which is what we had to show. O

DEFINITION 8.117. We define a map 6 from X x V to V, a map w from X to
V and a map h from X x X to V by setting

O(a,v) :=v-(a,0),
m(a) :=0(a,e) =€ (a,0),
h(a,b) := H((a,0), (b,0)) ,
forall a,be X and allv € V.
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By definition, (a,0) is (-orthogonal for all @ € X, hence f(w(a),{) = f(e-
a,0),¢) = 0 for all a € X. Furthermore, it follows from (Q2) that v - (a,t) =
v-(a,0)+v-[t]=0(a,v)+tvforallveV,allae X and all ¢t € K.

DEFINITION 8.118. We define a map (a,v) — av from X x V to X and a map
@ from X x V to K by the relation
(a,0) v = (av, p(a,v)) .
Since we did not define a multiplication yet between elements of X and elements

of V, this will not cause confusion.

Note that it follows from (a,0) - € = (a,0) that ae = a and ¢(a,¢) = 0 for all
a € X. Furthermore, we have that (a,t) - v = (av,tq(v) + ¢(a,v)) by Lemma 8.51,
and that H((a,t), (b,s)) = h(a,b), for all a,b € X, allv € V and all t,s € K.

LEMMA 8.119. For all a € X, we have that
9(a, —a) = g(—a,a) = f(n(a),€) = f(r(-a)e) .

PROOF. Let w := (a,0) € W. Then w is (-orthogonal. By 3.13(i), we have
that w(—e€) = [f(ew,e)] Bw. By (Qg), f(e-w(—e¢),() = f(ew,() = 0, and hence
w(—e) is ¢-orthogonal as well. It follows that w(—e) = (b,0) for some b € X. Since
[f(ew, €)] € Y, we now have that b = w(—€)BY = [f(ew, €)|BwBY = BwlBY = —a.
It follows by Lemma 8.116 that

[F(x(a), )] = [f(ew, )
=w(—e)Bw
- (_a7 0) B (Cl, O)
—a+a,0+0+g(—a,a))
= [9(=a,a)] .
Hence f(7(a),€) = g(—a,a), and since it follows from (Qg) that

f(ﬂ—(*a)a 6) - f(e : (*CL, O)’ E)
= f(e-(a,0)(=€),¢)
= f(€ : (a’0)76)
= f(m(a)€),
we conclude that g(a, —a) = g(—a,a) = f(n(a),e) = f(w(—a),e). O

DEFINITION 8.120. We define a map (¢,a) — ta from K x X to X by setting
ta:=a-tefor all t € K and all a € X. We will prove later on (see Theorem 8.123)
that this makes X into a vector space over K.

LEMMA 8.121. For all a € X and all t € K, we have that ¢(a,te) = 0.
Moreover, for alla € X, allv € V and allt € K, we have that
(i) tarv=a-tv=t-av;
(i) ¢(ta,v) = ¢(a,tv) = t2p(a,v) .

PROOF. Let w := (a,0) € W and let y := [t] € Y. Since Ilg,(z) = z for all
z € W, it follows from (Qg) that w - ey -v = w - vy, for all v € V. It thus follows
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from (Qq1) that
Fe-w(ey),() =Bw-ey-eBw-ey-(Bw-ey-((+e¢)
=Bw-eyBw- -(yBw-((+e)y
= F(ey - w,Cy)
= F(tew, t()

= [t f(ew, )]
=0,

since w is (-orthogonal. It follows that w - ey is (-orthogonal as well. Since
w-ey =w-te = (a,0) - te = (a-te, p(a,te)) ,

it follows that ¢(a,te) = 0.
It now follows from w - ey -v = w- vy that (a-te,0)-v = (a,0) -tv for allv € V,
and hence

(ta - v, p(ta,v)) = (ta,0) -v = (a - te,0) - v = (a,0) - tv = (a - tv, p(a, tv))

for all v € V. This implies that ta - v = a - tv and p(ta,v) = ¢(a, tv).
Now observe that m(c) = m.(c) = —¢, for all ¢ € V. If we substitute te for v
and v for ¢ in (Qa4), we thus get that wv = w - te- v - (te) ™!, and hence

(a,0)-v-te =(a,0) te-v .
It follows that
(av,p(a,v)) - te = (ta,0) - v ,
and finally, since g(te) = t2, that

(t-av,t*p(a,v)) = (ta - v, p(ta,v)) ,

and we are done. O

LEMMA 8.122. The map (a,v) — av is additive in both variables. Moreover,
the following hold for all a,b € X and all u,v € V:

(i) ¢(a+b,v)+g(a,b)g(v) = ¢(a,v) +@(b,v) + g(av, bv) ;
(i) ¢(a,u+v) = ¢(a,u) + p(a,v) + g(av, au) + f(8(a, u),v) .

