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1�Ù êØ¼ê9Ùþ�(I)1�Ù êØ¼ê9Ùþ�(I)êØ§�êÆ�Ù§Nõ©|��§²~�9�¢ê½EêS�. 3êØ¥§ù��S�¡ǑêØ¼ê. NõêØ½|ÜêÆ¥�¯Kþ�zǑ�
êØ¼ê§ïÄù
êØ¼ê�5�´êØ���­�SN. kNõêØ¼ê���´éØ5K�§~Xφ(n)§d(n)§µ(n) ��.�´ù
êØ¼ê�þ� 1

x

P
n≤x

f(n)   äkû��A5. �ÙÌ�0�A�Smarandache ¯K¥¤JÑ�êØ¼ê§¿|^���{5ïÄù
êØ¼ê�þ�9�â5�.

1.1 p g��ê¼êSp(n)

1.1.1 Úó½½½ÂÂÂ1.1.1 �p Ǒ�ê§nǑ?¿��ê§Sp(n) L«Sp(n)! U�pn �Ø�����ê. ~X§S3(1) = 3§S3(2) = 6§S3(3) = S3(4) = 9§· · · · · · .½½½ÂÂÂ1.1.2 é?¿�½���êk§-ak (n) ´n �k g��êÜ©§=Ò´ak(n) =
[
n

1
k

]
, Ù¥[x] ´�u½�ux����ê.~X§ak(1) =

1§· · ·§ak(2k − 1) = 1§ak(2k) = 2§· · · .½½½ÂÂÂ1.1.3 �p Ǒ�ê§n Ǒ?¿�½���ê§·�½Âµ
ap(n) = m � pm | n � pm+1 † n.3©z[1]¥149�¯K§168�¯K9180�¯KpF.Smarandach �ÇïÆïÄS�{Sp(n)}§{ak(n)}§{ap(n)} ��
5�. �!¥§·�Ì�|^���{épg��ê¼ê�þ�±9§�k g����êÜ©!ap(n) �·Üþ��©Ù5�?1?Ø. éù
¯K�ïÄ, �±�Ï·�5O�Smarandache ¼ê, ±9
)�â¼ê�m�;�éX.

1.1.2 Sp(n) �ìC5�Äk, é?¿�½�êp9��ên, XJn = a1p
α1 + a2p

α2 + · · · + asp
αs�αs > αs−1 > · · · > α1 ≥ 0 Ù¥1 ≤ ai ≤ p − 1 (i = 1, 2, · · · , s)§�

a(n, p) = a1 + a2 + · · · + as.'uêØ¼êa(n, p)§·�k±eü�{üÚn:ÚÚÚnnn1.1.1 é?¿�ên ≥ 1§·�kð�ª
αp(n) ≡ α(n) ≡

+∞∑

i=1

[
n

pi

]
=

1

p − 1
(n − a(n, p)),

1



Smarandache¯KïÄÙ¥[x] L«Ø�Lx �����ê.yyy²²²: d[x] �5���
[

n

pi

]
=

[
a1p

α1 + a2p
α2 + · · · + asp

αs

pi

]

=





s∑
j=k

ajp
αj−i, XJ αk−1 < i ≤ αk

0, XJ i ≥ αs.dd, ·�k
α(n) ≡

+∞∑

i=1

[
n

pi

]
=

+∞∑

i=1

[
a1p

α1 + a2p
α2 + · · · + asp

αs

pi

]

=

s∑

j=1

αj∑

k=1

ajp
αj−k =

s∑

j=1

aj(1 + p + p2 + · · · + pαj−1)

=

s∑

j=1

aj ·
pαj − 1

p − 1
=

1

p − 1

s∑

j=1

(ajp
αj − aj)

=
1

p − 1
(n − a(n, p)).Ún1.1.1 �y.ÚÚÚnnn1.1.2 é?¿�½�êp 9��ên�p|n, Kk�O

a(n, p) ≤ p

ln p
lnn.yyy²²²: -n = a1p

α1 + a2p
α2 + · · · + asp

αs �αs > αs−1 > · · · > α1 ≥ 0 Ù¥1 ≤ ai ≤ p − 1 (i = 1, 2, · · · , s). K�âa(n, p)�½Â��
a(n, p) =

s∑

i=1

ai ≤
s∑

i=1

(p − 1) = (p − 1)s. (1-1),��¡, |^êÆ8B{·�éN´íÑØ�ª:

n = a1p
α1 + a2p

α2 + · · · + asp
αs ≥ asp

αs ,½ö
s ≤ ln(n/as)

ln p
≤ lnn

ln p
. (1-2)(Ü(1-1)9(1-2)ª§·�áǑ���O

a(n, p) ≤ p

ln p
lnn.

2



1�Ù êØ¼ê9Ùþ�(I)Ún1.1.2 �y.½½½nnn1.1.1 é?¿�½�êp 9��ên, KkìCúª
Sp(n) = (p − 1)n + O

(
p

ln p
· ln n

)
.yyy²²²: é?¿�½�êp9��ên, 3p?�¥-Sp(n) = k = a1p

α1 +a2p
α2 +

· · · + asp
αs �αs > αs−1 > · · · > α1 ≥ 0. K�âSp(n)�½Â��pn |k!9pn†(k −

1)!, u´α1 ≥ 1. 5¿�k! �IOÏf©)ªǑ
k! =

∏

q≤k

qαq(k),Ù¥∏
q≤k

L«é¤k�u½�uk ��ê�È§¿�αq(k) =
+∞∑
i=1

[
k
qi

]
. dÚn1.1.1�±��Ø�ª

αp(k) − α1 < n ≤ αp(k)½ö
1

p − 1
(k − a(k, p)) − α1 < n ≤ 1

p − 1
(k − a(k, p)).=Ò´

(p − 1)n + a(k, p) ≤ k ≤ (p − 1)n + a(k, p) + (p − 1)(α1 − 1).(Üù
Ø�ª, 2�âÚn1.1.2 �±��ìCúª
k = (p − 1)n + O

(
p

ln p
ln k

)
= (p − 1)n + O

(
p

ln p
lnn

)
.ù�Ò�¤
½n1.1.1 �y².d½n1.1.1�±íÑ:íííØØØ1.1.1 é?¿��ên, Kk

a) S2(n) = n + O(ln n);

b) S3(n) = 2n + O(ln n).

3



Smarandache¯KïÄ
1.1.3 p g��êÚak(n)ÚÚÚnnn1.1.3 �p Ǒ�ê§n Ǒ?¿��ê§Kk

|Sp(n + 1) − Sp(n)| =

{
p, XJ pn||m!,

0, Ù§,Ù¥Sp(n) = m, pn ‖ m! L«pn|m! �pn+1†m!.yyy²²²: y3·�ò©ü«�¹é¯K?1?Ø.

(i) �Sp(n) = m§epn ‖ m!§u´kpn |m! �pn+1†m!. dSp(n) �½Â·���pn+1†(m + 1)!, pn+1†(m + 2)!, · · · , pn+1†(m + p − 1)! �pn+1|(m + p)!, ÏdSp(n + 1) = m + p, �o·��±íÑ
|Sp(n + 1) − Sp(n)| = p. (1-3)

(ii) Sp(n) = m, epn|m! �pn+1|m!, KkSp(n + 1) = m, Ïd
|Sp(n + 1) − Sp(n)| = 0. (1-4)nÜ(1-3) Ú(1-4), �±íÑ

|Sp(n + 1) − Sp(n)| =

{
p, XJpn ‖ m!,

0, Ù§.Ún1.1.3 �y.3Ún1.1.3 �Ä:þ§��!¥Ì�?Ø∑
n≤x

1
p |Sp(ak(n + 1)) − Sp(ak(n))|�ìC5�, Ù¥�x ´�¢ê. ¯¢þ, �!y²
±e(Øµ½½½nnn1.1.2 é?¿�¢êx ≥ 2, -p Ǒ�ê9n Ǒ?¿��ê, Ké?¿�½���êk k

∑

n≤x

1

p
|Sp(ak(n + 1)) − Sp(ak(n))| = x

1
k ·
(

1 − 1

p

)
+ Ok

(
ln x

ln p

)
,Ù¥OkL«�O ~ê=�ëêk k'.yyy²²²: é?¿�¢êx ≥ 2, �M Ǒ�½���ê�÷vMk ≤ x < (M +

1)k§�âSp(n)�½Â9Ún1.1.3 ·�k
∑

n≤x

1

p
|Sp(ak(n + 1)) − Sp(ak(n))|

=

M−1∑

t=1


 ∑

tk≤n≤(t+1)k−1

1

p
|Sp(ak(n + 1)) − Sp(ak(n))|




4



1�Ù êØ¼ê9Ùþ�(I)

+
∑

Mk≤n≤x

1

p
|Sp(ak(n + 1)) − Sp(ak(n))|

=

M−1∑

t=1

1

p
|Sp(t + 1) − Sp(t)| +

∑

Mk≤n≤x

1

p
|Sp(ak(n + 1)) − Sp(ak(n))|

=

M−1∑

t=1

1

p
|Sp(t + 1) − Sp(t)|

=
∑

t≤x
1
k

pt‖m!

1 + O(1), (1-5)Ù¥Sp(t) = m. ept ‖ m!, Kk(ë�©z[2]¥½n1.7.2)

t =

∞∑

i=1

[
m

pi

]
=

∑

i≤logp m

[
m

pi

]

= m ·
∑

i≤logp m

1

pi
+ O

(
logp m

)

=
m

p − 1
+ O

(
ln m

ln p

)
. (1-6)|^(1-6)ª, �±íÑ

m = (p − 1)t + O

(
p ln t

ln p

)
. (1-7)Ïd

1 ≤ m ≤ (p − 1) · x 1
k + Ok

(
p ln x

ln p

)
, � 1 ≤ t ≤ x

1
k .5¿�é?¿��êt§e�3����êm ��pt ‖ m! ¤á, Kkpt ‖ (m + 1)!,

pt ‖ (m + 2)!, · · · , pt ‖ (m + p− 1)!. ¤±3«m1 ≤ m ≤ (p− 1) · x 1
k + Ok

(
p ln x
ln p

)¥kp �m ��t =
∞∑

i=1

[
m
pi

] ¤á.dþª9ª(1-5)§��
∑

n≤x

1

p
|Sp(ak(n + 1)) − Sp(ak(n))|

=
∑

t≤x
1
k

pt‖m!

1 + O(1)

=
1

p

(
(p − 1) · x 1

k + Ok

(
p lnx

ln p

))
+ O(1)

5



Smarandache¯KïÄ
= x

1
k ·
(

1 − 1

p

)
+ Ok

(
lnx

ln p

)
.u´�¤
½n1.1.2 �y².

1.1.4 p g��ê¼ê�ap(n)ÚÚÚnnn1.1.4 é?¿�½��êp 9?¿¢êx ≥ 1, ·�k
∑

α≤x

α2

pα
=

p2 + p

(p − 1)3
+ O

(
x2

px

)
.yyy²²²: Äk, ·�5O�

u =
∑

α≤n

α2/pα.5¿�ð�ª
u

(
1 − 1

p

)
=

n∑

α=1

α2

pα
−

n∑

α=1

α2

pα+1

=
1

p
− n2

pn+1
+

n−1∑

α=1

(α + 1)2 − α2

pα+1

=
1

p
− n2

pn+1
+

n−1∑

α=1

2α + 1

pα+1
,9

u

(
1 − 1

p

)2

=

(
1

p
− n2

pn+1
+

n−1∑

α=1

2α + 1

pα+1

)(
1 − 1

p

)

=
1

p
− 1

p2
+

n2 − n2p

pn+2
+

n−1∑

α=1

2α + 1

pα+1
−

n∑

α=2

2α − 1

pα+1

=
1

p
+

2

p2
+

n2 − n2p

pn+2
+

n−1∑

α=2

2

pα+1
+

n2 − n2p − (2n − 1)p

pn+2

=
1

p
+

2(pn−1 − 1)

pn+1 − pn
+

n2 − (n2 + 2n − 1)p

pn+2
.¤±·�k

u =

(
1

p
+

2(pn−1 − 1)

pn+1 − pn
+

n2 − (n2 + 2n − 1)p

pn+2

)
1

(
1 − 1

p

)2

6



1�Ù êØ¼ê9Ùþ�(I)

=
p

(p − 1)2
+

2(pn−1 − 1)

pn−2(p − 1)3
+

n2 − (n2 + 2n − 1)p

pn(p − 1)2
.u´·�áǑ�±��

∑

α≤x

α2

pα
=

p

(p − 1)2
+

2p

(p − 1)3
+ O

(
x2

px

)

=
p2 + p

(p − 1)3
+ O

(
x2

px

)
.Ún1.1.4 y..½½½nnn1.1.3 é?¿�½��êp 9?¿¢êx ≥ 1, KkìCúª

∑

n≤x

ap(Sp(n)) =
p + 1

(p − 1)2
x + O

(
ln3 x

)
.yyy²²²: �âSp(n)Úap(n)�½Â, N´íÑ

∑

n≤x

ap(Sp(n))

=
∑

m≤x

pα‖m

α2 =
∑

pαm≤x

(p,m)=1

α2 =
∑

pα≤x

α2
∑

m≤x/pα

(p,m)=1

1

=
∑

pα≤x

α2
∑

m≤x/pα

∑

d|(m,p)

µ(d)

=
∑

pα≤x

α2
∑

d|p
µ(d)

∑

t≤x/pα

1

=
∑

pα≤x

α2


 ∑

t≤x/pα

1 −
∑

t≤x/pα+1

1




=
∑

pα≤x

α2

(
x

pα
− x

pα+1
+ O(1)

)

= x


 ∑

α≤ln x/ ln p

α2

pα
−

∑

α≤ln x/ ln p

α2

pα+1


+ O


 ∑

α≤ln x/ ln p

α2




=

(
1 − 1

p

)
x

∑

α≤ln x/ ln p

α2

pα
+ O

(
ln3 x

)

=

(
1 − 1

p

)(
p2 + p

(p − 1)3
+ O

(
ln2 x

x

))
x + O

(
ln3 x

)

=
p + 1

(p − 1)2
x + O

(
ln3 x

)
.

7



Smarandache¯KïÄu´Ò�¤
½n1.1.3 �y².�p = 2, 3, d½n1.1.3 =���e¡�íØ.íííØØØ1.1.2 é?¿¢êx ≥ 1, KkìCúª
∑

n≤x

a2(S2(n)) = 3x + O
(
ln3 x

)
,

∑

n≤x

a3(S3(n)) = x + O
(
ln3 x

)
.

1.2 Smarandache Ceil ¼ê
1.2.1 Úó½½½ÂÂÂ1.2.1 é���½���êk 9?¿��ên, Smarandache Ceil ¼ê�½ÂXe:

Sk(n) = min{m ∈ N : n|mk}.ù�¼ê´dF.Smarandache �ÇJÑ5�. 'uù�¼ê, Ibstedt (ë�©z[3]) JÑ±e5�:555���1.2.1

(∀a, b ∈ N) (a, b) = 1 ⇒ Sk(a · b) = Sk(a) · Sk(b),555���1.2.2

Sk(pα) = p⌈
α
k
⌉Ù¥p Ǒ�ê§⌈x⌉ L«�ux ����ê.d5�1.2.1 ��§Sk(n) ´����¼ê. Ïd, dn = pα1

1 pα2
2 · · · pαr

r Ǒn ��ê©), Sk(n) w,kXe5�:

Sk(n) = Sk(pα1
1 pα2

2 · · · pαr
r ) = p

⌈α1
k

⌉
1 p

⌈α2
k

⌉
2 · · · p⌈

αr
k

⌉
r . (1-8)½½½ÂÂÂ1.2.2 �â¼êΩ(n) �½ÂXe:

Ω(n) = Ω(pα1
1 pα2

2 · · · pαr
r ) = α1 + α2 + · · · + αr.��!¥§Ì�?Ø'uΩ(n)ÚSmarandache Ceil ¼ê§±9Sk(n!)�þ�©Ù5�.

1.2.2 Sk(n!) ©Ù5�ÚÚÚnnn1.2.1 �n Ǒ�?¿���ê, Kk
∑

p≤n

1

ln p
=

n

ln2 n
+ O

(
n

ln3 n

)
, (1-9)
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1�Ù êØ¼ê9Ùþ�(I)Ù¥p L«ØÓ��ê.yyy²²²: �âAble ð�ª(ë�©z[4]) ·�k
∑

p≤n

1

ln p
= π(n)

1

lnn
+

∫ n

2

π(t)
1

t ln2 t
dt,Ù¥π(n) L«Ø�Ln ��ê�ê. 5¿�

π(n) =
n

lnn
+ O

(
n

ln2 n

)
,Ïd,

∑

p≤n

1

ln p
=

n

ln2 n
+ O

(
n

ln3 n

)
.Ún1.2.1 �y.ÚÚÚnnn1.2.2 �mǑ�?¿���ê, ·�kìCúª

∑

p≤m

1

p
= ln ln n + A + O

(
1

lnn

)
, (1-10)Ù¥A´���O��~ê.yyy²²²: ( ë�©z[5] ).½½½nnn1.2.1 �kǑ���½���ê, é?¿¢êx ≥ 3, ·�kìCúª

Ω(Sk(n!)) =
n

k
(ln ln n + C) + O

( n

lnn

)
,Ù¥C´���O��~ê.yyy²²²: �

n! = pα1
1 pα2

2 · · · pαr
r .�â(1-8) 9¼êΩ(n)����\5, ·�k

Ω(Sk(n!)) = Ω
(
p
⌈α1

k
⌉

1 p
⌈α2

k
⌉

2 · · · p⌈
αr
k

⌉
r

)
=

r∑

i=1

⌈αi

k

⌉
. (1-11)w,

αi =

∞∑

j=1

[
n

pj
i

]
, i = 1, 2, · · · , r.5¿�epj > n, Kk[ n

pj

]
= 0, l
dÚn1.2.1��

Ω(Sk(n!)) =
∑

p≤n




1

k

∑

j≤ ln n
ln p

[
n

pj
i

]


9



Smarandache¯KïÄ
=

∑

p≤n




1

k

[ ln n
ln p ]∑

j=1

n

pj
+ O

(
lnn

ln p

)


=
∑

p≤n


1

k

[ ln n
ln p ]∑

j=1

n

pj
+ O

(
lnn

ln p

)
+ O

( n

lnn

)

=
n

k

(
∑

p≤n

1

p − 1
−
∑

p≤n

1

p[ ln n
ln p ](p − 1)

)
+ O

( n

ln n

)

=
n

k

(
∑

p≤n

1

p − 1

)
+ O

( n

lnn

)

=
n

k

(
∑

p≤n

1

p
+
∑

p≤n

1

p(p − 1)

)
+ O

( n

ln n

)
. (1-12)ÏǑ

∑

p≤n

1

p(p − 1)
=
∑

p

1

p(p − 1)
−
∑

p>n

1

p(p − 1)
= B + O

(
1

n

)
, (1-13)Ù¥B =

∑

p

1

p(p − 1)
Ǒ�~ê. nÜ(1-12), (1-13) 9Ún1.2.2 ·�k

Ω(Sk(n!)) =
n

k
(ln ln n + C) + O

( n

lnn

)
.u´�¤
½n1.2.1 �y².

1.2.3 Smarandache Ceil ¼ê�Ω(n)ÚÚÚnnn1.2.3 �ω(n) = ω(pα1
1 pα2

2 · · · pαr
r ) = r, é?¿¢êx ≥ 3, ·�k

∑

n≤x

ω(n) = x ln ln x + Ax + O
( x

ln x

)
,Ù¥A = γ +

∑

p

(
ln

(
1 − 1

p

)
+

1

p

)§γ ´î.~ê.yyy²²²: ( ë�©z[6] ).ÚÚÚnnn1.2.4 é?¿¢êx ≥ 3, ·�k�Oª
∑

n≤x

n∈A

Ω(n) ≪ x
1

k+1+ǫ,Ù¥A L«(k + 1)-full ê�8Ü, ǫ Ǒ?¿�½��ê.

10



1�Ù êØ¼ê9Ùþ�(I)yyy²²²: Äk, ·�½Â�â¼êa(n)Xe:

a(n) =

{
1, XJ n ´(k + 1)-full ê,

0, Ù§.�âî.Èúª·�k
∞∑

n=1

a(n)

ns
=

∏

p

(
1 +

1

p(k+1)s
+

1

p(k+2)s
+ · · ·

)

=
∏

p

(
1 +

1

p(k+1)s

1

1 − 1
ps

)

=
∏

p

(
1 +

1

p(k+1)s

)(
p(k+1)s

p(k+1)s + 1
+

ps

(p(k+1)s + 1)(ps − 1)

)

=
ζ((k + 1)s)

ζ(2(k + 1)s)

∏

p

(
1 +

1

(p(k+1)s + 1)(ps − 1)

)
,Ù¥ζ(s)´Riemann zeta-¼ê. dPerronúª(ë�©z[2]) ·���

∑

n≤x

a(n) =
∑

n≤x

n∈A

1

=
6(k + 1)x

1
k+1

π2

∏

p

(
1 +

1

(p + 1)(p
1

k+1 − 1)

)
+ O

(
x

1
2(k+1)

+ǫ
)

.�k ∑

n≤x

n∈A

Ω(n) ≪ x
1

k+1+ǫ.Ún1.2.4 �y.½½½nnn1.2.2 �k Ǒ���½���ê, é?¿¢êx ≥ 3, Kk
∑

n≤x

Ω(Sk(n)) = x ln ln x + Ax + O
( x

ln x

)
,Ù¥A = γ +

∑

p

(
ln

(
1 − 1

p

)
+

1

p

)
, γ ´î.~ê§∑

p

L«é¤k�ê�Ú.yyy²²²: �
n = pα1

1 pα2
2 · · · pαr

r .�â(1-8) 9¼êΩ(n) ��\5·�k
Ω(Sk(n)) = Ω

(
p
⌈α1

k
⌉

1 p
⌈α2

k
⌉

2 · · · p⌈
αr
k

⌉
r

)
=

r∑

i=1

⌈αi

k

⌉
. (1-14)
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Smarandache¯KïÄw,⌈αi

k

⌉
≥ 1§�k

r∑

i=1

⌈αi

k

⌉
≥

r∑

i=1

1 = ω(n). (1-15),��¡, e�3,��êpi ��pk+1
i | n§K⌈αi

k

⌉
≥ 2. �n = n1n2, Ù¥(n1, n2) = 1 �n1 ´����k + 1 g�ê. =ep | n1, Kkpk+1 | n1. �o·�éN´�Ñ±eØ�ª

r∑

i=1

⌈αi

k

⌉
≤ ω(n) + Ω(n1). (1-16)d(1-15) 9(1-16), ·�k

ω(n) ≤
r∑

i=1

⌈αi

k

⌉
≤ ω(n) + Ω(n1).¤±��

∑

n≤x

ω(n) ≤
∑

n≤x

Ω(Sk(n)) =
∑

n≤x

r∑

i=1

⌈αi

k

⌉
≤
∑

n≤x

ω(n) +
∑

n≤x

n∈A

Ω(n), (1-17)Ù¥A L«��(k + 1) g�ê�8Ü. nÜÚn1.2.3, Ún1.2.49(1-17), Kk
∑

n≤x

Ω(Sk(n)) = x ln ln x + Ax + O
( x

ln x

)
.ù�Ò�¤
½n1.2.2�y².

1.3 {üê¼ê
1.3.1 Úó½½½ÂÂÂ1.3.1 �nǑ��ê§XJn �¤kýÏf��È�u½�un, K¡nǑ{üê.~X: 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 17, 19, 21, · · · þǑ{üê. ��!¥§·��AǑ¤k{üê�8Ü.3©z[7]¥, Jason Earls ½Â#�SmarandacheS�sopfr(n)Xe:½½½ÂÂÂ1.3.2 � sopfr(n) L«U�Øn��Ïf�Ú(�)­ê). =

sopfr(n) =
∑

p|n
p.

12



1�Ù êØ¼ê9Ùþ�(I)~X:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

sopfr(n) 0 2 3 4 5 5 7 6 6 7 11 7 13 9 8 8 17 8��!¥§·�ò|^���{�Ñ{üêS���
5�§9�n ∈ A�sopfr(n)�©Ù5�.

1.3.2 {üêS�Äk§é��ên, -pd(n)L«n�¤k�Ïf�È, Kpd(n) =
∏
d|n

d, qd(n)L«n�¤k�ýÏf�È, =qd(n) =
∏

d|n,d<n

d.ÚÚÚnnn1.3.1 enǑ{üê§Kn ����UǑn = p§n = p2§n = p3½n =

pqùo«�¹§Ù¥p�q´ØÓ��ê.yyy²²²: dpd(n)�½Â·���
pd(n) =

∏

d|n
d =

∏

d|n

n

d
.u´

p2
d(n) =

∏

d|n
d ×

∏

d|n

n

d
=
∏

d|n
n = nd(n). (1-18)Ù¥d(n) =

∑

d|n
1. |^(1-18) ·�éN´��pd(n) = n

d(n)
2 9

qd(n) =
∏

d|n,d<n

d =

∏

d|n
d

n
= n

d(n)
2 −1. (1-19)d{üê�½Â9(1-19), ·�íÑn

d(n)
2

−1 ≤ n. Ïd
d(n) ≤ 4.ù�Ø�ª=3n = p, n = p2, n = p3½n = pq¤á.Ún1.3.1 �y.ÚÚÚnnn1.3.2 é?¿�½�¢êx > 1, KkìCúª

∑

p≤√
x

1

p
ln ln

x

p
= (ln ln x)2 + B1 ln ln x + B2 + O

(
ln lnx

ln x

)
,Ù¥B1, B2 ´~ê.
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Smarandache¯KïÄyyy²²²: w,
∑

p≤√
x

1

p
ln ln

x

p
=

∑

p≤√
x

1

p
ln(lnx − ln p)

=
∑

p≤√
x

1

p

(
ln ln x + ln

(
1 − ln p

lnx

))

= ln ln x
∑

p≤√
x

1

p
+
∑

p≤√
x

1

p
ln

(
1 − ln p

lnx

)
. (1-20)|^ ∑

p≤x

1

p
= ln ln x + C1 + O

(
1

lnx

)
. (1-21)·���

ln ln x
∑

p≤√
x

1

p
= ln ln x

(
ln ln

√
x + C1 + O

(
1

ln x

))

= (ln ln x)2 + B1 ln ln x + O

(
ln lnx

ln x

)
. (1-22)XJm > 2, 5¿�π(x) = x

ln x + x
ln2 x

+ O
(

x
ln3 x

)
, �o

∑

p≤√
x

lnm p

p
=

∫ √
x

2

lnm y

y
dπ(y)

=
lnm √

x√
x

π(
√

x) + O(1) −
∫ √

x

2

π(y)
m lnm−1 y − lnm y

y2
dy

=
lnm √

x√
x

( √
x

ln
√

x
+ O

( √
x

ln2 √x

))

−
∫ √

x

2

(
y

ln y
+

y

ln2 y
+ O

(
y

ln3 y

))
m lnm−1 y − lnm y

y2
dy

=
lnm−1 x

2m−1
+ O

(
lnm−2 x

2m−2

)

+

∫ √
x

2

[
lnm−1 y

y
− (m − 1)

lnm−2 y

y
+ O

(
(1 − m)

lnm−3 y

y

)]
dy

=
lnm−1 x

2m−1
+ O

(
lnm−2 x

2m−2

)
+

lnm x

m2m
− lnm−1 x

2m−1

+ O

(
(1 − m) lnm−2 x

(m − 2)2m−2

)

=
1

m2m
lnm x + O

(
1

2m−2(2 − m)
lnm−2 x

)
. (1-23)
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1�Ù êØ¼ê9Ùþ�(I)d(1-23) 9?ê ∞∑
m=1

1
m2m�Âñ5, ·�k

−
∑

p≤√
x

1

p
ln

(
1 − ln p

lnx

)

=
∑

p≤√
x

1

p

(
ln p

lnx
+

ln2 p

2 ln2 x
+ · · · + lnm p

m lnm x
+ · · ·

)

=
1

lnx

∑

p≤√
x

ln p

p
+

1

2 ln2 x

∑

p≤√
x

ln2 p

p
+ · · · + 1

m lnm x

∑

p≤√
x

lnm p

p
+ · · ·

=
1

lnx

(
1

2
lnx + O(1)

)
+ · · ·

+
1

m lnm x

(
1

m2m
lnm x + O

(
lnm−2 x

2m−2(2 − m)

))
+ · · ·

= B2 + O

(
1

lnx

)
, (1-24)Ù¥·�^�ìCúª∑

p≤√
x

ln p

p
=

1

2
ln x + O(1) 9�?�ªln(1 − x) = −(x +

x2

2 + · · · + xm

m + · · · ). nÜ(1-20), (1-22) 9(1-24) ·�éN´��
∑

p≤√
x

1

p
ln ln

x

p
= (ln ln x)2 + B1 ln ln x + B2 + O

(
ln lnx

ln x

)
.Ún1.3.2�y.½½½nnn1.3.1 é?¿�½�¢êx > 1, ·�kìCúª

∑

n∈A
n≤x

1

n
= (ln ln x)2 + B1 ln ln x + B2 + O

(
ln ln x

ln x

)
,Ù¥B1, B2 ´~ê.yyy²²²: dÚn1.3.1 ·�k

∑

n∈A

n≤x

1

n
=

∑

p≤x

1

p
+
∑

p2≤x

1

p2
+
∑

p3≤x

1

p3
+
∑

pq≤x

p6=q

1

pq

=
∑

p≤x

1

p
+
∑

p3≤x

1

p3
+
∑

pq≤x

1

pq
. (1-25)|^(1-21) 9Ún1.3.2 ·���

∑

pq≤x

1

pq
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Smarandache¯KïÄ
= 2

∑

p≤√
x

1

p

∑

q≤x/p

1

q
−


∑

p≤√
x

1

p




∑

q≤√
x

1

q




= 2
∑

p≤√
x

1

p

(
ln ln

x

p
+ C1 + O

(
1

lnx

))
−
(

ln ln
√

x + C1 + O

(
1

ln x

))2

= 2
∑

p≤√
x

1

p
ln ln

x

p
+ 2C1

∑

p≤√
x

1

p
+ O


 1

ln x

∑

p≤√
x

1

p




−
(

(ln lnx)2 + C2 ln lnx + C3 + O

(
ln lnx

ln x

))

= (ln ln x)2 + C4 ln ln x + C5 + O

(
ln ln x

lnx

)
. (1-26)nÜ(1-21), (1-25) 9(1-26), �5¿� ∑

p3≤x

1
p3´Âñ�, ·�áǑíÑ

∑

n∈A
n≤x

1

n
= (ln ln x)2 + B1 ln ln x + B2 + O

(
ln ln x

ln x

)
.ù�Ò�¤
½n1.3.1 �y².½½½nnn1.3.2 �¢êx > 1, K·�k

∑

n∈A
n≤x

1

φ(n)
= (ln ln x)2 + C1 ln ln x + C2 + O

(
ln ln x

lnx

)
,Ù¥C1, C2 ´~ê, φ(n) ´Euler ¼ê.½½½nnn1.3.3 é?¿�½�¢êx > 1, ·�kìCúª

∑

n∈A
n≤x

1

σ(n)
= (ln lnx)2 + D1 ln lnx + D2 + O

(
ln lnx

lnx

)
,Ù¥D1, D2 ´~ê, σ(n) ´Øê¼ê.yyy²²²: y3·�òy²½n1.3.29½n1.3.3. dEuler¼ê9Øê¼ê�½Â�5�, A^Ún1.3.1·�k

∑

n∈A
n≤x

1

φ(n)
=
∑

p≤x

1

p − 1
+
∑

p2≤x

1

p2 − p
+
∑

p3≤x

1

p3 − p2
+
∑

pq≤x

p6=q

1

(p − 1)(q − 1)9
∑

n∈A
n≤x

1

σ(n)
=
∑

p≤x

1

p + 1
+
∑

p2≤x

1

p2 + p + 1
+
∑

p3≤x

1

p3 + p2 + p + 1
+
∑

pq≤x

p6=q

1

(p + 1)(q + 1)
.
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1�Ù êØ¼ê9Ùþ�(I)5¿� 1
p±1 = 1

p ∓ 1
p(p±1) 9∑

p

1
p(p±1) ´Âñ�, u´|^y²½n1.3.1��{·��±íÑ

∑

n∈A
n≤x

1

φ(n)
= (ln ln x)2 + C1 ln lnx + C2 + O

(
ln lnx

lnx

)9 ∑

n∈A
n≤x

1

σ(n)
= (ln lnx)2 + D1 ln lnx + D2 + O

(
ln lnx

lnx

)
.ù�·�Ò�¤
½n1.3.2�½n1.3.3�y².

1.4 Smarandache Lucas Ä.9ÙOê¼ê���¹e, éu�ên > 0Í¶�LucasS�{Ln}�Fibonacci S�{Fn}
(n = 0, 1, 2, · · · ) ´d���548S�

Ln+2 = Ln+1 + Ln � Fn+2 = Fn+1 + Fn¤½Â, Ù¥L0 = 2, L1 = 1, F0 = 0 9F1 = 1. ù
S�3nØ�A^êÆ�ïÄ¥å��~­���^, Ïd'uLn�Fn�5��NõÆö¤ïÄ. ~X, R.L. Duncan[8]�L. Kuipers[9]y²
log Fn ´'u�1��©Ù�.

H.London, R. Finkelstein 3[10]¥ïÄ
��g��Fibonacci�Lucasê�5�.

