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Abstract

We study an optimal inequality which relates potential and kinetic energies in an
appropriate framework for bounded solutions of the Vlasov-Poisson (VP) system. Op-
timal distribution functions, which are completely characterized, minimize the total
energy. From this variational approach, we deduce bounds for the kinetic and poten-
tial energies in terms of conserved quantities (mass and total energy) of the solutions
of the VP system and a nonlinear stability result. Then we apply our estimates to the
study of the large time asymptotics and observe two different regimes.
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1 Introduction

The three-dimensional Vlasov-Poisson system can be written in terms of a nonnegative
distribution function f : (0,00) x R?® x R® — R* U {0} and the corresponding mass
density p(x,t) == [gs f(t,2,v) dv as follows:

atf“i’v'vszvz(ﬁ'vvf:oa

ft=0,z,v) = fo(z,v), (VP)

Ay =dmyp, limg o o(t,z) =0,



May 27, 2003— J. Dolbeault, O. Sdnchez & J. Soler — Gravitational Vlasov-Poisson system

where v is +1 depending on the physical system under consideration: v = +1 corre-
sponds to the evolution of particles subject to their own gravity (gravitational case)
and v = —1 describes the dynamics of charged particles (plasma physical case).

The purpose of this work is to study the asymptotic behaviour of the solutions
of the VP system in the gravitational case by the mean of an associated variational
problem.

We first obtain optimal upper and lower bounds of the kinetic and potential energies
in terms of the mass and of the minimum of the total energy functional (Theorem 1).
These estimates are optimal in the sense that they coincide in the case of one of the so-
called polytropic gas spheres solutions (Theorem 2; see [3] for a study of these solutions
by means of the associated characteristics system). We reduce the problem to the proof
that the minimum of the energy is realized in a class of bounded functions (see below).
In Section 3, we completely characterize the minimizers, which in turn gives an optimal
constant for an interesting inequality (see Appendix B), and also proves a nonlinear
stability result (Theorem 3).

The dispersive character of the solutions of the VP system in the plasma physical
case has been proved by using LP-estimates of the mass density. As was pointed out
in [9], a different qualitative behaviour can be expected for the gravitational case, due
to the existence of stationary solutions. Section 4 of this paper is devoted to the study
of this case. In terms of the orientation of an inequality which relates the value of the
energy, the mass and the momentum of the initial data, we distinguish two situations:
either we can derive positive lower bounds for the potential and a norm of the mass
density, or we prove that the variance of the density function is of order ¢? as in the
plasma physics case. For that purpose, we extensively use the Galilean invariance of
the VP system, and also the pseudo-conformal law as in the dispersive case.

There is a general interest in understanding the large time behaviour of time de-
pendent solutions of the VP system, which has given rise to various approaches in
the literature, ranging from the study of the stability of certain solutions [1, 6, 7] to
the analysis of the time evolution of integral quantities (moments, LP-norms, ...),
see e.g. [2]. Our dispersion results extend the estimates of J. Batt in [2] to the non
spherically symmetric case.

The solutions corresponding to polytropic gas spheres are radial and take the special
form

fl@,v) = (Bo — [v|*/2 = ¢(2)) |z x v**

(see [3, 4, 6] for details). In [6] (see [7, 16] for more recent results) some of these so-
lutions (the ones corresponding to 0 < p < 2 + k, k > —1) were obtained as minima
of a so-called Energy-Casimir functional. Here, we extend these results and the com-
pactness arguments to the limit case which formally corresponds to u = 0 and k = 0.
Considerations on the total energy functional are fruitless at a first sight, since this
functional is not bounded from below in the functional spaces proposed in [6]. This
motivates an extra restriction (a uniform bound), which is stable under the evolution
of the VP system and corresponds to the standard framework for solving the Cauchy
problem.

We face different kinds of difficulties: lack of compactness due to translation in-
variance, and possibility of dichotomy in the large-time dispersive regime due to the
invariance under Galilean translations. The possible regimes are much richer in the
gravitational case than in the plasma physics case (see for instance [10] for the con-
struction of time-periodic solutions). This also makes the analysis, for instance of the
dispersive regime, much harder than in the plasma physics case [9, 15, 5].
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2 Optimal bounds for the kinetic and potential en-
ergies
The goal of this section is to determine an optimal interval for the kinetic and potential

energies in terms of the total energy, the total mass being fixed. We reduce the question
to a minimization problem and prove that it is achieved.

Let f(t,z,v) be a solution of the VP system and define the total energy associated
to f by
E(f) = Exin(f) = v Epor(f)

where the kinetic and the potential energies are defined respectively by

Exin(f) / |v| f(t,x,v) dedv and Epor(f / |Vé|? dr .

In the last expression the potential ¢ associated to f is given by

- L v)dv .
o=—rhn [ e )

For a smooth solution the total energy remains constant along the time evolution of
the solution as well as the total mass which is defined by

£t )l ey = /6 ft,z,v) dodv
R
(see [8, 15]). The transport of the distribution function also preserves uniform bounds:

1 (s e ey < 1FO, - ) lLee (ms) -

For these reasons, it is natural to consider the functional space L' N L>*(R®). Our
main result relates E(f), Exin(f) and Epor(f) in this functional space. It is by the
way independent of the VP system itself but of course applies to any of its solutions.
Before, we need some further notations and definitions. For any M > 0, let

F]\/[ = {f S Ll ﬂLOO(RG) . f(ﬂj,’t)) Z O, ||f||L1(]R6) = M, ||f||Loo(]R6) S 1}

and consider
FEy o= 1inf {E(f) : f S FM} . (2)

In the rest of this paper, we will assume without further notice that v = 1 (gravitational
case). For any E > F), define

E E
Ki(EM)=-2F 1-— +4/1— —
+(B, M) M ( 2E EM)

E
PL(E,M) = —2Ey, (1 +./1- —> .
Ey

Theorem 1 E); is negative, bounded from below and for any f € T'p, with E = E(f),
the following properties hold:

() Exin(f) € | K- (B, M), K.(E,M) |
(i) Epor(f) € [ max{0, P_(E, M)}, P+(E,M)}

(i) Eror(f) € [0, v IEnExin () |
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Moreover, there exist functions which minimize (2) and these are stationary solutions
to the VP system for which E = Ep; and

K+ (B, M) = Exin(f) = 5 Epor(f) = Ps(E, M)

The rest of this section is devoted to the proof of Theorem 1, apart the fact that
minimizers are solutions of the VP system, which is going to be an easy consequence
of the explicit form of the minimizers (see Theorem 2 in Section 3).