PRrROOF. It follows from (Qs) that
((a, 0) | (b, O))v = (a,0)-vH (b,0) v,
and hence, by Lemma 8.116, that
(a+0b,9(a,b)) - v=(av,p(a,v)) B (bv, 0(b,v)) ,
from which it follows that
((a +b)v, g(a,b)g(v) + p(a+ b, v)) = (av + bu, p(a,v) + ¢(b,v) + g(av, bv)) )

So we have shown that (a + b)v = av + bv and that (i) holds.
On the other hand, it follows from (Qi1) that

(a,0) (u+v) =(a,0): (v+u)=(a,0) - vHB(a,0) - vB F(u- (a,0),v),
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and hence
(a(u +v), p(a,u+v)) = (av, ¢(a,v)) B (au, p(a, u)) B [f(0(a, u), v)]
= (av + au, p(a,v) + @(a, u) + g(av, au) + f(0(a, u),v)) .
So we have shown that a(u + v) = au + av and that (ii) holds. O

THEOREM 8.123. Xy is a vector space over K, with the scalar multiplication
given by the map (t,a) — ta = a - te.

Proor. First of all, we have that 1la = a-€ = a for all a € X. By Lemma
8.122, the two distributivity laws hold, since

tla+b)=(a+0b) - te=a-te+b-te=ta+1tdb
for all t € K and all a,b € X, and
(s+tha=a-(s+t)e=a-(se+te) =a-se+a-te=sa+ta
for all s,t € K and all @ € X. Finally, it follows from Lemma 8.121(i) that
stra=ts-a=a-(ts)e=a-t(se) =ta-se=s-ta
for all s,t € K and all a € X. O
LEMMA 8.124. For all a,b € X, all u,v € V and all t € K, we have that
(i) O(ta,v) = t20(a,v);
(ii) O(a,tv) =tb(a,v);

(iii) 8(a + b,v) + g(a,b)v = 0(a,v) + 6(b,v) + h(b,av) ;
(iv) 8(a,u+v) = 6(a,u) + b(a,v) .

PROOF. Let w := (a,0) € W. Note that m(c) = me(c) = —¢, for allc € V. Tt
thus follows by substituting te for v and v for ¢ in (Qg5) that v-d(te) -w = v - w(te).
Hence

O(ta,v) = v - (ta,0) = v-w(te) = v - I(te) - w
=v-[q(te)] - w = t*vw = t*v - (a,0) = t*0(a,v) ,
which proves (i). Since t-vw = tv-w, we have that t6(a, v) = 6(a, tv), which proves
i It follows from (Q12) that
O(a+b,v) + g(a,b)v =v - (a+ b, g(a,b))
v ((a,0) B (b,0))
=v-(a,0)+v-(b,0)+ H((b0),(a,0)-v)
(a,v) + 6(b,v) + H((b,0), (av, p(a,v)))
=0(a,v) + 0(b,v) + h(b,av) ,
which shows (iii). Finally, it follows from (Q4) that
O(a,u+v) = (u+v)-(a,0)
=u-(a,0)+v-(a,0)
=60(a,u) +0(a,v) ,

which proves (iv). O
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LEMMA 8.125. For alla,b € X and allt € K, we have that h(ta,b) = h(a,tb) =
th(a,b).

PROOF. If we substitute te for v in Lemma 8.124(iii), then we get, by Lemma
8.124(ii), that
h(b,a - te) = O(a + b, te) + g(a,b)te — O(a,te) — O(b, te)
=th(a+b,e) +tg(a,b)e — t0(a,e) — tO(b, ¢€)
= th(b,a) ,
hence h(b,ta) = th(b,a). It follows by (Q22) and Lemma 8.50(ii) that
h(ta,b) = —h(b, ta) = —th(b,a) = —th(b,a) = th(a,b)
as well, and we are done. O

LEMMA 8.126. For all a,b € X, we have that f(h(a,b),¢) = g(b,a) — g(a,b).

PROOF. If we set v = ¢, wy = (b,0) and ws = (a,0) in (Qg), then we get that
B(b,0) B (a,0) B (b,0) B (a,0) = [f(h(a,b),€)] .
Since
B(b,0) B (a,0) B (b,0) B (a,0) = B((a, 0) B (b,0)) B ((b,0) &# (a,0))
=HB(a+b,9(a,b)) B (a+b,g(b,a))
= (0,—g(a,b) + g(b,a)) ,
it follows that f(h(a,b),€) = —g(a,b) + g(b,a). O
LEMMA 8.127. For all a,b € X and all v € V', we have that
f(h(a,b),v) = f(h(av,b),€) = f(h(a,bD),€) .
PRrROOF. It follows from (Qg) that
F(H(wg,w1),v) = [wy,wyv]m = F(H(wav,w),€)

for all wy,wy € W. If we choose wy = (a,0) and w; = (b,0), then we get that
f(h(a,b),v) = f(h(av,b),€). It then follows from Lemma 8.54 that

f(h(a,0), ) f(h(a, ), 7) = =f (h(b,a), D)
—f(n ( )76)=—f( (b9, a), €)
= f( a, bv) ,e)
as well. m

LEMMA 8.128. We have that avt = q(v)a and auv + avu = f(u,v)a for all
a€ X and allu,v €V,

PROOF. Let w := (a,0) € W. It then follows from (Qs5) that avv™! = a.