W.P.Zhang[11]¼�
�¹Fibonacci ê��
ð�ª.ùp, ·�Ú\�«#��Lucas êk'�Oê¼êa(m), ¿�|^���{�ÑÙþ��°(O�úª. Äk·��ÄSmarandache2ÂÄ.,

F.Smarandache �Ç½Âg,ê8þ��¡2ÂÄ.: 1 = g0 < g1 < · · · <

gk < · · · . �y²
?¿��êNÑ�±^Smarandache2ÂÄ.��L«Ǒ:

N =

n∑

i=0

aigi, ¿� 0 ≤ ai ≤
[
gi+1 − 1

gi

]
(i = 0, 1, · · · , n),Ù¥[x] L«êx ��êÜ©. w,, an ≥ 1. ùp�¤æ^��{ª: �gn ≤ N <

gn+1, KN = gn + r1; XJgm ≤ r1 < gm+1, �or1 = gm + r2(m < n), Xd?1e����{êrj = 0 Ǒ�.ù�Ä.é©
¯K�~­�. XJ·��gi ǑLucas S�, �o·��±����AÏ�Ä., ǑQã{B, ·�¡�ǑSmarandache LucasÄ.. u´, é?¿��êm3Smarandache LucasÄ.¥�±���L«Ǒ:

m =

n∑

i=0

aiLi, ¿� ai = 0 ½ 1. (1-27)
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Smarandache¯KïÄ=Ò´, ?¿��êþ�±�L«Ǒ��'uLucas ê�Úª. y3, éu�êm =
n∑

i=0

aiLi, ·�½ÂOê¼êa(m) = a1 + a2 + · · · + an. ��!�Ñ¼êa(m) �©Ù5�, ¿éþ�
Ar(N) =

∑

n<N

ar(n), r = 1, 2. (1-28)�Ñ��O�úª.½½½nnn1.4.1 é?¿��êk, ·�k
A1(Lk) =

∑

n<Lk

a(n) = kFk−19
A2(Lk) =

1

5
[(k − 1)(k − 2)Lk−2 + 5(k − 1)Fk−2 + 7(k − 1)Fk−3 + 3Fk−1].yyy²²²: (8B{) éuk = 1, 2, KA1(L1) = A1(1) = 0, A1(L2) = A1(3) = 2,¿�F0 = 0, 2F1 = 2. ¤±, ð�ª

A1(Lk) =
∑

n<Lk

a(n) = kFk−1 (1-29)3k = 1, 2�¤á. b�(1-29)é¤kk ≤ m − 1Ñ¤á. u´, d8Bb�·�k
A1(Lm) =

∑

n<Lm−1

a(n) +
∑

Lm−1≤n<Lm

a(n)

= A1(Lm−1) +
∑

0≤n<Lm−2

a(n + Lm−1)

= A1(Lm−1) +
∑

0≤n<Lm−2

(a(n) + 1)

= A1(Lm−1) + Lm−2 +
∑

n<Lm−2

a(n)

= A1(Lm−1) + A1(Lm−2) + Lm−2

= (m − 1)Fm−2 + (m − 2)Fm−3 + Lm−2

= m(Fm−2 + Fm−3) − Fm−2 − 2Fm−3 + Lm−2

= mFm−1 − Fm−1 − Fm−3 + Lm−2

= mFm−1,ùp·�^�ð�ªFm−1 + Fm−3 = Lm−2. =Ò´, �k = m�(1-29)ª¤á. ù�Ò�¤
½n1.4.1¥1�Ü©�y².
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1�Ù êØ¼ê9Ùþ�(I)y3·�5y²½n1.4.2¥�1�Ü©. éuk = 1, 2, 5¿�1 = F1 =

F0 + F−1½öF−1 = 1, KA2(L1) = A2(1) = 0, A2(L2) = A2(3) = 2¿�
1

5
[(k−1)(k−2)Lk−2+5(k−1)Fk−2+7(k−1)Fk−3+3Fk−1] =

{
0, XJ k = 1;

2, XJ k = 2.Ïd, �k = 1, 2�, ð�ª
A2(Lk) =

1

5
[(k − 1)(k − 2)Lk−2 + 5(k − 1)Fk−2 + 7(k − 1)Fk−3 + 3Fk−1] (1-30)¤á. b�(1-30)é¤kk ≤ m − 1Ñ¤á. 5¿�Lm−1 + 2Lm−2 = 5Fm−19Fm−1 + 2Fm−2 = Lm−1, KA2(L1) = A2(1) = 0, A2(L2) = A2(3) = 2Kd8Bb��½n1.4.1�1�Ü©(J�±��

A2(Lm) =
∑

n<Lm−1

a2(n) +
∑

Lm−1≥n<Lm

a2(n)

= A2(Lm−1) +
∑

0≤n<Lm−2

a2(n + Lm−1)

= A2(Lm−1) +
∑

0≤n<Lm−2

(a(n) + 1)2

= A2(Lm−1) +
∑

0≤n<Lm−2

(a2(n) + 2a(n) + 1)

= A2(Lm−1) +
∑

n<Lm−2

a2(n) + 2
∑

n<Lm−2

a(n) + Lm−2

= A2(Lm−1) + A2(Lm−2) + 2A1(Lm−2) + Lm−2

=
1

5
[(m − 2)(m − 3)Lm−3 + 5(m − 2)Fm−3 + 7(m − 2)Fm−4 + 3Fm−2]

+
1

5
[(m − 3)(m − 4)Lm−4 + 5(m − 3)Fm−4 + 7(m − 3)Fm−5 + 3Fm−3]

+2(m − 2)Fm−3 + Lm−2

=
1

5
[(m − 1)(m − 2)Lm−3 + 5(m − 1)Fm−3 + 7(m − 1)Fm−4 + 3Fm−2]

+
1

5
[(m − 1)(m − 2)Lm−4 + 5(m − 1)Fm−4 + 7(m − 1)Fm−5 + 3Fm−3]

−1

5
[2(m − 1)Lm−3 + (4m − 10)Lm−4 + 5Fm−3 + 7Fm−4 + 10Fm−4

+14Fm−5] + 2(m − 2)Fm−3 + Lm−2

=
1

5
[(m − 1)(m − 2)Lm−2 + 5(m − 1)Fm−2 + 7(m − 1)Fm−3 + 3Fm−1]

−1

5
[2(m − 2)(Lm−3 + 2Lm−4) − 2Lm−4 + 5(Fm−3 + 2Fm−4)

+7(Fm−4 + 2Fm−5) + 2(m − 2)Fm−3 + Lm−2

=
1

5
[(m − 1)(m − 2)Lm−2 + 5(m − 1)Fm−2 + 7(m − 1)Fm−3 + 3Fm−1]
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Smarandache¯KïÄ
−1

5
[10(m − 2)Fm−3 − 2Lm−4 + 5Lm−3 + 7Lm−4

+2(m − 2)Fm−3 + Lm−2

=
1

5
[(m − 1)(m − 2)Lm−2 + 5(m − 1)Fm−2 + 7(m − 1)Fm−3 + 3Fm−1].ùÒ`²�k = m �, (4)ª¤á. nþ¤ã, ½n1.4.1�y.½½½nnn1.4.2 é?¿��êN , 3Smarandache LucasÄ.¥�N = Lk1

+Lk2
+

· · · + Lks
�k1 > k2 > · · · > ks. Kk

A1(N) = A1(Lk1
) + N − Lk1

+ A1(N − Lk1
)9

A2(N) = A2(Lk1
) + N − Lk1

+ A2(N − Lk1
) + 2A1(N − Lk1

).yyy²²²: duN = Lk1
+ Lk2

+ · · · + Lks
, K�â½n1.4.1·�k

A1(N) =
∑

n<Lk1

a(n) +
∑

Lk1
≤n<N

a(n)

= A1(Lk1
) +

∑

Lk1
≤n<N

a(n)

= A1(Lk1
) +

∑

0≤n<N−Lk1

a(n + Lk1
)

= A1(Lk1
) +

∑

0≤n<N−Lk1

(a(n) + 1)

= A1(Lk1
) + A1(N − Lk1

) + N − Lk1
.±9

A2(N) =
∑

n<Lk1

a2(n) +
∑

Lk1
≤n<N

a2(n)

= A2(Lk1
) +

∑

0≤n<N−Lk1

a2(n + Lk1
)

= A2(Lk1
) +

∑

0≤n<N−Lk1

(a2(n) + 2a(n) + 1)

= A2(Lk1
) + N − Lk1

+ A2(N − Lk1
) + 2A1(N − Lk1

).ù�·�Òy²
½n1.4.2�1�Ü©(J.�±|^és �êÆ8B{±94íúª�Ñ½n1.4.2¥1�Ü©(J�y². ù�·�Ò�¤
½n1.4.2�y².�?�Ú,

A1(N) =

s∑

i=1

[kiFki−1 + (i − 1)Lki
].
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1�Ù êØ¼ê9Ùþ�(I)éu?¿��êr ≥ 3, |^·���{�±�ÑAr (Lk) ��°(�O�úª.�´, 3ù«�¹eO�´�~E,�.

1.5 Smarandache¼ê�ak(n)½½½ÂÂÂ1.5.1 Smarandache¼êS(n)½ÂXe:

S(n) = min{m : m ∈ N, n|m!}.�!¥, ·��ÑSmarandache¼ê3��ê�kg���S�{ak (n)}(�½Â1.3.1)þ�©Ù5�. ùp, ·�-p(n)L«n����Ïf.ÚÚÚnnn1.5.1 ep(n) >
√

n, KkS(n) = p(n).yyy²²²: �n = pα1
1 pα2

2 · · · pαr
r p(n), K��
pα1
1 pα2

2 · · · pαr
r <

√
nu´,

pαi

i |p(n)!, i = 1, 2, · · · , r.���n|p(n)!§�p(n)†(p(n) − 1)!§ÏdS(n) = p(n).Ún1.5.1 �y.ÚÚÚnnn1.5.2 �x ≥ 1 ´?¿¢ê, ·�k
∑

n≤x

S(n) =
π2x2

12 lnx
+ O

(
x2

ln2 x

)
.yyy²²²: w,k

∑

n≤x

S(n) =
∑

n≤x

p(n)>
√

n

S(n) +
∑

n≤x

p(n)≤√
n

S(n). (1-31)�âEuler �Úúª·�éN´�Ñ(1-31) mà1����O:
∑

n≤x

p(n)≤√
n

S(n) ≪
∑

n≤x

√
n lnn

=

∫ x

1

√
t ln tdt +

∫ x

1

(t − [t])(
√

t ln t)′dt +
√

x lnx(x − [x])

≪ x
3
2 ln x. (1-32)e¡·�5O�(1-32)mà1��. dÚn1.5.1·���

∑

n≤x

p(n)>
√

n

S(n) =
∑

np≤x

p>
√

np

S(n) =
∑

n≤√
x√

x<p≤ x
n
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Smarandache¯KïÄ
=

∑

n≤√
x

∑
√

x<p≤ x
n

p. (1-33)�π(x)L«�u½�ux��ê�ê. 5¿�
π(x) =

x

lnx
+ O

(
x

ln2 x

)
,�âAbelð�ª��

∑
√

x<p≤ x
n

p = π
(x

n

) x

n
− π(

√
x)
√

x −
∫ x

n

√
x

π(t)dt

=
x2

n2 ln x
− 1

2

x2

n2 ln x
+ O

(
x2

n2 ln2 x

)

=
x2

2n2 lnx
+ O

(
x2

n2 ln2 x

)
. (1-34)ÏǑ ∑

n≤√
x

1

n2
= ζ(2) + O

(
1

x

)
, (1-35)nÜ(1-31)¨(1-35), �±íÑÚn1.5.2�(J.Ún1.5.2 �y.ÚÚÚnnn1.5.3 é?¿���êk Ú�K�êi, Kk

∑

t≤x
1
k −1

tiS(t) =
π2x

i+2
k

6(i + 2)k lnx
+ O

(
x

i+2
k

ln2 x

)
.yyy²²²: A^Abelð�ª, (ÜÚn1.5.2, �±íÑ

∑

t≤x
1
k −1

tiS(t) = (x
1
k − 1)i

∑

t≤x
1
k −1

S(t)− i

∫ x
1
k −1

1

(
∑

l≤t

S(l)

)
ti−1dt

=
π2x

i+2
k

12k lnx
− iπ2

12

∫ x
1
k −1

1

ti+1

ln t
dt + O

(
x

i+2
k

ln2 x

)

=
π2x

i+2
k

6(i + 2)k lnx
+ O

(
x

i+2
k

ln2 x

)
.Ún1.5.3 �y.½½½nnn1.5.1 é?¿�¢êx ≥ 3, Kk

∑

n≤x

S(ak(n)) =
π2x1+ 1

k

6(k + 1) ln x
+ O

(
x1+ 1

k

ln2 x

)
.
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1�Ù êØ¼ê9Ùþ�(I)yyy²²²: Äk, é?¿¢êx ≥ 1, �M Ǒ���½���ê��
Mk ≤ x < (M + 1)k.K·�k

∑

n≤x

S(ak(n)) =

M−1∑

t=1

∑

tk≤n<(t+1)k

S(ak(n)) +
∑

Mk≤n<x

S(ak(n))

=

M−1∑

t=1

[(t + 1)k − tk]S(t) +
∑

Mk≤n<x

S(M)

=

k−1∑

i=0

(
i

k

)
∑

t≤x
1
k

−1

tiS(t) + O
(
x

1
k

)2�âÚn1.5.3·���
∑

n≤x

S(ak(n)) =

k−1∑

i=0

(
i

k

)(
π2x

i+2
k

6(i + 2)k ln x
+ O

(
x

i+2
k

ln2 x

))
+ O

(
x

1
k

)

=
π2x1+ 1

k

6(k + 1) ln x
+ O

(
x1+ 1

k

ln2 x

)
.u´�¤
½n1.5.1�y².

1.6 Smarandache{ü¼ê��\aq½½½ÂÂÂ1.6.1 Smarandache{ü¼êSp(n)½ÂǑ: ÷vpn|m!�����êm ∈
N+. =

Sp(n) = min{m : m ∈ N, pn|m!}.3©z[12]p, �öJozsef SandorJÑSmarandache{ü¼ê�\{aqXe:½½½ÂÂÂ1.6.2 �
Sp(x) = min {m ∈ N : px ≤ m!}, x ∈ (1,∝),Ú
S∗

p(x) = max {m ∈ N : m! ≤ px}, x ∈ [1,∝)K¡Sp(x) �S∗
p(x) ǑSmarandache{ü¼ê�\{aq.w,�x ∈ ((m − 1)!, m!]�kSp(x) = m, Ù¥�m ≥ 2 (ÏǑ0! = 1! �m = 1�¼ê�½Â), Ïd, ù�¼ê½Â3x ≥ 1. ùp§Ì��ÑSmarandache {ü¼ê�\{aqSp(x) �S∗

p(x) �ìC5�.
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Smarandache¯KïÄ½½½nnn1.6.1 �é?¿¢êx ≥ 2, kìCúª
Sp(x) =

x ln p

lnx
+ O

(
x ln ln x

ln2 x

)
.yyy²²²: �âSp(x) �½Â, ·���(m − 1)! < px ≤ m!. 3þªüàÓ��éê§·�k

m−1∑

i=1

ln i < x ln p ≤
m∑

i=1

ln i. (1-36)2dî.�Úúª��
m∑

i=1

ln i =

∫ m

1

ln tdt +

∫ m

1

(t − [t])(ln t)
′
ln tdt

= m lnm − m + O(ln m), (1-37)9
m−1∑

i=1

ln i =

∫ m−1

1

ln tdt +

∫ m−1

1

(t − [t])(ln t)′dt

= m lnm − m + O(ln m). (1-38)nÜ(1-36)-(1-38) ·�éN´íÑ
x ln p = m ln m − m + O(ln m). (1-39)¤±

m =
x ln p

lnm − 1
+ O(1). (1-40)Ón, ·�Ó�3ª(1-40)üà�éê, K

ln m = ln x + O(ln lnm), (1-41)9
ln lnm = O(ln lnx). (1-42)Ïd, dª(1-40)-(1-42) ·���

Sp(x) =
x ln p

lnx + O(ln lnm) − 1
+ O(1)
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1�Ù êØ¼ê9Ùþ�(I)

=
x ln p

lnx
+ x ln p

(
O(ln ln m)

ln x(lnx + O(ln lnm) − 1)

)

=
x ln p

lnx
+ O

(
x ln ln x

ln2 x

)
.u´�¤
½n1.6.1 �y².

1.7 Smarandache�5�êS�½½½ÂÂÂ1.7.1 é?¿����ê, XJòÙ� êi?1���)ð����¤�êi´5��ê, �où�êÒ¡Ǒ�5�ê.~X: 0, 5, 10, 15, 20, 25, 30, 35, 40, 50, 51, 52, · · · Ò´�5�ê. �AL«¤k�5�ê�8Ü. 3©z[1]�178�¯Kp§Smarandache �ÇïÆïÄ�5�êS��5�. ��!¥|^���{ïÄ
ù�S��þ�5�.½½½nnn1.7.1 é?¿¢êx ≥ 1§·�kìCúª
∑

n∈A
n≤x

f(n) =
∑

n≤x

f(n) + O
(
Mx

ln 8
ln 10

)
,Ù¥M = max

1≤n≤x
{|f(n)|}.yyy²²²: Äk,�10k ≤ x < 10k+1 (k ≥ 1),Kkk ≤ log x < k+1. �â8ÜA�½Â, ·��±íÑØáu8ÜA��u�ux�ê��ê�õk8k+1�. ¯¢þ,3ù
ê¥k8�� ê, =: 1, 2, 3, 4, 6, 7, 8, 9, k82 �ü ê, · · · , k8k�k ê.¤±`Øáu8ÜA��u�ux�ê��ê�õk8+82 + · · ·+8k = 8

7
(8k − 1) ≤

8k+1�. ÏǑ
8k ≤ 8log x =

(
8log8 x

) 1
log8 10 = (x)

1
log8 10 = x

ln 8
ln 10 .¤±·�k8k = O

(
x

ln 8
ln 10

)
.�ML«|f(n)| (n ≤ x) �þ., Kk
∑

n/∈A
n≤x

f(n) = O
(
Mx

ln 8
ln 10

)
.u´,

∑

n∈A
n≤x

f(n) =
∑

n≤x

f(n) −
∑

n/∈A
n≤x

f(n)

=
∑

n≤x

f(n) + O
(
Mx

ln 8
ln 10

)
.ù�Ò�¤
½n1.7.1�y².
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Smarandache¯KïÄíííØØØ1.7.1 é?¿¢êx ≥ 1, ·�k
∑

n∈A
n≤x

d(n) = x lnx + (2γ − 1)x + O
(
x

ln 8
ln 10+ǫ

)
,Ù¥d(n) ´Dirichlet Øê¼ê§γ ´î.~ê§ǫ Ǒ?¿�½��ê.yyy²²²: 3½n1.7.1¥�f(n) = d(n), ¿5¿�(ë�©z[4])

∑

n≤x

d(n) = x lnx + (2γ − 1)x + O
(
x

1
2

)
,±9�Oª

d(n) ≪ xǫ, (é¤k�1 ≤ n ≤ x),Ò�±�ÑíØ1.7.1.íííØØØ1.7.2 é?¿¢êx ≥ 1, KkìCúª
∑

n∈A
n≤x

Ω(n) = x ln ln x + Bx + O
( x

ln x

)
,Ù¥Ω(n) L«n �¤k�Ïf��ê, B ´���O��~ê.yyy²²²: 3½n1.7.1¥�f(n) = Ω(n), ¿5¿�(ë�©z[6])

∑

n≤x

Ω(n) = x ln lnx + Bx + O

(
x

log x

)
,±9�Oª

Ω(n) ≪ xǫ, (é¤k�1 ≤ n ≤ x),Ò�±�ÑíØ1.7.2.

1.8 �Ïf���êS�{ep(n)}(I)½½½ÂÂÂ1.8.1 �pǑ�ê, ep(n) L«3¤k�Øn��Ïf¥����ê§K¡{ep(n)}�Ïf���êS�.-α(n, p) =
∑
k≤n

ep(k). 3©z[1]�168�¯K¥, F.Smarandach �ÇïÆïÄS�{ep(n)}�5�. ÏǑep(n)�n!�IOÏf©)ª�mkX���'X, ¤±ïÄù�¯K´�©k¿Â�. �!¥, Ì�|^���{5?Øþ�∑
p≤n

α(n, p)�5�.½½½nnn1.8.1 é?¿�êp9�½��ên, K�3ìCúª
∑

p≤n

α(n, p) = n ln n + cn + c1
n

ln n
+ c2

n

ln2 n
+ · · · + ck

n

lnk n
+ O

(
n

lnk+1

)
,
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1�Ù êØ¼ê9Ùþ�(I)Ù¥k ´?¿�½��ê, ci(i = 1, 2, · · · )þǑ�O��~ê.yyy²²²: Äk, ·�ò¤ïÄÚª©)ǑüÜ©:

∑

p≤n

α(n, p) =
∑

p≤√
n

α(n, p) +
∑

√
n<p≤n

α(n, p). (1-43)éu1�Ü©Úª, �âÚn1.1.1·�k
∑

p≤√
n

α(n, p) =
∑

p≤√
n

1

p − 1
(n − α(n, p))

= n
∑

p≤√
n

(
1

p
+

1

p(p − 1)

)
−
∑

p≤√
n

α(n, p)

p − 1

= n


∑

p≤√
n

1

p
+
∑

p

1

p(p − 1)
+ O


 ∑

m>
√

n

1

m2




−

∑

p≤√
n

α(n, p)

p − 1

= n

(∫ √
n

3
2

1

x
dπ(x) + A + O

(
1√
n

))
−
∑

p≤√
n

α(n, p)

p − 1
, (1-44)Ù¥π(x)¤kØ�ux��ê��ê. 5¿�ìCúª

π(x) =
x

ln x
+ a1

x

ln2 x
+ · · · + ak

x

lnk x
+ O

(
x

lnk+1 x

)
(1-45)9

∫ √
n

3
2

1

x
dπ(x) =

π(
√

n)√
n

+

∫ √
n

3
2

π(x)

x2
dx

=
1

ln
√

n
+

a2

ln2 √n
+ · · · + ak

lnk √n
+ O

(
x

lnk+1 √n

)
+

∫ √
n

3
2

1

x ln x
dx

+a2

∫ √
n

3
2

1

x ln2 x
dx + · · · + ak+1

∫ √
n

3
2

1

x lnk+1 x
dx + O

(
1

lnk+1 n

)

=
a11

ln n
+

a12

ln2 n
+ · · · + a1k

lnk n
+ ln ln n + B +

a21

ln n
+

a22

ln2 n

+ · · · + a2k

lnk n
+ O

(
1

lnk+1 n

)

= ln lnn + B +
a31

lnn
+

a32

ln2 n
+ · · · + a3k

lnk n
+ O

(
1

lnk+1 n

)
. (1-46)|^Ún1.1.2·�k

∑

p≤√
n

α(n, p)

p − 1
≤
∑

p≤√
n

ln n

ln p
= lnn

∑

p≤√
n

1

ln p
≤ lnn

∑

p≤√
n

1 ≤
√

n lnn. (1-47)
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Smarandache¯KïÄnÜ(1-44), (1-46)9(1-47)ª�±��
∑

p≤√
n

α(n, p) = n ln ln n + c0n + a31
n

lnn
+ a32

n

ln2 n

+ · · · + a3k
n

lnk n
+ O

(
n

lnk+1 n

)
(1-48)éu1�Ü©Úª, ·�k

∑
√

n<p≤n

α(n, p) =
∑

√
n<p≤n

+∞∑

i=1

[
n

pi

]
=

∑
√

n<p≤n

[
n

p

]

=
∑

√
n<p≤n

∑

m≤n
p

1 =
∑

m≤√
n

∑
√

n<p≤ n
m

1

=
∑

m≤√
n

(
π(

n

m
) − π(

√
n)
)

=
∑

m≤√
n

π(
n

m
) − [

√
n]π(

√
n). (1-49)A^Euler�Úúª±9�?�ª�±��

∑

m≤√
n

1

m(ln n − ln m)r
=

∑

m≤√
n

1

m lnr n(1 − ln m
ln n )r

=

+∞∑

s=0

∑

m≤√
n

(r−1+s
r−1 ) lns m

m lns+r n

=

+∞∑

s=0

(
r−1+s
r−1

)

 ∑

m≤√
n

lns m

m lns+r n




=

+∞∑

s=0

(r−1+s
r−1 )

lns+r n

(
lns+1 n

(s + 1)2s+1
+ ds+1 + O

(
lns n

2s
√

n

))

=

k∑

i=r−1

d1i

lni n
+ O

(
lns n√

n

)dd9(1-45)ª, ·���
∑

m≤√
n

π(
n

m
)

=
∑

m≤√
n

(
n
m

ln( n
m)

+ a2

n
m

ln2( n
m)

+ · · · + ak+1

n
m

lnk+1( n
m)

+ O

(
n
m

lnk+2( n
m)

))
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1�Ù êØ¼ê9Ùþ�(I)

= n
∑

m≤√
n

(
1

m(ln n − ln m)
+ a2

1

m(lnn − lnm)2
+ · · ·

+ak+1
1

m(ln n − ln m)k+1
+ O

(
1

m(lnn − ln m)k+2

))

= n

(
b0 +

b1

lnn
+

b2

ln2 n
+ · · · + bk

lnk n
+ O

(
1

lnk+1 n

))

= b0n + b1
n

lnn
+ b2

n

ln2 n
+ · · · + bk

n

lnk n
+ O

(
n

lnk+1 n

)
(1-50)
�

[
√

n]π(
√

n) =
n

ln
√

n
+ a2

n

ln2 √n
+ · · · + ak

n

lnk √n
+ O

(
n

lnk+1 √n

)

= a41
n

ln n
+ a42

n

ln2 n
+ · · · + a4k

n

lnk n
+ O

(
n

lnk+1 n

)
. (1-51)|^(1-49)¨(1-51)ª��

∑
√

n<p≤n

α(n, p) = b0n+a51
n

ln n
+a52

n

ln2 n
+ · · ·+a5k

n

lnk n
+O

(
n

lnk+1 n

)
. (1-52)nÜ(1-43), (1-48) 9(1-52) ª, ·�N´íÑìCúª

∑

p≤n

α(n, p) = n ln n + cn + c1
n

ln n
+ c2

n

ln2 n
+ · · · + ck

n

lnk n
+ O

(
n

lnk+1

)
.ù�Ò�¤
½n1.8.1�y².
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Smarandache¯KïÄ1�Ù êØ¼ê9Ùþ�(II)31�Ùp§·�Ì�±���{ǑÄ:?Ø�
êØ¼ê�þ�¯K§�´éuNõêØ¯K==±���{5ïÄ´��Ø
�. �31837
Dirichlet Ǒ
y²3���½��â?êp�ê�35¯K§��Ñ�ê���¿Ú\)Û��{X4�ÚëY5§�âù��{§�Mï
¡Ǒ)ÛêØ���#�êÆ©{�Ä:. 3)ÛêØp§¢©ÛÚE©Û�VgÚ�{4�u��êk'�¯K. ��)Û�{3ïÄêØ¯K¥u�
r���^. �Ǒ�Æö§k7�
)Ä��)ÛêØ��{§±93äN¯K¥XÛ�A^)Û�{. �Ù¥§·�Ì�0�
�^)Û�{ïÄ�
äN¯K§AO3uêØ¼ê�þ�¯K¥�)Û�{.

2.1 kgÖê�kg�\Öê
2.1.1 Úó½½½ÂÂÂ2.1.1 �k ≥ 2 Ǒ?¿�½���ê, ebk(n)´�nbk(n)Ǒ���kg������ê, K¡bk(n)Ǒn�kgÖê.½½½ÂÂÂ2.1.2 �k ≥ 2Ǒ?¿�½���ê, eak(n)´��ak(n) + nǑ����kg�ê�����ê, K¡ak(n)Ǒn�kg�\Öê.~X: ek = 2, ��²��\ÖêS�{a2(n)} (n = 1, 2, · · · ): 0, 2, 1, 0, 4, 3, 2,

1, 0, 6, 5, 4, 3, 2, 1, 0, 7, · · · .½½½ÂÂÂ2.1.3 éug,ên = pα1
1 · pα2

2 · · · · pαr

r , ·�½Âa3(n) = pβ1

1 · pβ2

2 · · · ·
pβr

r Ǒá��{ê, Ù¥βi = min(2, αi), 1 ≤ i ≤ r.3©z[1]�164 �¯KÚ129 �¯Kp, F.Smarandache �ÇïÆ·�ïÄá��{S�ÚkgÖêS��5�. ùpÌ�|^)Û�{�Ñ
S�{a3(n)bk(n)} �{ak(n)}§±9ùü�S��Euler ¼ê½Øê¼ê�p�^�#�S��©Ù5�.