2.1 A potential energy estimate

Lemma 1 There exists a positive constant C such that for any nonnegative function f
in L' N L>®(R®) with |v|*> f € L'(R®) and ¢ given by (1),

1/2
/}R3 |Vé|? dx < C ||f||£/1{(3]R6) ||f||i/o§(Ra) (/]RG [v]2f(z,v) da dv) . (3)

In the rest of this paper, we shall denote by C the best constant in Inequality (3) (see
Appendix B for more details).

Proof. From the definition of ¢ we have
/ \Vol* dz = / (—A¢) ¢ dw = 4dn / PWPE) gy
R3 R3 re |2 — Yl

with p(z) = ng f(x,v)dv. According to the Hardy-Littlewood-Sobolev inequalities,

2 2
[ 19ef do <m0l

for some constant ¥ > 0. Because of Holder’s inequality,

7/12 5/12
lolliossqes) < ollTs s, loIT55 s,

The L%3-norm of p can be estimated by the standard interpolation inequality

[0l o< €SI oy [ o st,0) dz
R3 R6

2.2 An equivalent minimization problem
Define ) ,
J(f) = §f]R6 [v|* f dz dv _ Exin(f)
(& Juo IVOP? dz)” — (Epor())?

and consider the minimization problem

Jm :mf{J(f) : fEF]\/[} .

The strict positive character of Jys is a trivial consequence of the Inequality (3). A
simple scaling argument proves that the constraint || f||rrs) < 1 has to be saturated.

Lemma 2 The minimization problems E(f) = En and J(f) = Jyr over the set Ty
are equivalent in the following sense.

(i) Their respective minima satisfy

4Jy Eyp=—-1.
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(il) If far € Tar is a minimizer of the functional E, then it is also a minimizer of

the functional J. On the other hand, if J(gp) = Ju for some gy € Ty, then
Epor(gm)

E(g%;) = En where ¢$;(x,v) := gy (ox,v/0) and 0 = Shrn(oa)

Proof. The set T')s is stable under the action of the scaling f — f7(z,v) = f(ox,v/0)
for any o > 0. Since for every f € 'y,

E(f7) = o’Exin(f) — o Epor(f), (4)

we can select the value of the parameter ¢ for which the total energy reaches the
minimum over the uniparametric family of functions {f° : o € RT}. Let

_ _ Epor(f)
0 =0min = 55 7 -
2EkiN(f)
In that case,
: 1 (Epor(£))* 1
E(f)> E(fomin) — _~ _ _ 5
() 2 B(F7) 4 Exin(f) 4J(f) )
Note that E(f°mi) < 0. Since fﬁ(f) > fﬁ, this proves that Fy; > fm. On
the other hand, the functional J is invariant under scalings. so we may rewrite (5) as
1
J(fy=J(fom") = —————. 6
Again —W > —ﬁ proves the inequality: Jy; > _WlM’ so that Ey < —ﬁ
because Ej; < 0. Assertions concerning the minimizers directly follow from (5) and (6).
O

The fact that Ej; is negative, bounded from below, is a straightforward consequence
of Lemma 1 and Lemma 2. We can now prove Assertions (i)-(iii) of Theorem 1. By
definition of E(f) and J(f), we have

Exin(f) 1
E:=E(f)=Exin — E 4 Fooppe I =- '
(f) KIN POT Al (Epor(f))2 (£) = 4 By
This proves Assertion (iii): (Epor(f))* < —4Eym Exin(f), and
B 2
BRI e (£) < B (B — E) < —4Bas B
M

from which (i) and (ii) easily follow, using the positivity of Epor(f). Note that
K_(E, M) is nonnegative, which is the case for P_(FE, M) only if E < 0.

The rest of this section is devoted to the proof of the existence of minimizers.

Corollary 3 Let fy; be a minimizing function for the functional E on I'p;. Then

Epor(fu) =2Ekin(fm)=—2En . (7)

Proof. (7) is a trivial consequence of the scaling argument (4): derive the identity with
respect to o at ¢ = 1. Note that

1
Eyv = —Erin(fu) = —3 Epor(fm) <0.

Remark Property (7) is shared by any stationary solution f of the VP system:
Epor(f) =2Ekin(f) = -2E(f).

For a proof, see identity (23).
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2.3 Spherical symmetry and regularity of the potential

We first prove by symmetric nonincreasing rearrangements (see Appendix A) that when
minimizing the functional E on I'p;, we can consider minimizing sequences having
radial nonincreasing mass densities, which provides further regularity properties of the
associated potentials.

Lemma 4 Let M > 0. There exists a minimizing sequence (fn)nen € I'N; of the
functional E such that for any n € N the mass density pn(x) = [ps fn(z,v)dv is a
radial nonincreasing function.