Since q(v)v~! = w, it follows from Lemma 8.121(i) that q(v)a = q(v)avv™t =

av - q(v)v~t = avv. It then follows that
F(u,)a = q(u +v)a — gw)a — g(v)a
=a(u+v)(u+v) — auu — avv
= auv + avu

as well. O
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We have now come to a point which is very similar to Chapter 26 in [20]. For
some of the remaining identities, we will thus simply refer to the appropriate place
n [20]. Note that [20] uses § where we use (.

LEMMA 8.129. For all a,b € X, we have that g(a,b) = f(h(b,a),().
PROOF. See [20, (26.20)]. O
Since h is bilinear over K, it follows from Lemma 8.129 that ¢ is bilinear over K.
LEMMA 8.130. For all a,b € X and all v € V, we have that
h(a,bv) — h(b,av) = f(h(a,b),€)v .
PROOF. See [20, (26.23)]. O

LEMMA 8.131. If char(K) # 2, then ¢ =0, and for alla € X and allv € V,
we have that

(i) g(a, a) =0;
(i) 6(a,v) = $h(a,av).

PROOF. See [20, (26.24)]. O

Note that it follows from Lemma 8.131(i) and the fact that g is bilinear over
K that g is skew-symmetric if char(K) # 2.

LEMMA 8.132. If char(K) = 2, then

(i) h(a,av) = g(a,a)v = f(e,m(a))v;

(i) f(0(a,v),v) = glav,av) = g(a,a)q(v) = f(e, m(a))q(v) ;

(iii) f(6(a,u),v) = f(0(a,v),u) + f(e,m(a)) f(u,v) ;
forallae X and all u,v € V.

PROOF. See [20, (26.25)]. O

LEMMA 8.133. For alla € X and all u,v € V, we have that

(i) f(0(a,v),v) = f(e,m(a))q(v);
(11) f(ﬂ(a,v), U) + f(@(a,u),v) = f(evﬂ(a))f(u7v) .

PROOF. See [20, (26.26)]. O

LEMMA 8.134. Forallae X, allu €V and all v € V*, we have that

Oav™, u) + o(a, v u = q(v)'0(a, @) — f(u,v")0(a,v1)

= f(0(a, ), v)q(v) " + f(0(a, v=1),0) f(u, 0 )0,

where v' = v=1 = q(v) "',

PRrROOF. Let w := (a,0) € W, and let ¢ := q(v) ', (u) € V. Since dv = [q(v)],
it follows by substituting u for ¢ in (Qg5) and by Lemma 8.52 that

7 (T wv) = q(v)m,(T) - w .

Note that m,-1(73) = m,(vg) for all vo € V by Lemma 3.18(i). If we replace v by
v~!, then it follows that
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and hence, since g(v™!) = q(v) ™!, that

from which it follows that

and therefore

O(av™",u) + (a, v )u = 0(a,¢) — f(v,0(a,c))v .
Since ¢ = q(v)"'m,(u) = q(v)™u — q(v) " f(v,u)v™t = q(v)"a — f(u, v )v7L it
follows by Lemma 8.124 that

O(av™",u) + p(a, 0™ )u = q(v)"'0(a, @) — f(u,v")0(a,v")
—q(v) "' f(0,0(a, )" + f(v,0(a,v7 1)) f(u,0" )0,
which is what we had to show. O

We now define

« _J0 if char(K) # 2
VT F, O+ flu, )¢ + o if char(K) =2
forallve V.

LEMMA 8.135. If char(K) = 2, then
(i) w(a,v) = f(0(a,v
= f(m(a),
(ii) If f(e,v) = f(Cv
(iii) m(aC) = m(a)q(¢) +6(a,Q) + f
(iv) 8(av,u) = q(v)8(a,u) + f(u,v)8(a,v)
forallae X and all u,v € V.

PRrROOF. By Lemma 8.134, this follows from the proof of [20, (26.30)]. O

*

LEMMA 8.136. For allve V, allw e W and all a € X, we have that
(i) q(ow) = q(v)q(ew) ;

(i) q(6(a,v)) = q(v)g(m(a)).

PROOF. Since § -V C Rad(H), it follows by substituting ¢ for w and w for z
in (Qgg) that § - ew - v = § - vw, hence [g(ew)] - v = [¢(vw)]. By Lemma 8.51, it
follows that [g(v)q(ew)] = [¢(vw)], which proves (i). Substituting (a,0) for w in (i)
now yields (ii). O

LEMMA 8.137. For all a € X, we have that p(a,m(a)) = 0.