2.1.2 á��{êÚkgÖê½½½nnn2.1.1 é?¿¢êx ≥ 1, kìCúª
∑

n≤x

a3(n)bk(n) =
6xk+1

(k + 1)π2
R(k + 1) + O

(
xk+ 1

2+ε
)

,Ù¥ε Ǒ?¿�½��ê, �ek = 2�k
R(k + 1) =

∏

p

(
1 +

p3 + p

p7 + p6 − p − 1

)
,ek ≥ 3�k

R(k + 1) =
∏

p

(
1 +

k∑

j=2

pk−j+3

(p + 1)p(k+1)j
+

k∑

j=1

pk−j+3

(p + 1)(p(k+1)(k+j) − p(k+1)j)

)
.
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1�Ù êØ¼ê9Ùþ�(II)yyy²²²: �
f(s) =

∞∑

n=1

a3(n)bk(n)

ns
.�âî.Èúª9a3(n)Úbk(n)�½Â, �k = 2�·���

f(s) =
∏

p

(
1 +

a3(p)bk(p)

ps
+

a3(p
2)bk(p2))

p2s
+ · · ·

)

=
∏

p

(
1 +

1

ps−2
+ p2(

1

p2s
+

p

p3s
)(

1

1 − p−2s
)

)

=
ζ(s − k)

ζ(2(s − k))

∏

p

(
1 +

ps + p

(ps−2 + 1)(p2s − 1)

)

�k ≥ 3�k
f(s) =

∏

p

(
1 +

a3(p)bk(p)

ps
+

a3(p
2)bk(p2))

p2s
+ · · ·

)

=
∏

p

(
1 +

1

ps−k
+ p2

k∑

j=2

pk−j

pjs
+ (

1

1 − 1
pks

)

k∑

j=1

pk−j+2

p(k+j)s

)

=
∏

p

(1 +
1

ps−k
)

(
1 +

ps−k

1 + ps−k

(
k∑

j=2

pk−j+2

pjs
+

k∑

j=1

pk−j+2

p(k+j)s − pjs

))

=
ζ(s − k)

ζ(2(s − k))

∏

p

(
1 +

k∑

j=2

ps−j+2

(ps−k + 1)pjs
+

k∑

j=1

ps−j+2

(ps−k + 1)(p(k+j)s − pjs)

)

w,, ·�kØ�ª
|am(n)bk(n)| ≤ n2,

∣∣∣∣∣

∞∑

n=1

am(n)bk(n)

nσ

∣∣∣∣∣ <
1

σ − k − 1
,Ù¥σ > k + 1´s�¢Ü. ¤±dPerron úª(ë�©z[2])��

∑

n≤x

am(n)bk(n)

ns0

=
1

2iπ

∫ b+iT

b−iT

f(s + s0)
xs

s
ds + O

(
xbB(b + σ0)

T

)

+O

(
x1−σ0H(2x)min(1,

log x

T
)

)
+ O

(
x−σ0H(N)min(1,

x

||x|| )
)

,
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Smarandache¯KïÄÙ¥N´ålx�C��ê, ‖x‖ = |x−N |. �s0 = 0, b = k+2, T = x
3
2 , H(x) = x2,

B(σ) = 1
σ−k−1 Kk
∑

n≤x

am(n)bk(n) =
1

2iπ

∫ k+2+iT

k+2−iT

ζ(s − k)

ζ(2(s − k))
R(s)

xs

s
ds + O(xk+ 1

2+ε),Ù¥
R(s) =





∏

p

(
1 +

ps + p

(ps−2 + 1)(p2s − 1)

)
, �k = 2 �

∏

p

(
1 +

k∑

j=2

ps−j+2

(ps−k + 1)pjs
+

k∑

j=1

ps−j+2

(ps−k + 1)(p(k+j)s − pjs)

)
, �k ≥ 3 �.·�òÈ©�ls = k + 2 ± iT£�s = k + 1

2 ± iT s = a ± iT5�OÌ�
1

2iπ

∫ k+2+iT

k+2−iT

ζ(s − k)

ζ(2(s − k))
R(s)

xs

s
ds + O(xk+ 1

2+ε).ù�, ¼ê
f(s) =

ζ(s − k)xs

ζ(2(s − k))s
R(s)3s = k + 1?k����4:, 3êǑ xk+1

(k+1)ζ(2)R(k + 1). ¤±
1

2iπ

(∫ k+2+iT

k+2−iT

+

∫ k+ 1
2+iT

k+2+iT

+

∫ k+ 1
2−iT

k+ 1
2+iT

+

∫ k+2−iT

k+ 1
2−iT

)
ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

=
xk+1

(k + 1)ζ(2)
R(k + 1).N´�Ñ�Oª

∣∣∣∣∣
1

2πi

(∫ k+ 1
2+iT

k+2+iT

+

∫ k+2−iT

k+ 1
2−iT

)
ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

∣∣∣∣∣

≪
∫ k+2

k+ 1
2

∣∣∣∣
ζ(σ − k + iT )

ζ(2(σ − k + iT ))
R(s)

x2

T

∣∣∣∣ dσ ≪ xk+2

T
= xk+ 1

2 ,Ú
∣∣∣∣∣

1

2πi

∫ k+ 1
2−iT

k+ 1
2+iT

ζ(s − k)xs

ζ(2(s − k))s
R(s)ds

∣∣∣∣∣ ≪
∫ T

0

∣∣∣∣
ζ(1/2 + it)

ζ(1 + 2it)

xk+ 1
2

t

∣∣∣∣ dt ≪ xk+ 1
2+ε.dζ(2) = π2

6 ·���
∑

n≤x

a3(n)bk(n) =
6xk+1

(k + 1)π2
R(k + 1) + O

(
xk+ 1

2+ε
)

.
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1�Ù êØ¼ê9Ùþ�(II)u´�¤
½n2.1.1�y².½½½nnn2.1.2 �ϕ(n)Ǒî.¼ê, Ké?¿¢êx ≥ 1, kìCúª
∑

n≤x

ϕ(a3(n)bk(n)) =
6xk+1

(k + 1)π2
R∗(k + 1) + O

(
xk+ 1

2+ε
)Ù¥�ek = 2�k

R∗(k + 1) =
∏

p

(
1 +

p2 + 1

p6 + 2p5 + 2p4 + 2p3 + 2p2 + 2p + 1
− 1

p2 + p

)
,�k ≥ 3�k

R∗(k + 1) =
∏

p

(
1 − 1

p2 + p
+

k∑

j=2

pk−j+3 − pk−j+2

(p + 1)p(k+1)j
+

+

k∑

j=1

pk−j+3 − pk−j+2

(p + 1)(p(k+1)(k+j) − p(k+1)j)

)
.½½½nnn2.1.3 �α > 0§σα(n) =

∑
d|n

dα, Ké?¿¢êx ≥ 1, Kk
∑

n≤x

σα(a3(n)bk(n)) =
6xkα+1

(kα + 1)π2
R(kα + 1) + O

(
xkα+ 1

2+ε
)

,Ù¥�k = 2�k
R(kα + 1) =

∏

p

(
1 +

p

p + 1

(
pα + 1

p2α+1
+

(p3α − 1)p2α+1 + p4α − 1

(p3(2α+1) − p2α+1)(pα − 1)

))
,�k ≥ 3�k

R(kα + 1) =
∏

p

(
1 +

pkα+1 − p

(p + 1)(pα − 1)pkα+1
+

k∑

j=2

p(k−j+3)α+1 − p

(p + 1)(pα − 1)p(kα+1)j

+

k∑

j=1

p(k−j+3)α+1 − p

(p + 1)(pα − 1)(p(k+j)(kα+1) − p(kα+1)j)

)

½½½nnn2.1.4 �d(n)L«DirichletØê¼ê, é?¿¢êx ≥ 1k
∑

n≤x

d(a3(n)bk(n)) =
6x

π2
R(1) · f(log x) + O

(
x

1
2+ε
)

,
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Smarandache¯KïÄÙ¥f(y)Ǒy�kgõ�ª, ek = 2�k
R(1) =

∏

p

(
1 +

p3

(p + 1)3

(
3p + 4

p3 + p
− 3

p2
− 1

p3

))
,ek ≥ 3�k

R(1) =
∏

p

(
1 +

k∑

j=2

(
k − j + 3 − (k+1

j )
)
pk−j+1

(p + 1)k+1
+

+

k∑

j=1

k − j + 3

(p + 1)k+1(pj−1 − pj−k−1)
− 1

(p + 1)k+1

)

½½½nnn2.1.2–2.1.4 ���yyy²²²: �
f1(s) =

∞∑

n=1

ϕ(a3(n)bk(n))

ns
,

f2(s) =

∞∑

n=1

σα(a3(n)bk(n))

ns
,

f3(s) =

∞∑

n=1

d(a3(n)bk(n))

ns
.�âî.Èúª9ϕ(n), σα(n)Úd(n)�½Â, �k = 2�·���

f1(s) =
∏

p

(
1 +

ϕ(a3(p)bk(p))

ps
+

ϕ(a3(p
2)bk(p2))

p2s
+ · · ·

)

=
∏

p

(
1 +

p2 − p

ps
+ (

p2 − p

p2s
+

p3 − p2

p3s
)(

1

1 − p−2s
)

)

=
∏

p

(
1 +

1

ps−2
− 1

ps−1
+

(p2 − p)(ps + p)

p3s − ps

)

=
ζ(s − 2)

ζ(2(s − 2))

∏

p

(
1 +

ps−2

ps−2 + 1

(
(p2 − p)(ps + p)

p3s − ps
− 1

ps−1

))
,

f2(s) =
ζ(s − 2α)

ζ(2(s − 2α))

∏

p

(
1 +

ps−2α

ps−2α + 1

(
pα + 1

ps
+

(p3α − 1)ps + p4α − 1

(p3s − ps)(pα − 1)

))
,

f3(s) =
ζ3(s)

ζ3(2s)

∏

p

(
1 +

p3s

(ps + 1)3

(
3ps + 4

p3s + ps
− 3

p2s
− 1

p3s

))
.
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1�Ù êØ¼ê9Ùþ�(II)�k ≥ 3�k
f1(s) =

∏

p

(
1 +

1

ps−k
− 1

ps−k+1
+

k∑

j=2

pk−j+2 − pk−j+1

pjs

+

k∑

j=1

pk−j+2 − pk−j+1

p(k+j)s − pjs

)

=
ζ(s − k)

ζ(2(s − k))

∏

p

(
1 − 1

ps−k+1 + p
+

k∑

j=2

ps−j+2 − ps−j+1

(ps−k + 1)pjs
+

+

k∑

j=1

ps−j+2 − ps−j+1

(ps−k + 1)(p(k+j)s − pjs)

)
,

f2(s) =
ζ(s − kα)

ζ(2(s − kα))

∏

p

(
1 +

ps − ps−kα

(ps−kα + 1)(pα − 1)ps

+

k∑

j=2

p(3−j)α+s − ps−kα

(ps−kα + 1)(pα − 1)pjs

+

k∑

j=1

p(3−j)α+s − ps−kα

(ps−kα + 1)(pα − 1)(p(k+j)s − pjs)

)
,

f3(s) =
ζk+1(s)

ζk+1(2s)

∏

p

(
1 +

k∑

j=2

(
k − j + 3 −

(
k+1
j

))
p(k−j+1)s

(ps + 1)k+1

+

k∑

j=1

k − j + 3

(ps + 1)k+1(p(j−1)s − p(j−k−1)s)
− 1

(ps + 1)k+1

)
.KdPerronúªÚ½n2.1.1�y²�{, ·�Ò�±��Ù{(Ø. ��5`,·��±|^Ó���{ïÄS�am(n)bk(n)�ìC5�, (Ù¥m, k ≥ 2Ǒ�½���ê), ¿��Ñ�
�Ǒ°(�ìCúª.

2.1.3 kg�\ÖêÚÚÚnnn2.1.1 é?¿¢êx ≥ 39÷vf(0) = 0�?¿�"�â¼êf(0), ·�k
∑

n≤x

f(ak(n)) =

h
x

1
k

i
−1∑

t=1

∑

n≤g(t)

f(n) + O




∑

n≤g
�h

x
1
k

i� f(n)


 ,Ù¥[x] L«�u½�ux ����ê, g(t) =

k−1∑

i=1

(
i

k

)
ti.

35



Smarandache¯KïÄyyy²²²: ?¿¢êx ≥ 1, �MǑ�½���ê�÷v
Mk ≤ x < (M + 1)k.5¿�, en�H«m[tk, (t + 1)k

)þ¤k��ê, �oak(n)Ǒ�H«m[0, (t + 1)k − tk − 1
]þ¤k��ê. qÏǑf(0) = 0, ¤±·�k

∑

n≤x

f(ak(n)) =

M−1∑

t=1

∑

tk≤n<(t+1)k

f(ak(n)) +
∑

Mk≤n≤x

f(ak(n))

=

M−1∑

t=1

∑

n≤g(t)

f(n) +
∑

g(M)+Mk−x≤n<g(M)

f(n),Ù¥g(t) =

k−1∑

i=1

(
i

k

)
ti. duM =

[
x

1
k

]
, ���

∑

n≤x

f(ak(n)) =

h
x

1
k

i
−1∑

t=1

∑

n≤g(t)

f(n) + O




∑

n≤g
�h

x
1
k

i� f(n)


 .Ún2.1.1 �y.555: ù�Ún´�©k¿Â�. ÏǑXJ·�®�f(n)�þ�úª, �o�âÚn2.1.1éN´Ò�±�Ñ∑

n≤x

f(ak(n))�þ�úª.½½½nnn2.1.5 é?¿¢êx ≥ 3, KkìCúª
∑

n≤x

ak(n) =
k2

4k − 2
x2− 1

k + O
(
x2− 2

k

)
.yyy²²²: �f(n) = n, �âî.�Úúª·�k

∑

n≤x

ak(n) =

h
x

1
k

i
−1∑

t=1

∑

n≤g(t)

n + O




∑

n≤g
�h

x
1
k

i�n




=
1

2

h
x

1
k

i
−1∑

t=1

k2t2k−2 + O
(
x2− 2

k

)

=
k2

4k − 2
x2− 1

k + O
(
x2− 2

k

)
.u´�¤
½n2.1.5 �y².
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1�Ù êØ¼ê9Ùþ�(II)½½½nnn2.1.6 é?¿¢êx ≥ 3, ·�k
∑

n≤x

d(ak(n)) =

(
1 − 1

k

)
x ln x +

(
2γ + ln k − 2 +

1

k

)
x + O

(
x1− 1

k lnx
)

,Ù¥γ´î.~ê.yyy²²²: 5¿�
∑

n≤x

d(n) = x lnx + (2γ − 1)x + O
(
x

1
2

)
,¿dÚn2.1.1Kk

∑

n≤x

d(ak(n))

=

h
x

1
k

i
−1∑

t=1

∑

n≤g(t)

d(n) + O




∑

n≤g
�h

x
1
k

i� d(n)




=

h
x

1
k

i
−1∑

t=1

(
ktk−1

(
ln ktk−1 + ln

(
1 + O

(
1

t

)))

+(2γ − 1)ktk−1
)

+ O
(
x1− 1

k ln x
)

=

h
x

1
k

i
−1∑

t=1

(
k(k − 1)tk−1 ln t + (2γ + ln k − 1)ktk−1

+O(tk−2)
)

+ O
(
x1− 1

k ln x
)

= k(k − 1)

h
x

1
k

i
−1∑

t=1

tk−1 ln t + (2γ + ln k − 1)k

h
x

1
k

i
−1∑

t=1

tk−1

+O
(
x1− 1

k lnx
)

.�âî.�ÚúªN´��
∑

n≤x

d(ak(n)) =

(
1 − 1

k

)
x ln x +

(
2γ + ln k − 2 +

1

k

)
x + O

(
x1− 1

k lnx
)

.u´�¤
½n2.1.6�y².

2.2 kg�ÏfêS�
2.2.1 Úó½½½ÂÂÂ2.2.1 �k ≥ 2´?¿�½��ê, XJé?¿�êpkpk†n, K¡g,ên´�kg�Ïfê.
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Smarandache¯KïÄ�kg�ÏfêS��±dXe�ª�Ñ: lg,ê8Ü¥(0, 1Ø	), �K¤k2k��ê, ��2�K¤k3k��ê, 2�K¤k5k��ê, · · · , �K¤k�ê�kg���ê. �o�kg�ÏfS�=Ǒ: 2, 3, 5, 6, 7, 10, 11, 12, 13, 14, 15, 17,

· · · . ½½½ÂÂÂ2.2.2 �k ≥ 2´?¿�½��ê, XJé?¿�êpkp | n�pk | n, K¡n´��kg�Ïfê.½½½ÂÂÂ2.2.3 �n�IO©)ªǑn = pα1
1 pα2

2 · · · pαr
r ,K½Âω(n) = r§¡ω(n)Ǒn �¤k�Ïfê¼ê.½½½ÂÂÂ2.2.4 �Smarandache �²�Ïf¼êZW (n)�½ÂǑ÷vn | mn �����êm.w,ZW (1) = 1. �n > 1, Wju3[13]¥�Ñ

ZW (n) = p1p2 · · · pk, (2-1)Ù¥p1, p2, · · · , pk ´n ØÓ��Ïf. Ó��Ǒy²
?ê
∞∑

n=1

1

(ZW (n))
a , a ∈ R, a > 0´uÑ�.��!¥§·�òé��kg�ÏfêS�§�kg�ÏfêS�§±9�Smarandache�²�Ïf¼êZW (n)��«a.�þ�¯K?1?Ø.

2.2.2 ��kg�ÏfêS�ǑQã�B, �AL«¤k��kg�Ïfê�8Ü§¿�·�Ú\��#�êØ¼êa(n):

a(n) =





1, XJ n = 1;

n, XJ n´��kg�ê
0, XJ nØ´��kg�êw, ∑

n∈A
n≤x

n =
∑

n≤x

a(n).½½½nnn2.2.1 é?¿¢êx ≥ 1, ·�kìCúª
∑

n∈A
n≤x

n =
6k · x1+ 1

k

(k + 1)π2

∏

p

(
1 +

1

(p + 1)(p
1
k − 1)

)
+ O

(
x1+ 1

2k
+ε
)

,Ù¥ε ´?¿�½��ê.yyy²²²: -
f(s) =

∞∑

n=1

a(n)

ns
.
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1�Ù êØ¼ê9Ùþ�(II)dEuler�Èúª9a(n)�½Â��
f(s) =

∏

p

(
1 +

a(pk)

pks
+

a(pk+1)

p(k+1)s
+ · · ·

)

=
∏

p

(
1 +

1

pk(s−1)

1

1 − 1
ps−1

)

=
∏

p

(
1 +

1

pk(s−1)

)∏

p

(
1 +

1

(pk(s−1) + 1)(ps−1 − 1)

)

=
ζ(k(s − 1))

ζ(2k(s − 1))

∏

p

(
1 +

1

(pk(s−1) + 1)(ps−1 − 1)

)
,Ù¥ζ(s)´Riemann zeta-¼ê. 5¿�Ø�ª

|a(n)| ≤ n,

∣∣∣∣∣

∞∑

n=1

a(n)

nσ

∣∣∣∣∣ <
1

σ − 1 − 1
k

,Ù¥σ > 1 − 1
k
´Eês�¢Ü. u´, |^Perronúª�±íÑ

∑

n≤x

a(n)

ns0
=

1

2iπ

b+iT∫

b−iT

f(s + s0)
xs

s
ds + O

(
xbB(b + σ0)

T

)

+O

(
x1−σ0H(2x)min(1,

log x

T
)

)
+ O

(
x−σ0H(N)min(1,

x

||x|| )
)

,Ù¥N´��Cux��ê, ‖x‖ = |x − N |. �s0 = 0, b = 2 + 1
k , T = x1+ 1

2k ,

H(x) = x, B(σ) = 1
σ−1− 1

k

, Kk
∑

n≤x

a(n) =
1

2iπ

∫ 2+ 1
k
+iT

2+ 1
k
−iT

ζ(k(s − 1))

ζ(2k(s − 1))
R(s)

xs

s
ds + O(x1+ 1

2k
+ε),Ù¥

R(s) =
∏

p

(
1 +

1

(pk(s−1) + 1)(ps−1 − 1)

)
.Ǒ
�OÌ�

1

2iπ

∫ 2+ 1
k
+iT

2+ 1
k
−iT

ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds,·�òÈ©�ds = 2 + 1

k ± iT£�s = 1 + 1
2k ± iT . ù�, ¼ê

f(s) =
ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)
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Smarandache¯KïÄ3s = 1 + 1
k?k����4:�3ê´ kx1+ 1

k

(k+1)ζ(2)R(1 + 1
k ). u´

1

2iπ

(∫ 2+ 1
k
+iT

2+ 1
k
−iT

+

∫ 1+ 1
2k

+iT

2+ 1
k
+iT

+

∫ 1+ 1
2k

−iT

1+ 1
2k

+iT

+

∫ 2+ 1
k
−iT

1+ 1
2k

−iT

)
ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds

=
k · x1+ 1

k

(k + 1)ζ(2)

∏

p

(
1 +

1

(p + 1)(p
1
k − 1)

)
.·�N´���O

∣∣∣∣∣
1

2πi

(∫ 1+ 1
2k

+iT

2+ 1
k
+iT

+

∫ 2+ 1
2−iT

1+ 1
2k

−iT

)
ζ(k(s − 1))xs

ζ(2k(s − 1))s
R(s)ds

∣∣∣∣∣

≪
∫ 2+ 1

k

1+ 1
2k

∣∣∣∣
ζ(k(σ − 1 + iT ))

ζ(2k(σ − 1 + iT ))
R(s)

x2+ 1
k

T

∣∣∣∣ dσ ≪ x2+ 1
k

T
= x1+ 1

2k9
∣∣∣∣∣

1

2πi

∫ 1+ 1
2k

−iT

1+ 1
2k

+iT

ζ(k(s − 1))xs

ζ(2k(s − 2))s
R(s)ds

∣∣∣∣∣ ≪
∫ T

0

∣∣∣∣
ζ(1/2 + ikt)

ζ(1 + 2ikt)

x1+ 1
2k

t

∣∣∣∣ dt ≪ x1+ 1
2k

+ε.5¿�ζ(2) = π2

6
, �âþ¡�í���

∑

n∈A
n≤x

n =
6k · x1+ 1

k

(k + 1)π2

∏

p

(
1 +

1

(p + 1)(p
1
k − 1)

)
+ O

(
x1+ 1

2k
+ε
)

.ù�Ò�¤
½n2.2.1�y².½½½nnn2.2.2 �ϕ(n)´Euler¼ê. Ké?¿¢êx ≥ 1, ·�k
∑

n∈A
n≤x

ϕ(n) =
6k · x1+ 1

k

(k + 1)π2

∏

p

(
1 +

p − p
1
k

p2+ 1
k − p2 + p1+ 1

k − p

)
+ O

(
x1+ 1

2k
+ε
)

.½½½nnn2.2.3 �α > 0, σα(n) =
∑
d|n

dα. Ké?¿¢êx ≥ 1, ·�k
∑

n∈A
n≤x

σα(n) =
6k · xα+ 1

k

(kα + 1)π2

∏

p


1 +

pα+ 1
k (p

1
k − 1)

k∑
i=1

(
1
pi

)α

+ pα+ 1
k + p

1
k − 1

(
pα+ 1

k − 1
)
(p + 1)(p

1
k − 1)




+O
(
xα+ 1

2k
+ε
)

.
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1�Ù êØ¼ê9Ùþ�(II)½½½nnn2.2.4 �d(n)L«DirichletØê¼ê. Ké?¿¢êx ≥ 1, ·�k
∑

n∈A
n≤x

d(n) =
6k · x 1

k

π2

∏

p


1 +

(2p
1
k − 1)

k+1∑
i=2

(
k+1

i

)
pk+1−i − kpk+ 1

k

(p + 1)k+1(p
1
k − 1)2


 · f(log x)

+O
(
x

1
2k

+ε
)

.Ù¥f(y)´'uy�kgõ�ª.½½½nnn2.2.5 é?¿¢êx ≥ 1, ·�kìCúª
∑

n∈A
n≤x

σα((m, n)) =
6k · x 1

k

π2

∏

p†m

(
1 +

1

(p + 1)(p
1
k − 1)

) ∏

pβ‖m

β≤k


1 +

p
1
k

β∑
i=0

piα

p(p
1
k − 1)




×
∏

pβ‖m

β>k

(
1 +

β−1∑

i=k

p−
i
k

i∑

j=0

pjα +
p

1
k

∑β
i=0 piα

p(p
1
k − 1)

)
∏

p|m

(
p

p + 1

)
+ O

(
x

1
2k

+ε
)

.Ù¥m´?¿�½��ê, (m, n)L«m�n����Ïf.½½½nnn2.2.6 é?¿¢êx ≥ 1, ·�k
∑

n∈A
n≤x

ϕ((m, n)) =
6k · x 1

k

π2

∏

p†m

(
1 +

1

(p + 1)(p
1
k − 1)

) ∏

pβ‖m

β≤k

(
1 +

(
pβ − pβ−1

)
p

1
k

p(p
1
k − 1)

)

×
∏

pβ‖m

β>k

(
1 +

β−1∑

i=k

p−
i
k

(
pi − pi−1

)
+

(
pβ − pβ−1

)
p

1
k

p(p
1
k − 1)

)
∏

p|m

(
p

p + 1

)
+ O

(
x

1
2k

+ε
)

.½½½nnn2.2.2–2.2.6 ���yyy²²²: aq�, -
f1(s) =

∞∑

n=1
n∈A

ϕ(n)

ns
, f2(s) =

∞∑

n=1
n∈A

σα(n)

ns
, f3(s) =

∞∑

n=1
n∈A

d(n)

ns
,

f4(s) =

∞∑

n=1
n∈A

σα((m, n))

ns
, f5(s) =

∞∑

n=1
n∈A

ϕ((m, n))

ns
.|^Euler�Èúª±9ϕ(n), σα(n)Úd(n) ��g½Â, Ǒ�±��

f1(s) =
∏

p

(
1 +

ϕ(pk)

pks
+

ϕ(pk+1)

p(k+1)s
+ · · ·

)
=
∏

p

(
1 +

ϕ(pk)

pks

(
1

1 − 1
ps−1

))
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Smarandache¯KïÄ
=

ζ(k(s − 1))

ζ(2k(s − 1))

∏

p

(
1 +

p − ps−1

(pk(s−1) + 1)(ps − p)

)
;

f2(s) =
ζ(k(s − α))

ζ(2k(s − α))

∏

p


1 +

(ps−α − 1)ps
∑k

i=1

(
1
pi

)α

+ ps + ps−α − 1

(pk(s−α) + 1)(ps−α − 1)(ps − 1)


 ;

f3(s) =
ζk+1(ks)

ζk+1(2ks)

∏

p

(
1 +

(2ps − 1)
∑k+1

i=2

(
k+1

i

)
pk(k+1−i)s − kp(k2+1)s

(pks + 1)k+1(ps − 1)2

)
;

f4(s) =
∏

p

(
1 +

σα((m, pk))

pks
+

σα((m, pk+1))

p(k+1)s
+ · · ·

)

=
ζ(ks)

ζ(2ks)

∏

p|m

(
pks

pks + 1

)∏

p†m

(
1 +

1

(pks + 1)(ps − 1)

)

×
∏

pβ‖m

β≤k

(
1 +

σα(pβ)

pks(1 − 1
ps )

)
∏

pβ‖m

β>k

(
1 +

β−1∑

i=k

σα(pi)

pis
+

σα(pβ)

pks(1 − 1
ps )

)

±9
f5(s) =

ζ(ks)

ζ(2ks)

∏

p|m

(
pks

pks + 1

)∏

p†m

(
1 +

1

(pks + 1)(ps − 1)

)

×
∏

pβ‖m

β≤k

(
1 +

pβ − pβ−1

pks(1 − 1
ps )

)
∏

pβ‖m

β>k

(
1 +

β−1∑

i=k

pi − pi−1

pis
+

pβ − pβ−1

pks(1 − 1
ps )

)
.ÏLA^Perronúª±9y²½n2.2.1��{, �±íÑ½n2.2.2¨2.2.6 �(J.

2.2.3 kg�ÏfêS�ÚÚÚnnn2.2.1 é?¿¢êx ≥ 2, ·�k
∑

n≤x

ω(n) = x ln ln x + Ax + O
( x

ln x

)
,

∑

n≤x

ω2(n) = x(ln lnx)2 + O (x ln lnx) ,Ù¥A = γ +
∑
p

(
ln
(
1 − 1

p

)
+ 1

p

)
.yyy²²²: (ë�©z[6]).
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1�Ù êØ¼ê9Ùþ�(II)ÚÚÚnnn2.2.2 �µ(n)ǑMöbius ¼ê, é?¿¢ês > 1kð�ª
∞∑

n=1

µ(n)ω(n)

ns
= − 1

ζ(s)

∑

p

1

ps − 1
.yyy²²²: dω(n)�½Â��

∞∑

n=1

µ(n)ω(n)

ns
=

∞∑

n=2

µ(n)
∑

p|n 1

ns

=
∑

p

∞∑

n=1
(n,p)=1

µ(np)

nsps
= −

∑

p

1

ps

∞∑

n=1
(n,p)=1

µ(n)

ns

= −
∑

p

1

ps

( ∞∑

n=1

µ(n)

ns

)(
1 − 1

ps

)−1

= − 1

ζ(s)

∑

p

1

ps − 1
.Ún2.2.2�y.ÚÚÚnnn2.2.3 �k ≥ 2Ǒ�ê, é?¿¢êx ≥ 2, ·�kìCúª

∑

dkm≤x

ω2(m)µ(d) =
x(ln ln x)2

ζ(k)
+ O (x ln lnx) .yyy²²²: A^Ún2.2.1��

∑

dkm≤x

ω2(m)µ(d) =
∑

d≤x
1
k

µ(d)
∑

m≤x/dk

ω2(m)

=
∑

d≤x
1
k

µ(d)
( x

dk
(ln ln

x

dk
)2 + O

( x

dk
ln ln

x

dk

))

= x
∑

d≤x
1
k

µ(d)

dk

(
ln lnx + ln ln

(
1 − k ln d

lnx

))2

+ O (x ln ln x)

= x (ln ln x)
2

∞∑

d=1

µ(d)

dk
+ O


x ln ln x

∑

d≤x
1
k

ln d

dk ln x


+ O(x ln lnx)

=
x(ln lnx)2

ζ(k)
+ O (x ln ln x) .Ún2.2.3�y.ÚÚÚnnn2.2.4 �k ≥ 2Ǒ�ê, é?¿¢êx ≥ 2, Kk

∑

dkm≤x

ω2(d)µ(d) = O(x).
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Smarandache¯KïÄyyy²²²: A^Ún2.2.1 ��
∑

dkm≤x

ω2(d)µ(d)

=
∑

d≤x
1
k

ω2(d)µ(d)
∑

m≤x/dk

u|m

1

=
∑

d≤x
1
k

ω2(d)µ(d)
[ x

udk

]

= x
∑

d≤x
1
k

ω2(d)µ(d)

dk
+ O



∑

d≤x
1
k

ω2(d)µ(d)


 = O(x).Ún2.2.4�y.ÚÚÚnnn2.2.5 �k ≥ 2Ǒ�ê, é?¿¢êx ≥ 2, ·�k

∑

dkm≤x

ω2((d,m))µ(d) = O(x).yyy²²²: �(u, v)L«uÚv���ú�ê, dÚn2.2.1��
∑

dkm≤x

ω2((d,m))µ(d)

=
∑

d≤x
1
k

µ(d)
∑

u|d

∑

m≤x/dk

ω2(u)

=
∑

d≤x
1
k

µ(d)
∑

u|d
ω2(u)

[ x

dk

]

= x

∞∑

d=1

µ(d)
∑
u|d

ω2(u)
u

dk
+ O



∑

d≤x
1
k

µ(d)
∑

u|d
ω2(u)


 = O(x).Ún2.2.5�y.ÚÚÚnnn2.2.6 �k ≥ 2Ǒ�ê, é?¿¢êx ≥ 2, ·�kìCúª

∑

dkm≤x

ω(d)ω(m)µ(d) = Cx ln ln x + O(x),Ù¥C = − 1
ζ(k)

∑
p

1
pk−1

.
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1�Ù êØ¼ê9Ùþ�(II)yyy²²²: dÚn2.2.19Ún2.2.2��
∑

dkm≤x

ω(d)ω(m)µ(d)

=
∑

d≤x
1
k

ω(d)µ(d)
∑

m≤x/dk

ω(m)

=
∑

d≤x
1
k

ω(d)µ(d)

(
x ln ln x

dk

dk
+

Ax

dk
+ O

(
x

dk ln x
dk

))

= x
∑

d≤x
1
k

ω(d)µ(d)

dk

(
ln ln x + ln ln

(
1 − k ln d

ln x

))

+Ax
∑

d≤x
1
k

ω(d)µ(d)

dk
+ O

( x

ln x

)

= (x ln lnx + Ax)

∞∑

d=1

ω(d)µ(d)

dk
+ O


x

∑

d≤x
1
k

ln d

dk ln x


+ O

( x

ln x

)

= Cx ln lnx + O(x),Ù¥C = − 1
ζ(k)

∑
p

1
pk−1

.Ún2.2.6�y.½½½nnn2.2.7 �AL«¤k�kg�Ïfê�8Ü, Ké?¿¢êx ≥ 2, ·�k
∑

n≤x

n∈A

ω2(n) =
x(ln lnx)2

ζ(k)
+ O (x ln ln x) .Ù¥ζ(k) ǑRiemamn zeta-¼ê.yyy²²²: é?¿��ên, d©z[4]��

∑

dk|n
µ(d) =

{
1, n Ǒ�k gÏfê,

0, Ù§.dÚn2.2.3¨2.2.6, Kk
∑

n≤x

n∈A

ω2(n) =
∑

n≤x

ω2(n)
∑

dk|n
µ(d) =

∑

dkm≤x

ω2(dkm)µ(d)

=
∑

dkm≤x

(ω(d) + ω(m) − ω((d, m)))
2
µ(d)

=
∑

dkm≤x

ω2(m)µ(d) +
∑

dkm≤x

ω2(d)µ(d) +
∑

dkm≤x

ω2((d, m))µ(d)
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+2


 ∑

dkm≤x

ω(d)ω(m)µ(d)


+ O


 ∑

dkm≤x

ω(d)ω(m)




=

(
x(ln ln x)2

ζ(k)
+ O (x ln lnx)

)
+ 2 (Cx ln ln x + O(x)) + O(x ln ln x)

=
x(ln ln x)2

ζ(k)
+ O (x ln lnx) .u´�¤
½n2.2.7�y².