Proof. Let (fn)nen € T}, be an arbitrary minimizing sequence of the functional E.
The symmetric nonincreasing rearrangement f= € I'y; (see Appendix A) of f,, (with
respect to the x variable only) also belongs to I'y; for any n € N, because of (27)-(28).
Using Riesz’ theorem (see Theorem 4 in Appendix A for a statement) we get

/ /
/ |v¢|2 dx 47 / M dx dz’ dv dv'
R3 (R3)4

|z — /|

. s (ool o))
47_[_/ f (ZL',’U)f (IE,'U) d.’L'dlL'/d’Ud’U/
(R3)*

|z — 2|
/ |V |? dx
R3

where ¢ = || 71« [os f(-,v) dv and ¢, = || % [5s f**(-,v) dv. This and (29) prove that
fr= is a minimizing sequence. Properties (30)-(31) provide the spherically symmetric
and nonincreasing character of the sequence of mass densities associated to f=. O

IN

IN

The spherically symmetric character of the mass density implies regularity proper-
ties of the potential function ¢ (see Lemma 2 of [6] for a proof) which go beyond the
estimate of Lemma 1.

Lemma 5 Let p € LY(R?) N L%3(R3) be a nonnegative and spherically symmetric
function with ||p|lLirsy = M > 0 and define ¢ = —| - |1 % p. Then ¢ belongs to
WQ’S/S(R?’) and there exists a n > 0 such that for any R > 0 we have

loc
/ Vo[> dx < C(M, R) / 073 dx + 1
|| <R |z|<R

for some C = C(M, R) > 0 which does not depend on p.

2.4 A priori estimates, scalings and tools of the concentration-
compactness method

Several of the results of this paragraph are basic tools of the concentration-compactness
method (see [14, 16] for more details in this direction). We start with a very elementary
computation which will be usefull later.

Lemma 6 Let p be a radial L' nonnegative nontrivial function on R and consider
the corresponding potential ¢ given by the Poisson equation

Ap=4dmp, |lim o(x) =0.
——400

|

Then ¢ is radial, nondecreasing and strictly increasing in the interior of the support
of p. With the notation ng p(x)dx =: M > 0 and the standard abuse of notations:

r=|z|, p(z) = p(r), () = ¢(r) for any x € R® and M = [, p(x) do = 47 [ r2p(r),
the two following estimates hold:
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(i) For any r > 0,
M
2

¢ (r) < and — g <¢(r)<0.

r

(ii) For any R > 0,
M2
/ |Vo(x)|? de < 4m— .
|z|>R R

Proof. The Poisson equation written in radial coordinates is
1 /
2 (T2 d)’) =4d7p

which gives after one integration

4 r M
o) = [ el as<

An integration from R > 0 to 400 gives (i) while (ii) is obtained by writing
+oo 9 +oo M2
/ |V(z)|? dm§47r/ r2 (¢ (r)) dr§47r/ —5- dr.
|z|>R R R r
The bound on ¢ readily follows from the expression of ¢'. O
Our next result is based on a scaling argument.
Lemma 7 Let M be a positive real number. Then, the identity

Ey =M B (8)

holds.
Proof. Let f € I';. We scale this function as f(z,v) = f(M/3z, M—2/3v), obtaining

[fllirey =M, | fllemsy <1, E( )=M"PE(f).
This scaling trivially implies (8). (]
The following result is a splitting estimate (see [6] for similar estimates).

Lemma 8 Let f € Iy be a function such that the mass density p(x) = [ps f(x,v) dv
is spherically symmetric. Given R > 0, we can write

M—)\z/ f(z,v)dv dz,
|z|<R JR3

for some A € [0, M]. Then

3M2+47TR) (M =M)A. (9)

Proof. Let xp, be the characteristic function of Br := {x € R® : |z| < R}. We split
the potential function in two parts ¢ = ¢1 + ¢2, where ¢ and ¢, are defined by

Bor(@) = [ xoa(@ S0y v Ada(a) = [ (1= xwala)) fa)do
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In the same line we write E(f) as
E(f) = EKIN (xBrf) + Exin((1 — xBR)f)

/ Vo |? z*—/ Vo I*—/ V1 - Voo da

— Blwaf) + B = xpa)f) =~ 3 [ Vor - Von da

1
> EM—,\+E,\+—/ 2 Ay d .
47T R3

Using (8) we find

E(f)— Ey > [(1%>%+(%)%1

In order to bound the first term on the right hand side of (10) we take advantage of
the negative value of Fj; and use the identity

1

(1—z)7/3+x7/3—1§—§x(179:),

which is valid for all z in [0,1]. The second term of the right hand side of (10) is
nonpositive and bounded by

1
_/ $2 Ay dx
T JR3

< Valloeges) [ X f dodo = oalos o) (M = )
R

where [|¢2][r,~r3) can be calculated by using the spherically symmetric character of
the mass density p =[5, f dv:

0h(r) = 25 [0l (1 = xma(s)) s >0,

0

so that ¢4(r) =0 on (0, R), which implies that

92l ey = 162(0)] = 62(R) < o

according to Lemma 6. Combining the above estimates we obtain (9). O
In the next lemma we prove that no vanishing of mass occurs.

Lemma 9 Let Ry > m and consider a minimizing sequence (fn)nen € I'yy for

the functional E. Assume moreover that (fn)nen s given as in Lemma 4. Then

1imsup/ frndudx=0.
|I|>R0

n—oo

Proof. If the statement was not true, there would exist a A € (0, M] and a subsequence
(we keep the same notation for the sake of simplicity) such that

lim fndodr=X.

"o Jz| > Ro JR3

In this case, for every f,, there would exist R(n) > Ry such that

= / fn dvdx .
lz|>R(n) JR®
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Apply now Lemma 8 to each f,, with R = R(n):

7TEnm 1 AN\ A
E(fn)_EM Z _(m‘f'm) (M—§)§

TEyw 1 A\ A
> (=M ~Z)1Z>o0.
= <3M2+47TR0) <M 2>2>0

This would clearly be in contradiction with the assumption that the sequence is a
minimizing sequence for the functional E. O

2.5 Convergence of a minimizing sequence

Proposition 10 Let (f,)nen € T, be a minimizing sequence for the functional E,
with radial nonincreasing mass densities. Up to a subsequence, the sequence converges
to a minimizer fyr € Ta such that Eny = E(fa), supp (far) € Br, x R® where