PrOOF. By Lemma 8.131, we may assume that char(K) = 2. Since f(e,() =
1 = g(e), we have that g(e + ¢) = ¢({). It then follows, by Lemma 8.124(iv) and
Lemma 8.136(ii), that

q(m(a) +0(a, () =
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and hence ¢g(7(a)) = f(n(a),8(a,()). It thus follows from Lemma 8.135(i) that
ela,m(a)) = f(w(a), m(a))f(C,7(a) + f(0(a, (), (a)) f(e,m(a) + f(e m(a))g(m(a))
=0+q(n(a))f(e,m(a)) + f(e m(a))q(m(a))
=0,
which is what we had to prove. ([l

LEMMA 8.138. For allv € V and all w € W*, we have that
w - q(ew) te-@w - vw = wov .
PRrOOF. If we substitute A(w(—e)) for w in (Q19), then we get that
AMw(—e€)) - vw =wv .
If we set v = € in this identity, then we get that A(w(—e¢))-ew = w, hence A(w(—¢)) =
w - (ew) ™!, and therefore
w- (ew) ™ -vw =wov .
Note that it follows by substituting [¢] for z in (Qagg), with ¢t € K, that w-te-v = w-tv.
Since (ew)™! = g(ew) 'ew, it follows from this identity that
w - q(ew) te-Ew - vw = wv
which is what we had to show. g

LEMMA 8.139. For alla € X and all v € V, we have that

(i) g(7(a))av = an(a)f(a,v) ;
(ii) am(a)v = ab(a,v).

PROOF. We may assume that a # 0. First, we substitute (a, 0) for w in Lemma
8.138, and we get that
(a,0) - q(e(a,0)) e - €(a,0) - v(a,0) = (a,0)v,
hence
(q(7(a))ta,0) - 7(a) - 0(a,v) = (a,0)v.
If we calculate the X-component of both sides, then we get that
q(m(a)) " am(a)f(a, v) = av,

which shows (i).
On the other hand, if we substitute (a,1) for w in Lemma 8.138, then we get
that
(a,1) - q(e(a,1)) " te-e(a, 1) -v(a, 1) = (a, 1),
hence

(q(m(a) 4+ €)ta, q(n(a) + €)72) - (n(a) + €) - (0(a,v) +v) = (a,1)v.

Again, we calculate the X-component of both sides, and we get that

(a(m (@) + f(n(a), €) +q(e) " a(w(a) + €)(0(a,v) +v) = av ,

from which it follows that

am(a)f(a,v) + ab(a,v) + an(a)v + av = q(7(a))av + f(7(a),€)av + av .

Since f(m(a),€)av = an(a)v + am(a)v by Lemma 8.128, it follows by (i) that

ab(a,v) = an(a)v ,
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which proves (ii). O
LEMMA 8.140. If |K| > 2, then
cb(a,v) — er(a)v = ah(a, c)v — ah(a, cv)
foralla,ce X and allv e V.
PROOF. See [20, (26.36)]. O
LEMMA 8.141. For alla € X and all v € V', we have that
0(a,0(a,v)) = 6(a,v) f(e,m(a)) — q(w(a))v .
PROOF. See [20, (26.33)]. O

We can rephrase this identity in terms of W in place of X, which results in a
nice identity.

LEMMA 8.142. For allv € V and all w € W, we have that vw(Bw) = —q(ew)v.

PrROOF. Let w = (a,t), with @ € X and t € K. Let Q(a) := g(a,—a) =
f(n(a),€), and observe that 2Q(a) = 0; see Lemma 8.119 and Lemma 8.131. Note
that it follows from Lemma 8.116 that Bw = (—a, —t + Q(a)). Hence, by Lemma
8.124 and Lemma 8.141,

vw(Bw) = v(a,t)(—a, -t + Q(a))
= (0(a,v) + tv) - (—a, —t + Q(a))
=0(—a,b(a,v) +tv) + (=t + Q(a))(0(a,v) + tv)
= 6(a,0(a,v)) + th(a,v) — tb(a,v) + Q(a)d(a,v) — t*v + Q(a)tv
=0(a,v)Q(a) — q(n(a))v + Q(a)b(a,v) — t*v + Q(a)tv
= —(g(m(a)) + Q(a)t + t2)v
= —q(m(a) + te)v
(

and we are done. O

LEMMA 8.143. For allv € V and all w € W, we have that
vww = f(€, ew)vw — g(ew)v .

PrOOF. By 3.13(i), we have that w(—e¢) = F(ew, ¢) Hw, and hence, by (Qgs),
(Q12) and Lemma 8.142,

vww = vw - w(—e€)
=ovw - (F(ew,e) Bw)
=ovw - [f(ew, €)] + vw(Bw)
= f(ew, e)vw — q(ew)v ,
which is what we had to show. g
DEFINITION 8.144. For all v € V* and all w € W*, we let [v]y, := (v,vw) be

the subspace of V' (over K) generated by v and vw. Note that [v],, is 2-dimensional
if and only if w e W\Y.
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LEMMA 8.145. For allv € V* and allw € W\Y, we have that [v], - w = [v]y,
i.e. [v]y is a 2-dimensional subspace of V' which is irreducible under the action of
w.