2.2.4 �Smarandache�²�Ïf¼ê½½½nnn2.2.8 é?¿¢êα, s�÷vs − α > 19α > 0§Kk
∞∑

n=1

ZWα(n)

ns
=

ζ(s)ζ(s − α)

ζ(2s − 2α)

∏

p

[
1 − 1

ps + pα

]
,Ù¥ζ(s) ´Riemann zeta-¼ê,

∏

p

L«é¤k��êÏf�È.yyy²²²: é?¿¢êα, s÷vs − α > 19α > 0, �
f(s) =

∞∑

n=1

ZWα(n)

ns
.�â(2-1)�Euler�Èúª, �±��

f(s) =
∏

p

[
1 +

pα

ps
+

pα

p2s
+ · · ·

]
=
∏

p

[
1 +

1
ps−α

1 − 1
ps

]

=
∏

p

[(
1 + 1

ps−α

1 − 1
ps

)(
1 − 1

ps + pα

)]

=
ζ(s)ζ(s − α)

ζ(2s − 2α)

∏

p

[
1 − 1

ps + pα

]
.u´�¤
½n2.2.8�y².½½½nnn2.2.9 é?¿¢êα > 09x ≥ 1, Kk

∑

n≤x

ZWα(n) =
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[
1 − 1

pα(p + 1)

]
+ O

(
xα+ 1

2
+ǫ
)

.yyy²²²: é?¿¢êα > 09x ≥ 1, w,k
|ZWα(n)| ≤ nα Ú ∣∣∣∣∣

∞∑

n=1

ZWα(n)

nσ

∣∣∣∣∣ <
1

σ − α
,
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1�Ù êØ¼ê9Ùþ�(II)Ù¥σ´s�¢Ü. dPerronúª��
∑

n≤x

ZWα(n)

ns0
=

1

2πi

∫ b+iT

b−iT

f(s + s0)
xs

s
ds + O

(
xbB(b + σ0)

T

)

+O

(
x1−σ0H(2x) min

(
1,

log x

T

))

+O

(
x−σ0H(N)min

(
1,

x

||x||

))
,Ù¥N´ålx�C��ê, �||x|| = |x−N |. 3þª¥�s0 = 0, b = α+ 3

29T > 2,Ïd
∑

n≤x

ZWα(n) =
1

2πi

∫ α+ 3
2+iT

α+ 3
2−iT

f(s)
xs

s
ds + O

(
xα+ 3

2

T

)
.y3·�òÈ©�lα + 3

2 ± iT£�α + 1
2 − iT , ù�¼êf(s)xs

s 3s = α +1k����4:, �Ù3êǑ
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[
1 − 1

pα(p + 1)

]
.�T = x, Kk

∑

n≤x

ZWα(n) =
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[
1 − 1

pα(p + 1)

]

+
1

2πi

∫ α+ 1
2+ix

α+ 1
2
−ix

f(s)
xs

s
ds + O

(
xα+ 1

2+ǫ
)

=
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[
1 − 1

pα(p + 1)

]

+O

(∫ x

−x

∣∣∣∣f
(

α +
1

2
+ ǫ + ix

)∣∣∣∣
xα+ 1

2+ǫ

(1 + |t|)dt

)
+ O

(
xα+ 1

2+ǫ
)

=
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[
1 − 1

pα(p + 1)

]
+ O

(
xα+ 1

2+ǫ
)

.u´�¤
½n2.2.9�y².555¿¿¿���:
∑

n≤x

ZW 0(n) = x + O(1)Ú lim
α−→0+

αζ(α + 1) = 1, d½n2.2.9·���4�
lim

α→0+

1

α

∏

p

(
1 − 1

pα(p + 1)

)
= ζ(2).
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2.3 �Ïf���êS�{ep(n)}(II)
2.3.1 ep(n)�Euler¼êÚÚÚnnn2.3.1 �pǑ��½��ê, é?¿¢êx ≥ 1, ·�k

∑

n≤x

(n,p)=1

φ(n) =
3p

(p + 1)π2
x2 + O

(
x

3
2+ǫ
)

.yyy²²²: �
f(s) =

∞∑

n=1
(u,p)=1

φ(n)

ns
,�Re(s) > 1. K�âî.Èúª9φ(n)���5·�k

∞∑

n=1
(n,p)=1

φ(n)

ns
=

∏

q 6=p

∞∑

m=0

φ(qm)

qms

=
∏

q 6=p

(
1 +

q − 1

qs
+

q2 − q

q2s
+

q3 − q2

q3s
+ · · ·

)

=
∏

q 6=p

(
1 +

1 − 1
q

qs−1

(
1 +

1

qs−1
+

1

q2(s−1)
+ · · ·

))

=
∏

q 6=p

(
1 +

1 − 1
q

qs−1

qs−1

qs−1 − 1

)

=
ζ(s − 1)

ζ(s)

ps − p

ps − 1
,Ù¥ζ(s)´Riemann zeta-¼ê. �âPerronúª, �s0 = 0§T = xÚb = 5

2
K�±íÑ

∑

n≤x

(n,p)=1

φ(n)

ns
=

1

2πi

∫ 5
2+iT

5
2−iT

ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s
ds + O

(
x

5
2

T

)
.òÈ©�l5

2 ± iT£�3
2 ± iT5�OÌ�

1

2πi

∫ 5
2+iT

5
2−iT

ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s
ds.
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1�Ù êØ¼ê9Ùþ�(II)ù�, ¼ê
f(s) =

ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s3s = 2?k����4:, Ù3êǑ 3px2

(p+1)π2 . ¤±
1

2iπ

(∫ 5
2+iT

5
2−iT

+

∫ 3
2+iT

5
2+iT

+

∫ 3
2−iT

3
2+iT

+

∫ 5
2−iT

3
2−iT

)
ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s
=

3px2

(p + 1)π2
.5¿�

1

2iπ

(∫ 3
2+iT

5
2+iT

+

∫ 3
2−iT

3
2+iT

+

∫ 5
2−iT

3
2−iT

)
ζ(s − 1)

ζ(s)

ps − p

ps − 1

xs

s
≪ x

3
2+ǫ.�o ∑

n≤x

(n,p)=1

φ(n) =
3px2

(p + 1)π2
+ O

(
x

3
2+ǫ
)

.Ún2.3.1�y.ÚÚÚnnn2.3.2 �αǑ��½��ê, é?¿¢êx ≥ 1, Kk
∑

α≤ log x
log p

α

pα
=

p

(p − 1)
2 + O

(
x−1 log x

)
;

∑

α≤ log x
log p

α

p
α
2

=
p

1
2

(
p

1
2 − 1

)2 + O
(
x− 1

2 log x
)

.yyy²²²: �âAÛ?ê�5�·��±��
∑

α≤ log x
log p

α

pα
=

∞∑

t=1

t

pt
−

∑

α> log x
log p

α

pα

=

∞∑

t=1

t

pt
− 1

p[ log x
log p

]

∞∑

t=1

[ log x
log p ] + t

pt

=

∞∑

t=1

t

pt
+ O

(
x−1

(
[ log x
log p ]

p − 1
+

∞∑

t=1

t

pt

))

=
p

(p − 1)
2 + O

(
x−1 log x

)
,9

∑

α≤ log x
log p

α

p
α
2

=

∞∑

t=1

t

p
t
2

−
∑

α> log x
log p

α

p
α
2
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=

∞∑

t=1

t

p
t
2

− 1

p
1
2
[ log x
log p

]

∞∑

t=1

[ log x
log p ] + t

p
t
2

=

∞∑

t=1

t

p
1
2

+ O

(
x− 1

2

(
[ log x
log p ]

p
1
2 − 1

+

∞∑

t=1

t

p
t
2

))

=
p

1
2

(
p

1
2 − 1

)2 + O
(
x− 1

2 log x
)

.Ún2.3.2�y.½½½nnn2.3.1 �pǑ��ê, φ(n)´î.¼ê, é?¿¢êx ≥ 1, ·�kþ�úª ∑

n≤x

ep(n)φ(n) =
3p

(p2 − 1)π2
x2 + O

(
x

3
2+ǫ
)

.yyy²²²: �âep(n)�½Â§±9Ún2.3.1�Ún2.3.2·�k
∑

n≤x

ep(n)φ(n)

=
∑

pα≤x

∑

pαu≤x

(u,p)=1

αφ(pαu) =
∑

pα≤x

αφ(pα)
∑

u≤ x
pα

(u,p)=1

φ(u)

=
p − 1

p

∑

α≤ log x
log p

αpα

(
3p

(p + 1)π2

(
x

pα

)2

+ O

((
x

pα

) 3
2+ǫ
))

=
3(p − 1)

(p + 1)π2
x2

∑

α≤ log x
log p

α

pα
+ O


x

3
2+ǫ

∑

α≤ log x
log p

α

p
α
2




=
3(p − 1)

(p + 1)π2
x2

(
p

(p − 1)
2 + O

(
x−1 log x

))

+O

(
x

3
2+ǫ

(
p

1
2

(
p

1
2 − 1

)2 + O
(
x− 1

2 log x
)))

=
3p

(p2 − 1)π2
x2 + O

(
x

3
2+ǫ
)

.u´�¤
½n2.3.1�y².

2.3.2 ep(n) �Ïf�ÈS��nǑ?¿��ê, Pd(n)L«n�¤k�Ïf��È, =Pd(n) =
∏

p

d. ~XµPd(1) = 1, Pd(2) = 2, Pd(3) = 3, Pd(4) = 8, · · · . ùp§·�=?Ø�Ïf���êS�{ep(n)}�Ïf�ÈS�{Pd(n)}�·Üþ��©Ù5�.
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1�Ù êØ¼ê9Ùþ�(II)ÚÚÚnnn2.3.3 é?¿¢êx ≥ 1, ·�k
∑

n≤x

(n,m)=1

d(n) = x


ln x + 2γ − 1 + 2

∑

p|m

ln p

p − 1


∏

p|m

(
1 − 1

p

)2

+ O(x
1
2+ǫ),Ù¥∏

p

L«é¤k��êÏf�È, γ´î.~ê, ǫǑ?¿�½��ê.yyy²²²: �T = x1/2, A(s) =
∏

p

(
1 − 1

ps

)2

. �âPerron úª(ë�©z[4] �½n2) ·�k
∑

n≤x

(n,m)=1

d(n) =
1

2iπ

∫ 3
2+iT

3
2−iT

ζ2(s)A(s)
xs

s
ds + O(x

1
2+ǫ),Ù¥ζ(s)´Riemann zeta-¼ê.òÈ©�l3

2 ± iT£�1
2 ± iT . ù�, ¼êf(s) = ζ2(s)A(s)xs

s 3s = 1?k���?4:, �Ù3êǑ
x


ln x + 2γ − 1 + 2

∑

p|m

ln p

p − 1


∏

p|m

(
1 − 1

p

)2

.u´
1

2iπ

(∫ 3
2+iT

3
2−iT

+

∫ 1
2+iT

3
2+iT

+

∫ 1
2−iT

1
2+iT

+

∫ 3
2−iT

1
2−iT

)
ζ2(s)A(s)

xs

s
ds

= x


lnx + 2γ − 1 + 2

∑

p|m

ln p

p − 1


∏

p|m

(
1 − 1

p

)2

.5¿�
1

2iπ

(∫ 1
2+iT

3
2+iT

+

∫ 1
2−iT

1
2+iT

+

∫ 3
2−iT

1
2−iT

)
ζ2(s)A(s)

xs

s
ds

≪ x
1
2+ǫ.d±þ(ØáǑ��

∑

n≤x

(n,m)=1

d(n) = x


ln x + 2γ − 1 + 2

∑

p|m

ln p

p − 1


∏

p|m

(
1 − 1

p

)2

+ O(x
1
2+ǫ).
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Smarandache¯KïÄÚn2.3.3�y.ÚÚÚnnn2.3.4 �pǑ�ê, é?¿¢êx ≥ 1, Kk
∑

α≤x

α

pα
=

p

(p − 1)2
+ O

(
x

px

)
, (2-2)

∑

α≤x

α2

pα
=

p2 + p

(p − 1)3
+ O

(
x2

px

)
, (2-3)

∑

α≤x

α3

pα
=

p3 + 4p2 + p

(p − 1)4
+ O

(
x3

px

)
. (2-4)yyy²²²: ùp·�=y²ª(2-3)Úª(2-4). Äk5O�

f =
∑

α≤n

α2/pα.5¿�ð�ª
f

(
1 − 1

p

)
=

n∑

α=1

α2

pα
−

n∑

α=1

α2

pα+1

=
1

p
− n2

pn+1
+

n−1∑

α=1

(α + 1)2 − α2

pα+1

=
1

p
− n2

pn+1
+

n−1∑

α=1

2α + 1

pα+1
,9

f

(
1 − 1

p

)2

=

(
1

p
− n2

pn+1
+

n−1∑

α=1

2α + 1

pα+1

)(
1 − 1

p

)

=
1

p
− 1

p2
+

n2 − n2p

pn+2
+

n−1∑

α=1

2α + 1

pα+1
−

n∑

α=2

2α − 1

pα+1

=
1

p
+

2

p2
+

n2 − n2p

pn+2
+

n−1∑

α=2

2

pα+1
+

n2 − n2p − (2n − 1)p

pn+2

=
1

p
+

2(pn−1 − 1)

pn+1 − pn
+

n2 − (n2 + 2n − 1)p

pn+2
.u´

f =

(
1

p
+

2(pn−1 − 1)

pn+1 − pn
+

n2 − (n2 + 2n − 1)p

pn+2

)
1

(
1 − 1

p

)2
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1�Ù êØ¼ê9Ùþ�(II)

=
p

(p − 1)2
+

2(pn−1 − 1)

pn−2(p − 1)3
+

n2 − (n2 + 2n − 1)p

pn(p − 1)2
.Ïd��

∑

α≤x

α2

pα
=

p

(p − 1)2
+

2p

(p − 1)3
+ O

(
x2

px

)

=
p2 + p

(p − 1)3
+ O

(
x2

px

)
.Ún2.3.4¥�(2-3)ª�y.e¡5y²ª(2-4)ª. �

g =
∑

α≤n

α3/pα.5¿�ð�ª
g

(
1 − 1

p

)

=

n∑

α=1

α3

pα
−

n∑

α=1

α3

pα+1

=
1

p
− n3

pn+1
+

n−1∑

α=1

(α + 1)3 − α3

pα+1

=
1

p
− n3

pn+1
+

n∑

α=2

3α2 − 3α + 1

pα+1

=
1

p
− n3

pn+1
+

pn−1 − 1

pn+1 − pn
−
(

2

p2
− n

pn+1
+

pn−2 − 1

pn+1 − pn

)
3

1 − 1
p

+

(
4

p2
− n2

pn+1
+

(
5

p3
− 2n − 1

pn+1
+

2(pn−3 − 1)

pn+1 − pn

)
1

1 − 1
p

)
3

1 − 1
p

=
p2 + 4p + 10

p(p − 1)2
+

3n − 3n2 + pn−1 − 1 + (3 − 6n)p

pn(p − 1)

− n3

pn+1
+

6p(pn−3 − 1) − 3(pn−2 − 1)(p − 1)

pn−1(p − 1)3
.Ïd

∑

α≤x

α3

pα
=

(
p2 + 4p + 10

p(p − 1)2
+

1

p(p − 1)
+

9 − 3p

p(p − 1)3

)
p

p − 1
+ O

(
x3

px

)

=
p3 + 4p2 + p

(p − 1)4
+ O

(
x3

px

)
.
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Smarandache¯KïÄÚn2.3.4�y.½½½nnn2.3.2 �pǑ��ê, é?¿¢êx ≥ 1, ·�kìCúª
∑

n≤x

ep(Pd(n)) =
x lnx

p(p − 1)

+
(p − 1)3(2γ − 1) −

(
2p4 + 4p3 + p2 − 2p + 1

)
ln p

p(p − 1)4
x + O(x

1
2+ǫ),Ù¥γ´î.~ê, ǫǑ?¿�½��ê.yyy²²²: 5¿�ð�ªPd(n) = n

d(n)
2 (ë�ª(1-18)), ±9dPd(n)Úap(n)�½Â¿|^þ¡�ü�Ún�±��

∑

n≤x

ep(Pd(n))

=
∑

pαl≤x

(p,l)=1

(α + 1)α

2
d(l) =

∑

pα≤x

(α + 1)α

2

∑

l≤x/pα

(p,l)=1

d(l)

=
∑

α≤ln x/ ln p

(α + 1)α

2

(
x

pα

(
ln

x

pα
+ 2γ − 1 +

2 ln p

p − 1

)(
1 − 1

p

)2
)

+O
(
x

1
2+ǫ
)

=
x

2

(
1 − 1

p

)2(
ln x + 2γ − 1 +

2 ln p

p − 1

) ∑

α≤ln x/ ln p

(α + 1)α

pα

−x ln p

2

∑

α≤ln x/ ln p

(α + 1)α2

pα
+ O

(
x

1
2
+ǫ
)

=
x

2

(
1 − 1

p

)2(
ln x + 2γ − 1 +

2 ln p

p − 1

)

×
(

p2 + p

(p − 1)3
+

p

(p − 1)2
+ O

(
ln2 x

x

))

−x ln p

2

(
p3 + 4p2 + p

(p − 1)4
+

p2 + p

(p − 1)3
+ O

(
ln3 x

x

))
+ O

(
x

1
2+ǫ
)

=
x lnx

p(p − 1)
+

(p − 1)3(2γ − 1) −
(
2p4 + 4p3 + p2 − 2p + 1

)
ln p

p(p − 1)4
x

+O
(
x

1
2+ǫ
)

.u´�¤
½n2.3.2�y².�â½n2.3.2, �±��íííØØØ2.3.1 é?¿¢êx ≥ 1, Kk
∑

n≤x

e2(Pd(n)) =
1

2
x lnx +

2γ − 65 ln 2 − 1

2
x + O(x

1
2+ǫ),
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∑

n≤x

e3(Pd(n)) =
1

6
x lnx +

8γ − 137 ln 3 − 4

24
x + O(x

1
2+ǫ).

2.4 �Smarandache¼ê�éó½½½ÂÂÂ2.4.1 -Z∗L«�Smarandache ¼ê�éó, Ù½ÂXe:

Z∗(n) = max{m ∈ N∗ :
m(m + 1)

2
|n},�Smarandache¼ê�éó´Jozsef Sandor3©z[14]p¤JÑ5�. w,,�Smarandache¼ê�éóäk5�µ

Z∗(1) = 1;9
Z∗(p) =

{
2, XJ p = 3

1, XJ p 6= 3.Ù¥p Ǒ?¿��ê.��!¥§·�5?Ø�Smarandache¼ê�éóZ∗(n) �^3{üêS�þ�þ�5�.ÚÚÚnnn2.4.1 �s ≥ 1Ǒ�ê, p´�ê, Kk
Z∗(p

s) =

{
2, if p = 3

, 1, if p 6= 3.yyy²²²: d©z[14]�·K1áǑ�±�Ñþª.ÚÚÚnnn2.4.2 �q´�ê�p = 2q − 1Ǒ´���ê, Kk
Z∗(pq) = p.yyy²²²: d©z[14]�·K2áǑ��.ÚÚÚnnn2.4.3 �k ≥ 09x ≥ 3§pǑ�ê. Kk

∑

p≤x

pk =
1

k + 1

xk+1

ln x
+

1

(k + 1)2
xk+1

ln2 x
+ O

(
xk+1

ln3 x

)
.yyy²²²: 5¿�π(x) = x

ln x + x
ln2 x

+ O
(

x
ln3 x

)
. dAbelð�ª·�k

∑

p≤x

pk = π(x)xk −
∫ x

1

π(t)ktk−1dt
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=

xk+1

ln x
+

xk+1

ln2 x
+ O

(
xk+1

ln3 x

)
− k

∫ x

2

tk

ln t
dt

−k

∫ x

2

tk

ln2 t
dt + O

(∫ x

2

tk

ln3 t
dt

)

=
xk+1

ln x
+

xk+1

ln2 x
+ O

(
xk+1

ln3 x

)

− k

k + 1

xk+1

ln x
− k2 + 2k

(k + 1)2
xk+1

ln2 x
+ O

(∫ x

2

tk

ln3 t
dt

)

=
1

k + 1

xk+1

ln x
+

1

(k + 1)2
xk+1

ln2 x
+ O

(
xk+1

ln3 x

)
. (2-5)Ún2.4.3�y.ÚÚÚnnn2.4.4 �pÚqþǑ�ê, Kk

∑

pq≤x

p = C1
x2

ln x
+ C2

x2

ln2 x
+ O

(
x2

ln3 x

)
,Ù¥C1, C2�´�O��~ê.yyy²²²: 5¿��x < 1�·�k 1

1−x = 1 + x + x2 + x3 + · · · + xm + · · · , K��
∑

p≤√
x

p
∑

q≤x/p

1

=
∑

p≤√
x

p

( x
p

(ln x − ln p)
+

x
p

(ln x − ln p)2
+ O

( x
p

(lnx − ln p)3

))

=
x

ln x

∑

p≤√
x

(
1 +

ln p

ln x
+

ln2 p

ln2 x
+ · · · + lnm p

lnm x
+ · · ·

)

+
x

ln2 x

∑

p≤√
x

(
1 + 2

ln p

ln x
+ · · · + m

lnm−1 p

lnm−1 x
+ · · ·

)

+O


∑

p≤√
x

x

ln3 x
p


 = B1

x
3
2

ln2 x
+ B2

x
3
2

ln3 x
+ O

(
x

3
2

ln4 x

)
, (2-6)Ù¥B1, B2�´�O��~ê, ±9

∑

q≤√
x

1
∑

p≤x/q

p

=
∑

q≤√
x

(
(x

q )2

2(lnx − ln q)
+

(x
q )2

4(lnx − ln q)2
+ O

(
(x

q )2

(ln x − ln q)3

))
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=
x2

2 lnx

∑

q≤√
x

1

q2

(
1 +

ln q

lnx
+

ln2 q

ln2 x
+ · · · + lnm q

lnm x
+ · · ·

)

+
x2

4 ln2 x

∑

q≤√
x

1

q2

(
1 + 2

ln q

lnx
+ · · · + m

lnm−1 q

lnm−1 x
+ · · ·

)

+O


∑

q≤√
x

x2

q2 ln3 x
q




=
x2

2 lnx

∑

q

1

q2
+

x2

ln2 x

(
1

2

∑

q

ln q

q2
+

1

4

∑

q

1

q2

)
+ O

(
x2

ln3 x

)
. (2-7)¤±d(2-6)9(2-7)·�k

∑

pq≤x

p =
∑

p≤√
x

p
∑

q≤x/p

1 +
∑

q≤√
x

1
∑

p≤x/q

p − (
∑

p≤√
x

p)(
∑

q≤√
x

1)

= C1
x2

lnx
+ C2

x2

ln2 x
+ O

(
x2

ln3 x

)
, (2-8)Ù¥C1, C2�´�O��~ê.Ún2.4.4�y.½½½nnn2.4.1 �AL«¤k{üê�8Ü. é?¿¢êx ≥ 1, ·�k

∑

n∈A
n≤x

Z∗(n) = C1
x2

ln x
+ C2

x2

ln2 x
+ O

(
x2

ln3 x

)
.Ù¥C1, C2�´�O��~ê.yyy²²²: �â{üê�5�(Ún1.3.1), Ún2.4.1¨Ún2.4.4·�áǑ��

∑

n∈A
n≤x

Z∗(n) =
∑

p≤x

Z∗(p) +
∑

p2≤x

Z∗(p
2) +

∑

p3≤x

Z∗(p
3) +

∑

pq≤x

p6=q

Z∗(pq)

= 3 +
∑

p≤x

1 +
∑

p2≤x

1 +
∑

p3≤x

1 +
∑

pq≤x

p6=q

p

= 3 +
∑

p≤x

1 +
∑

p2≤x

1 +
∑

p3≤x

1 +
∑

pq≤x

p −
∑

p2≤x

p

= C1
x2

ln x
+ C2

x2

ln2 x
+ O

(
x2

ln3 x

)
.u´�¤
½n2.4.1�y².

2.5 e�êÜ©¼êÚþ�êÜ©¼ê½½½ÂÂÂ2.5.1 é?¿���ên, e�êÜ©¼êP−(n)�½ÂǑ�u½�ux����ê. þ�êÜ©¼êP+(n)�½ÂǑ�u½�ux����ê.
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Smarandache¯KïÄ½½½ÂÂÂ2.5.2 é?¿���ên, �ê�\Öêb(n)½ÂǑ: �n + b(n)¤Ǒ���ê����K�ê.3©z[1]�139�¯K9144�¯Kp§Smarandache�ÇïÆïÄùü�S��5�. �~k��´¼êP−(n), P+(n)Úb(n)�m�3X,«éX. ��!¥Ì�´|^D.R.Heath Brown �­�(J, ±9b(n)�5��«P−(n)ÚP+(n)�þ�5�.ÚÚÚnnn2.5.1 �b(n)L«�ê�\Öê, Kk�Oª
∑

n≤x

b(n) ≪ x
23
18+ǫ.yyy²²²: �pnL«1n��ê, db(n)�½Âk

∑

n≤x

b(n) =
∑

1≤i≤π(x)

∑

pi<n≤pi+1

b(n)

≤
∑

1≤i≤π(x)

∑

pi<n≤pi+1

(pi+1 − pi)

≤
∑

1≤i≤π(x)

(pi+1 − pi)
2
. (2-9)d©z[15]��

∑

1≤i≤π(x)

(pi+1 − pi)
2 ≪ x

23
18

+ǫ, (2-10)¤±d(2-9)9(2-10)áǑíÑ
∑

n≤x

b(n) ≪ x
23
18

+ǫ.Ún2.5.1�y.½½½nnn2.5.1 é?¿¢êx ≥ 1, ·�kìCúª
∑

n≤x

P−(n) =
x2

2
+ O

(
x

23
18+ǫ

)
,Ù¥ǫǑ?¿�½��ê.yyy²²²: é?¿¢êx ≥ 1, dP−(n)�½Â·�k

∑

n≤x

P−(n) =
∑

1≤i≤π(x)

(pi+1 − pi)pi. (2-11),��¡,

∑

n≤x

(n + b(n)) =
∑

1≤i≤π(x)

∑

pi<n≤pi+1

(n + b(n))
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=
∑

1≤i≤π(x)

(pi+1 − pi)pi+1

=
∑

1≤i≤π(x)

(pi+1 − pi)
2

+
∑

1≤i≤π(x)

(pi+1 − pi)pi. (2-12)u´�â(2-10)¨(2-12) Kk
∑

n≤x

P−(n) =
∑

n≤x

(n + b(n))−
∑

1≤i≤π(x)

(pi+1 − pi)
2

=
∑

n≤x

n +
∑

n≤x

b(n) −
∑

1≤i≤π(x)

(pi+1 − pi)
2

=
x2

2
+ O

(
x

23
18+ǫ

)
.u´�¤
½n2.5.1�y².½½½nnn2.5.2 é?¿¢êx ≥ 1, ·�k

∑

n≤x

P+(n) =
x2

2
+ O

(
x

23
18+ǫ

)
.yyy²²²: aqu½n2.5.1�y²§dP+(n)�½Â, (2-12)9Ún2.5.1��

∑

n≤x

P+(n) = 6 +
∑

1≤i≤π(x)

(pi+1 − pi)pi+1

= 6 +
∑

n≤x

(n + b(n)) =
x2

2
+ O

(
x

23
18+ǫ

)
.u´�¤
½n2.5.2�y².

2.6 k�Smarandache Ceil¼ê�éó½½½ÂÂÂ2.6.1 é?¿�½���ên, Í¶�k�Smarandache Ceil¼ê�½ÂXe:

Sk(n) = min{x ∈ N | n | xk} (∀n ∈ N∗) .~X, S2(1) = 1, S2(2) = 2, S2(3) = 3, S2(4) = 2, S2(5) = 5, S2(6) = 6,

S2(7) = 7, S2(8) = 4, S2(9) = 3, · · · .½½½ÂÂÂ2.6.2 é?¿�½���ên, Í¶�k�Smarandache Ceil¼ê�éó½ÂXe:

Sk(n) = max{x ∈ N | xk | n}.ÏǑ
(∀a, b ∈ N∗)(a, b) = 1,
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Sk(ab) = max{x ∈ N | xk | a} · max{x ∈ N | xk | b}

= Sk(a) · Sk(b),9
Sk(pα) = p⌊

α
k
⌋,Ù¥⌊x⌋L«�u½�ux����ê. Ïd§dn = pα1

1 pα2
2 · · · pαr

r Ǒn��ê©),��
Sk(pα1

1 pα2
2 · · · pαr

r ) = p⌊
α1
k

⌋ · · · p⌊αr
k

⌋ = S(p
α1
1 ) · · ·S(p

αr
r ).¤±Sk(n)Ǒ����¼ê, �T¼ê�Smarandache Ceil ¼êké��éX. ùp§·�=?Øσα(Sk(n)) �þ�5�.½½½nnn2.6.1 �α ≥ 0§σα(n) =

∑
d|n

dα, Ké?¿¢êx ≥ 19?¿�½���êk ≥ 2, ·�kìCúª
∑

n≤x

σα

(
Sk(n)

)
=





kζ( α+1
k )

α+1 x
α+1

k + O
(
x

α+1
2k

+ǫ
)

, XJ α > k − 1,

ζ(k − α)x + O
(
x

1
2+ǫ
)

, XJ α ≤ k − 1.Ù¥ζ(s)´Riemann zeta-¼ê, ǫǑ?¿�½��ê.yyy²²²: �
f(s) =

∞∑

n=1

σα

(
Sk(n)

)

ns
.�âî.Èúª9σα

(
Sk(n)

)���5·���
f(s) =

∏

p

(
1 +

σα

(
Sk(p)

)

ps
+ · · · +

σα

(
Sk(pk)

)

pks
+ · · ·

)

=
∏

p

(
1 +

σα (1)

ps
+ · · · + σα (1)

p(k−1)s

+
σα (p)

pks
+ · · · + σα (p)

p(2k−1)s
+

σα

(
p2
)

p2ks
+ · · ·

)

=
∏

p

(
1 − 1

pks

1 − 1
ps

+
1 − 1

pks

1 − 1
ps

(
1 + pα

pks
+

1 + pα + p2α

pks
+ · · ·

))

= ζ(s)
∏

p

(
1 +

1

pks−α
+

1

p2(ks−α)
+

1

p3(ks−α)
+ · · ·

)

= ζ(s)ζ(ks − α),
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1�Ù êØ¼ê9Ùþ�(II)Ù¥ζ(s)´Riemann zeta-¼ê. w,, kØ�ª
|σα

(
Sk(n)

)
| ≤ n,

∣∣∣∣∣

∞∑

n=1

σα

(
Sk(n)

)

nσ

∣∣∣∣∣ <
1

σ − 1 − α+1
k

,Ù¥σ > 1 + α+1
k ´s�¢Ü. ¤±dPerronúª·�k

∑

n≤x

σα

(
Sk(n)

)

ns0

=
1

2iπ

∫ b+iT

b−iT

f(s + s0)
xs

s
ds + O

(
xbB(b + σ0)

T

)

+O

(
x1−σ0H(2x)min(1,

log x

T
)

)
+ O

(
x−σ0H(N) min(1,

x

||x|| )
)

,Ù¥N´ålx�C��ê, ‖x‖ = |x − N |. �
s0 = 0, b =

α + 1

k
+

1

lnx
, T = x

α+1
2k , H(x) = x, B(σ) =

1

σ − 1 − α+1
k

,K
∑

n≤x

σα

(
Sk(n)

)
=

1

2iπ

∫ b+iT

b−iT

ζ(s)ζ(ks − α)
xs

s
ds + O

(
x

α+1
2k

+ǫ
)

.2�a = α+1
2k + 1

ln x , òÈ©�ls = b ± iT£�s = a ± iT5�OÌ�
1

2iπ

∫ b+iT

b−iT

ζ(s)ζ(ks − α)
xs

s
ds.ù�, �α > k − 1�, ¼ê

f(s) = ζ(s)ζ(ks − α)
xs

s3s = α+1
k ?k����4:, �Ù3êǑkζ( α+1

k )
α+1 x

α+1
k . ¤±

1

2iπ

(∫ b+iT

b−iT

+

∫ a+iT

b+iT

+

∫ a−iT

a+iT

+

∫ b−iT

a−iT

)
ζ(s)ζ(ks − α)

xs

s
ds

=
kζ
(

α+1
k

)

α + 1
x

α+1
k .5¿�

1

2iπ

(∫ a+iT

b+iT

+

∫ a−iT

a+iT

+

∫ b−iT

a−iT

)
ζ(s)ζ(ks − α)

xs

s
ds ≪ x

α+1
2k

+ǫ.
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∑

n≤x

σα

(
Sk(n)

)
=

kζ
(

α+1
k

)

α + 1
x

α+1
k + O

(
x

α+1
2k

+ǫ
)

.u´�¤
½n2.6.1�1�Ü©y².e0 ≤ α ≤ k − 1, K¼ê
f(s) = ζ(s)ζ(ks − α)

xs

s3s = 1?k����4:, �3êǑζ(k − α)x. aq/, ·�kìCúª
∑

n≤x

σα

(
Sk(n)

)
= ζ(k − α)x + O

(
x

1
2+ǫ
)

.u´�¤
½n2.6.1�1�Ü©y².½½½nnn2.6.2 �d(n)´Dirichlet Øê¼ê, Ké?¿¢êx ≥ 19?¿�½���êk ≥ 2, ·�kìCúª
∑

n≤x

d
(
Sk(n)

)
= ζ(k)x + O

(
x

1
2+ǫ
)

.yyy²²²: 3½n2.6.1¥�α = 0, ·�éN´Ò�±�Ñ½n2.6.2�(Ø.3½n2.6.2¥�k = 2, 3, �±�Ñe¡�íØ:íííØØØ2.6.1 é?¿¢êx ≥ 1, Kk
∑

n≤x

d
(
S2(n)

)
=

π2

6
x + O

(
x

1
2+ǫ
)

,

∑

n≤x

d
(
S3(n)

)
=

π4

90
x + O

(
x

1
2+ǫ
)Ù¥d(n)´Dirichlet Øê¼ê
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1nÙ ð��Ø�ª1nÙ ð��Ø�ª3
¡üÙ¥·�Ì�0�
|^��½)Û��{5ïÄêØ¼ê�þ�¯K§�éu�õê¯K
ó§·�Ø==Û�u��ÑêØ¼ê�þ��O§
´Ï"�����°(�4í'X½O�úª§½Ù§��â5�§ù�Ùp·�Ì�ÏL�
êØ¼ê�ð�½Ø�ª'X5`²ïÄù
5��Ä��{.

3.1 ��S�½½½ÂÂÂ3.1.1 é?¿��ên, ��S�{P (n)}½ÂXe: P (1) = 12,

P (2) = 1342, P (3) = 135642, P (4) = 13578642, P (5) = 13579108642, · · · ,
P (n) = 135 · · · (2n − 1)(2n)(2n − 2) · · · 42, · · · · · · .'u©z[1]�120�¯K, F.Smarandache �ÇïÆ)û¯K: 3��S�¥´Ä�3��g�ê? �¤�Ñ�ß�´: 3��S�¥Ø�3��g�ê! éù�¯K�ïÄ´�©k¿Â�, §�±�Ï·�uy��S���
#5�. ù��!¥, ·�ò?Ø��S�{P (n)} �5�, ¿`²�n ≤ 9�F.Smarandache ß�´�(�. ù�ÒÜ©�)û
Ö[1]¥�¯K20, �?�Ú, ·�Ǒ�´��'uP (n) ��
#�©)5�.½½½nnn3.1.1 3��S�¥Ø�3��g�ê, 
�

P (n) =
1

81
(11 · 102n − 13 · 10n + 2) =

n︷ ︸︸ ︷
11 · · · 1 ×1

n︷ ︸︸ ︷
22 · · · 2, n ≤ 9.yyy²²²: é?¿��ên, ·�k

P (n) = 102n−1 + 3 × 102n−2 + · · · + (2n − 1) × 10n

+2n × 10n−1 + (2n − 2) × 10n−2 + · · · + 4 × 10 + 2

= [102n−1 + 3 × 102n−2 + · · · + (2n − 1) × 10n]

[+2n × 10n−1 + (2n − 2) × 10n−2 + · · · + 4 × 10 + 2]

≡ S1 + S2. (3-1)y3·�5©OO�(3-1)ª¥�S19S2. 5¿�
9S1 = 10S1 − S1 = 102n + 3 × 102n−1 + · · · + (2n − 1) × 10n+1

−102n−1 − 3 × 102n−2 − · · · − (2n − 1) × 10n

= 102n + 2 × 102n−1 + 2 × 102n−2 + · · · + 2 × 10n+1 − (2n − 1) × 10n

= 102n + 2 × 10n+1 × 10n−1 − 1

9
− (2n − 1) × 10n9

9S2 = 10S2 − S2 = 2n × 10n + (2n − 2) × 10n−1 + · · · + 4 × 102 + 2 × 10
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−2n × 10n−1 − (2n − 2) × 10n−2 − · · · − 4 × 10 − 2

= 2n × 10n − 2 × 10n−1 − 2 × 10n−2 − · · · − 2 × 10 − 2

= 2n × 10n − 2 × 10n − 1

9
.u´

S1 =
1

81
× [11 × 102n − 18n × 10n − 11 × 10n] (3-2)¿�

S2 =
1

81
× [18n × 10n − 2 × 10n + 2]. (3-3)ù�, nÜ(3-1), (3-2)9(3-3)ª·�k

P (n) = S1 + S2 =
1

81
× [11 × 102n − 18n × 10n − 11 × 10n]

+
1

81
× [18n × 10n − 2 × 10n + 2]

=
1

81
(11 · 102n − 13 · 10n + 2) =

n︷ ︸︸ ︷
11 · · · 1 ×1

n︷ ︸︸ ︷
22 · · · 2, n ≤ 9. (3-4)d(3-4)ª·�N´wÑ�n ≥ 2�, 2|P (n)�´4†P (n). KdXJn ≥ 2, �oP (n)7ØǑ��g�ê. ¯¢þ, XJb½P (n)ǑǑ��g�ê, K�3��êm ≥ 29k ≥ 2��P (n) = mk. du2|P (n), Ïdm7Ǒ��óê. ¤±�±íÑ4|P (n). ù��n ≥ 2�4†P (n)�gñ. 5¿�P (1)Ø´��g�ê, u´P (n)ØǑ��g�êé¤k1 ≤ n ≤ 9þ¤á.ù�Ò�¤
½n3.1.1�y².