__ 3M*
Ro = 287 |En|”

Proof. At each step of the proof, we may extract subsequences that we still index

by n, for simplicity. From Lemma 1, it is clear that both Ex;n(fn) and Epor(fr)

are bounded sequences. Thanks to Lemma 9, lim, .« |, B Jgs fndvdz = M. The
0

sequence (fn)nen verifies the hypothesis of the Dunford-Pettis theorem:
(i) [boundedness| (f)nen is bounded in L(RRY),

(ii) [no concentration] for any measurable set A,
[t dado < fulmiao 141 < 141,

(iii) [no vanishing] for any Ki, K, either K1 < Ry and

1
/ / In dmdvg/ / fn drdv < EEKIN(fn)v
lz|>K1 J|v|>K2 R3 J|v|>K3 2

or Kl Z RO and

1im/ / frndrdv < lim/ fndrdv=0.
=0 Jiz|> Ky Jv|>Ko =0 J|z|>Ro JR3

As a consequence, there exists a function f € L!(R%) and a subsequence which weakly
converges in L'(R%) to f. As a consequence, ||f|pirsy = M (see [14, 6] for more
details). Moreover, f is nonnegative a.e. as a weak limit of nonnegative functions. The
sequence (fy,)nen is bounded in L>°(R3) and thus also converges to f w.r.t. the *-weak
L*® topology, up to the extraction of a further subsequence, so that || f||yeemsy < 1.
Thus f belongs to I'y;. The weak convergence in L!(R®) implies

/ |v]? f dedv < liminf [ |v|? f, dzdv .
RS n—oo Jpe

Let ¢, and ¢ be the solutions to the Poisson equation with mass densities associated
with f,, and f respectively. The proof that lim, .. [|[Vén — V@|[r2(rs) = 0 up to the
extraction of a subsequence follows from the splitting

M2
190 =voP do< [ Vo, - Vo dosar (1)
R

which is itself a consequence of Lemma 6. Here Bg := {z € R®* : |z| < R}. From
Lemma 5 and the Sobolev compact inclusion W25/3(Bg) — W% (Bg), we obtain
the convergence by choosing R large enough in (11). This proves that E(f) = Ey. O
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3 Solutions of the VP system with minimal energy
and nonlinear stability

We characterize the functions with minimal energy and prove that they are solutions
of the VP system. For that purpose, we characterize the mass density of a minimizer,
as was proposed in [16].

Theorem 2 Let fy; be a minimizing function for the functional E on T p;, with radial
mass density. Then fyr is defined almost everywhere by

1 if L2+ oy, (2) < TEG)
fu(z,v) =

0 otherwise ,

where ¢y, is the unique radial solution on R3 of

TE o2
2 (== .
(3 M ¢fA4)+]

It is the unique minimizer with radial mass density and it is also a steady-state solution
to the VP system. Moreover, if f is another minimizing function, then

1
AQﬁfM = g (47T)2

f(l‘,’U):fM(iL'fi’,’U) V(I7U)ER65

where & = 57 Jpo @ f(x,v) dz dv.

Here w4 denotes the positive part of w. The existence of a minimum implies by
translation in space the existence of other ones. The fact fj; is a solution to the
VP system is a straightforward consequence of the fact that fjs is a function of the
microscopic energy: % |v|? + ¢y, (x), namely

Far(,0) = Xy jupp gy, (0y< 3 2450 () -

In this section, we first prove Theorem 2 and then state a nonlinear stability result for
the solutions of the VP system.

3.1 Explicit form of the minimizers
For convenience, we split the proof of Theorem 2 into three intermediate results.
Lemma 11 Let fj; be a minimizing function for the functional EE on T'p;. Then

1 for (z,v) such that |v] < (3 pu () 3 ge. )

fu(z,v) = (12)

0 otherwise .

Note that we do not assume that fj; has a radial mass density.
Proof. We are going to split the proof of (12) into several steeps. First, we observe
that

| farllLoe mey = 1.
If this is not the case, consider the scaling f(z,v) = kf(k*/3z, s~ /3v), which gives

Il ey = I fligey s I flemey = £ || fllLes) ,  E(f) = &> E(f).

By applying this scaling to f = fy with x = ||fMHEolo(Re) > 1, we would get E(f) =
k3 Ey < Eu (remind that Ej; < 0), a contradiction.

10
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Using the Euler-Lagrange multipliers method, we are now going to prove that

fu =1 ae onsupp (fur) -

Let € € (0,1) be a fixed real number. Let g(x,v) € L}(R%) NL>*(R%) be a test function
such that g > 0 a.e. in RS\ supp (fu), with compact support contained inside

(supp (far) \ Se)* = (R \ supp (fumr)) U Se

where

Se={(z,v) €R® : e < far(x,0) <1—¢}.
With T := M e (M||g|lL~s) + lg]lLi@e)) > we have that

tg+ fmr
H=M-—9TIM _ p o ovieo,T]. 13
90 = M G e, S Tv VEe Tl (13)

The function g depends on ¢, x and v. However, to emphasize the dependence in t, we
will write it g(¢). Identity (13) follows from a detailed analysis of the function tg+ fas:

0< ~TlgllLeomes) +€ <tg+ fur in S,
0< fm =tg+ fm  insupp (fum) \ Se,
0< tg =tg+ fur  in RC\supp (fu),

gives the positivity of g(t) and implies
M(l —6) < ||tg+f1W||L1(R6) = t/ gdrdv+ M < M(1+€) .
R6

It is clear that ||g(t)[|r,1(re) = M and the estimate

T”gHLoo(RG) +1—€

=1
M —T||gllrws)

lg()|lLoe sy < M

ends the proof of (13).