ProOF. It follows from Lemma 8.143 that [v],, - w = (v, vw) - w = (vw, vww) =
(vw, f(€, ew)vw — g(ew)v) = (vw, v) since g(ew) # 0. O

DEFINITION 8.146. Let u,v € V* and w € W \'Y. Then u and v are called
w-orthogonal if and only if f([u]y, [v]w) = 0.

REMARK 8.147. It is clear that the definition above of [v],, and the notion
of w-orthogonality are generalizations of the definition of [v], and the notion of
a-orthogonality as defined in [20]. See [20, (26.37) and (26.38)].

THEOREM 8.148. Let a € X*, and let w = (a,0) € W*. Suppose that
fle,m(a)) # 0 if char(K) = 2. Let T be the endomorphism of V' given by T'(v) := vw
for allv e V. Then:

(i) The endomorphism T is a norm splitting map of the quadratic space
(V.K.q);
(ii) The minimal polynomial of T is

p(a) = 2* + f(e,m(a))z + q(n(a)) -
Let E denote the splitting field of p over K, and let v € E be a root of
p. Then E/K is a separable quadratic extension and there is a scalar
multiplication from E XV to V extending the scalar multiplication from

K xV toV, such that T(v) = ~yv for allv eV ;
(iii) Let S be a finite set of pairwise w-orthogonal elements of V*. Then the
elements of the set SUSw are linearly independent over K ; if this set does
not span V', then S can be extended to a larger set of non-zero pairwise

w-orthogonal vectors ;
(iv) Let ¢ : E — [e]y be given by
(r+ty) :=re+tr(a)
for all rt € K. Then 1 is an isomorphism of vector spaces and X is a

(right) vector space over E with scalar multiplication given by bu := bp(u)
for allb € X and all w € E. If o denotes the non-trivial element in

Gal(E/K), then ¥(u®) = ¢(u) for allu € E. If N denotes the norm of
the extension E/K, then N(u) = q(¢(u)) for allu € E.

PROOF. See [20, (26.39)]. O

LEMMA 8.149. Let a € X* be arbitrary, and let w := (a,0) € W*. Let D :=
(e, ew, v, vw) for somev € V\ (e,ew). Then dimg D =4, and aDD C aD (but not
necessarily bDD C bD for other elements b € X ).

PROOF. See [20, (26.41)]. O

THEOREM 8.150. Let dimg V = 4. Then V can be made into a division Ting
such that X is a right vector space over V. with scalar multiplication given by the
map (a,v) — av for alla € X and allv V.

PROOF. See [20, (26.42)]. O

It will be convenient now to set v2 ;=7 for allv € V.
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THEOREM 8.151. Suppose that dimg V € {2,4}. Then there is a multiplication
on V' which gives V' the structure of a division ring with the following properties:

(i) (€) is a subfield lying in the center of V' and the map t — te is an isomor-
phism from K to (e) ;
(ii) o is an involution of V ;
(iii) X s a right vector space over V with scalar multiplication given by the
map (a,v) — av;
(iv) q(v) = vv? = v € {e), and f(u,v) = wv’ + vu’ = u’v + v%u € (€) for
allu,v €V ;
(v) his a skew-hermitian form on X with respect to o ;
(vi) (V,(€),0) is an involutory set;
(vii) 0(a,v) =m(a)v for alla € X and allv eV .

PROOF. See [20, (26.43)]. O

THEOREM 8.152. Suppose that dimg V < 4. Then dimg V' € {2,4}. Let V be
given the structure of a division ring as in Theorem 8.151. Then (V, K, o, X, ) is
an anisotropic pseudo-quadratic space. Moreover, we have that

m(av) = vom(a)v — @(a,v)e
forallae X and allv e V.

PROOF. See [20, (26.44)]. O

THEOREM 8.153. Suppose that dimg V < 4. Let (V,K,0,X,m) be as in Theo-
rem 8.152. Then (V,W,1v,Tw,€,0) =2 Qp(V,K,0, X, ).

Proor. Let (T,H) be the group defined in section 7.4 applied on the pseudo-
quadratic space (V, K, 0, X, 7). By the definition of T, we have that 7(a) — v € (€)
for all (a,v) € T. Let x(a,v) be the unique element t € K such that v — w(a) = te.

Let ¢ be the isomorphism from [V] to V' which maps [v] to v for all v € V|
and let ¢ be the isomorphism from [T'] to W which maps [a, v] to (a, x(a,v)) for all
(a,v) € T C X x V. Then ¢([1]) = [1] = € and ¥([0,1]) = (0, x(0,1)) = (0,1) = ¢
since le — m(0) = le. (Remember that we have identified K with (¢) C V by
Theorem 8.151(i).)