3.2 Smarandache�'éÛS�½½½ÂÂÂ3.2.1 Í¶�Smarandache �'éÛS�{bn}½ÂXe: 1, 31, 531,

7531, 97531, 1197531, 131197531, 15131197531, 1715131197531, · · · .3©z[16]�¯K3¥, Mihaly Bencze�ÇÚLucian Tutescu �ÇïÆ·�ïÄù�S���â5�. �!¥Ì�?ØSmarandache�'éÛS���â5�,¿�ÑA��'�4íúª9ÙÏ��°(L�ª. =Ò´, ·�òy²e¡�(Ø: ½½½nnn3.2.1 �n ≥ 2Ǒ?¿���ê�÷v(2n−3)kk ê, KSmarandache�'éÛS�{bn}k4íúª
bn = bn−1 + (2n − 1) × 10

10−10k

18
+k×(n−1),Ù¥b1 = 1.yyy²²²: (êÆ8B{)

(i) en = 2, 3, w,½n3.2.1 ¤á.
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1nÙ ð��Ø�ª
(ii) b��n = m�½n3.2.1 ¤á. =±e4íúª

bm = bm−1 + (2m − 1) × 10
10−10k

18 +k×(m−1)éuSmarandache �'éÛS�{bn}¤á.é'bmÚbm−1�ØÓ,·���bm−1k10−10k

18 +k×(m−1) ê. en = m+1,·�le¡ü�¡5w:

a) e2m − 1Ekk ê, K��bmk[10−10k

18 + k × (m − 1) + k] ê. é'bm+1Úbm�ØÓ, áǑ�íÑ
bm+1 − bm

2m + 1
= 10

10−10k

18
+k×(m−1)+k.=,

bm+1 = bm + (2m + 1) × 10
10−10k

18 +k×m.

b) e2m − 1Ekk + 1 ê, K��bmk[10−10k

18 + k × (m − 1) + k + 1] ê.£Á(2m − 3)kk êÚ(2m − 1)kk + 1 ê, ù�¬kXe�¹
2m − 3 = 10k − 1, 2m − 1 = 10k + 1.=m = 10k

2 + 1. ¤±·�k
10 − 10k

18
+ k × (m − 1) + (k + 1) =

10 − 10k

18
+ k × 10k

2
+ (k + 1)

=
10 − 10k+1

18
+ (k + 1) × mé'bm+1Úbm�ØÓ, �íÑ

bm+1 − bm

2m + 1
= 10

10−10k

18 +k×(m−1)+(k+1) = 10
10−10k+1

18 +(k+1)×m.=
bm+1 = bm + (2m + 1) × 10

10−10k+1

18
+(k+1)×m.nÜ(i) Ú(ii) ��é?¿���ên½n3.2.1 ¤á.u´�¤
½n3.2.1�y².½½½nnn3.2.2 �(2n − 3)kk ê, KSmarandache �'éÛS�{bn}¥�1bn−1�k10−10k

18 + k × (n − 1) ê.yyy²²²: |^½n3.2.1�(Ø¿5¿�bnÚbn−1�ØÓ, ·�áǑ��½n3.2.2 �(Ø.ÚÚÚnnn3.2.1 �k, m, nǑ��ê�÷vm ≤ n, Kk
Sk(m,n) =

(2m − 1) × 10k(m−1)

1 − 10k
+ 2 × 10km[1 − 10k(n−m)]

(1 − 10k)2
+

(2n − 1) × 10kn

1 − 10k
.
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Smarandache¯KïÄyyy²²²: dSk(m,n)½Â·�k
Sk(m,n) =

n∑

i=m

(2i − 1) × 10k(i−1)

= (2m − 1) × 10k(m−1) + (2m + 1) × 10km

+ · · · + (2n − 1) × 10k(n−1)9
10kSk(m,n) = (2m − 1) × 10km + (2m + 1) × 10k(m+1) + · · · + (2n − 1) × 10kn.Ïd

(1 − 10k)Sk(m,n) = (2m − 1) × 10k(m−1) + 2 × [10km + 10k(m+1)

+ · · · + 10k(n−1)] − (2n − 1) × 10kn

= (2m − 1) × 10k(m−1) + 2 × 10km[1 − 10k(n−m)]

1 − 10k

−(2n − 1) × 10kn.¤±·�k
Sk(m,n) =

(2m − 1) × 10k(m−1)

1 − 10k
+ 2 × 10km[1 − 10k(n−m)]

(1 − 10k)2
+

(2n − 1) × 10kn

1 − 10k
.Ún3.2.1�y.½½½nnn3.2.3 �Sk(m,n) =

n∑

i=m

(2i − 1) × 10k(i−1),n ≥ 2, KkÏ�úª
bn = 1 + S1(2,6) + 10−5 × S2(7,51) + 10−55 × S3(52,501) + · · · + 10

−(k−1)︷ ︸︸ ︷
−5 · · · 5 × Sk(m,n).yyy²²²: d½n3.2.1, e(2n − 3)kk ê, -(2n − 3)Ǒkk Ûê�����ê(ùp�k = 1�m = 2, �k > 1�m = 10k−1

2 + 2), K�âÚn3.2.1k
bn = 1 + (2 × 2 − 1) × 10

10−101

18 +1×(2−1)

+(2 × 3 − 1) × 10
10−101

18 +1×(3−1)

+(2 × 4 − 1) × 10
10−101

18 +1×(4−1) + (2 × 5 − 1) × 10
10−101

18 +1×(5−1)

+(2 × 6 − 1) × 10
10−101

18 +1×(6−1) + (2 × 7 − 1) × 10
10−102

18 +2×(7−1)

+(2 × 8 − 1) × 10
10−102

18 +2×(8−1)
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1nÙ ð��Ø�ª
+ · · · + (2 × 51 − 1) × 10

10−102

18
+2×(51−1)

+(2 × 52 − 1) × 10
10−103

18 +3×(52−1)

+(2 × 53 − 1) × 10
10−103

18 +3×(53−1)

+ · · · + (2 × m − 1) × 10
10−10k

18 +k×(m−1)

+ · · · + (2 × n − 1) × 10
10−10k

18 +k×(n−1) + 1 + 10
10−101

18 × S1(2,6)

+10
10−102

18 × S2(7,51) + 10
10−103

18 × S3(52,501)

+ · · · + 10
10−10k

18 × Sk(m,n)

+1 + 10
10−101

18 × S1(2,6) + 10
10−102

18 × S2(7,51) + 10
10−103

18 × S3(52,501)

+ · · · + 10
10−10k

18 × Sk(m,n)

= 1 + S1(2,6) + 10−5 × S2(7,51) + 10−55 × S3(52,501)

+ · · · + 10

−(k−1)︷ ︸︸ ︷
−5 · · · 5 × Sk(m,n).ù�Ò�¤
½n3.2.3�y².ÚÚÚnnn3.2.2 �S′

k(n,m) =

n∑

i=m

i2 × 10−ki, Ké?¿��êk, m,n·�k
S′

k(m,n) =
m2 × 10−km

1 − 10−k
+

(2m + 1) × 10−k×(m+1)

(1 − 10−k)2

+2 × 10−k(m+2)[1 − 10−k(n−m−1)]

(1 − 10−k)3

−(2n − 1) × 10−k×(n+1)

(1 − 10−k)2
− n2 × 10−k(n+1)

1 − 10−k
.yyy²²²: dS′

k(m,n)�½Â·�k
S′

k(m,n)

= m2 × 10−k×m + (m + 1)2 × 10−k×(m+1) + (m + 2)2 × 10−k×(m+2)

+ · · · + [m + (n − m)]2 × 10−k[m+(n−m)]9
10−kS′

k(m,n) = m2 × 10−k×(m+1) + (m + 1)2 × 10−k×(m+2)

+ · · · + [m + (n − m)]2 × 10−k[m+(n−m)+1].Ïd
(1 − 10−k)S′

k(m,n)
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Smarandache¯KïÄ
= m2 × 10−k×m + (2m + 1) × 10−k×(m+1) + (2m + 3) × 10−k×(m+2)

+ · · · + {2[m + (n − m)] − 1} × 10−k[m+(n−m)]

−[m + (n − m)]2 × 10−k[m+(n−m)]+1.¤±·�k
S′

k(m,n) =
m2 × 10−km

1 − 10−k
+

n∑

i=m+1

(2i − 1) × 10−k×i

1 − 10−k
+

n2 × 10−k(n+1)

1 − 10−k

=
m2 × 10−km

1 − 10−k
+

(2m + 1) × 10−k×(m+1)

(1 − 10−k)2

+2 × 10−k(m+2)[1 − 10−k(n−m−1)]

(1 − 10−k)3

−(2n − 1) × 10−k×(n+1)

(1 − 10−k)2
− n2 × 10−k(n+1)

1 − 10−k
.Ún3.2.2�y.ÚÚÚnnn3.2.3 �S′′

k(n,m) =

n∑

i=m

i × 10−ki, Ké?¿��êk, m,n·�k
S′′

k(m,n) =
m2 × 10−km

1 − 10−k
+

10−k(m+1)[1 − 10−k(n−m)]

(1 − 10−k)2
− n × 10−k(n+1)

(1 − 10−k)
.yyy²²²: dS′′

k(m,n)�½Â·�k
S′′

k(m,n) = m × 10−km + (m + 1) × 10−k(m+1)

+ · · · + [m + (n − m)] × 10−k[m+(n−m)]9
10−kS′′

k(m,n) = m × 10−k(m+1) + (m + 1) × 10−k(m+2)

+ · · · + [m + (n − m)] × 10−k[m+(n−m)+1].Ïd
(1 − 10−k)S′′

k(m,n) = m × 10−km + 10−k(m+1) + · · · + 10−k[m+(n−m)]

−[m + (n − m)] × 10−k[m+(n−m)+1].¤±·�k
S′′

k(m,n) =
m × 10−km

1 − 10−k
+ ×10−k(m+1)[1 − 10−k(n−m)]

(1 − 10−k)2
− n × 10−k(n+1)

(1 − 10−k)
.
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1nÙ ð��Ø�ªÚn3.2.3�y.½½½nnn3.2.4 -S50L«Smarandache �'éÛS�{bn}¥�
50��Ú,Kk
S50 =

11 × 45 × 106 − 201 × 50

9
+

−81 × 106 + 970

92

+
−4 × 106 + 4 × 100

93
+

99 × 1095 − 13 × 44 × 107

99

+
95 × 1095 + 73 × 109

992
+

−4 × 1095 + 4 × 1011

993
.yyy²²²: |^½n3.2.1��

S50 = b1 + b2 + b3 + · · · + b49 + b50

= 50 + 49 × (2 × 2 − 1) × 10
10−101

18 +1×(2−1)

+48 × (2 × 3 − 1) × 10
10−101

18
+1×(3−1)

+47 × (2 × 4 − 1) × 10
10−101

18 +1×(4−1)

+46 × (2 × 5 − 1) × 10
10−101

18 +1×(5−1)

+45 × (2 × 6 − 1) × 10
10−101

18 +1×(6−1)

+44 × (2 × 7 − 1) × 10
10−102

18 +2×(7−1)

+43 × (2 × 8 − 1) × 10
10−102

18 +2×(8−1)

+ · · · + 3 × (2 × 48 − 1) × 10
10−102

18 +2×(48−1)

+2 × (2 × 49 − 1) × 10
10−102

18 +2×(49−1)

+1 × (2 × 50 − 1) × 10
10−102

18
+2×(50−1)

= 50 × [2 × (51 − 50) − 1] × 10
10−101

18 +1×(50−50)

+49 × [2 × (51 − 49) − 1] × 10
10−101

18 +1×(50−49)

+48 × [2 × (51 − 48) − 1] × 10
10−101

18 +1×(50−48)

+47 × [2 × (50 − 47) − 1] × 10
10−101

18 +1×(50−47)

+ · · · + 45 × [2 × (51 − 45) − 1] × 10
10−101

18 +1×(51−45)

+44 × [2 × (50 − 44) − 1] × 10
10−102

18 +2×(50−44)

+ · · · + 2 × [2 × (51 − 2) − 1] × 10
10−102

18 +2×(50−2)

+1 × [2 × (51 − 1) − 1] × 10
10−102

18
+2×(50−1)

= 101 × [50 × 10
10−101

18 +1×50−1×50 + 49 × 10
10−101

18 +1×50−1×49

+ · · · + 45 × 10
10−101

18 +1×50−1×45

+44 × 10
10−102

18 +2×50−2×44
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Smarandache¯KïÄ
+ · · · + 2 × 10

10−102

18
+2×50−2×2

+1 × 10
10−102

18 +2×50−2×1]

−2 × [502 × 10
10−101

18 +1×50−1×50

+492 × 10
10−101

18 +1×50−1×49

+ · · · + 452 × 10
10−101

18 +1×50−1×45

+442 × 10
10−102

18 +2×50−2×44

+ · · · + 22 × 10
10−102

18
+2×50−2×2

+12 × 10
10−102

18 +2×50−2×1]

= 101 ×
50∑

i=45

i × 10
10−101

18 +1×50−1×i

+101 ×
44∑

i=1

i × 10
10−102

18 +2×50−2×i

−2 ×
50∑

i=45

i2 × 10
10−101

18 +1×50−1×i

−2 ×
44∑

i=1

i2 × 10
10−102

18 +2×50−2×i

= 101 × 1050 ×
50∑

i=45

i × 10−i + 101 × 1095 ×
44∑

i=1

i × 10−2×i

−2 × 1050 ×
50∑

i=45

i2 × 10−i − 2 × 1095 ×
44∑

i=1

i2 × 10−2×i.¤±§|^Ún3.2.2ÚÚn3.2.3áǑ�±íÑ
S50 =

11 × 45 × 106 − 201 × 50

9
+

−81 × 106 + 970

92

+
−4 × 106 + 4 × 100

93
+

99 × 1095 − 13 × 44 × 107

99

+
95 × 1095 + 73 × 109

992
+

−4 × 1095 + 4 × 1011

993
.u´�¤
½n3.2.4�y².

3.3 Smarandache LCM '~S�-(x1, x2, ..., xt) Ú[x1, x2, ..., xt]©OL«?¿��êx1 , x2, ..., xt���úÏêÚ��ú�ê.
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1nÙ ð��Ø�ª½½½ÂÂÂ3.3.1 �r > 1Ǒ����ê, é?¿���ên, -
T (r, n) =

[n, n + 1, ..., n + r − 1]

[1, 2, ...r]
,KòS�SLR(r) = {T (r, n)}∞¡ǑrgSmarandache LCM '~S�.3©z[17]¥, WjuïÄ
SLR(r)�5�, ¿�Ñ
SLR(3)ÚSLR(4)�ü�8�úª. �!?Ø
SLR(5)�O�¯K, Äkk:ÚÚÚnnn3.3.1 é?¿���êaÚb, ·�k(a, b)[a, b] = ab.yyy²²²: (ë�©z[4]).ÚÚÚnnn3.3.2 é?¿���ês÷vs < t, ·�k

(x1, x2, ..., xt) = ((x1, ..., xs), (xs+1, ..., xt))9
[x1, x2, ..., xt] = [[x1, ..., xs], [xs+1, ..., xt]].yyy²²²: (ë�©z[4]).ÚÚÚnnn3.3.3 é?¿���ên, ·�k

T (4, n) =

{
1
24n(n + 1)(n + 2)(n + 3), XJ n ≡ 1, 2 mod 3;
1
72n(n + 1)(n + 2)(n + 3), XJ n ≡ 0 mod 3.yyy²²²: (ë�©z[17]).½½½nnn3.3.1 é?¿���ên, ·�kO�úª:

T (5, n) =





1
1440n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 0, 8 mod 12;
1

120n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 1, 7 mod 12;
1

720
n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 2, 6 mod 12;

1
360n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 3, 5, 9, 11 mod 12;
1

480
n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 4 mod 12;

1
240n(n + 1)(n + 2)(n + 3)(n + 4), XJ n ≡ 10 mod 12.yyy²²²: é?¿���ên, d?¿��ê���ú�ê5���

[n, n + 1, n + 2, n + 3, n + 4] = [[n, n + 1, n + 2, n + 3], n + 4]

=
[n, n + 1, n + 2, n + 3](n + 4)

([n, n + 1, n + 2, n + 3], n + 4)
.
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Smarandache¯KïÄ5¿�[1, 2, 3, 4, 5] = 60, [1, 2, 3, 4] = 12 Ú
([n, n + 1, n + 2, n + 3], n + 4) =





4, XJ n ≡ 0, 4 mod 12;

1, XJ n ≡ 1, 3, 5, 7, 9 mod 12;

6, XJ n ≡ 2 mod 12;

2, XJ n ≡ 6, 10 mod 12;

12, XJ n ≡ 8 mod 12;

3, XJ n ≡ 11 mod 12,2(ÜÚn3.3.3N´íÑ½n3.3.1�(Ø.u´Ò�¤
½n3.3.1�y².

3.4 Ïf�È�ýÏf�ÈS��nǑ��ê, pd(n)L«n�¤k�Ïf�È, =Ò´, pd(n) =
∏
d|n

d. ~X,

pd(1) = 1, pd(2) = 2, pd(3) = 3, pd(4) = 8, pd(5) = 5, pd(6) = 36, · · · , pd(p) = p,

· · · . qd(n)L«n�¤k�ýÏf�È, Kqd(n) =
∏

d|n,d<n

d. ~X, qd(1) = 1,

qd(2) = 1, pd(3) = 1, pd(4) = 2, pd(5) = 1, pd(6) = 6, · · · . 3©z[1] �125��26�¯K¥, F.Smarandach �ÇïÆ·�ïÄS�{pd (n)}�{qd(n)}�5�. ��!¥, ò|^���{ïÄS�{pd(n)}�{qd(n)}�5�, ¿y²
Makowski�Schinzel ß�3S�{pd(n)}�{qd(n)}¥¤á.ÚÚÚnnn3.4.1 �é?¿��ên·�kð½ª
pd(n) = n

d(n)
2 ¿� qd(n) = n

d(n)
2 −1,Ù¥d(n) =

∑
d|n

1´Øê¼ê.yyy²²²: dpd(n)�½Â��
pd(n) =

∏

d|n
d =

∏

d|n

n

d
.Ïd

p2
d(n) =

∏

d|n
n = nd(n). (3-5)�â(3-5)ª�±áǑ��

pd(n) = n
d(n)

29
qd(n) =

∏

d|n,d<n

d =

∏
d|n

d

n
= n

d(n)
2 −1.
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1nÙ ð��Ø�ªÚn3.4.1�y.ÚÚÚnnn3.4.2 é?¿��ên, -n = pα1
1 pα2

2 · · · pαs
s �÷vαi ≥ 2(i =

1, 2, · · · , s), pj(j = 1, 2, · · · , t) ´pØ�Ó��ê�p1 < p2 < · · · < ps, Kk�O
σ(φ(n)) ≥ 6

π2
n.yyy²²²: �âEuler¼ê�5�, ·�k

φ(n) = φ(pα1
1 )φ(pα2

2 ) · · ·φ(pαs
s )

= pα1−1
1 pα2−1

2 · · · pαs−1
s (p1 − 1)(p2 − 1) · · · (ps − 1). (3-6)�(p1 − 1)(p2 − 1) · · · (ps − 1) = pβ1

1 pβ2

2 · · · pβs
s qr1

1 qr2
2 · · · qrt

t , ¿�βi ≥ 0(i =

1, 2, · · · , s), rj ≥ 1(j = 1, 2, · · · , t)9q1 < q2 < · · · < qt´pØ�Ó��ê. u´,d(3-6)ª�±íÑ
σ(φ(n)) = σ(pα1+β1−1

1 pα2+β1−1
2 · · · pαs+βs−1

s qr1
1 qr2

2 · · · qrt

t )

=

s∏

i=1

pαi+βi

i − 1

pi − 1

t∏

j=1

q
rj+1
j − 1

qj − 1

= n

s∏

i=1

(
1 − 1

pαi+βi

i

)
t∏

j=1

1 − 1

q
rj+1

j

1 − 1
qj

= n

s∏

i=1

(
1 − 1

pαi+βi

i

)
t∏

j=1

(
1 +

1

qj
+ · · · + 1

q
rj

j

)

≥ n

s∏

i=1

(
1 − 1

pαi+βi

i

)

≥ n

s∏

i=1

(
1 − 1

p2
i

)

≥ n
∏

p

(
1 − 1

p2

)
.5¿�∏

p

1
1− 1

p2
=

∞∑
n=1

1
n2 = ζ(2) = π2

6 , ¤±k
σ(φ(n)) ≥ n

∏

p

(
1 − 1

p2

)
=

6

π2
n.Ún3.4.2�y.½½½nnn3.4.1 é?¿��ênkØ½ª

σ(φ(pd(n))) ≥ 1

2
pd(n),
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Smarandache¯KïÄÙ¥φ(k)´Euler¼ê, σ(k)´ØêÚ¼ê.yyy²²²: éu½n3.4.1·�ò©nǑ�ê�Üêü«�¹?1?Ø.�nǑ�ê�, Kd(n) = 2. ù�dÚn3.4.1��
pd(n) = n

d(n)
2 = n.¤±, dd9φ(n) = n − 1áǑ�±��

σ(φ(pd(n))) = σ(n − 1) =
∑

d|n−1

≥ n − 1 ≥ n

2
=

1

2
pd(n).�nǑÜê�, Kd(n) ≥ 3. XJd(n) = 3, �on = p2(p Ǒ�ê). u´

pd(n) = n
d(n)

2 = pd(n) = p3. (3-7)|^Ún3.4.29(3-7)ª, �±íÑØ�ª
σ(φ(pd(n))) = σ(φ(p3)) ≥ 6

π2
p3 ≥ 1

2
pd(n).XJd(n) = 4, �pd(n) = n

d(n)
2 = pα1

1 pα2
2 · · · pαs

s �÷vp1 < p2 < · · · < ps, �o·�kαi ≥ 2(i = 1, 2, · · · , s). q�âÚn3.4.2��Ø�ª
σ(φ(pd(n))) ≥ 6

π2
pd(n) ≥ 1

2
pd(n).ù�·�Ò�¤
½n3.4.1�y².½½½nnn3.4.2 é?¿��ên, Kk

σ(φ(qd(n))) ≥ 1

2
qd(n).yyy²²²: ùp·�Eò©üÚ©5?Ø. �nǑ�ê�k

qd(n) = n
d(n)

2 −1 = 1.dd�±íÑ
σ(φ(qd(n))) = 1 ≥ 1

2
qd(n).�nǑÜê�, Kd(n) ≥ 3. ¤±·�ò?Ø±eo«�¹:

(a) �d(n) = 3�, ¤±n = p2(pǑ�ê). u´
qd(n) = n

d(n)
2 −1 = pd(n)−2 = p|^þª9½n3.4.1�y², �±��

σ(φ(qd(n))) ≥ 1

2
qd(n).
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1nÙ ð��Ø�ª
(b) �d(n) = 4�, dÚn3.4.1��

qd(n) = n
d(n)

2 −1 = n (3-8)¿�n = p3½ön = p1p2 (p, p19p2þǑ�ê�p1 < p2). XJn = p3, d(3-8)9Ún3.4.2·�k
σ(φ(qd(n))) = σ(φ(n)) = σ(φ(p3))

≥ 1

2
p3 =

1

2
qd(n). (3-9)XJn = p1p2�2 = p1 < p2, Kp2 −1´��óê. �p2 −1 = pβ1

1 pβ2

2 qr1
1 · · · qrt

t ¿�÷vq1 < q2 < · · · < qt´pØ�Ó��ê, rj ≥ 1(j = 1, 2, · · · , t), β1 ≥ 1, β2 ≥ 0.�âÚn3.4.2�y²9(3-8)ª, �±íÑ
σ(φ(qd(n))) = σ(φ(n))

= n

2∏

i=1

(
1 − 1

p1+βi

i

)
t∏

j=1

(
1 +

1

qj
+ · · · + 1

q
rj

j

)

≥ n

(
1 − 1

p2
1

)(
1 − 1

p2

)

≥ n

(
1 − 1

4

)(
1 − 1

3

)

=
1

2
qd(n). (3-10)XJn = p1p2 �2 < p1 < p2, Kp1 − 1�p2 − 1Ñ´óê. �(p1 − 1)(p2 − 1) =

pβ1

1 pβ2

2 qr1
1 · · · qrt

t ¿�÷vq1 < q2 < · · · < qt´pØ�Ó��ê, rj ≥ 1(j =

1, 2, · · · , t), β1, β2 ≥ 0. �âÚn3.4.2�y²9(3-8)ª, Ǒ�±��
σ(φ(qd(n))) = σ(φ(n))

= n

2∏

i=1

(
1 − 1

p1+βi

i

)
t∏

j=1

(
1 +

1

qj
+ · · · + 1

q
rj

j

)

≥ n

2∏

i=1

(
1 − 1

pi

)(
1 +

1

2
+

1

22

)

≥ n

2∏

i=1

(
1 − 1

pi

)(
1 +

1

3

)(
1 +

1

5

)

≥ n

2∏

i=1

[(
1 − 1

pi

)(
1 − 1

pi

)]

≥ n
∏

p

(
1 − 1

p2

)
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Smarandache¯KïÄ
≥ n

6

π2

≥ 1

2
qd(n). (3-11)nÜ(3-9)¨(3-11)ª, �±íÑ

σ(φ(qd(n))) ≥ 1

2
qd(n) XJ d(n) = 4.

(c) �d(n) = 5�, Kn = p4( p Ǒ�ê). |^Ún3.4.19Ún3.4.2éN´íÑ
σ(φ(qd(n))) = σ(φ(p6)) ≥ 6

π2
p6 =

1

2
qd(n).

(d) �d(n) ≥ 6�, KdÚn3.4.19Ún3.4.2k
σ(φ(qd(n))) ≥ 1

2
qd(n).ù�Ò�¤
½n3.4.2�y².

3.5 Smarandache157�¯Ké?¿��ên, �r1Ǒ��ê�÷v: 8Ü{1, 2, · · · , r1}��©
Ǒna�z�a¥þØ¹k��x, y, z��xy = z ¤á, �r2Ǒ��ê�÷v: 8Ü{1, 2, · · · , r2} �©
Ǒna�z�a¥þØ¹k��x, y, z��x + y = z¤á.3©z[1]¥, SchurïÆ·��Ïé���r19r2. éù
¯K�ïÄ´k��,§�±�Ï·�5ïÄ�
­��©
¯K. ��!¥, ·�|^���{ïÄ
Schur¤ïÆ�¯K¿�Ñr19r2ü�°(�e..½½½nnn3.5.1 é¿©���ên, �r1Ǒ��ê�÷v: 8Ü{1, 2, · · · , r1}��©
Ǒn a�z�a¥þØ¹k��x, y, z��xy = z¤á. Ké?¿�½��êǫ, ·�k
r1 ≥ n2(1−ε)(n−1).yyy²²²µµµ�r1 =

[
n2(1−ε)(n−1)

]�UXe�{ò8Ü{1, 2, · · · ,
[
n2(1−ε)(n−1)

]
}©
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1nÙ ð��Ø�ª
Ǒn a:11 a: 1,
[
n(1−ε)(n−1)

]
,

[
n(1−ε)(n−1) + 1

]
, · · · ,

[
n2(1−ε)(n−1)

]
.12 a: 2, n + 1, n + 2, · · · ,

[
(n(1−ε)(n−1)−1)

n(n−1)···3

]
.13 a: 3,

[
(n(1−ε)(n−1)−1)

n(n−1)···3

]
+ 1,

[
(n(1−ε)(n−1)−1)

n(n−1)···3

]
+ 2, · · · ,

[
(n(1−ε)(n−1)−1)

n(n−1)···4

]
.

...1k a: k,

[
(n(1−ε)(n−1)−1)

n(n−1)···k

]
+ 1,

[
(n(1−ε)(n−1)−1)

n(n−1)···k

]
+ 2, · · · ,

[
(n(1−ε)(n−1)−1)
n(n−1)···(k+1)

]
.

...1n a: n,

[
(n(1−ε)(n−1)−1)

n

]
+ 1,

[
(n(1−ε)(n−1)−1)

n

]
+ 2, · · · ,

[
n(1−ε)(n−1) − 1

]
.Ù¥[y]L«y��êÜ©.w,, 1ka¥Ø�¹�êx, y, z��xy = z¤á(k = 1, 3, 4, · · · , n). ¯¢þ,é?¿�êx, y, z ∈1k a, k = 3, 4, · · · , n, ·�k

xy ≥ k ×
([(

n(1−ε)(n−1) − 1
)

n(n − 1) · · ·k

]
+ 1

)
>

[ (
n(1−ε)(n−1) − 1

)

n(n − 1) · · · (k + 1)

]
≥ z.,��¡, �n → ∞ �,

[
(n(1−ε)(n−1)−1)

n(n−1)···3

]ªCu", Kéu¿©���ên,12a¥�¹k�ê2.ù�Ò�¤
½n3.5.1�y².|^ØÓ�©
�{·��±ò½n3.5.1�(JU?Xeµ½½½nnn3.5.2 é¿©���ên, �r1Ǒ��ê�÷v: 8Ü{1, 2, · · · , r1}��©
Ǒn a�z�a¥þØ¹k��x, y, z��xy = z¤á. Ké?¿�êm�m ≤ n + 1·�k�O
r1 ≥ nm+1.yyy²²²: �r1 = nm+1�UXe�{ò8Ü{1, 2, · · · , r1}©
Ǒna:11 a: 1, n + 1, n + 2, · · · , nm.12 a: 2, nm + 1, nm + 2, · · · , 2nm.13 a: 3, 2nm + 1, 2nm + 2, · · · , 3nm.

...1k a: k, (k − 1)nm + 1, (k − 1)nm + 2, · · · , knm.

...1n a: n, (n − 1)nm + 1, (n − 1)nm + 2, · · · , nm+1.
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Smarandache¯KïÄw,, 1ka¥Ø�¹�êx, y, z��xy = z¤á(k = 2, 3, 4, · · · , n). ¯¢þ, é?¿�êx, y, z ∈1k a, k = 2, 3, 4, · · · , n, ·�k
xy ≥ ((k − 1)nm + 1)

k
> k(k − 1)k−1nm(k−1) ≥ knm ≥ z,½

xy ≥ k(k−1)nm+1 > knm ≥ z.,��¡, �n ≥ m − 1�, ·�k(n + 2)(n+1) > nm9(n + 1)(n+2) > nm. u´,�n ≥ m − 1�11a¥ǑØ�¹�êx, y, z��xy = z¤á.ù�Ò�¤
½n3.5.2�y².½½½nnn3.5.3 é¿©���ên, �r2Ǒ��ê�÷v: 8Ü{1, 2, · · · , r2} �©
Ǒna�z�a¥þØ¹k��x, y, z��x + y = z¤á. K·�k�O
r2 ≥ 2n+1.yyy²²²: �r2 = 2n+1�UXe�{ò8Ü{1, 2, · · · , r2}©
Ǒna:11 a: 1, 2,

n∑
i=0

2i12 a: 2 + 1, 22, 22 + 1, 22 + 2, 2n+1.13 a: 22 + 2 + 1, 23, 23 + 1, · · · , 23 + 22 + 2.14 a: 23 + 22 + 2 + 1, 24, 24 + 1, · · · , 24 + 23 + 22 + 2.
...1k a: 2k−1 + 2k−2 + · · · + 2 + 1, 2k, 2k + 1, · · · ,

k∑
i=1

2i

...1n a: 2n−1 + 2n−2 + · · · + 2 + 1, 2n, 2n + 1, · · · ,
n∑

i=1

2iw,, 1ka¥Ø�¹�êx, y, z��x + y = z¤á(k = 3, 4, · · · , n). ¯¢þ, é?¿�êx, y, z ∈1k a, k = 3, 4, · · · , n, ·�k
(2k−1 + 2k−2 + · · · + 2 + 1) + 2k > 2k + 2k−1 + · · · + 22 + 2.,��¡, �n ≥ 3�,K(22 +1)+(22 +2) < 2n+191+2 < 2n +2n−1 + · · ·+2+1.u´, �n ≥ 3�11aÚ12a¥ǑØ�¹�êx, y, z��x + y = z¤á.ù�·�Ò�¤
½n3.5.3 �y².