To prove that S is a set of measure 0 for any € > 0, we compute E(g(t)) — Ep =
E(g(t)) — E(fa) and then derive it with respect to t at ¢ = 04. Deriving g(¢) with
respect to t, we get

g _ 9  (tg+ fur) Jo g dwdv
M ||tg+fM||L1(]R6) Htg‘i‘f]MHil(Re) ’
2
g’ (t) ng6 g dx dv (tg + fur) [I]Rts gdzx dv}
M ||tg+fM||il(]R6) Htg+fMHil(R6)

By a Taylor expansion at ¢ = 0, there exists a 6 € (0,t) such that

2 2
g(t) — fau =tg'(0) + %g”(G) =t (g - % [/RG g dwdv} fM) + %g”(é’) ,

where
lg” ()] < C (| far| + lgl)

for some constant C' > 0 which depends only on fj; and g. Using the decomposition
E(g(t)) — Ex = 5 K(t) — = P(t) with

)
—~
~
N

[l o0 = fu] deao
P(t) = 8r /R b1 [9(8) = fui] dzdv—/R [ Vo) = Vor|" | do

3

11
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we have therefore the following estimates:

[ a0~ /)] e
’

<c [ o [lol+ fu] dedo = 02
R6

[ o [0~ = 15/0)] dz o
s

< C’t2/ Dfn [Igl + fM] dx dv = O(t?) ,
R6
2
/RB‘V(bg(t)_vd)fAA d‘r:/RJvQﬁg(t)ffM|2d‘r:t2|‘v¢g/(0)”?ﬁ(ﬂk3) +O(t2):O(t2)'
From (7) and the above estimates we deduce
— 1 2 / 2
E(g(t) —Em = t e [v]2+ 10 ) ¢ (0) da dv + O(t?)
1 ¢ g dx dv
t/ (5 |U|2 +¢fM) (g - {hgi} f]\/I) dx dv +O(t2)
R6

M
— L2 3Em 2
- t/R6(2|v| . M) dz dv + O(t2).

Since fn;s minimizes E(-)— Ep; on 'y, we have that E(g(t))— FEyr > 0 for any ¢ € [0, 7]

and consequently
1 3En
/H£6(§|U|2+¢f1\4_ M)gdxdeO

for every g and €. There are two relevant consequences of this inequality:

(i) From the nonnegative character of g on RS \ supp (fas) we have

S+ bp () > 22 (,0) € B\ supp (fur)

or equivalently
1 3E
{e) e R s F1uP 4 og ) < 20| < supp ()

(ii) On the other hand, g has no determined sign on S.. This implies that

1 3E
5 [0+ 05 (2) = =2V (2,0) € Se Nsupp (far) -

The Lebesgue measure of the set defined by the above identity is zero. The set S,
also has zero Lebesgue measure for any € € (0, 1).
We conclude that fys =1 on supp (far)-

It remains to check that (12) holds. Since fj; minimizes the total energy functional,
it also minimizes {E(f) : f € yam} where

fyM{fEFM : f=1a.e. onsupp(f), flz,v)dv = pp(x) VzG]RB} .
R3

Since all f € yps have the same potential energy, Epor(f) = Epor(fu). The problem
is therefore reduced to the minimization of {Exin(f) : f € ~vam}. Using radial
nonincreasing rearrangements with respect to v, for fixed z € R? (use (32) but exchange
the roles of x and v), we get

/ [v]? f* dv S/ [v? f dv
RS RS

12
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with a strict inequality unless f = f*» a.e. Thus

fm = le‘g( )/ in R® x R3 a.e.

= pm(x)

since, at least in the distributions sense,

N 4
P () :/ fu(z,v) dv = / fai (@, v) dv = 3 |supp (far)(z, ) [* .
R3 R3
This conclude the proof of (12). O
We have now to use the fact that fj; is a minimizer to understand the properties

of pur.

Lemma 12 Let fy; be a minimizing function for the functional E on Ty with radial
mass density. Then pyr = [gs far(-,v) dv and ¢g,, = |- |~' % par are related by
T 3/2 .
% [2 (% % - QSfM (x))] if ¢fM (:L') < %% )
pM(l‘) = (14)
0 otherwise .

Proof. Let p(z) € L'(R*)NL5%/3(R?) be a nonnegative function such that | p[|1,1 gs) =M.
We define

1 for (z,v) € RS such that [v] < (2 p(m))l/3 a.e.

fp(l',’l)): 7

0 in other case.

We observe that f, € I'ys. Since fy minimizes E on I'ys and verifies (3) and (12), it
also minimizes the problem

min{E(f,) : p €L}, (15)

where B
Dar = {p € LR} NLA(RY) : p(a) 2 0, [lpllses) = M} .

Easy computations provide

1 x
Epor(f,) = E/Rs%dzdy,

1 35/3 5/3
EKIN(fp) = 5 /]R3 /]R3 |'U|2fp($,'U) dvdx = W/Rg |:p(.’17):| dCL‘,

which implies that (15) can be rewritten as

min {F(p) s pz) € f‘M} (16)
where
_ 3 53 1 [ ply)ple)
F(p) := 10 (4n)273 /]RS {p(m)} dr — 3 /]RG i — | dz dy .

The density pps is a minimizer of (16) and therefore obeys to the corresponding Euler-
Lagrange equations:

% [% /)M(:zc)r/3 - /}RS ﬁcM(yy)| dy — x=n (17)

where p1 is a real-valued Lagrange multiplier associated to the constraint ||p|| 1 (rsy = M,

and
x=20 lfp]\/j((E)>O7
XZO ipr\/[(:L'):O.

13
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Multiplying (17) by pas, integrating and using (7), we can obtain the value of u:

2 \dr

|z —yl
5 7
= 3 Exin(fm) —2Epor(fum) = 3 By,
which implies that
_TEu
F=3r

Equation (17) now reads

1713 2/3
5[ pu@)] "+ ép @) = onsupp (oar)

and the condition pp; > 0 is now equivalent to ¢f,, < pu. Note that according to
Lemma 6, ¢y,, is nondecreasing: as a consequence, pas is monotone decreasing (as a
radial function) on its support and ¢y,, is monotone increasing. ]

Lemma 13 With the notations of Lemma 12, ¢y,, is unique and continuously differ-
entiable. Furthermore, if f is another minimum of E on Ty, then there exists y € R3
such that

flx,v)dv=py(z—y) ae xzcR®.
R3
Proof. Let us rewrite the Poisson equation for ¢y,, using (14) and (17):

3/2 .
% (47T)2 [2 (%% - Q/)fM)} if ¢fM (l‘) < %% ,
A(be = 47TPM($) =
0 otherwise .