Now, let v € V and (a,x) € T be arbitrary. By Lemma 8.139(ii) and Lemma
8.121(i), we have that

a-zv = arn(a)v + axv — ar(a)v
= ab(a,v) + a(z — w(a))v
= ab(a,v) +a- x(a,x)e- v
= af(a,v) + x(a,x)av

= a(0(a,v) + x(a, 2)v) ,
and hence, by Theorem 8.151(iii), it follows that

2v = 0(a,v) + x(a,2)v = v - (a, x(a, ) -
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By Theorem 8.152 and Theorem 8.151(i and iv), we have that
x(av,v7zv)e = v7axv — w(av)
=v7zv —v7(a)v + p(a,v)e
=v7(x —7(a))v+ ¢(a,v)e
=07 - x(a,x)e- v+ p(a,v)e

= (x(a,2)q(v) + ¢(a,v))e
and hence
x(av,v7zv) = x(a,z)q(v) + p(a,v) .
It follows that

¢([v]la, 2]) = é([zv]) = 20 = v - (a,x(a, 2)) = ([v])¢([a,2]) , and
P([a, 2[v]) = ¥ (lav, v72v]) = (av, x(av, v72v)) = (av, x(a, ¥)q(v) + ¢(a, v))
= (a,x(a,2)) - v = ([a, z])p([v]) ,
for all v € V and all (a,z) € T.

Hence (¢,1) is an isomorphism from Qp(V, K, 0, X, 7) to (V,W, Ty, Tw,€,9).
O

8.7. Quadrangular Systems of Type Fg, E7 and Ejg

In this section, we continue to assume that Q = (V, W, 7y, 7w, €, ) is a wide
quadrangular system which is the extension of a quadrangular system A of quadratic
form type, such that Rad(F) = 0. It only remains to consider the case where

LEMMA 8.154. If char(K) = 2, then there exists an element § € X* such that
(&) = af for some o € K*.

PROOF. Suppose that g(a,a) = 0 for all a € X. Since g is bilinear, it would
follow that g(a,b) = g(b,a) for all a,b € X, and hence, by Lemma 8.116, that W
is abelian. It would then follow by (Qg) that Im(H) C Rad(F'). Since Rad(F) =0
and H # 0, this is a contradiction.

Hence there exists an element a € X* such that g(a,a) # 0. Let wy := (a,0) €
W*. By Lemma 8.119, it follows that f(e,ew;) = f(e,7m(a)) = g(a,a) # 0. Hence
(see Definition 8.109)

S1NSa={veV|Flev)#A0tN{ew |weW}#0,
since ew; € S; N Sz. By the definition of ¢, this implies that ¢ = f(e,2)" 1z for
some z € S1 N Sy. Let z = ewy for some wy € W*. Since f(ews,() = f(2,() =
f(z, f(e,2)712) = 0, wq is (-orthogonal, hence wy = (£,0) for some & € X*. We
conclude that m(€) = €(£,0) = ews = 2z = f(€,2)( = af for a = f(¢,2) e K*. O
DEFINITION 8.155. If char(K) # 2, let £ be an arbitrary element of X*. If
char(K) = 2, choose £ € X* as in Lemma 8.154.

By Lemma 8.154 and Theorem 8.148, the endomorphism 7" of V' which maps
v to v(£,0) is a norm splitting map of q.

We have come to a point which is completely similar to the beginning of Chapter
27 in [20], and the rest of the proof could literally be copied from that chapter.

THEOREM 8.156. The quadratic space (K, Vy,q) is of type Eg, E7 or Eg.



94 8. THE CLASSIFICATION

PRrROOF. The proof is exactly as in [20, (27.17)], where we have to use Definition
8.117 and 8.118 and Lemmas 8.124, 8.127, 8.128, 8.129, 8.130, 8.131, 8.132, 8.135,
8.139, 8.140, 8.141 and 8.149. (]

THEOREM 8.157. (V,W, 1y, 7w, €,0) =2 Qp(K, Vo, q).

PrOOF. It follows from the proof of [20, (27.19)], using Definition 8.109 and
8.118 as well as Lemmas 8.124, 8.128, 8.129, 8.130, 8.131, 8.132, 8.133, 8.135 and
8.139, that the maps h, g, # and ¢ are exactly as in section 7.5.

Let ¢ be the map from [Vp] to V which maps [v] to v for all v € V, and let
¥ be the map from [S] to W which maps [a,t] to (a,t) for all (a,t) € S. Since
we have seen in Definitions 8.117 and 8.118 that (a,t) - v = (av,tq(v) + ¢(a,v))
and v - (a,t) = 0(a,v) + tv, it is now obvious that (¢,) is an isomorphism from
QE(KaVO,q) to (V7VV7TV37_W7676)' U

This completes the proof of Theorem 8.10, and thereby the proof of the classi-
fication of quadrangular systems.



APPENDIX A

Abelian Quadrangular Systems

In this appendix, we will describe the quadrangular systems (V, W, 7y, 7w, €,0)
where W is abelian, and we will restate the axiom system for some specific cases.