3.6 Smarandache¼ê�5�é?¿��ên, SmarandacheêS(n)½ÂXe:

S(n) = min{m : n | m!}.
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1nÙ ð��Ø�ª�n = pα1
1 pα2

2 · · · pαk

k Ǒn�IOÏf©)ª, KdS(n)½Â9Ù5�N´íÑ
S(n) = max

1≤i≤k
{S(pαi

i )}.'uù�¼ê9Ù§Smarandachea.�¼ê�5�, �ë�©z[18]¨[21].-p(n)L«n����Ïf, w,kS(n) ≥ p(n). ¯¢þéA�¤k�nkS(n) =

p(n), 3©z[22]¥Erdös�Ñ
ù�(Ø. ùL²^N(x)L«÷vS(n) 6=
p(n)�n ≤ x��ê, �oN(x)Ǒo(x). Ø
n = 4, n = p	, éN´�ÑS(p) = p

and S(n) < n. ¤±S(n)Úπ(x)éX��;�, =
π(x) = −1 +

[x]∑

n=2

[
S(n)

n

]
,Ù¥π(x)L«Ø�Lx��ê��ê, [x]L«�u�ux�����ê. é?¿ü���êmÚn, \U�OS(mn) = S(m) + S(n)��(�Äíºù�¯K'�J£�. é,
mÚnù��ª´�(�, �é,
mÚnT�ªÒ´�Ø�.'uù�¯K, 3©z[23]¥J.Sandory²
���~­��(Ø. =é?¿���ênÚ?¿���êm1 , m2, · · · , mkkØ�ª

S

(
k∏

i=1

mi

)
≤

k∑

i=1

S(mi).��!?�Ú?Ø
Smarandache ¼êaqu©z[23] �5�§��±eü�(Ø:½½½nnn3.6.1 é?¿��êk ≥ 2Ú?¿���êm1, m2, · · · , mkkØ�ª
S

(
k∏

i=1

mi

)
≤

k∏

i=1

S(mi).yyy²²²: Äk·�y²½n3.6.1���AÏ�/. =é?¿ü���êmÚnk
S(m)S(n) ≥ S(mn).XJm = 1 (½n = 1),�ow,kS(m)S(n) ≥ S(mn). y3b½m ≥ 2�n ≥ 2��S(m) ≥ 2, S(n) ≥ 2, mn ≥ m + n ÚS(m)S(n) ≥ S(m) + S(n)¤á. 5¿�m|S(m)!, n|S(n)!, l
��

mn|S(m)!S(n)!|((S(m) + S(n))!.qÏǑS(m)S(n) ≥ S(m) + S(n), ¤±k
(S(m) + S(n))!|(S(m)S(n))!.
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Smarandache¯KïÄlS(n)�½ÂáǑ��
S(mn) ≤ S(m)S(n).�âþª9êÆ8B{��½n3.6.1�(Ø.½½½nnn3.6.2 é?¿��êk ≥ 2�±é���|êm1 , m2, · · · , mk ��

S

(
k∏

i=1

mi

)
=

k∑

i=1

S(mi).yyy²²²: é?¿��ênÚ�êp, XJpα‖n!, �o��
α =

∞∑

j=1

[
n

pj

]
.�ni´��i 6= j�ni 6= nj���ê, Ù¥1 ≤ i, j ≤ k, k ≥ 2´?¿��ê. ÏǑ

∞∑

r=1

[
pni

pr

]
= pni−1 + pni−2 + · · · + 1 =

pni − 1

p − 1
.Ǒ
O��B, �-ui = pni−1

p−1 . u´k
S(pui) = pni , i = 1, 2, · · · , k. (3-12)��5`, Ó���±e(Ø

∞∑

r=1




k∑

i=1

pni

pr




=

k∑

i=1

pni − 1

p − 1
=

k∑

i=1

ui.¤±
S
(
pu1+u2+···+uk

)
=

k∑

i=1

pni . (3-13)éÜª(3-12)Ú(3-13)áǑ��
S

(
k∏

i=1

pui

)
=

k∑

i=1

S(pui).-mi = pui , 5¿�k����êpÚniéN´�Ñ½n3.6.2�(Ø.u´�¤
½n3.6.2�y².
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1oÙ �¡?ê9Ù5�1oÙ �¡?ê9Ù5�
1737
§Euler y²µd

ζ(s) =
∞X

n=1

1

ns
é¢ê s > 1�½�zeta ¼êζ(s) → ∞ (�s → 1 �)§¿|^þã(ØíÑé¤k�ê�m�?êP p−1uÑ��{y²
�¡õ��ê�35�Euler ½n. 1837 
§duïÄ?ê

L(s, χ) =

∞X
n=1

χ(n)

nsÙ¥χ´��Dirichlet AÆ¿�s > 1, Dirichlet y²
��'u�â?êp�ê�Í¶½n.þã?ê¡ǑäkXêf(n)�Dirichlet ?ê§Ù¥f(n) ´��êØ¼ê§§�¤Ǒ)ÛêØpék^�óä��. Ïdéu�¡?ê9Dirichlet ?ê5��ïÄék¿Â. ù�Ù¥·�Ì�0��
{ü��¡?ê�Âñ5�§ÏLù
¯K�?Ø��[
)ïÄ�¡?ê5�����{.

4.1 'uk gÖê�A�ð�ª3½Â2.1.1¥·�®²�Ñ
kgÖê�½Â§·�©O¡b2(n), b3(n),

b4(n)Ǒ²�Öê, á�ÖêÚogÖê. ù��!¥·�Ì�´|^)Û�{O�?ê
+∞∑

n=1

1

(nbk(n))
s ,Ù¥bk(n)´?¿��ên�kgÖê, s´÷vRe(s) ≥ 1�Eê, ¿��
:½½½nnn4.1.1 é?¿Eês�÷vRe(s) ≥ 1, ·�kð�ª

+∞∑

n=1

1

(nb2(n))
s =

ζ2(2s)

ζ(4s)
,Ù¥ζ(s)´Riemann zeta-¼ê.yyy²²²: é?¿��ên, Pn = l2m, Ù¥m´�²�Ïfê(=p †m�p2 †m).db2(n)�½Â��

+∞∑

n=1

1

(nb2(n))
s =

+∞∑

l=1

+∞∑

m=1

|µ(m)|
(l2m · m)s

=

+∞∑

l=1

+∞∑

m=1

|µ(m)|
l2sm2s

= ζ(2s)
∏

p

(
1 +

1

p2s

)
=

ζ2(2s)

ζ(4s)
,Ù¥µ(n)L«Mö bius ¼ê.
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Smarandache¯KïÄu´�¤
½n4.1.1�y².½½½nnn4.1.2 é?¿Eês�÷vRe(s) ≥ 1, Kkð�ª
+∞∑

n=1

1

(nb3(n))
s =

ζ2(3s)

ζ(6s)

∏

p

(
1 +

1

p3s + 1

)
,Ù¥∏

p

L«é¤k��êÏf�È.yyy²²²: é?¿��ên, ·��±ò§�Ǒn = l3m2r, Ù¥rm´�²�Ïfê. �âb3(n)�½Â, ·�k
+∞∑

n=1

1

(nb3(n))
s =

+∞∑

l=1

+∞∑

m=1

+∞∑

r=1
(m,r)=1

|µ(m)| |µ(r)|
(l3m2r · mr2)s

= ζ(3s)

+∞∑

m=1

|µ(m)|
m3s

+∞∑

r=1
(m,r)=1

|µ(r)|
r3s

= ζ(3s)

+∞∑

m=1

|µ(m)|
m3s

∏

p†m

(
1 +

1

p3s

)

=
ζ2(3s)

ζ(6s)

+∞∑

m=1

|µ(m)|
m3s

∏

p|m

1(
1 + 1

p3s

)

=
ζ2(3s)

ζ(6s)

∏

p


1 +

1

p3s
(
1 + 1

p3s

)




=
ζ2(3s)

ζ(6s)

∏

p

(
1 +

1

p3s + 1

)
.u´�¤
½n4.1.2�y².½½½nnn4.1.3 é?¿Eês�÷vRe(s) ≥ 1, ·�k

+∞∑

n=1

1

(na4(n))
s =

ζ2(4s)

ζ(8s)

∏

p

(
1 +

1

p4s + 1

)(
1 +

1

p4s + 2

)
.yyy²²²: é?¿��ên, -n = l4m3r2t, Ù¥(m, r) = 1, (mr, t) = 1�mrt´�²�Ïfê. db4(n)�½Â, �±��

+∞∑

n=1

1

(nb4(n))
s
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1oÙ �¡?ê9Ù5�
=

+∞∑

l=1

+∞∑

m=1

+∞∑

r=1

+∞∑

t=1
(m,r)=1

(mr,t)=1

|µ(m)| |µ(r)| |µ(t)|
(l4m3r2t · mr2t3)s

= ζ(4s)

+∞∑

m=1

+∞∑

r=1
(m,r)=1

|µ(m)| |µ(r)|
m4sr4s

+∞∑

t=1
(mr,t)=1

|µ(t)|
t4s

=
ζ2(4s)

ζ(8s)

+∞∑

m=1

+∞∑

r=1
(m,r)=1

|µ(m)| |µ(r)|
m4sr4s

∏

p|mr

1(
1 + 1

p4s

)

=
ζ2(4s)

ζ(8s)

+∞∑

m=1

+∞∑

r=1
(m,r)=1

|µ(m)| |µ(r)|
m4sr4s

∏

p|m

1(
1 + 1

p4s

)
∏

p|r

1(
1 + 1

p4s

)

=
ζ2(4s)

ζ(8s)

+∞∑

m=1

|µ(m)|
m4s

∏

p|m

1(
1 + 1

p4s

)
∏

p†m

(
1 +

1

p4s + 1

)

=
ζ2(4s)

ζ(8s)

+∞∑

m=1

|µ(m)|
m4s

∏

p|m

1(
1 + 1

p4s

)

∏

p

(
1 +

1

p4s + 1

)

∏

p|m

(
1 +

1

p4s + 1

)

=
ζ2(4s)

ζ(8s)

∏

p

(
1 +

1

p4s + 1

)(
1 +

1

p4s + 2

)
.u´�¤
½n4.1.3�y².3±þ½n¥©O�s = 1, 2, ¿5¿�

ζ(2) =
π2

6
, ζ(4) =

π4

90
, ζ(6) =

π6

945
, ζ(8) =

π8

9450
,

ζ(12) =
691π12

638512875
, ζ(16) =

3617π16

325641566250
.·�=Ǒ���±eü�íØíííØØØ4.1.1

+∞∑

n=1

1

na2(n)
=

5

2
,

+∞∑

n=1

1

na3(n)
=

ζ2(3)

ζ(6)

∏

p

(
1 +

1

p3 + 1

)
,

+∞∑

n=1

1

na4(n)
=

7

6

∏

p

(
1 +

1

p4 + 1

)(
1 +

1

p4 + 2

)
.
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Smarandache¯KïÄíííØØØ4.1.2
+∞∑

n=1

1

(na2(n))
2

=
7

6
,

+∞∑

n=1

1

(na3(n))
2 =

715

691

∏

p

(
1 +

1

p6 + 1

)
,

+∞∑

n=1

1

(na4(n))
2

=
7293

7234

∏

p

(
1 +

1

p8 + 1

)(
1 +

1

p8 + 2

)
.

4.2 �¹Euler¼ê��§é?¿��ên ≥ 1, Euler¼êφ(n)L«¤kØ�Ln��np����ê��ê. aq�, ·�Ǒ½Â¼êJ(n)Ǒ�n¤k�DirichletAÆ��ê. �AL«¤k÷v�§φ2(n) = nJ(n)���ên�8Ü. �!¥, ·�|^���{ïÄ���¹�§φ2(n) = nJ(n)�)�#Dirichlet?ê�Ó{5�, ¿�Ñ��k��ð�ª. =Ò´, ·�y²
±e(Ø:½½½nnn4.2.1 é?¿¢ês > 1
2 , ·�kð�ª

∞∑

n=1
n∈A

1

ns
=

ζ(2s)ζ(3s)

ζ(6s)
,Ù¥ζ(s)´Riemann zeta-¼ê.yyy²²²: Äk, 5¿�¼êφ(n)�J(n)þǑ��¼ê, ¿�é¤k��êα > 19�êp, �n = pα�, J(p) = p − 2, φ(p) = p − 1, J(pα) = pα−2(p − 1)2 9φ(pα) =

pα−1(p − 1). u´, ·�ò©n«�¹5?Ø�§φ2(n) = nJ(n))�¯K.

(a) w,, n = 1´�§φ2(n) = nJ(n)���).

(b) XJn > 1,-n = pα1
1 pα2

2 · · · pαs
s Ǒn�IOÏf©)ª�÷vαi ≥ 2(i =

1, 2, · · · · · · , k), �o·�k
J(n) = pα1−2

1 (p1 − 1)2 · · · pαk−2
k (pk − 1)29

φ2(n) =
(
pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαk−1
k (pk − 1)

)2
.3ù«�¹e, nE,´�§φ2(n) = nJ(n)�).

(c) XJn = p1p2 · · · prp
αr+1

r+1 · · · pαk

k , ¿�÷vp1 < p2 < · · · < pr�αj > 1,

j = r + 1, r + 2, · · · , k, K�â�¹(b)±9φ(n)�J(n)�½Â�±��φ2(n) =

nJ(n)��=�
φ2(p1p2 · · · pr) = p1p2 · · · prJ(p1p2 · · · pr)
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1oÙ �¡?ê9Ù5�½ö
(p1 − 1)2(p2 − 1)2 · · · (pr − 1)2 = p1p2 · · · pr(p1 − 2)(p2 − 2) · · · (pr − 2).w,, prØU�Ø(p1 − 1)2(p2 − 1)2 · · · (pr − 1)2. u´3ù«�¹e�§φ2(n) =

nJ(n)�).nÜ±þn«�/·�áǑ�±���§φ2(n) = nJ(n) �¤k)�8Ü´1�n = pα1
1 pα2

2 · · · pαs
s ( αi > 1). =Ò´, 8ÜA´d¤k��²�ê�1|¤.y3·�Xe½Â�â¼êa(n):

a(n) =

{
1, XJ n ∈ A,

0, Ù§.é?¿¢ês > 0, w,k
∞∑

n=1
n∈A

1

ns
<

∞∑

n=1

1

ns
,9�s > 1�?ê ∞∑

n=1

1

ns
Âñ. Ïdés ≥ 2, �âEuler�Èúª, ·�k

∞∑

n=1

1

ns
=

∏

p

(
1 +

a(p2)

p2s
+

a(p3)

p3s
+ · · ·

)

=
∏

p

(
1 +

1

p2s
+

1

p3s
+ · · ·

)

=
∏

p

(
1 +

1

p2s(1 − 1
ps )

)

=
∏

p

p2s − ps + 1

p2s − ps

=
∏

p

p3s + 1

ps(p2s − 1)

=
∏

p

p6s − 1

ps(p2s − 1)(p3s − 1)

=
∏

p

1 − 1
p6s

(1 − 1
p2s )(1 − 1

p3s )

=
ζ(2s)ζ(3s)

ζ(6s)
,Ù¥ζ(s)´Riemann zeta-¼ê,

∏

p

L«é¤k�ê�È.
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Smarandache¯KïÄù�Ò�¤
½n4.2.1�y².3½n4.2.1¥�s = 192, ¿�5¿�ζ(2) = π2/6, ζ(4) = π4/90, ζ(6) =

π6/945, ζ(12) = 691π12/638512875, ·�áǑ�±íÑe¡�ð�ª:

∞∑

n=1
n∈A

1

n
=

315

2π4
ζ(3) Ú ∞∑

n=1
n∈A

1

n2
=

15015

1382

1

π2
.

4.3 é¡S�9Ù5�é?¿���ên, ·�½Âé¡S�{an}Xe: a1 = 1, a2 = 11, a3 = 121,

a4 = 1221, a5 = 12321, a6 = 123321, · · · , a2k−1 = 123 · · · (k − 1)k(k −
1) · · · 321, a2k = 123 · · · (k − 1)kk(k − 1) · · · 321, · · · . 3©z[1]�117�¯Kp,

F.Smarandache �ÇïÆ·�ïÄS�{an}�5�. 'uù
¯K, W.P.Zhang

(ë�©z[24]) �Ñ
��k��ìCúª. �!¥, ·�½ÂA(an) Xe:

A(a1) = 1, A(a2) = 2, A(a3) = 4, · · · , A(a2k−1) = 1+2+· · ·+k−1+k+k−1+· · ·+1,

A(a2k) = (1 + · · ·+ k − 1 + k + k + k − 1 + · · ·+ 1), · · · . ·�ò|^���{?ØS�A(an)�5�, ¿�Ñ��'uA(an) ���k��ð�ª.½½½nnn4.3.1 �A(an)�½ÂXþ, Kk
∞∑

n=1

1

A(an)
=

π2

6
+ 1.yyy²²²: �âA(an)�½Â·�k

A(ak) = A(ak−1) +

[
k − 1

2

]
+ 1.Kdþª��

n∑

k=1

A(ak) =

n−1∑

k=1

A(ak−1) +

n∑

k=1

[
k − 1

2

]
+ n. (4-1)�â(4-1), ·�k

A(an) =

n∑

k=1

[
k − 1

2

]
+ n =

[
(n − 1)2

4

]
+ n. (4-2)e¡·�ò½n¥�Úª©ǑüÜ©5?Ø. �n = 2k + 1�, Kk

A(an) =

[
[(2k + 1) − 1]2

4

]
+ 2k + 1 = (k + 1)2. (4-3)
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1oÙ �¡?ê9Ù5��n = 2k�, Kk
A(an) =

[
(2k − 1)2

4

]
+ 2k = k2 + k. (4-4)nÜ(4-2), (4-3), (4-4)¿5¿�ζ(2) = π2

6 ·�k
∞∑

n=1

1

A(an)
=

1

A(a1)
+

∞∑

k=1

1

(k + 1)2
+

∞∑

k=1

1

k(k + 1)

=

∞∑

k=1

1

k2
+

∞∑

k=1

1

k(k + 1)

= ζ(2) +

∞∑

k=1

(
1

k
− 1

k + 1

)

=
π2

6
+ 1.u´�¤
½n4.3.1�y².

4.4 �|Dirichlet?ê9Ùð�ªé?¿���êk, ·�½Â���â¼êδk (n)Xe:

δk(n) =

{
max{d ∈ N | d|n, (d, k) = 1}, XJ n 6= 0,

0, XJ n = 0.-AL«��§δk(n) = bm(n)¤á�¤k��ên�8Ü, Ù¥bm(n) L«n �mgÖê(ë�½Â2.1.1). =A = {n:n ∈ N, δk(n) = bm(n)}. ��!|^���{?Ø
�¹8ÜA��|Dirichlet ?ê�Âñ5�Xeµ½½½nnn4.4.1 �mǑ���óê, é?¿��¢ês > 1Ú��êk, Kkð�ª
∞∑

n=1
n∈A

1

ns
=

ζ
(

m
2 s
)

ζ(ms)

∏

p|k

p
3
2ms

(pms − 1)
(
p

1
2ms − 1

) ,Ù¥ζ(k)´Riemann zeta-¼ê,
∏
p

L«é¤k��Ïf�È.yyy²²²: é?¿��¢ês > 0, w,�s > 1�
∞∑

n=1
n∈A

1

ns
<

∞∑

n=1

1

ns
,Ú ∞∑

n=1

1

ns
þÂñ, Ïd�s > 1� ∞∑

n=1
n∈A

1

ns
ǑÂñ. e¡·�5éÑ8ÜA.�n = pα1

1 pα2
2 · · · pαs

s L«n�IO©)ª. dδk(n) Úbm(n)�½Â·��
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Smarandache¯KïÄ�δk(n)Úbm(n)Ñ´��¼ê. ¤±Ǒ
éÑ8ÜA, ·��I?Øn = pα��/=�. en = pα �(p, k) = 1, ·�kδk(pα) = pα; �1 ≤ α ≤ m, bm(pα) = pm−α;�α > m�α 6= m, bm(pα) = pm+m[ α
m

]−α; �α = rm, bm(pα) = 1, Ù¥�rǑ?¿���ê, [x] L«≤ x�����ê. ¤±��=�α = m
2kδk(pα) = bm(pα).en = pα�(p, k) 6= 1, Kδk(pα) = 1, ¤±��=�n = prm, r = 0, 1, 2, · · ·��§δk(pα) = bm(pα)k). �âEuler úªÚA�½Â, ·�k

∞∑

n=1
n∈A

1

ns
=

∏

p†k

(
1 +

1

p
m
2 s

)∏

p|k

(
1 +

1

pms
+

1

p2ms
+

1

p3ms
+ · · ·

)

=
∏

p

(
1 +

1

p
m
2 s

)∏

p|k

1

1 − 1
pms

∏

p|k

(
1 +

1

p
m
2 s

)−1

=
ζ
(

m
2 s
)

ζ(ms)

∏

p|k

p
3
2ms

(pms − 1)
(
p

1
2ms + 1

) ,Ù¥ζ(k)´Riemann zeta-¼ê,
∏
p

L«é¤k��Ïf�È.u´�¤
½n4.4.1�y².d½n4.4.1·�áǑ�íÑ±eA�íØ:íííØØØ4.4.1 �B = {n:n ∈ N, δk(n) = b2(n)}, Kk
∞∑

n=1
n∈B

1

n2
=

15

π2

∏

p|k

p6

(p4 − 1)(p2 − 1)
.

íííØØØ4.4.2 �C = {n:n ∈ N, δk(n) = b3(n)}, Kk
∞∑

n=1
n∈C

1

n2
=

∞∑

n=1
n∈B

1

n4
=

105

π4

∏

p|k

p12

(p8 − 1)(p4 − 1)
.

íííØØØ4.4.3 �C = {n:n ∈ N, δk(n) = b4(n)}, Kk
∞∑

n=1
n∈C

1

n3
=

675675

691

1

π6

∏

p|k

p18

(p12 − 1)(p6 − 1)
.

4.5 nÆ/ê�5�é?¿���êm, w,m(m + 1)/2´���ê, duù
ê�AÛk���
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1oÙ �¡?ê9Ù5�éX, ¤±·�òÙ¡ǑnÆ/ê. é?¿���ên, ·�½Â�â¼êc(n)Xe:

c(n) = max {m(m + 1)/2 : m(m + 1)/2 ≤ n, m ∈ N} .=c(n)´≤ n����nÆ/ê. dc(n)�½Â·�N´íÑc(1) = 1, c(2) =

1, c(3) = 3, c(4) = 3, c(5) = 3, c(6) = 6, c(7) = 6, c(8) = 6, c(9) = 6, c(10) =

10, · · · · · · . �!¥Ì�0�
k'S�c(n)���#�Dirichlet ?êf(s) =∑∞
n=1

1
cs(n) , |^���{ïÄ
f(s)�Âñ5�, =½½½nnn4.5.1 �sǑ?¿��¢ê, K��=�s > 1�Dirichlet ?êf(s)´Âñ�. AO��s = 2, 394, ·�kð�ª

∞∑

n=1

1

c2(n)
=

2π2

3
− 4;

∞∑

n=1

1

c3(n)
= 8ζ(3) − 4π2 + 32;

∞∑

n=1

1

c4(n)
=

π4

5
− 48ζ(3) +

160

3
π2 − 384;

6f(3) + f(4) =
π4

5
+

88

3
π2 − 192.Ù¥ζ(k)´Riemann zeta-¼ê.yyy²²²: w,, em(m+1)

2
≤ n < (m+1)(m+2)

2
, Kc(n) = m(m+1)

2
. ¤±3S�c(n)¥Ó��êm(m+1)

2 ­E (m+1)(m+2)
2 − m(m+1)

2 = m + 1 g. Ïd, ·�k
f(s) =

∞∑

n=1

1

cs(n)

=

∞∑

m=1

m + 1

(m(m+1)
2 )s

=

∞∑

m=1

2s

ms(m + 1)s−1
.w,�s > 1�f(s)Âñ, �s ≤ 1�f(s)uÑ. AO��s = 2·�k

f(2) = 4

∞∑

m=1

1

m2(m + 1)

= 4

∞∑

m=1

(
1

m2
− 1

m
+

1

m + 1

)

= 4ζ(2) − 4.
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Smarandache¯KïÄA^Ó���{·���
f(3) = 8ζ(3) − 24ζ(2) + 32;

f(4) = 16ζ(4) − 48ζ(3) + 320ζ(2) − 384.dð�ªζ(2) = π2/6 Úζ(4) = π4/90�íÑ½n4.5.1�(Ø(ë�©z[2]).u´�¤
½n4.5.1�y².555: ¯¢þ, é?¿���ês ≥ 2, A^ù«�{·��±^Riemann zeta-¼ê5L«f(s).

4.6 e��Ü©S�Úþ��Ü©S�é?¿���ên, ^a(n)5L«e��Ü©, Ù½ÂǑ: �u½�un�����ê. =ǑS�: 1, 2, 2, 2, 2, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 24, 24, 24,

24, 24, 24, 24, · · · . ,��¡, ^b(n)5L«þ��Ü©, Ù½ÂǑ: �u½�un�����ê. =ǑS�: 1, 2, 6, 6, 6, 6, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24,

24, 24, 24, 24, 24, 120, 120, 120, · · · . 3©z[1], Smarandache�Ç3Ù142�¯KpïÆ·�ïÄùü�S��5�. ��!¥, ·�0�
�¹a(n)�b(n)�ü��¡?ê:

I =

∞∑

n=1

1

aα(n)
, S =

∞∑

n=1

1

bα(n)
,¿�Ñù
?êÂñ�¿©^�Xeµ½½½nnn4.6.1 �αǑ?¿��¢ê, K�α > 1�, �¡?êIÚS�Âñ, �α ≤

1 �§��uÑ.yyy²²²: �a(n) = m!, �m! ≤ n < (m + 1)!�, ·�éN´�Ña(n) = m!, ¤±3S�{a(n)} (n = 1, 2, · · · ) ¥Ó��m!ò�­E(m + 1)! − m!g. Ïd, ·�k
I =

∞∑

n=1

1

aα(n)
=

∞∑

m=1

(m + 1)! − m!

(m!)α
=

∞∑

m=1

m · m!

(m!)α
=

∞∑

m=1

m

(m!)α−1
.w,, �α > 1�, �¡?êIÂñ; �α ≤ 1�, �¡?êIuÑ. �^Ó���{,·�Ǒ�±��S Âñ5�¿©^�. AO/, �α = 2 �, �âêÆ©Ûþ��£(ë�©z[25]), ·�k

∞∑

n=1

1

a2(n)
=

∞∑

m=1

1

(m − 1)!
=

∞∑

m=0

1

m!
= e.u´�¤
½n4.6.1�y².AO/, �α = 2 �, ·�ke¡�íØ.íííØØØ4.6.1 ·�kð�ª

∞∑

n=1

1

a2(n)
= e.
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1oÙ �¡?ê9Ù5�
4.7 Smarandacheéó¼êé?¿��ên, Í¶�Smarandache ¼êS(n)½ÂǑ�n|m!������êm. =

S(n) = min{m : n | m!}.

Smarandache�Ç3©z[1]¥0�
ù�¼êS(n)¿��·�ïÄ§�5�. �n = pα1
1 pα2

2 · · · pαk

k Ǒn�IOÏf©)ª, N´íÑS(n) =

max{S(pα1
1 ), S(pα2

2 ), · · · , S(pαk

k )}.¤±·��±ÏLïÄS(pαi

i )�5�5ïÄS(n). 'u¼êS(n)�5�,Úå
NõÆö�ïÄ,�, ë�©z[26],

[27]Ú[28]. ~X3©z[26]¥Farris Mark ÚMitchell Patrick ïÄ
¼êS(n)�>.¯K, ¿�Ñ
S(pα)�þ.Úe., =
(p − 1)α + 1 ≤ S(pα) ≤ (p − 1)[α + 1 + logp α] + 1.3©z[27]¥Wang Yongxing ïÄ
∑

n≤x

S(n)�þ�5�, ¿|^���{�Ñ��ìCúª, =y²

∑

n≤x

S(n) =
π2

12

x2

lnx
+ O

(
x2

ln2 x

)
.aq·�0�,���Smarandache¼ê�'�¼ê, ¡ÙǑSmarandache éó¼êS∗(n), §L«�n|m!������êm, Ù¥�nǑ?¿���ê. =

S∗(n) = max{m : m! | n}.'uù�¯K, 3©z[29]¥J.SandorJÑß�
S∗((2k − 1)!(2k + 1)!) = q − 1,Ù¥kǑ���ê§q´2k + 1���1���ê. Le Maohua 3©z[30]¥�Ñù�ß��y².�!|^���{?Ø
?ê ∞∑

n=1

S∗(n)

nα
�Âñ5�, ¿�Ñ��k��ð�ª. =Ò´,½½½nnn4.7.1 é?¿�¢êα ≤ 1, �¡?ê

∞∑

n=1

S∗(n)

nα
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Smarandache¯KïÄuÑ, �α > 1�ù�?êÂñ, �k
∞∑

n=1

S∗(n)

nα
= ζ(α)

∞∑

n=1

1

(n!)α
,Ù¥ζ(s)´Riemann zeta-¼ê.yyy²²²: é?¿�¢êα ≤ 1,5¿�S∗(n) ≥ 1 Ú?ê

∞∑

n=1

1

nαuÑ, ¤±�α ≤ 1�, ?ê ∞∑

n=1

S∗(n)

nα
ǑuÑ.é?¿���ên ≥ 1, �½�3����êm ��

n = m! · l,¤á, Ù¥l 6≡ 0(mod m + 1). ¤±é?¿α > 1, dS∗(n)�½Â��
∞∑

n=1

S∗(n)

nα
=

∞∑

l=1

∞∑

m=1
m+1†l

m

(m!)α · lα

=

∞∑

m=1

∞∑

l=1
m+1†l

m

(m!)α · lα

=

∞∑

m=1

m

(m!)α

( ∞∑

l=1

1

lα
−

∞∑

l=1

1

(m + 1)α · lα

)

=

∞∑

m=1

m

(m!)α
ζ(α)

(
1 − 1

(m + 1)α

)

= ζ(α)

( ∞∑

m=1

m

(m!)α
−

∞∑

m=1

m

((m + 1)!)α

)

= ζ(α)

(
1 +

∞∑

m=1

1

((m + 1)!)α

)

= ζ(α)

∞∑

m=1

1

(m!)α
.u´�¤
½n4.7.1�y².3½n4.7.1¥�α = 2 Úα = 4·�áǑ��XeíØ:íííØØØ4.7.1 éuSmarandacheéó¼ê, kð�ª

∞∑

n=1

S∗(n)

n2
=

π2

6

∞∑

n=1

1

(n!)2
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1oÙ �¡?ê9Ù5�Ú
∞∑

n=1

S∗(n)

n4
=

π4

90

∞∑

n=1

1

(n!)4
.

4.8 2Â���E8Ü½Â2Â���E8ÜS Ǒ: =dêid1, d2, · · · , dm |¤, �¤k�di (1 ≤
m ≤ 9) pØ�Ó. ǑÒ´`,

(1) d1, d2, · · · , dm �áuS.

(2) ea, b áuS§Kab ǑáuS.

(3) =$^5K(1) Ú(2) k�g¤����áuS.~X,��E8Ü( éuêi1, 2 )Ǒ: 1, 2, 11, 12, 21, 22, 111, 112, 121, 122, 211,

212, 221, 222, 1111, 1112, 1121, · · · . ��E8Ü(éuêi1, 2, 3 )Ǒ: 1, 2, 3, 11, 12,

13, 21, 22, 23, 31, 32, 33, 111, 112, 113, 121, 122, 123, 211, 212, 213, 221, 222, 223,

· · · . 3©z[1]�16, 7 Ú8 �¯Kp, Smarandache�ÇïÆ·�ïÄù
S��5�. Ǒ
Qã�B, ·�^{an} 5L«ù�S�. ùp·�|^���{?Ø
?ê+∞∑

n=1

1

aα
n

�Âñ5, Ù¥�α Ǒ?¿�ê.½½½nnn4.8.1 �α Ǒ?¿��¢ê, �α > log m�, ?ê+∞∑

n=1

1

aα
n

Âñ, 
�α ≤

log m�T?êuÑ.yyy²²²: 5¿�, éuk = 1, 2, 3, · · · , �¹k �êi�2Â��E8ÜS�pkmk �ê, ¤±·�k
+∞∑

n=1

1

aα
n

<

+∞∑

k=1

mk

(10k−1)α

= m

+∞∑

k=1

mk−1

10(k−1)α

=
m

1 − m
10α

=
m · 10α

10α − m
,Ù¥·�|^
?ê∑+∞

k=1
mk−1

10(k−1)α ��=�ú' m
10α < 1, Ǒ=α > log m �´Âñ�ù�¯¢, u´�¤
½n4.8.1�y².AO/, �

S2 = 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+ · · · ,9

S3 = 1 +
1

2
+

1

3
+

1

11
+

1

12
+

1

13
+

1

21
+

1

22
+

1

23
+

1

31
+

1

32
+

1

33
+ · · · .
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Smarandache¯KïÄu´:½½½nnn4.8.2 ?êS2ÚS3ÑÂñ, �k�O
10264

5775
< S2 <

8627

4620
9 314568337

155719200
< S3 <

10532147

4449120¤á.yyy²²²: ��¡
S2 = 1 +

1

2
+

1

11
+

1

12
+

1

21
+

1

22
+ · · ·

< 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

+∞∑

k=3

2k

10k−1

= 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

23

102

+∞∑

k=3

2k−3

10k−2

= 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

2

25
× 1

1 − 1
5

=
8627

4620
.,��¡, ·�k

S2 > 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

+∞∑

k=3

2k

10k

= 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

23

103

+∞∑

k=3

2k−3

10k−3

= 1 +
1

2
+

1

11
+

1

12
+

1

21
+

1

22
+

1

125
× 1

1 − 1
5

=
10264

5775
.u´�¤
½n4.8.2�1�Ü©y².aq/, ·��±y²½n4.8.2�1�Ü©, ù�Ò�¤
½n4.8.2 �y².
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1ÊÙ AÏ�§�)¯K1ÊÙ AÏ�§�)¯K�§��ê)´êØ���­��K§Ǒ´���~E,Ú�~áÚ<��K, ­.þNõ���êÆ[Ñ3ù�+��ÑLÑÚ�ó�§�8EÎ´y�êØÚy��êAÛ�íÄåÚ
�. Ǒ
ïÄ�
�§��ê)§<�ME

Nõrkå��{Úóä§�´EkNõ¯Kvk)û. ùp§·�=ÀJ
�
�Smarandache¯Kk'�AÏ�§��ê)¯K?1?Ø§5�«éuAÏ�§�ê)ïÄL§¥����{ÚE|5.