Since ¢y,, is radially symmetric, this equation can be rewritten for

wir) = T2 g (/D

as
(TQ’U)/(T))/ + TQwi/Q(r) =0

with r = |z| and ¢ = %32\/5#2. Let R = 7?%\; V. According to Lemma 6 (see the
proof: ¢y, (r) = = for any r > R/\/c),

_ w(R) = L Em M e Ry = — o (B _Mye
0=w(R)=g7r+—Fp— and w(R)= \/EgbfA{(\/E) ol

The uniqueness and the regularity of w follow by standard ODE results.

The expression of non radial minimizers is a consequence of (12), the fact that the
associated mass densities minimize (16), the conservation of the LP-norm by radial
nonincreasing rearrangements and Riesz’ theorem (see Theorem 4 in Appendix A). O

This also concludes the proof of Theorem 2. Note that the minimizer with radial
symmetric density was previously found as a solution of the VP system in [3], but in a
different context.
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3.2 Nonlinear stability for the evolution problem

Using the conservation of mass and energy, we obtain on I'j; a nonlinear stability result
of the minimal energy solution for the evolution problem. We follow the strategy of
Guo in [6]. Consider for any g, h € T'j; the distance d defined by

1
d(g,h) = E(g) = E(h) + — [V — Vonlltews)

where ¢, and ¢, are solutions of the Poisson equation with mass densities associated
to g and h respectively.

Theorem 3 For every € > 0, there exists a 6 > 0 such that the following property
holds. If f is a solution of the VP system with an initial condition fo € Tns, then

d(fo, fm) <6 = d(f*(t),fm) <e VE>0.
Proof. The result is easily achieved by contradiction since E(f*(t))— E(fm) < E(fo) —
E(fM> \ 0 implies ||V¢f*(t) — V(be HL2(]R3) \ 0 D
4 Large time behaviour

The Galilean invariance of a classical solution f to the VP system with initial data
fo(x,v) means that for any u € R3, the solution with initial data f¢(z,v) = fo(z,v—u)
is given by

fe(t,z,v) = flt,x —tu,v —u) VY (t,z,v) € (0,+00) x R® x R? .

4.1 Galilean invariance and asymptotic behaviour

The Galilean translations give rise to a family of solutions with same LP-norm and
potential energy for every t > 0, parametrized by v € R3. Nevertheless, other quantities
like the total momentum

W)(f*) = /]RG vfU(t,x,v) dedv = (U)(f) +ull f(t)||L1 (re)

and the total energy

u 1
E(f )=E(f)+U~<v>(f)+§IUI2HfIIL1<Re>- (18)
are not invariant under Galilean translations. Note that

W)2(f) < 2| flluirs) Exin(f)

and among the family (f*),egs, the minimum of Exn(f*) is reached by

W) e O)

Exin(f") = EKIN(f)*m 7Hf||L1(1R6) .

Also note that u = @ is the unique value of the parameter for which

() (f*)=0.

This can be summarized by the following statement.

15
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Lemma 14 Let f € L1(RS) be a distribution function with finite mass and energy. If

1 (%)

E e S/ A
D <3 e

(19)
then, with the above notations, the function f% reaches a negative total energy value.
Otherwise, every element of the parametric family of the Galilean translation has non-
negative energy. In any case, the minimal energy solution of the parametric family has
null momentum.

Since the quantities involved in (18) are all time independent, the result also holds for
any t for the solution f(¢,-,-) to the VP system with initial data fo.

Proposition 15 Let fo € L' N L>°(R®) be a nonnegative distribution function with
finite mass and energy and verifying (19). Then there exists three constants Cq, Ca,
Cs > 0 such that the solution f of the VP system with initial data fo verifies for
anyt >0

Cl S EPOT(f(t7 “y )) S CQ 3 (20)
lor(t, lLs/s@msy = Cs - (21)

Proof. According to Lemma 1, (3),
87 Epor(f(1)) < C | foll{Age 1Foll 12 ey RExn) (£ (1))
with the notation f(t) = f(¢,-,)), so that, if E(fo) < 0, then
0> E(fo) > C E}or(f(1)) — Eror(f(1))

. )2 - - .
with C' = 1 (32)" || foll . (sey | foll 2 e This means that

Bror(7(0) € | 55 (1~ VIFIERIC). 5 (14 VIFIBGIT) |

Estimate (20) holds because there exists a function in the family of the Galilean trans-
lations associated to fo with negative total energy: it is therefore not restrictive to take
E(fo) < 0 to evaluate Epor(f(t)). On the other hand (21) is a direct consequence of
the Hardy-Littlewood-Sobolev inequalities (see the proof of Lemma 1) with C3= %.

O

4.2 Variance and dispersion estimates

The solutions to the VP system in the gravitational case have a qualitative behaviour
which strongly differs from the behaviour in the plasma physics case since, for instance,
stationary solutions exist. The rest of this section is devoted to solutions in the gravi-
tational case for which Condition (19) is violated. Our goal is to prove some dispersion
estimates. For that purpose, consider the dispersion operators in space and in velocity
defined by

2
<(Az)*> ::/ lz|? f(t, z,v) dodv — (/ zf(t,z,v) dmdv) )
RS RS
and )
<(Av)*> ::/ [v2f(t, ,v) dodv — </ vf(t, z,v) dxdv) .
RS RS

Up to a mass normalization, the dispersion operator in space coincides with the sta-
tistical variance of the density mass function and, consequently, it is a measure of the

16
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dispersion of such a distribution. If f is a solution of the VP system, the time evolution
of both quantities are related with the total energy and the momentum by the disper-
sion equation. Since this property is also valid for the VP system in plasma physics we
will consider both situations.