A quadrangular system Q = (V,W, 7y, 7w,¢,0) will be called abelian if and
only if W is abelian. One can check that € is abelian if and only if it is of quadratic
form type, of involutory type, of indifferent type or of type Fy. (Note that, if Q
is of pseudo-quadratic form type with W abelian, then 2 is in fact reduced, and
hence of one of these types.) In this case, we simply write + and — in place of H
and B, respectively, and we get the following description.

Consider an abelian group (V,+) and an abelian group (W, +). Suppose that
there is a map 7 from V x W to V and a map 7y from W x V to W, both of which
will be denoted by - or simply by juxtaposition, i.e. 7 (v,w) = vw = v - w and
Tw(w,v) =wv =w-v for all v € V and all w € W. Consider a map F from V x V
to W and a map H from W x W to V which are additive in both variables. Suppose
furthermore that there exists a fixed element ¢ € V* and a fixed element § € W*,
and suppose that, for each v € V*, there exists an element v~! € V*, and for each
w € W*, there exists an element w™' € W*, such that, for all w,w;,ws € W and
all v,v1,v9 € V, the following axioms are satisfied.

(A1) we=w

(A2) vd =w.

(A3z) (w1 + w2)v = w1V + wav.

(Ay) (v1 + v2)w = vyw + vaw.

(As) v(—w) = —vw.

(Ag) w(—v) = wo.

(A7) Im(F) C Rad(H).

(As) Im(H) C Rad(F).

(Ag) 6 € Rad(H).

(A10) If Rad(F') # 0, then € € Rad(F).
(A11) w(vy + vg) = wuy + wug + F(viw, ve).
(A12) v(wy 4+ we) = vwy + vwe + H(wrv, ws).
(Ag3) (v Ht=w (if v £ 0).
(Ay) (wHt=w (if w # 0)
(As) wov ™t =w (if v #£ 0)
(Ag) vww™t =v (if w # 0)
(Ay7) v (wv) =W (if v #0)
(A1g) w™l(vw) = wo (if w # 0).
(A1g) F(oy ', 1)1 = F(v1,02) (if v1 # 0).
(Azo) H(wfl,wg)wl = H(wl,wg) (lf w1 75 0)

Then (V, W, 1y, Tw,¢€,0) is an abelian quadrangular system.
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A.1. Reduced Quadrangular Systems

If Q = (V,W,rv,7w,¢€,0) is reduced or indifferent, i.e. if H = 0, then Q is
abelian, and we get the following description.

Consider an abelian group (V,+) and an abelian group (W, +). Suppose that
there is a map 7 from V x W to V and a map 7y from W x V to W, both of
which will be denoted by - or simply by juxtaposition, i.e. 7 (v,w) =vw =v-w
and 7w (w,v) = wv =w- v for all v € V and all w € W. Consider a map F' from
V x V to W which is additive in both variables. Suppose furthermore that there
exists a fixed element € € V* and a fixed element § € W*, and suppose that, for
each v € V*, there exists an element v~ € V*, and for each w € W*, there exists
an element w™! € W*, such that, for all w,w;,ws € W and all v,v;,vs € V, the
following axioms are satisfied.

(R1) we =w.

Ry) vd =w.

R3) (w1 + we)v = wiv + wav.
Ry) (v1 4+ v2)w = viw + vow.
Rs) v(—w) = —ovw.

(RIO 1}_1)_1 = (lf’l)#O)
(R11) (wHt=w (if w # 0).
(Ry2) wov ™t =w (if v # 0).
(Ry3) vww™! =v (if w # 0).
(Ry4) v~ Y(wv) = w0 (if v £ 0).
(Ris5) w i (vw) = wo (if w # 0).
(R16) F(vfl,@)vl = F(’Ul,vg) (lf v # O)

Then (V,W, Ty, Tw,€,d) is a reduced or indifferent quadrangular system (and
it is reduced if and only if F' # 0).

REMARK A.l.  As we explained in Remark 6.4, axiom (R7) had only been
introduced to simplify the classification result of the wide quadrangular systems.
In particular, it is not needed for the reduced quadrangular systems, and it is in
fact often more convenient — and perfectly allowed — to leave it out.

A.2. Indifferent Quadrangular Systems

If Q = (V,W,1v,mw,¢,0) is indifferent, i.e. if F = 0 and H = 0, then Q is
abelian, and we get the following description.

Consider an abelian group (V,+) and an abelian group (W, +). Suppose that
there is a map 7y from V x W to V and a map T from W x V to W, both of
which will be denoted by - or simply by juxtaposition, i.e. 7y (v,w) = vw =v-w
and Ty (w,v) =wv =w-v for all v € V and all w € W. Suppose furthermore that
there exists a fixed element ¢ € V* and a fixed element § € W*, and suppose that,
for each v € V*, there exists an element v~ € V*, and for each w € W*, there
exists an element w—! € W*, such that, for all w,w;,ws € W and all v,v;,vs € V,
the following axioms are satisfied.

(D1) we =w.
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(Dy) vd=w

(Dg) (w1 + wg)"U = W1V + wav.