5.1 Smarandache m g�{é?¿��ên, -n�IOÏf©)ªǑn = pα1
1 pα2

2 · · · pαk

k . Smarandache

mg�{¼êam(n)�½ÂXe:

am(n) = pβ1

1 pβ2

2 · · · pβk

k , βi = min{m − 1, αi}, i = 1, 2. · · · , k.3©z[1]¥�165¯K, F.Smarandache �Ç��·�ïÄù�¼ê�5�.�φ(n)ǑEuler¼ê, =Ò´, φ(n)¤kØ�Ln��np����ê��ê. w,, ¼êφ(n)�am(n)þ´��¼ê. ù��!¥, ·�ò|^���{5?Ø�¹ùü�¼ê��§��)¯K, ¿�Ñ
�§�¤k).½½½nnn5.1.1 �mǑ?¿�½�ê�m ≥ 2, K�§φ(n) = am(n)km + 1�), �A�)Xe
n = 1, 2m, 2α3m, α = 1, 2, · · · , m − 1.yyy²²²: �n �IOÏf©)ªǑn = pα1

1 pα2
2 · · · pαk

k , Kdφ(n) 9am(n) �½Â·�k
am(n) = pβ1

1 pβ2

2 · · · pβk

k , βi = min{m − 1, αi}, i = 1, 2. · · · , k (5-1)¿�
φ(n) = pα1−1

1 (p1 − 1)pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1). (5-2)w,, n = 1 ´�§φ(n) = am(n) ���). XJn > 1, �·�ò©o«�¹éù�¯K?1?Ø:

(i) XJ�3αi > m, �o·�kαi − 1 ≥ m, max
1≤j≤k

{βj} ≤ m − 1. (Ü(5-1) 9(5-2), ·���φ(n) 6= am(n). ¯¢þ, 3ù«�¹evk?Û)÷v�§φ(n) = am(n);

(ii) XJα1 = α2 = · · · = αk = m, K
am(n) = pm−1

1 pm−1
2 · · · pm−1

k
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Smarandache¯KïÄ¿�
φ(n) = pm−1

1 (p1 − 1)pm−1
2 (p2 − 1) · · · pm−1

k (pk − 1).w,, =kn = 2m ´÷v^���§�);

(iii) XJ max
1≤i≤k

{αi} < m, Kd(5-1) 9(5-2), ¿5¿�βk = αk > αk − 1, ·���é¤k÷v^��n , φ(n) 6= am(n);

(iv) XJ�3i, j ÷vαi = m �αj < m, �o�â(5-1), (5-2) ±9�§φ(n) = am(n), �±��p1 = 2. ÄK, Ò¬��φ(n) ´óê, �am(n) %ǑÛê�gñ. 5¿�XJαk < m, Kφ(n) 6= am(n), u´·�kαk = m 9
φ(n) = 2α1−1pα2−1

2 (p2−1) · · · pm−1
k (pk−1) = am(2α1)am(pα2

2 ) · · · am(pm
k ) = am(n).XJα1 = m, �on = 2m Ò´1(ii) «�¹. Ïd, α1 < m. y3�â�§, ·�k

pα2−1
2 (p2 − 1) · · · pm−1

k (pk − 1) = 2am(pα2
2 ) · · · am(pm

k ). (5-3)5¿��i > 1 �2|(pi − 1), d(5-3) ·��±íÑ3(5-3) ª�>Ü©äkpi − 1 /ª��=k��. =Ò´,

n = 2αpm.|^
φ(2αpm) = am(2αpm) ⇐⇒ pm−1(p − 1) = 2pm−1,�±��n = 2α3m, 1 ≤ α < m.. u´, 3ù«�¹en = 2α3m, (1 ≤ α < m) ´�§φ(n) = am(n) �¤k).nÜ±þo«�¹�?Ø·�áǑ�±���§φ(n) = am(n) km + 1 �),¿��A�)Ǒ

n = 1, 2m, 2α3m, α = 1, 2. · · · , m − 1.ù�Ò�¤
½n5.1.1 �y².

5.2 Smarandache�§9Ù�ê)�Q L«¤k�knê8Ü, a ∈ Q\ {−1, 0, 1}. 3Ö[1] ¥�150 �¯K,

F.Smarandache�Ç��·���)�§
x · a 1

x +
1

x
· ax = 2a. (5-4)éù�¯K�?Ø�±�Ï·��n)�
#�Ø½�§, ¤±ïÄ§´�©k¿Â�. �!¥, ·�|^���{9)Û�{é�§(5-4)?1?Ø, ¿y²
±e(Ø:½½½nnn5.2.1 é¤ka ∈ Q\ {−1, 0, 1}, �§

x · a 1
x +

1

x
· ax = 2a
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1ÊÙ AÏ�§�)¯Kk�=k���ê)x = 1.yyy²²²: ùp·�ò|^���{±9êÆ©Û¥�Rolle ½n�¤½n5.2.1�y². Äk, ·�òy²3a > 1 ��¹e½n¤á. ¯¢þ, 3ù«�¹e, �x ´�§(5-4) ����ê), K·�7kx > 0. u´, |^Ø�ª|u| + |v| ≥ 2
√

|u| · |v| �±íÑ
x · a 1

x +
1

x
· ax ≥ 2 ·

√
x · a 1

x · 1

x
· ax = 2 · a

x+ 1
x

2 ≥ 2 · a,���=�x = 1 ��§¤á. ù�Òy²
éua > 1, �§(5-4) k�=k���ê)x = 1.y3·��Ä0 < a < 1. �x0 ´�§(5-4)���?¿�ê), Kx0 > 0. Ǒ
y²x0 = 1, ·�b½x0 6= 1, ¿��0 < x0 < 1 (y²x0 > 1 ��¹�0 < x0 < 1�¹�Ó), Kk 1
x0

> 1. ·�Xe½Â¼êf(x) :

f(x) = x · a 1
x +

1

x
· ax − 2aw,,¼êf(x)34«m[x0,

1
x0

]þëY,3m«m(x0,
1

x0

)S��, ¿�f(x0) =

f(
1

x0
) = f(1) = 0. u´, dêÆ©Û¥�Rolle ½n��f ′(x) 3m«m(x0,

1

x0

)S7kü�":, 
�3Ó�m«mSf ′′(x) 7k��":. �´, d¼êf(x) �½Â·��±íÑ
f ′(x) = a

1
x − 1

x
· a 1

x · ln a − 1

x2
· ax +

1

x
· ax · ln a9

f ′′(x) =
1

x3
· a 1

x · ln2 a +
2

x3
· ax − 1

x2
· ax · ln a − 1

x2
· ax · ln a +

1

x
· ax · ln2 a

=
1

x3
· a 1

x · ln2 a +
2

x3
· ax +

2

x2
· ax · ln 1

a
+

1

x
· ax · ln2 a

> 0, x ∈
(

x0,
1

x0

)
,Ù¥·�^�0 < a < 1 �ln 1

a > 0. ù�f ′′(x) 3m«m(x0,
1
x0

) S7k��":�gñ. ù�Òy²
�0 < a < 1 �½n¤á.XJa < 0 �a 6= −1, �§(5-4) k���ê)x, ÏǑKêvk¢�²��, ¤±|x| 7Ǒ��Ûê. u´, 3ù«�¹e�§(5-4) �±zǑ:

2|a| = −2a = −x · a 1
x − 1

x
· ax = −x · (−1)

1
x · |a| 1x − 1

x
· (−1)x · |a|x

= x · |a| 1x +
1

x
· |a|x.
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Smarandache¯KïÄKd
¡�í�(Ø��, 3ù«�¹e½nE,¤á.ù�Ò�¤
½n�y².555: ¯¢þ, d½n�y²L§·�éN´uy·��±y²����(Ø:�RL«¤k�¢ê�8. é?¿a ∈ R\ {−1, 0, 1}, �§
x · a 1

x +
1

x
· ax = 2ak�=k���ê)x = 1; �a > 0 �, §k�=k��¢ê)x = 1.

5.3 'u¼êϕ(n)9δk(n)é�½��êk 9?¿��ên, ·�Xe½Â�«#�êØ¼ê:

δk(n) = max{d | d | n, (d, k) = 1}XJn ≥ 1, KEuler ¼êϕ(n) L«¤kØ�Ln ��n p����ê��ê,Ïd
ϕ(n) =

n∑′

k=1

1,Ù¥Úª n∑′

k=1

L«é¤k�u�un ��n p����êk �Ú.�!¥, ·�òïÄ¼êϕ(n) �Ø¼êδk(n) �5�, ¿�Ñ¤k÷vϕ(n) |
δk(n) ��ên. Äkk:ÚÚÚnnn5.3.1 én ≥ 1, ·�k

ϕ(n) = n
∏

p|n

(
1 − 1

p

)
.yyy²²²: ( ë�©z[4] ¥½n2.4 ).½½½nnn5.3.1 ϕ(n) | δk(n) ��=�n = 2α3β, Ù¥α > 0, β ≥ 0, α, β ∈ N .yyy²²²: ·�ò©±eü«�¹?1?Ø:

(I) �(n, k) = 1 �, Kδk(n) = n. �n �IOÏf©)ªǑn =

pα1
1 pα2

2 · · · pαs
s . dÚn5.3.1, �P

ϕ(n) = pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαs−1
s (ps − 1),XJϕ(n) | δk(n), �o

pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαs−1
s (ps − 1) | n,=Ò´

(p1 − 1)(p2 − 1) · · · (ps − 1) | p1p2 · · · ps,
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1ÊÙ AÏ�§�)¯K�âÚn5.3.1, ·���
i) p1 = 2, ÄK, (p1 − 1)(p2 − 1) · · · (ps − 1) ´óê�p1p2 · · · ps ´Ûê¿�
ii) s ≤ 2, ÏǑ2|(pi − 1) (i = 2, 3, · · · , s) �´p2p3 · · · ps ØU�2 �Ø.es = 1, Kn = 2α, α ≥ 1.es = 2, Kn = 2α3β , α ≥ 1, β > 1.Ïd, ·��±���(n, k) = 1 �, n = 2α3β , α ≥ 1, β ≥ 0 ÷vϕ(n) | δk(n).

(II) �(n, k) 6= 1 �, -n = n1 · n2, Ù¥(n1, k) = 1 �(n1, n2) = 1, �o
δk(n) = n1,9

ϕ(n) = ϕ(n1)ϕ(n2),XJϕ(n) | δk(n), �o
ϕ(n1)ϕ(n2) | n1,=Ò´

ϕ(n1) | n1 (5-5)

ϕ(n2) | n1 (5-6)|^(5-5), ·���
n1 = 2α13β1 , (5-7)Ù¥α1 ≥ 1, β1 ≥ 0, α1, β1 ∈ N .nÜ(5-6) 9(5-7), éN´íÑ

ϕ(n2) | 2α13β1 ,=Ò´
ϕ(n2) = 1.ÄK(n1, n2) 6= 1.u´

n2 = 1o�, �Øn �k ´Äp�, ·�Ñ�±��n = 2α3β, α ≥ 1, β ≥ 0 ÷vϕ(n) | δk(n).u´Ò�¤
½n5.3.1 �y².

5.4 �¹Euler¼êÚSmarandache¼ê��§é?¿��ên, -S(n)L«Smarandache¼ê, Ù½ÂǑ�n|m!������êm. XJn = pα1
1 pα2

2 · · · pαk

k Ǒn�IOÏf©)ª, Kd½ÂN´íÑS(n) =
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Smarandache¯KïÄ
max{S(pαi

i )}, Ù¥����i�l1�k�¤k�¥����.-φ(n)L«Euler ¼ê, Ǒ=φ(n)L«¤kØ�Ln��np����ê��ê, w,φ(n)´���¼ê. Euler ¼êφ(n) L«¤kØ�Ln ��n p����ê��ê. �!òïÄφ(n) = S(nk)(Ù¥kǑ?¿�½���ê)�§�)��ê¯K. 'uù�¯K,N´��n = 1´T�§�), �·�¿Ø��ù��§´Äkk��). e¡·�|^���{5)ûù�¯K, é?¿�½���êk�Ñ
ù��§��Ü).½½½nnn5.4.1 �§S(n) = φ(n)ko�): n = 1, 8, 9, 12.yyy²²²: �n = pα1
1 pα2

2 · · · pαk

k Ǒn�IOÏf©)ª, -
S(n) = max

1≤i≤k
{S(pi

αi)} = S(pα).dS(n)Úφ(n)½Â��
φ(n) = pα1−1

1 (p1 − 1)pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1)

= φ(pα)φ(n1) = pα−1(p − 1)φ(n1) = S(pα).w,n = 1´�§S(n) = φ(n)�).XJn > 1·�ò©n«�¹?ØXe:

(I) XJα = 1 �n = p, �oS(n) = p 6= p − 1 = φ(n). Ǒ=´`, Ø�3?Û���ê÷v�§S(n) = φ(n). XJα = 1�n = n1p, �oS(n) = p 6=
(p − 1)φ(n1) = φ(n1p). ¤±T�§�).

(II) XJα = 2, �okS(p2) = 2p Úφ(p2n1) = p(p − 1)φ(n1). ¤±ù���=�
(p − 1)φ(n1) = 2âkS(n) = φ(n). ù�±©ü«�¹5?Ø:p − 1 = 1, φ(n1) = 2; p − 1 = 2,

φ(n1) = 1. Ǒ=��p = 2, n1 = 3; p = 3, n1 = 1. ù��§S(n) = φ(n)kü�):n = 12, 9.

(III) XJα = 3, w,kS(23) = φ(23) = 4, u´n = 8 ÷v�§.XJα ≥ 3 �p > 2, 5¿�
pα−2 > 2α−2 = (1 + 1)

α−2
= 1 + α − 2 + · · · + 1 > α.=k

pα−1 > αp ⇒ pα−1(p − 1)φ(n1) > αp,�
S(pα) ≤ αp.¤±ù«�¹T�§�).nÜþ¡n«�¹�?Ø, ·�áǑ���§S(n) = φ(n)ko�): n = 1, 8,

9, 12.u´�¤
½n5.4.1 �y².
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1ÊÙ AÏ�§�)¯KÚÚÚnnn5.4.1 XJpǑ��ê, �oS(pk) ≤ kp. XJk < p, �oS(pk) = kp, Ù¥kǑ?¿�½���ê.yyy²²²: (ë�©z[31]).½½½nnn5.4.2 �§φ(n) = S(n2)kn�): n = 1, 24, 50.yyy²²²: -n = pα1
1 pα2

2 · · · pαk

k , dS(n)Úφ(n)½Â��
S(n2) = max{S(p2αi

i )} = S(p2α),Ù¥pǑ�ê±9
φ(n) = pα−1(p − 1)φ(n1),

φ(n) = pα−1(p − 1)φ(n1),Ù¥(n1, p) = 1. ǑÒ´`n1Úp���úÏfǑ1.w,n = 1´�§φ(n) = S(n2)�). XJn > 1·�ò©a?ØXe:

(i) -α = 1.XJp = 2, �oS(22) = 4, φ(n) = (2 − 1)φ(n1), dS(n2) = S(22) = φ(n) =

φ(n1)��φ(n1) = 4,¤±φ(n1) = 4,u´n = 22×5. �S(24 ·52) = 10 6= φ(22×5),Ïdù��§�).XJp ≥ 3,dÚn��S(p2) = 2p, φ(n) = (p−1)φ(n1),5¿�p†(p−1)φ(n1),Ïdù��§Ǒ�).

(ii) -α = 2.XJp = 2, �oS(24) = 6 = 2φ(n1), �).XJp = 3, �oS(34) = 9 = 3 × 2φ(n1), �).XJp = 5, �oS(54) = 20 = 5 × 4φ(n1), ¤±n1 = 2, Ïdn = 52 × 2´�§�).XJp ≥ 7, �oS(p4) = 4p = p(p − 1)φ(n1), 5¿�p − 1 > 4, �).

(iii) -α = 3.XJp = 2, �oS(26) = 8 = 4φ(n1), ¤±n1 = 3, Ïdn = 23 × 3´�§�).XJp = 3, �oS(36) = 15 = 32 × 2φ(n1), �).XJp = 5, �oS(56) = 25 = 52 × 4φ(n1), �).XJp = 7, �oS(76) = 42 = 72 × 6φ(n1), �).XJp > 7, �oS(p6) = 6p = p(p − 1)φ(n1), 5¿�p − 1 > 6, �).

(iv) -α = 4. XJp = 2, �oS(28) = 10 = 8φ(n1), �).XJp ≥ 3, dÚn��S(p2α) < 2pα, 5¿�φ(n) = pα−1(p − 1)φ(n1)Úpα−1 > 2pα, �).

(v) -α = 5.XJp = 2, �oS(210) = 12 = 24φ(n1), �).XJp ≥ 3, dÚn��S(p2α) < 2pα, 5¿�φ(n) = pα−1(p − 1)φ(n1)Úpα−1 > 2pα, �).

(vi) -α ≥ 6.
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Smarandache¯KïÄXJp ≥ 2, dÚn��S(p2α) < 2pα, 5¿�φ(n) = pα−1(p − 1)φ(n1)Úpα−1 > 2pα, �).éÜ(i)�(vi), ·�áǑ���§φ(n) = S(n2)kn�): n = 1, 24, 50.u´�¤
½n5.4.2�y².aq/, |^Ó���{·��±�Ñ:½½½nnn5.4.3 �§φ(n) = S(n3) kn�): n = 1, 48, 98.½½½nnn5.4.4 �§φ(n) = S(n4) k��): n = 1.555: �^aq��{, ·�Ǒ�±íÑ�§φ(n) = S(nk) kk��), Ù¥kǑ?¿�½���ê.

5.5 'u²�Öê����§é?¿��ên, �b2(n) Ǒ²�Öê(½Â2.1.1). ù��!¥·�ò|^)Û�{?Ø'u²�Öê��§
n∑

k=1

b2(k) = b2(
n(n + 1)

2
)�)��ê¯K§¿�Ñ
ù�AÏ�§��Ü). Äk§·�I�e¡A�Ún. ÚÚÚnnn5.5.1 �x > 1Ǒ�¢ê9m > 1´���ê, �o��±e�O

∑

n≤x

1

nm
> ζ(m) − m

(m − 1)xm−1
.yyy²²²: �âEuler�ÚúªN´íÑ

∑

n≤x

1

nm
=

∫ x

1

dt

tm
− m

∫ x

1

t − [t]

tm+1
dt + 1 − x − [x]

xm

=
x1−m

1 − m
− 1

1 − m
+ 1 − m

∫ ∞

1

t − [t]

tm+1
dt + m

∫ ∞

x

t − [t]

tm+1
dt − x − [x]

xm

> ζ(m) − m

(m − 1)xm−1
,Ù¥|^
ð�ª( ë�©z[4])

ζ(m) = 1 − 1

1 − m
− m

∫ ∞

1

t − [t]

tm+1
dt.Ún5.5.1 �y.ÚÚÚnnn5.5.2 é?¿��ên ≥ 1k±e�O

n∑

k=1

b2(k) >
ζ(4)

2ζ(2)
n2 −

(
3

2
ζ(2) +

1

8

)
n

3
2 −

(
2

3ζ(2)

)
n,
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1ÊÙ AÏ�§�)¯Kyyy²²²: �âEuler�Úúª±9b2(n)�½ÂÚMöbius ¼ê�5���
∑

k≤n

b2(k) =
∑

m2k≤n

k|µ(k)| =
∑

m2d2h≤n

d2hµ(d)

=
∑

m2d2≤n

d2µ(d)
∑

h≤ n

m2d2

h

=
∑

m2d2≤n

d2µ(d)

(
n2

2m4d4
+

n

2m2d2
− n

m2d2
{ n

m2d2
}

− 1

2

(
{ n

m2d2
} − { n

m2d2
}2
))

>
n2

2

∑

m2d2≤n

µ(d)

m4d2
− n

∑

m2d2≤n

1

m2
− 1

2

∑

m2d2≤n

d2

4

>
n2

2

∑

m≤√
n

1

m4

∑

d≤
√

n

m

µ(d)

d2
− ζ(2)n

3
2 − 1

8
n

3
2Ú

∑

d≤
√

n

m

µ(d)

d2
>

∞∑

d=1

µ(d)

d2
−
∑

d>
√

n

m

1

d2
>

1

ζ(2)
− m√

n
>

1

ζ(2)
− m2

√
n

.2dÚn5.5.1 k
∑

k≤n

b2(k) >
n2

2

∑

m≤√
n

1

m4

(
1

ζ(2)
− m2

√
n

)
− ζ(2)n

3
2 − 1

8
n

3
2

=
n2

2ζ(2)

∑

m≤√
n

1

m4
− n

3
2

2

∑

m≤√
n

1

m2
− ζ(2)n

3
2 − 1

8
n

3
2

>
n2

2ζ(2)

(
ζ(4) − 4

3n

)
− 3

2
ζ(2)n

3
2 − 1

8
n

3
2

=
ζ(4)

2ζ(2)
n2 −

(
3

2
ζ(2) +

1

8

)
n

3
2 −

(
2

3ζ(2)

)
n.Ún5.5.2�y.3þ¡ü�Ún�Ä:þ§·��Ñe¡�Ì�½nµ½½½nnn5.5.1 �§

n∑

k=1

b2(k) = b2

(
n(n + 1)

2

)=kn�), ©OǑn = 1, 2, 3.yyy²²²: ·�©ü«�¹5?Ø:
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Smarandache¯KïÄ
(i) XJn(n+1)

2 ´�²�Öê, �odb2(n)�½ÂÒk
b2(

n(n + 1)

2
) =

n(n + 1)

2
.5¿�b2(n) ≤ náǑ��

n∑

k=1

b2(k) ≤ b2

(
n(n + 1)

2

)
,ù��ª��=��>�z��b2(n)þ÷vb2(n) = n�âU¤á. ù�N´íÑ�§kn�): n = 1, 2, 3.

(ii) XJn(n+1)
2 �²�Ïf, �odb2(n)�½ÂÒk

b2(
n(n + 1)

2
) ≤ n(n + 1)

8
.5¿�ζ(2) = π2

6 , ζ(4) = π4

902�âÚn5.5.2��
n∑

k=1

b2(k) >
ζ(4)

2ζ(2)
n2 −

(
3

2
ζ(2) +

1

8

)
n

3
2 −

(
2

3ζ(2)

)
n >

3

10
n2 − 3n

3
2 − 4

9
n.N´íÑ

3

10
n2 − 3n

3
2 − 4

9
n >

n(n + 1)

8
, XJ n > 361.Ïd�§

n∑

k=1

b2(k) = a

(
n(n + 1)

2

)
, XJ n > 361.�).XJn���Ǒl4 �361, �o�§Ǒ�Ù§).u´�¤
½n5.5.1 �y².e¡�ÑO�§SXe:

#include<stdio.h>

#include<math.h>

//function

int get(int n)

{int i,m;

float g;

for(i=1;i≤ n;i++)

{g=sqrt(i*n);m=(int)g;

if(g-m==0)return i;

} }
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1ÊÙ AÏ�§�)¯K
main()

{int n=361 ;

int sum;

int i,j;

for(i=1;i≤ n;i++)

{sum=0;

for (j=0;j≤ i;j++) sum=sum+get(j);

if(sum==get(i*(i+1)/2))

printf“%d\n”,i);}}
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Smarandache¯KïÄ18Ù Ù§�'¯KïÄ3
¡AÙ¥·�Ì�0�
Smarandache¯K3êØ¼ê, AÏê��©Ù, ?ê9AÏ�§)�¯K, ¤^�{Ì�Ǒ��½)Û�êØ�{5ïÄ. �´Smarandache¯K¤�9�ïÄ+��~2�, �Ù�Ì�8�3uÏLSmarandache­�m, SmarandacheAÛ, 2ÂSmarandache Palindromesê��Ý, Smarandache n-(�9¥�Æ��'©Ù��Ö�Öö�Ú
)Smarandache¯K�2�5, ¿ÏLÆS-uÖöéSmarandache¯K�ïÄ,�.

Smarandche­�m9�'êÆ|ÜnØf��
(¥I�Æ�êÆ�XÚ�ÆïÄ�§�® 100080)Á�. �©�Ì�8�§3u{�/0����­V�«#,�êÆ|ÜnØ§=Smarandache­�mnØ. ù«nØ�ÄØÓ5���m½ØÓ(�a.��m|Ü3�åAk�5�9êÆ5Æ§�)é²;�ê(�¥+!�!�!�5�m�|Ü§±9é²;AÛ§Xî¼AÛ!V­AÛ!RiemannAÛ�|Ü�. 
ISÔn.61�u��u/M-nØ§Ù¥æ^���Ò´�«AÏ�­�m. �,§�Ǒ�«�#�Ôn��§Smarandache­�mnØǑ���­VnØÔnïÄJø
�«����m|ÜnØ.' è 
 µSmarandache­ � m § ­ + § ­ � § ­ Ý þ � m § / ã AÛ§SmarandacheAÛ§�Ýþ�mAÛ§FinslerAÛ.

AMS(2000): 03C05, 05C15, 51D20,51H20, 51P05, 83C05,83E50

§1. �êXÚ9Ùã)L«Äk�Ä��{ü�¯Kµ1 + 1 = ? 3g,êX¥§·���1+1=2. 32?�$�NX¥§·����1+1=10§ùp�10¢Sþ�´2. �â/Ä½�Ä½�u�½0�óÆg�§·�æ^�«/�g��!�_�0g�([6]) 5­#w�ù�¯K§­#©Û1 + 1 = 2½6= 2.·���1, 2, 3, 4, 5, · · · ù��ê�¤g,êXN . 3ù�êX¥§�âêê�5Æ§z�ê¡Ǒ
¡;�X�ê��Uê§=2��UêǑ3§PǑ2′ = 3. Ó�§3′ = 4, 4′ = 5, · · · . ù�·�Ò��

1 + 1 = 2, 2 + 1 = 3, 3 + 1 = 4, 4 + 1 = 5, · · · ; 1 + 2 = 3, 1 + 3 = 4, 1 + 4 = 5, · · ·ù��
$��ª. 3ù«$�NXe§·��U��1 + 1 = 2�(Ø.y3£��e$��½Â. �½��8ÜS§é∀x, y ∈ S, ½Âx ∗ y = z§¿g´Sþ�3��2�(ÜN�∗ : S × S → S§��∗(x, y) = z.
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18Ù Ù§�'¯KïÄæ^ã)��ª§·��±^ãrù«'X3²¡þL«Ñ5. ÄkrS¥�z��^²¡þ�:L«§XJS ¥kn��§K3²¡þÒ�n�Ø���:¶ü�:x, z�më��^k��ã§XJ�3���y��x ∗ y = z,·�3ù^�ãþIþ∗y§¡ǑT�ã��­§Xã1.1¤«.ã1.15¿ù«éA´1 − 1�§PSéA�ãǑG[S].½Â1.1 ���êXÚ(A; ◦)¡Ǒü��e�3��N�̟ : A → A��é∀a, b ∈
A§��a ◦ b ∈ A§K�3������c ∈ A, c ◦ ̟(b) ∈ A§�A/¡̟Ǒü�N�.·�éN´��e¡'u�êXÚ(A; ◦)�ãG[A]�'X���(J.½n1.1 �(A; ◦)Ǒ���êXÚ§K

(i) e(A; ◦)þ�3��ü�N�̟§KG[A]´��Eulerã. ��§eG[A]´��Eulerã§K(A; ◦)´��ü�$�XÚ.

(ii) e(A; ◦)´������ê$�XÚ§KG[A]¥z�º:�ÑÝǑ|A|¶d	§XJ(A; ◦)þ��Æ¤á§KG[A]´�����­2-ã�z�º:ÊÜ�����ØÓº:�m�>Ǒ�é2->§��½,.

§2. �êSmarandache­�m����1 + 1 6= 2½1 + 1 = 2�1 + 1 6= 2Ó�¤á�êÆXÚ§·�I�?�Úí2þ¡�g�. ��/§·�½Â��Smarandache n-­�mXe.½Â2.1 ��n-­�m∑§½ÂǑn�8ÜA1, A2, · · · , An�¿
∑

=

n⋃

i=1

Ai�z�8ÜAiþþ½Â
�«$�◦i ��(Ai◦i)Ǒ���êNX§ùpnǑ��ê§1 ≤ i ≤ n.Þ�{ü�~f. �nǑ����ê§Z1 = ({0, 1, 2, · · · , n − 1}, +)Ǒ(modn)\{+. P = (0, 1, 2, · · · , n − 1)ǑZn¥�����. é?¿�êi, 0 ≤ i ≤ n − 1§½ÂZi+1 = P i(Z1)§��eZ1¥k + l = m§KZi+1¥kP i(k) +i P i(l) = P i(m)§d?+iL«��$�+i : (P i(k), P i(l)) → P i(m).K n⋃
i=1

ZiÒ´��n­�êXÚ.
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Smarandache¯KïÄ3­�m�µee§·��±í2²;�êÆ¥+�Vg
��­+�Vg§¿��Ù�A��ê(�.½Â2.2 �G̃ =
n⋃

i=1

GiǑ��äk$�8O(G̃) = {×i, 1 ≤ i ≤ n}�µ4­�m.eé?¿�êi, 1 ≤ i ≤ n, (Gi;×i) ´��+§�é∀x, y, z ∈ G̃Ú?¿ü�$�/×0and /◦0§× 6= ◦§�3��$�§~X×§é/◦0÷v©�Æ§=
x × (y ◦ z) = (x × y) ◦ (x × z); (y ◦ z) × x = (y × x) ◦ (z × x),��Ù¥�$�(J�3§K¡G̃Ǒ��n-­+.Ó�§·��±½Ân-­+�f­+!�5f­+�Vg§?
��+Ø¥�
²;(J�í2§��©z[4]. aq/§·���±?�ÚÚ?­�!­�þ�m�Vg§?
í2�!�5�mnØ¥�
Í¶(J.½Â2.3 �R̃ =

m⋃
i=1

RiǑ�����m-­�m§�é?¿�êi, j, i 6= j, 1 ≤ i, j ≤

m, (Ri; +i,×i)Ǒ����é?¿�∀x, y, z ∈ R̃§���A�$�(Jþ�3§Kk
(x +i y) +j z = x +i (y +j z), (x ×i y) ×j z = x ×i (y ×j z),

x ×i (y +j z) = x ×i y +j x ×i z, (y +j z) ×i x = y ×i x +j z ×i x,K¡R̃Ǒ��m-­�. eé?¿�êi, 1 ≤ i ≤ m, (R; +i,×i)´���§K¡R̃Ǒ��m-­�.½Â2.4 �Ṽ =
k⋃

i=1

Vi Ǒ�����m-­�m§Ù$�8ÜǑO(Ṽ ) =

{(+̇i, ·i) | 1 ≤ i ≤ m}§F̃ =
k⋃

i=1

FiǑ��­�§Ù$�8ÜǑO(F̃ ) =

{(+i,×i) | 1 ≤ i ≤ k}. eé?¿�êi, j, 1 ≤ i, j ≤ k9?¿�∀a, b, c ∈ Ṽ ,

k1, k2 ∈ F̃ ,��éA�$�(J�3§K
(i) (Vi; +̇i, ·i)Ǒ�Fiþ��þ�m§Ù�þ\{Ǒ/+̇i0§Iþ�{Ǒ/·i0¶
(ii) (a+̇ib)+̇jc = a+̇i(b+̇jc);

(iii) (k1 +i k2) ·j a = k1 +i (k2 ·j a);K¡ṼǑ­�F̃þ�k­�þ�m§PǑ(Ṽ ; F̃ ).