Lemma 16 Let f be a classical solution of VP with finite mass, energy and space
dispersion. Then, it verifies
1 d? 5 1 9 1,

Proof. A straightforward calculation using the VP system gives

1 d?
5@/}1@ 2 f(t,z,0) dedv = th/ 2> (—v - Vo f + Vao - Vo f) dodv
= / (v-2) (~v-Vaof +Vad -V, f) drdv
RG
1
= / |v|2fdg:dvf— (z-V.0) A¢ dx
1
= / v f dadv — — |Vo|? dx
RS 8ym Jrs
1
= E(f)+—/ |v|2f da dv (23)
2 R6
which is equivalent to (22). O

Equation (22) is equivalent to a formula proposed by R. Illner and G. Rein in [9], and
B. Perthame in [15]. As a straightforward consequence, the following pseudo-conformal
law holds.

Lemma 17 [9, 15] Let fo € L1NL>(R®) be a nonnegative initial data with finite mass,
energy and space dispersion. Then a classical solution f to the VP system with initial
data fo satisfies the following identity:

t? t
(/ |z — to* f(t,z,v) dodv — — |Vo|? dm) = _R/RS |Vo|? dx . (24)

47]}33

Proof. For completion, let us give a proof of this identity.

d
/ |x—tv|2fd9:dv:/ |z|2fd9:dv+t2/ |v|2fd:z:dvt—</ |x|2fdzdv>
RS R6 R6 dt R6

Then, the left hand side term of (24) can be written as

d ) d , o 2 2
i [/RG'””' fdedv =t 5 (/RG'””' fdxd”) vt [ ol dedo— o [ 190 dw]
:%[/ |x|2fda:dv—ti(/ |$|2fda?dv)+2t2E(f)]

=—t—s 4tE(f 2
tdtQ/ |22 f dx dv + 4t /|Vq§| dx

where in the last equality we have used (23). O

Consider now the solutions with positive energy, in the case v = +1.

Proposition 18 Let f be a solution of the VP system in the gravitational case with
positive energy corresponding to a nonnegative initial datum fo € L(RS) N L>°(R®)

17
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with finite mass, energy and space dispersion. Then, there exists positive constants C,
C1, Cs such that for some tg > 0,

C’lt2§/ |2 f(t,z,v) drdv < Cot? Vt>t5>0, (25)
R6
and, for any p € [1,00),

C
llo(t, 2)||lLr@s) > Bo-1/p’ Vit>to,
where C; depend on E(f), || follLre), || follLe(re) and C also depends on p.
Proof. We can rewrite (23) as

1 d?

o (/}RG |x|2f(t,m,v) d:z:dv) =2E(f)+ Epor(f) .

Combining this and the estimate of Theorem 1, we find

2m(f) < L &

_——2/ |z|? f(t, x,v) dedv < 2E(f) +C,
2 A2 Sy

where C depends on E(f), || follLi(rs), || follL(re). This estimate proves (25) by inte-
grating twice in time. As for the estimate on p, we may write

flt,z,v)dedv < / / flt,z,v) dxdv+/ / flt,z,v) dedv
R6 R3 J|z|<R |z|>R

1
< ()" ot o + g [ e rtta0) de o
3p—3
5p—3
<

Cllp(t,x IILP(RS) (/ |2 £(t, 2,0) dmdv)

where in the last line we optimized on R > 0. The conclusion holds because of the time
preservation of the L!(R®)-norm and Estimate (25). O

This argument can be used for solutions of the VP system in the plasma physical
case and provides the same type of results: see [5] (with a different approach). Observe
furthermore that Proposition 18 does not imply any dispersion property in the usual
sense, as can be shown by considering a Galilean translation of a stationary solution
with positive energy (i.e. for |u| big enough). This motivates the last result of the

paper.
Proposition 19 Let f be a solution of the VP system in the gravitational case with

positive energy corresponding to a nonnegative initial datum fo € LY(RS) N L>°(RS)
with mass || fol|lL1 sy = 1, and finite energy and space dispersion. Assume that

2

E(fo) > = /R6 v fo(z,v) dedv | . (26)

Then, there exists a tg > 0 and two positive constants Cy, Cy such that
Cit? < <(Az)®> < Cot? Vit>t,

where C; depend on E(f), || follLirey and || follree re)-

Proof. The space dispersion operator is invariant under Galilean translations

<(Az)*> (f*) = <(Az)*>(f) YueR3.

18
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With the notations of the beginning of this section, consider the Galilean translation
of f with minimal energy and null momentum. The dispersion equation (22) applied
to this function f% reads as

1d 9 _ a 1 9
5 gp <(A2)"> = E(f*)+ 5 <(Av)™>,

where

E(f") = E(fo) - % al*, a=(v)(fo) = */‘Ufo(%v) drdv,

R6

so that E(f%) is positive by (26). Since <(Aw)?> is positive and bounded by Lemma
3, we deduce

1 d?
E — — <(Ax)? E
(f) < guom<@a?> < B()+C,
where C is controlled in terms of E(f) by Theorem 1. This ends the proof by integrating
twice in time. g

Appendix A — Symmetric nonincreasing rearrange-
ments

This appendix is devoted to the statement of basic properties of symmetric nonincreas-
ing rearrangements of nonnegative functions. Such a tool has been widely used in open
quantum problems (see for example [17, 12]). As a special case, we consider functions
of the variables x and v, which are rearranged with respect to the x variable only
(see [11]).

The symmetric rearrangement A* of the set A in R™, n > 1, is the open ball
in R™ centered at the origin whose volume is that of A. The symmetric nonincreasing
rearrangement of the characteristic function y 4 of A is then defined by

1oif 28"z < [Ixall @)

X = XAr =
0 otherwise.