(Dy) (v1 + v2)w = viw + vow.

(D5) w(v1 + v2) = wuy + wos.

(Dg) v(wy + ws) = vwy + vws.

(D7) ()t = (if v # 0).

(Ds) (w) ' = w (if w 7 0).

(Dg) wvv~! =w (if v #0).
(Dyo) vww™! = (if w # 0).
(D11) v~ H(wv) = vw (if v # 0).
(D12) wi(vw) = wv (if w # 0).

Then (V,W, 1y, 7w, €,0) is an indifferent quadrangular system. (Note that we
do not have to assume a prior:i that all elements of V' and W have order at most 2,
but that this follows from these axioms.)

A.3. Radical Quadrangular Systems

An abelian quadrangular system Q = (V, W, 7y, 7w, €,0) will be called radical
if and only if Rad(F') # 0. One can check that € is radical if and only if it is of
quadratic form type with ¢ € Rad(f) (and hence char(K) = 2), of indifferent type
or of type Fy. We will give two different (but equivalent) descriptions. The first one
is useful to check whether a certain system is a radical quadrangular system; the
second one is more convenient to work with. Note that each of these descriptions
is completely symmetrical.

A.3.1. First Description. Consider an abelian group (V, +) and an abelian
group (W, +). Suppose that there is a map 7 from V x W to V and a map 7y
from W x V to W, both of which will be denoted by - or simply by juxtaposition,
ie. v (v,w) =vw=v-wand 7w (w,v) =wv=w-v forallv eV and all w € W.
Consider a map F from V x V to W and a map H from W x W to V which are
additive in both variables. Suppose furthermore that there exists a fixed element
€ € V* and a fixed element 6 € W*, and suppose that, for each v € V*, there exists
an element v~! € V*, and for each w € W*, there exists an element w=! € W*,
such that, for all w,w;,ws € W and all v,v1,v9 € V, the following axioms are
satisfied.

(F1) we = w.

(F2) vd =w.

(F3) (w1 + wo)v = wiv + wav.

(Fq) (v1 4 v2)w = v1w + vow.

(F5) Im(F) C Rad(H).

(Fg) Im(H) C Rad(F).

(F7) 6 € Rad(H).

(Fs) € € Rad(F).

(Fg) w(vy +v2) = wvr + wug + F(viw, vg).

(F10) v(wy + wa) = vwy + vwa + H(wiv, wa).

(Fu) (o) = v (if v #0).
(Flg) (w_l)_l =w (lf w 75 O)
(Fi3) wov™t =w (if v # 0).
(Fiy) vww™t = (if w # 0).



98 A. ABELIAN QUADRANGULAR SYSTEMS

(Fi5) v~ ( v) = vw (if v # 0).
(Fi6) w™' (vw) = wv (if w # 0).
(Fi7) F(or av2)vl F(v1,v2) (if v1 #0).
(Fis) H(wi ' wo)wy = H(wy,ws) (if wy # 0).

Then (V,W, 7y, Tw,¢€,0) is a radical quadrangular system. It is of type Fy if
and only if F'# 0 and H # 0.

A.3.2. Second Description. Let K and L be two commutative fields with
char(K) = char(L) = 2, such that K is a vector space over L and that L is a
vector space over K. If ¢t is an element of the field K, then we will denote the
corresponding element of the vector space K by [t]; if s is an element of the field
L, then we will denote the corresponding element of the vector space L by [s]. Let
V' be a vector space over K containing [L] as a subspace, and let W be a vector
space over L containing [K] as a subspace.

Suppose that ¢ is an anisotropic quadratic form from V to K, with correspond-
ing bilinear form f, and that ¢ is an anisotropic quadratic form from W to L, with
corresponding bilinear form f, such that [L] C Rad(f) and [K] C Rad(f). Let
e:=[1] € [L] CV and ¢ := [1] € [K] C W. Finally, suppose that there is a map 7y
from V x W to V which is K-linear on V', and a map my from W x V to W which
is L-linear on W, both of which will be denoted by - or simply by juxtaposition,
ie. v (v,w) =vw=v-wand 7 (w,v) =wv=w-v forallveV and all w € W.
Moreover, suppose that the following axioms hold, for all v € V, w € W, t € K
and s € L.

(C1) v[t] = to.

(Cq) w[s] = sw.

(C3) v-sw=vw-sd

(Cy) w-tv=wv-te

(Cs) [ = [ta(v)

(Co) [s]w = [sq(w)]

(Cr) vww = v - §(w)d.

(Cg) wvv =w - q(v)e.

(Cy) v-wv = q(v)vw.

(Cro) w-vw = §(w)wo. )
(C11) v(wy + w2) = vwy + vws + [f(wyv, ws)].

(C12) w(vy + ve) = wvr + wug + [f(viw, va)].
Then (V,W, 7y, Tw,¢€,0) is a radical quadrangular system. It is of type Fj if
and only if f £ 0 and f # 0.
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