§3. AÛSmarandache­�mAÛ­�mX3­Ýþ�mÄ:þ�)§ÄkÚ\­Ýþ�m�Vg.½Â3.1 ��­Ýþ�mM̃½ÂǑ¿8 m⋃
i=1

Mi§��é?¿�ê∀i, 1 ≤ i ≤
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18Ù Ù§�'¯KïÄ
m§Mi´ÝþǑρi�Ýþ�m.½Â3.2£[1][5]¤��ú�¡ǑSmarandacheÄ½�§eÙ3Ó���m¥Ó�LyÑ¤á½Ø¤á§½��±ü«±þ�ªLyØ¤á.��¹kSmarandacheÄ½ú��AÛ¡ǑSmarandacheAÛ.�Ǒ��5/�E2-�SmarandacheAÛ§©z[3]Ú\
/ãAÛ�Vg. ¤¢/ãM Ò´ã3���½�½Ø�½�­¡þ�2-�ni\. |^��+nØ¥��
(JÚ/ã�AÛA5§TutteQu1973
JÑ/ã��«�ê½Â§Ǒ/ã�|ÜïÄ�e
Ä:([2][4]).½ Â3.3 3 / ãMz � º :u, u ∈ V (M)þ D � � � ¢êµ(u), µ(u)ρM (u)(mod2π)§¡(M, µ)Ǒ��/ãAÛ§µ(u)Ǒ:u�ÆÏf¼ê. À#N½Ø#N­¡þ�­�BL,��½,A�¡
¡T/ãAÛ�>.½k>.. ÀÆÏf¼ê5½��òÆÝ�u�!�u�½�u�§©O¡:uǑý�:!î¼:ÚV­:.½n3.1([3-4]) k.!�./ãAÛ¥þ�3�ØAÛ!�AÛ!��KAÛÚ�AÛ§=�3SmarandacheAÛ.ý�:!î¼:ÚV­:33��m¥þ´�±¢y�§ùp:�¢ykOuî¼�m��/§=Ø�½´²��§Ø�T:Ò´î¼:. ¤±/ãAÛJø
3²��mÄ:þ�E�­�m��«�{. Bun)§·�0�²¡/ãAÛ��/. 3ù«�/§Ø=�±3º:þD�ÆÏf¼ê§��±��ë�º:�m�>´��ëY¼ê§ù�é?�Ún)²¡þ�ê­��©k¿Â. 'X3²¡/ãAÛ¥kù��(Øµ²¡/ãAÛ�¡��ØBL/ãº:½BL�º:Ǒî¼:Ú²¡/ãAÛ¥#N1->/Ú2->/�3�.

§4. �Ýþ�mAÛ/ãAÛ�g�¢Sþ�±��/½Âu��Ýþ�mþ§=3TÝþ�m�z�:þD���n-��þ
ïá�Ýþ�mAÛ.½Â4.1 �UǑ��ÝþǑρ�Ýþ�m§W ⊆ U . é?¿∀u ∈ U§e�3��ëYN�ω : u → ω(u)§ùp§é?¿�ên, n ≥ 1§ω(u) ∈ Rn��é?¿��êǫ > 0§þ�3��êδ > 0Ú��:v ∈ W , ρ(u−v) < δ��ρ(ω(u)−ω(v)) < ǫ.KeU = W§¡UǑ���Ýþ�m§PǑ(U, ω)¶e�3�êN > 0��∀w ∈
W , ρ(w) ≤ N§K¡UǑ��k.�Ýþ�m§PǑ(U− , ω).5¿ω´ÆÏf¼ê�§l�Ýþ�m·���Einstein��­�m. ǑBun)§·�?Ø�²¡AÛ�ωǑÆÏf¼ê��/§ke¡��{ü�(Ø([4]).
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Smarandache¯KïÄ½n4.1 3���²¡(
∑

, ω)þ§eØ�3î¼:§K(
∑

, ω)Ùz�:þǑý�:½z�:þǑV­:.éu²¡�ê­�§KkXe(J.½n4.2 3�²¡(
∑

, ω)þ�3�ê­�F (x, y) = 0²L«�D ¥�:(x0, y0)��=�F (x0, y0) = 0�é?¿∀(x, y) ∈ D§
(π − ω(x, y)

2
)(1 + (

dy

dx
)2) = sign(x, y).3½Â4.1¥§�U = W = MmùpMmǑ��m-6/§é?¿:∀u ∈

Mm§�n = 1�ω(u)Ǒ��1w¼ê. K��6/Mm þ��6/AÛ(Mm , ω).é∀x ∈ Mm§�ω(x) = F (x)§ùpF (x)ǑTMmþ�Minkowski�ê§K�6/AÛ(Mm, ω)´��Finsler 6/§AO/§XJ�ω(x) = gx(y, y) = F 2(x, y)§K(Mm, ω)Ò´Riemann6/. ù�§·�Ò��eã(Ø.½n4.3 �Ýþ�mAÛ(Mm, ω)§��/§SmarandacheAÛ¥�¹FinslerAÛ§l
�¹RiemannAÛ.ë�©z
[1] L.Kuciuk and M.Antholy, An Introduction to Smarandache Geometries,

Mathematics Magazine, Aurora, Canada, Vol.12(2003)

[2] Y.P.Liu, Enumerative Theory of Maps, Kluwer Academic Publishers, Dor-

drecht/ Boston/ London, 1999.

[3] L.F.Mao, On Automorphisms groups of Maps, Surfaces and Smarandache ge-

ometries, Sientia Magna, Vol.1(2005), No.2, 55-73.

[4] L.F.Mao, Smarandache multi-space theory, Hexis, Phoenix, AZ§2006.

[5] F.Smarandache, Mixed noneuclidean geometries, eprint arXiv:

math/0010119, 10/2000.

[6] F.Smarandache, A Unifying Field in Logic: Neutrosophic Field, Multi-Valued

Logic, Vol.8, No.3(2002)(special issue on Neutrosophy and Neutrosophic

Logic), 385-438.
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18Ù Ù§�'¯KïÄ
Smarandache AAAÛÛÛÆÆÆ���000���

L.Kuciuk1 M.Antholy2

(1. University of New Mexico, NM 87301, Email: research@gallup.unm.edu.)

(2. University of Toronto, Toronto, Email: mikesntholy@yahoo.ca.)Á�. �©é-<-Ä�AÛÆ�
{ü��ã§¿Ǒ��AO�AÛã/ïá
�..Úóµ ¤¢SmarandacheÄ�ún´�3Ó��mU
��^ü«�{Ly£=§��yÚØ��y§½==Ø�y�´±õ­ØÓ��{¤.

SmarandacheAÛ´k����SmarandacheÄ�ún�AÛ£1969¤.½ÂµP3SmarandacheAÛ¥^s-:§s-�§s-²¡§s-�m§s-nÆ/©OéA:§�§²¡§�m§nÆ/�±«ÓÙ§AÛã/�«O.A^µǑ�okù
·ÜAÛQºÏǑy¢¥(¢Ø�3�©l�þ!�m§
´§��·Ü§��pë�§z��ÑkØÓ�(�.3îAp�AÛ¥§Ǒ¡ûóAÛ§1Ê�îAp�b�´L®����	�:=�3�^²1�Ú®���²1§§��3e5½�y².3Lobachevsky-Bolyai-GaussAÛ¥§Ǒ¡V­AÛ§1Ê�îAp�b�^e¡��{�Ä½
µL®���	�:�3�¡õ�²1�Ú®���²1.Ïd§�Ǒ ��AÏ ��¹§ îAp� §Lobachevsky-Bolyai-Gauss§ÚRiemannianAÛ�±�SmarandacheAÛ3Ó��m¥(Ü3�å. ù
�e�AÛÜ©8ǑîAp�§Ü©´�îAp�. Howard Iseri[3]Ǒù�AÏ�SmarandacheAÛ�ï
���.§ùpîAp�1Êb�3Ó��m�ØÓ�Lã¤�O§=ØØ�^²1�§vk²1�§�´�¡õ²1�Ñ²L®���:§¤k��²L®�:´Ñ´²1�.�ÄîAp�AÛ�Hilbert21ún. XJSmarandacheÄ�ún�§�§n§��§��éA�21ún§K·���µ
C1 + C2 + C3 + ... + C21 = 221 − 1 = 2, 097, 151Ø+êikõ�§SmarandacheAÛÑé§ÏǑ��ún�±±õ­�{¤ǑSmarandacheÄ�ún.aq/§SmarandacheÄ�únǑA^uÝKAÛ§��.q�SmarandacheAÛ��éØnØéXX£ÏǑ§�Ñ�)f�m
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Smarandache¯KïÄ�RiemannianAÛ¤§Ó�ǑÚ²1�»éXX£ÏǑ§�r©l��m(Ü¤�k��¤.

SmarandacheE�´��n-�E�÷vSmarandacheAÛ.~fµ �Ǒ��AÏ�¹§SmarandacheE�3Howard�.[3]¥�Ǒ2�E�§d�.d�>nÆ/|¤§÷vz�º:©OéA5£L«ý�/�¤§6(L«îAp�/�)§7(L«V­�/�)nÆ/§üü�k�>. ½ö§���/§��n-�E�ïá3n-�fE�£üü�k�õm-�>.§Ù¥m < n¤�þ÷vSmarandacheAÛ.��AÏSmarandacheAÛ��.µ 4·��Ä��îAp�²¡(α)ÚÙ¥�n�����®�:A, BÚC. ·�½Âs-:Ús-��¤kÊÏ�îAp�:§��Ó§ù
�L�=LA, B½C¥���. Ïd¤/¤�AÛ´SmarandacheAÛÏǑü�ún´SmarandacheÄ�únµ
a¤ÏL®���	�:=k�^²1�ù�úny3®�ü�Lã¤O�µ�^²1�§Úvk²1�.~fµæ^îAp��AB£�â½ÂùØ´��s-�§ÏǑ3®��n�:A, B, C¥²L
ü�¤§Ú²Ls-:C�s-�PǑ£c¤§±îAp��*:§üö²1µ
-ÏL?ÛØ3ABþ�s-:�3�^²1u£c¤�s-�.

-ÏL?ÛÙ§3îAp��ABþ�s-:Ø�3Ú£c¤²1�s-�.

b¤ÏL?ÛØÓü:�3�^²L§����ù�úny3�e¡�¤O�µ�^s-�§Úvks-�.~fµ�^�Ó�PÒµ
-ÏL?ÛØ3îAp��AB, BC, CAþ�ØÓüs-:�3�^s-�²L§�¶
-ÏL?Û3ABþ�ØÓü:Ø�3s-�²L§�.,¹µ 1�3SmarandacheAÛIS¬Æòu2003
5�3Ò�5Ò3e�|æQueensland �Griffith�ÆÞ1§¬ÆdJack AllenÆ¬Ì±.¬ÆÌ�3µ
http://at.yorku.ca/cgi-bin/amcacalendar/public/display/conference info/fabz54.Ó�Ǒ\D3µ
http://www.ams.org/mathcal/info/2003 may3-5 goldcoast.html.�k��'uSmarandacheAÛ�èWÜ§��´µ
http://cluds/yahoo.com/clubs/smarandachegeometries,�H�[
5.�õ�&E�wµhttp://www.gallup.unm.edu/ smarandache/geometries.htm.
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S.Bhattacharya

(Alaska Pacific University, 4101 University Drive, Anchorage, AK99508)��SmarandacheAÛ´����¹��SmarandacheÄ½ún�AÛ.ù�Vg´dFlorentin Smarandache31969
uLuParadoxist Mathematics�©Ù¥JÑ5�.·�¡��ún´SmarandacheÄ½�,´�ù�ún3Ó��m¥��kü«ØÓ�Ly/ª£=:k��Ú���,½ö==´���, �kõ­ØÓ�/ª¤.��AÏ��¹´:3Ó��m¥,ÏL�
SmarandacheAÛǑN�±rîAp�AÛ,Ûn�ÅdÄ-
�-pdAÛÚiùAÛ(Ü3�å.·�3d�Ñ��SmarandacheAÛ�{ü~f¿��Ööéu�±2ME�êÆ2�ÑÙ§�~f.·��Ä��Ý/ABCD9ÙSÜ�:5�Ǒ��AÛ�m.ù��m¥�:Ò´ÊÏ�:,
Ù¥��´�?�ë�dÝ/é>��ã.ü�²1´�§�vk�:.

L1µÝ/þ���SmarandacheAÛù´��SmarandacheAÛ,ÏǑ§Ü©V­�îAp�,Ü©îAp�,¿�Ü©ý��îAp�.��CE,�Ý/S���:N ,K�3�¡õ^�L:N�²1uCE(=¤k²L:N�3�(u)Ú(v)�m��),ùÒ´V­��/.�,	��S:M ∈ AB,K�k�^�²1uCE,=�AB,Ïd�k�^�²L:M ,ù´îAp��/.y3,�,�:D,Kvk�^²LD�²1uCE��ÏǑ¤kLD���Ñ�CE��,d�Ǒý��/.¤±,îAp�1Êú�´k��,�Ǒküg��.Ǒ�où
¡�ǑSmarandacheAÛ(SG)? ÏǑ§��±����A·��y¢, ·���»¿Ø´�k��à5�m, 
´�X��mÚún�·Ü, z��mÚúnÑk�«���$�´���5�. SGÓ�Ǒ1�g3AÛ¥Ú?
Ä½Ý, Ò��
Ú¥�Ü6¥�JbÝ.
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[1] Kuciuk, L.,Antholy,M., An Introduction to the Smarandache Geometries, JP

Journal of Geometry ¡Topology, 5(2005), 77-81.

[2] f��, N��gÓ�+, ­�ÚSmarandacheAÛ(Ü©¥I�Æ�Æ¬��ïÄ). �®, 2005.

[3] Smarandache, F., Paradoxist Mathematics(1969), in Collected Papers

(Vol.∐), Kishinev University Press, Kishinev, 5-28, 1997.
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Charles Ashbacher

(Charles Ashbacher Technologies Hiawatha, IA 52233 USA, Email: cashbacher@yahoo.com )

Lori Neirynck

(Mount Mercy College, 1330 Elmhurst Drive, Cedar Rapids, IA 52402 USA)·�r��
�Ü©Ú��Ü©�Ó��ê��palindromeê. ~X12321Ò´��palindromeê. N´y²3��ê8Ü¥palindromeê��ÝǑ".��2Â�Smarandache Palindromesê£GSP¤´äk/X
a1a2a3 . . . an−1ananan−1 . . . a3a2a1 ½ö a1a2a3 . . . an−1anan−1 . . . a3a2a1�ê. Ù¥a1, a2, a3, . . . , an�±´��½õ�êi. ~X

10101010 Ú 101010Ò´GSPê§ù´ÏǑ§�U�©Ǒ/ª(10)(10)(10)(10) Ú(10)(10)(10)
�l¥mÑ�±©¤���Ó�üÜ©.k�:I�`²�´§z���êÑ�±�w�´��2ÂSmarandache Palin-

dromesê§ù´ÏǑ·��±rù��êw����N§~X�ò12345�¤(12345)§·��Ñù«²��/. u´§���5�Palindromesê���±©Ǒü�Ü©.·�25wêi100610, ùǑ´��GSPê. ÏǑ�±r§©�(10)(06)(10)ù�A�Ü©§
¥m�Ü©´Õá�.é²w§z���5�palindromeê´��GSPê§
GSPê%Ø�½´palindrome�5�. ǑÒ´`GSPê�'�5�palindromeêõ. Ïd§GSPê��Ý´Ø�u"�§u´·��ÄXe¯Kµ��ê¥GSPê��Ý´N��Qº1�ÚéN´y².½n: ��ê¥GSPê��Ý�u0.1.y²µ�Ä��?¿��ê
anan−1 . . . a3a2a1a0
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(k)an−1 . . . a3a2a1(k)�GSPê§Ù¥éukkØÓ�Ê�ÀJ. éuz��ÀJ§Ñk�©���trailing êi. Ïd§GSPê��Ý��´�©��.
¡½n�{üy²`²
��Ä��g�))XJ��ê�Ä�üÜ©��§�où�êÒ´2ÂPalindromesê¿�ê�SÜ�êi�'. ùÚ�·������½n.½n: ��ê¥GSPê��ÝCqu0.11.y²µ�Ä��?¿��ê
anan−1 . . . a3a2a1a0XJÄ�êi�"���§�où�ê´2ÂGSPê.�Xþ�½n¤L²���§Ù�U5´0.1.XJ

an = a1 , an−1 = a0 � an 6= a0ùpan´�"�§an−1�a0´÷v^���?�êi.N´O�ù�VÇǑ0.009.XJan = a2§an−1 = a0�an−2 = a0,�où�êÒ´GSP.ùp·�I�ÀJ8�êi5û½ÙVÇ§=�"�anÚØ÷v
¡ü«�/^��êi.N´O�VÇ�´0.0009.�e5éuan = a3§an−1 = a2�an−2 = a1§an−3 = a0��/,�K
¡n«�¹
÷vT^��VÇ´0.0000891.ù
VÇ�ÚǑ0.10 + 0.009 + 0.0009 + 0.0000891§=0.1099891.±þ�L§�±éÄ�Ü©��?1e�§�´VÇÚØ¬�L0.11.ë�©z
[1] G.Gregory, Generalized Smarandache Palindromes,

http://www.gallup.unm.edu/∼smarandache/GSP.htm.

[2] Smarandache, F., Generalized Palindromes, Arizona State University Special

Collections, Tempe.
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Sukanto Bhattacharya

(Alaska Pacific University, Anchorage, USA)

Mohammad Khoshnevisan

(Griffith University, Queensland, Australia)

1. {03?¿�¥§��8ÜSþ�Smarandache n-(�´�Sþ���f(�{W0}§���3S���ýf8Pn−1 < Pn−2 < . . . < P2 < P1 < S £Ù¥/<0´�/�¹u0¤§§�¤éA�(�÷v{Wn−1} > {Wn−2} > . . . >

{W2} > {W1} > {W0}§Ù¥/>0´�/î�r0£Ǒ=�`§(�÷v�õ�ún¤.

P��8ÜS�ýf8§´�P´S���f8§�PØ�u�8ÚS§ǑØ´���.

Sþ�(�´�3�½�$�eSþ��r�(�.�Ǒ��AÏ��/§��8ÜSþ�Smarandache 2-�ê(�£�êþ��?(�¤§´Sþ���f(�{W0}§���3S���ýf8P§PS¹u��r(�{W1}¥.

2. ~f~X§��Smarandache�+´ù�����+§§Pk��äk+(��ýf8.Ó�§��Smarandache�´ù�����§§Pk��äk�(��ýf8.

3. 5�k'uSmarandache�
�+§2+§Ì�§V2+§VÌ�§�§V�§�þ�m§��§��þ�m§�����§V��§[�§���[�§V[�§�
�ê§�5�ê�5�±9�'�~f§½n§)û
�Ú�)û�¯K�ë�©z.

4. Ak̂'Smarandache2+§[�§��3gÄÅnØ§Å�è§S-fVgÄÅ§�¬�²L�ïÄ¥�A^�3e�e-book ¥é�.

5. ¬Æ
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b) Smarandache.k-�§�þ�m§�5�ê§�
�ê.|�öµêÆÜÌ?M. Mary John Æ¬.ë�©z

[1] W. B. Vasantha Kandasamy, F. Smarandache, Neutrosophic Rings, Hexis,

2006.

[2] W. B. Vasantha Kandasamy, F. Smarandache, N-Algebraic Structures, Hexis,

2005.

[3] W. B. Vasantha Kandasamy, F. Smarandache, Introduction to N-Adaptive

Fuzzy Models to Analyze Public Opinion on AIDS, Hexis, 2005.

[4] W. B. Vasantha Kandasamy, Smarandache Algebraic Structures, book se-

ries(Vol. I: Groupoids; Vol. II: Semigroups; Vol. III: Semirings, Semifields,

and Semivector Spaces; Vol. IV: Loops; Vol. V: Rings; Vol. VI: Near-rings;

Vol. VII: Non-associative Rings; Vol. VIII: Bialgebraic Structures; Vol. IX:

Fuzzy Algebra; Vol. X: Linear Algebra), 2002-2003.ù
Ö7�±le¡��ÆêiãÖ,e1µ
www.gallup.unm.edu/ ∼ smarandache/eBooks-otherformats.htm
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Vic Christianto

(Merpati Building, Jakarta, Indonesia)

Mohammad Khoshnevisan

(Griffith University, Queensland, Australia)3ù�©Ù¥§·��Ñ¥�Ü6§¥�8Ü§¥�ÚOÚ¥�VÇ���{á�0�§ù
ÑÄu¥�óÆ¶¥�óÆ´�ǑFy{�í2���#óÆ©|§�¢yÌÂk'.

1. ¥¥¥���ÆÆÆ���{{{ááá½½½ÂÂÂ
1.1 ¥�Ü6Ǒyk�Nõ«Ü6Æ�Ú��Ñ
����5�µe§~X�
Ü6(AO´�úÌÂ�
Ü6)§gÆNÜ6§�úÌÂÜ6��. ¥�Ü6�Ì�g�´ò¤�	��Ü6�ä3��n�¥��mǑxÑ5§T�m�n��Ý©OL«¤�	�ä�ý(T)§b(F)ÚØ(½(I)§3ùpT§I§F´¢]−0, 1+[�IO�½�IO�f8§�Ø7�Äù
f8m�éX.3^�mu¥§�^IOü «m[0, 1].

T, I, F´Õá�þ§ùÒǑØ��&E(d�§�Ú�þ.< 1)§���&EÚgñ&E(d�§�Ú�þ.> 1)§½ö��&E(d�§��Ú1)�ÀJ3e{/. Þ��~f:���ä�±[0.4, 0.6]Ǒý�§0.1½ö(0.15, 0.25)ǑØ(½�§
0.4½ö0.6Ǒb�.

1.2 ¥�8. �UǑ��¯����m§MǑU�f8. U¥���x'uMPǑx(T, I, F)§�±Xe��ªáuMµt% Ǒý, i%ǑØ(½§f%Ǒb,3dt§i§f©O��uT, I, F.lÚO�ÆÝw§T, I, F´f8§lÄ��ÆÝwT, I, F´�6uNõ®�½��Cþ�¼ê/�f.¥�8Ü´é�
8Ü£AO´�ú�
8¤§gÆN8§�ú8��í2.

1.3 ¥�VÇ´é²;VÇÚ�°(VÇ���í2¶3�°(VÇ¥¯�u)��U5§t%Ǒý—t��uT§i%Ø(½—i��uI§f%Ǒb§f��uF.3²;VÇ¥n sup <= 1, ,
3¥�VÇ¥n sup <= 3+.3�°(VÇ¥: ¯�u)��U5Ø´��ê§
´[0, 1]���f8T§ÙÖ8Fb½ǑÙéá¯�u)��U5£Ǒ´ü «m[0, 1]���f8¤¶3�°(VÇ¥vkØ(½f8I.

1.4 ¥�ÚO´é¥�VÇǑx�¯��©Û.Ǒ x � Å C þ � ¥ � V Ç � Ú O þx¡ Ǒ ¥ � © Ù µNP (x) =

(T (x), I(x), F (x)), 3dT(x)L«��Ǒx�VÇ, F (x)L«���x�VÇ, I(x)L«�x�Ø(½5VÇ.
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1.5 ¥�óÆ´óÆ���#©|§§ïÄ¥á5�å
!��Ú��§Ó�ǑïÄ§��ØÓ*g����p'X.¥�óÆ´dF.Smarandache 31995
JÑ.ù�nØïÄ< A >9Ù�¡½Ä½< Anti − A >Ú/¥�50�����VgÚg�(=0uü�4à�m�VgÚg�, §�QØ|±< A >ǑØ|±< Anti − A >). < Neut − A >�< Anti − A >�g�(Üå5Ò��Ǒ´< Non − A >.�âù�nØ?�Vg< A >d< Anti − A >9< Non − A >Vg²ïªu¥�—�Ǒ�«²ïG�.3²;��{e< A >, < Neut − A >, < Anti − A >´üüpØ���.�´§�Ü©�¹eVg�m�.�´¹
�,Ø(½�, UìEÜnãØ,

< A >, < Neut − A >, < Anti − A >(�,�)< Non − A >)üü�mǑk�Ó�Ü©´�U�.¥�óÆ´¥�Ü6, ¥�8Ú^uó§A^(
Ù´^u^�Ú&EÜ¤),��, �¯, ��Ø±9ÔnÆ�¥�VÇÚ¥�ÚO�Ä:.

2. ���øøøïïïÄÄÄ���¥¥¥���ÆÆÆ���KKKµ·��y¥I�ÖöïÄXe�Kµ
—¥�ÿÀÆ§�)¥�Ý
�mÚ1wÿÀ�m
—¥�ê��â$�§�)¥�ê�üS.

—¥�o÷8
—¥�'X(�§�)¥�'X�ª§¥��q'X§Ú¥�S.

—¥�AÛ
—¥�VÇ
—¥�Ü6$�§�)n-�ê§n-Æ�ê§¥�%ºªÚ¥�þ

—¥�zÿÝ
—¥�zE|
—¥�ÿÝ�¥�È©
—¥�õ�N�
—¥��È©
—¥�êÆ/�Æ
—¥��ê(�
—¥��.
—¥���ã
—¥�Ý

—¥�VÝ

—¥�ã
—¥�KÜ5K
—¥�'Xã

121



Smarandache¯KïÄ
—A^µ¥�'Xêâ¥§¥�ã�?n§¥��óCþ§¥�ûü�`k(�§¥�;[XÚ§¥���5nØ§'u>fûÖÚ>fÆS�¥�O�Å^�Eâ.ë�℄Æ'u¥�Æ�>fãÖµ
[1] W. B. Vasantha§Kandasamy, F. Smarandache, Fuzzy Cognitive Maps and

Neutrosophic Cognitive Maps, Xiquan, 2003.

[2] W. B. Vasantha Kandasamy, F. Smarandache, Analysis of Social Aspects of

Migrant Labourers Living with HIV/AIDS Using Fuzzy Theory and Neutro-

sophic Cognitive Maps(translation of the Tamil interviews by M.Kandasamy).

[3] W. B. Vasantha Kandasamy, Smarandache Neutrosophic Algebraic Struc-

tures.

[4] W. B. Vasantha Kandasamy, F. Smarandache, Basic Neutrosophic Algebraic

Structures and Their Application to Fuzzy and Neutrosophic Models.

[5] W. B. Vasantha Kandasamy, F. Smarandache, Fuzzy Relational Maps and

Neutrosophic Relational Maps.

[6] W. B. Vasantha Kandasamy, F. Smarandache, Neutrosophic Rings.

[7] Sushnosti Neytrosofii(Russian), A Unifying Field in Logics: Neutrosophic

Logic. Neutrosophy, Neutrosophic Set, Neutrosophic Probability(Third edi-

tion).

[8] Proceedings of the First international Conference on Neutrosophy, Neutro-

sophic Logic, Neutrosophic Set, Neutrosophic Probability and Statistics.

[9] C. Ashbacher, Introduction to Neutrosophic Logic.

[10] H. Wang, F. Smarandache, Y-Q. Zhang, R. Sunderraman, Interval Neutro-

sophic Sets and Logic: Theory and Applications in Computing.

[11] F. Smarandache, F. Liu, Neutrosophic Dialogues.

[12] W. B. Vasantha Kandasamy, F. Smarandache, K.Ilanthenral, Introduction to

Bimatrices.

[13] W. B. Vasantha Kandasamy, F. Smarandache, K.Ilanthenral, Applications of

Bimatrices to some Fuzzy and Neutrosophic Models.

[14] W. B. Vasantha, F. Smarandache, Fuzzy Interval Matrices and Neutrosophic

Interval Matrices and Their Applications.

[15] W. B. Vasantha Kandasamy, F.Smarandache, K. Ilanthenral, Introduction to

Linear Bialgebra.

[16] W. B.Vasantha Kandasamy, F. Smarandache, Fuzzy and Neutrosophic Anal-

ysis of Women with HIV/AIDS.

122



18Ù Ù§�'¯KïÄ
[17] F. Smarandache, K. Kandasamy, Fuzzy and Neutrosophic Analysis of Peri-

yar’s View on Untouchability.¥�ÆIS¬Æµ
International Conference on Applications of Plausible, Paradoxical, and Neutro-

sophic Reasoning for Information Fusion, Cairns, Queensland, Australia, 8-11July

2003.

First International Conference on Neutrosophy, Neutrosophic Logic, Set, Probali-

tity and Statistics, University of New Mexico, Gallup, 1-3 December, 2001.'u¥�Æ�Æ¬Æ Ø©µ
Sukanto Bhattacharya, Utility, Rationality and Beyond? From Finance to Infor-

mational Finance (using Neutrosophic Probability), Bond University, Queensland,

Australia, 2004.

Haibin Wang, Study on Interval Neutrosophic Set and Logic, Georgia State Uni-

versity, Atlanta, USA, 2005.

123



Smarandache¯KïÄë�©z
[1] F.Smarandache. Only problems, not Solutions. Chicago: Xiquan Publ. House, 1993.

[2] �«É,�«J. )ÛêØÄ:. �®µ�ÆÑ��, 1991.

[3] Ibstedt. Surfinig On the Ocean of Numbers- A Few Smarandache Notions and Sim-

ilar Topics. New Mexico: Erhus University Press, USA,

[4] Tom M.Apostol. Introduction to Analytic Number Theory. New York: Springer-

Verlag, 1976.

[5] F.Mertens. Ein Beitrag Zur Analytischen Zahlentheorie. Crelle’s Journal, 78(1874),

46-62.

[6] TG.H.Hardy, S.Ramanujan. The normal number of prime factors of a number n.

Quartly Journal of Mathematics, 48(1917), 76-92.

[7] Jason Earls. A note on the Smarandache divisors of divisors sequence and two sim-

iliar sequences. Smarandche Notions Journal 14(2004), 274-275.

[8] R.L.Duncan. Application of Uniform Distribution to the Fibonacci Numbers. The

Fibonacci Quarterly, 5(1967), 137-140.

[9] L.Kuipers. Remark on a paper by R.L. Duncan concering the uniform distribution

mod 1 of the sequence of the Logarithms of the Fibonacci numbers. The Fibonacci Quar-

terly, 7(1969), 465-466.

[10] H.London, R. Finkelstein. On the Fibonacci and Lucas numbers which are perfect

powers. The Fibonacci Quarterly, 7(1969), 476-481.

[11] W.P.Zhang. Some identities involing the Fibonacci numbers. The Fibonacci Quar-

terly, 35(1997), 225-229.

[12] Jozsef Sandor. On an generalization of the Smarandache function. Note

Numb.Th.Diser.Math, 5(1999), 41-51.

[13] Maohua Le. On the pseudo-Smarandache squarefree function. Smarandache Notions

Journal, 13(2002), 229-236.

[14] Jozsef Sandor. On a dual of the Pseudo-Smarandache function. Smarandache No-

tions, 13(2002), 18-23.

[15] D.R.Heath Brown. Ibid. III. Journal of the London Mathematical Society, 20(1979),

177-178.

[16] B.Mihaly, T.Lucian(Eds.). Some notions and questions in number theory, Vol 2.

http://www.gallup.unm.edu/ smarandache/SNAQINT2.TXT.

[17] Maohua Le. Two formulas for smarandache LCM ratio sequences. Smarandache No-

tions Journal, 14(2004), 183-185.

[18] C.Ashbacher. Some Properties of the Smarandache-Kurepa and Smarandache-

Wagstaff Functions. Mathematics and Informatics Quarterly, 7(1997), 114-116.

124



ë�©z
[19] A.Begay. Smarandache Ceil Functions. Bulletin of Pure and Applied Sciences,

16(1997), 227-229.

[20] F.Mark, M.Patrick. Bounding the Smarandache function. Smarandache Notions

Journal, 13(2002), 37-42.

[21] Kevin Ford. The normal behavior of the Smarandache function. Smarandache No-

tions Journal, 10(1999), 81-86.

[22] P.Erdös. Problem 6674. Amer. Math. Monthly, 98(1991), 965.

[23] J.Sandor. On a inequality for the Smarandache function. Smarandache Notions

Journal, 10(1999), 125-127.

[24] W.P.Zhang. On the symmetric sequence and its some properties. Smarandache No-

tions Journal, 13(2002), 150-152.

[25] T.M.Apostol. Mathematical analysis, 2nd ed. Addison Wesley Publishing Co., Read-

ing, Mass, 1974.

[26] M.Farris, P.Mitchell. Bounding the Smarandache function. Smarandache Notions

Journal, 13(2002), 37-42.

[27] Y.X.Wang. On the Smarandache function. Research on Smarandache problems in

number theory, II(2005), 103-106.

[28] C.D.Yang, D.S.Liu. On the mean value of a new arithmetical function. Research on

Smarandache problems in number theory, II(2005), 75-78.

[29] J.Sandor. On certain generalizations of the Smarandache function. Smarandache

Notions Journal, 11(2000), 202-212.

[30] M.H.Le. A conjecture concerning the Smarandache dual function. Smarandache No-

tions Journal, 14(2004), 153-155.

[31] F.Mark, M.Patrick. Bounding the Smarandache function. Smarandache notions

journal, 13(2002).

125



 

Research on Smarandache Problems 

 

 

 

Yi Yuan  

Research Center for Basic Science   

Xi’an  Jiaotong  University 

Xi’an,  Shaanxi,  710049 

P.R.China 

 

 

 

Kang Xiaoyu 

Editorial Board of Journal of Northwest University 

Northwest University 

Xi’an,  Shaanxi,  710069 

P.R.China 

 

 

 

 



 

责任编辑：马金萍 
封面设计：潘晓玮 

 

 

 

 

 

 

 

Research on Smarandache 
Problems  

 
 
 
 
 
 

 

 

 

 

7815999 730165

ISBN 1-59973-016-2

53995>

 


	first cover-Yi.pdf
	Pages from ChineseMath.pdf
	bookmain-c.pdf
	Pages from ChineseMath-1.pdf