Let h: R" — C be a Borel measurable function such that ||x{|x|>¢|lL1(re) is finite for
all t. Here we denote by {|h| > t} the set {x € R™ : |h(z)| > t}. Then

|h(z)| = /OOO X{|h|>3 () dt

holds and we can define the nonincreasing rearrangement of h by
h*(x) 1:/0 X{jn>4y (@) dt .

The symmetric nonincreasing rearrangement of a function (z,v) +— g(x,v) > 0 with
respect to the x variable only (i.e. for fixed v) is then defined as

g*m (.Z‘,’U) = /O X?zG]R" :g(z,v)>t} dt .

Thanks to the Fubini’s theorem we can easily adapt to the case of the symmetric non-
increasing rearrangement with fixed v the standard properties of the usual symmetric

19
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nonincreasing rearrangements:

/ g" (z,v) dzx dv / g(x,v) dxdv, (27)
R2n R2n
g7 e @eny = llgllLeegeny (28)

/]R2" [v)*g™ (z,v) dx dv /]R2" [v|“g(z,v) dxdv, (29)
/n g™ (z,v) dv /n g(@',v)dv if |z| = |2], (30)
/ “ahoyds = [ gl flad<pl. @D
| vt telvyin < [ wllahate.oyan, (32)

where in the last inequality the function r — (r) is nondecreasing. If moreover v is
(strictly) increasing on R, then the inequality in (32) is strict almost everywhere in
v € R™ unless g*» = g almost everywhere on R™ x R™.

Y

IN

For completion, let us state Riesz’ theorem (see [11]):

Theorem 4 Let f, g and h be three nonnegative functions on R™. Then

/n [ 1@l =) h(o) dedy = I(f9.0) < 17,671 (33)

with the convention that I(f*,g*, h*) = oo if I(f, g,h) = co. If g is radially symmetric
and strictly decreasing, i.e. if g(x) > g(y) for any x, y such that |z| < |y|, equality
in (33) holds only if f(x) = f*(x —y) and h(x) = h*(z — y) for some y € R™.

Appendix B — Explicit form of the optimal constant

Let w be the solution of the ODE

(rw') + r2wi/2 =0 7re€][0,+00)
(34)

Note that w’ < 0 as long as w > 0. Let u be given by w(r) = u(—logr)/r*. Then it

solves the equation: u” + 7u’ + 12u + ug/ = 0. A phase diagram analysis of (u,u’),
shows that w has to change sign. Denote by o its first positive zero and define the

quantities
g
A ::/ r2 w®/? dr,
0

B::/ r2 w2 dr .
0

The best constant C in Inequality (3) of Lemma 1 is defined as

1/2
C~! =inf |\f||7/6 Hf||1/3 (Jge [v[2f (2, ) da dv)
= L1(RS) Lo (RS) fRz |Vq§|2 T

where the infimum is taken over the set of the functions f € L! N L>(R®) such that
f=0,[v?f € LYR®), f #0.
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Proposition 20 With the above notations,

(2| Em])'?

C=8nM /0 (2J3) 1% = 8m =

is independent of M > 0 and takes the value:

25/2 q7/4 A
_ 2
C =327/ e

where a = %(m)yg and c = %32 V22

Proof. The independence in M is a consequence of the scaling invariance (see Lemma 7)
and the fact that according to Lemma 2, C is achieved by the minima of the functional
FE on I'j;. Without restriction, we can assume that M = 1. Let f = f1, p = p1 and
¢ = ¢, be the corresponding mass density and potential. From Theorem 2, we get

A¢:47Tp:%(47‘r)2 lQ (-% (8%)2 —qb) ]3/2 .
+

On the other hand, by the proof of Lemma 11 and Corollary 3, we get

4 3 \5/3 1
2 —_ JR— = — 2 :2 E B
/RG [of? f dedo = = /]R (47Tp) dw 87r/Rg|v¢| dz = 2| By

Thus we obtain

1/2
C=V38r (/ |V¢|2daz) .
R3

With the notations of the proof of Lemma 13, wq(r) = —% (8%)2 — ¢5 (r/Ve) is a
solution of 52
(r2wg (r) + r*(wa)i " (r) = 0

we(0)=a, w,(0)=0

a

where a > 0 has to be determined in order that

] o(a)/ Ve 32
1:/ pdr = = (4m)? / % (2w, (Ver))™” dr.
RS 3 0
Here o(a) denotes the smallest zero of w,. Note that p(r) = %47 [2w,(y/cr)]*/? for
r < o(a)/+/c. The scaling invariance
wa (1) = awy (a'/*r)

reduces the computation to the case a = 1, w = w; given by (34): on (0,0(a)/+/c),
p(r) = %4# [2aw(a'/* \/cr)]?/?, so that

1 2\ 3/2 7 1 2\ 3/2
1= 3 (4r)2 (—) a3/4/0 r2wd/? dr = 3 (4m)2 (—) B,

C C

where 0 = (1), and allows to express a in terms of B:

C2 3 4/3
o=—|—= .
4 ( (47)? B>
Similarly, we compute

1 5/3 1
/ |V|? dx:5327r2/ (%p) dJE:3327'(247'(25/20,7/4673/214.
R3 R3 ™
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This gives the expression of C simply by collecting the estimates. g

Remark The expression given in Proposition 20 is not easy to use. A numerical
computation provides C = 54.62.... Going back to Lemma 1, we may wonder if the
estimate given in the proof is optimal. This is actually not the case. Let ¥ be the
optimal constant in the Hardy-Littlewood-Sobolev inequality

X
/ |V¢|2 dr = 4ﬂ-/ w dx dy S 4Ty ||pHig/5(]R3) 5
R3 R3 |$ _yl

2/3
which, according to [13], is ¥ = %(%) . Keeping track of the constants in the

interpolation identity, we get the following estimate :

5 5\ 167 £20\5/6
< — /5 = — | = ~ .
C<4ny (3(277) ) : (3) 81.42
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