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Abstract: Nowadays, the growing complexity of mathematical and computational modelling 

demands the simplicity of mathematical equations for solving today’s scientific problems and 

challenges. In this article, a novel summation of geometric series is introduced for mathematical 

and computational applications. 
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1. Introduction  

Geometric series played a vital role in differential and integral calculus at the earlier stage of 

development and still continues as an important part of the study in science, engineering, 

management and its applications. In this article, a new geometric series [1-9] is constructed for 

application [10] of computational science and engineering.  

 

2. Novel Geometric Series   

The author of this article has already introduced the following geometric series in his previous 

papers [1,2,9]. 

∑ 𝑥𝑝𝑖

𝑛−1

𝑖=0

=
𝑥𝑝𝑛 − 1

𝑥𝑝 − 1
, 𝑝 ≠ 0.                                                                                                                       (1) 

Now, let us construct the novel summations of multiple geometric series using (1). 

𝐋𝐞𝐦𝐦𝐚 𝟐. 𝟏: (∑ xi

p−1

i=0

) (∑ 𝑥𝑝𝑗

𝑛−1

𝑗=0

) = ∑ 𝑥𝑘

𝑛𝑝−1

𝑘=0

=
𝑥𝑛𝑝 − 1

𝑥 − 1
, 𝑥 ≠ 1. 

Proof. 

(∑ xi

p−1

i=0

) (∑ 𝑥𝑝𝑗

𝑛−1

𝑗=0

) = (
𝑥𝑝 − 1

𝑥 − 1
) (

𝑥𝑛𝑝 − 1

𝑥𝑝 − 1
) =

𝑥𝑛𝑝 − 1

𝑥 − 1
, 𝑥 ≠ 1.                                                   (2) 

∑ 𝑥𝑘

𝑛𝑝−1

𝑘=0

=
𝑥𝑛𝑝 − 1

𝑥 − 1
, 𝑥 ≠ 1.                                                                                                                     (3) 

∴ (∑ xi

p−1

i=0

) (∑ 𝑥𝑝𝑗

𝑛−1

𝑗=0

) = ∑ 𝑥𝑘

𝑛𝑝−1

𝑘=0

=
𝑥𝑛𝑝 − 1

𝑥 − 1
, 𝑥 ≠ 1.                                                                      (4) 
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𝐋𝐞𝐦𝐦𝐚 𝟐. 𝟐: ( ∑ xi

𝑝1−1

i=0

) ( ∑ 𝑥𝑗𝑝1

𝑝2−1

𝑗=0

) ( ∑ 𝑥𝑘𝑝1𝑝2

𝑝3−1

𝑘=0

) = ∑ 𝑥𝑙

𝑝1𝑝2𝑝3−1

𝑙=0

=
𝑥𝑝1𝑝2𝑝3 − 1

𝑥 − 1
, 𝑥 ≠ 1. 

Proof. 

( ∑ xi

𝑝1−1

i=0

) ( ∑ 𝑥𝑗𝑝1

𝑝2−1

𝑗=0

) ( ∑ 𝑥𝑘𝑝1𝑝2

𝑝3−1

𝑘=0

) = (
𝑥𝑝1 − 1

𝑥 − 1
) (

𝑥𝑝1𝑝2 − 1

𝑥𝑝1 − 1
) (

𝑥𝑝1𝑝2𝑝3 − 1

𝑥𝑝1𝑝2 − 1
) =

𝑥𝑝1𝑝2𝑝3 − 1

𝑥 − 1
. 

∴ ( ∑ xi

𝑝1−1

i=0

) ( ∑ 𝑥𝑗𝑝1

𝑝2−1

𝑗=0

) ( ∑ 𝑥𝑘𝑝1𝑝2

𝑝3−1

𝑘=0

) = ∑ 𝑥𝑙

𝑝1𝑝2𝑝3−1

𝑙=0

=
𝑥𝑝1𝑝2𝑝3 − 1

𝑥 − 1
, 𝑥 ≠ 1. 

 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟐. 𝟏: 

( ∑ xi

𝑝1−1

i=0

) ( ∑ 𝑥𝑗𝑝1

𝑝2−1

𝑗=0

) ⋯ ( ∑ 𝑥𝑘𝑝1𝑝2⋯𝑝𝑛

𝑝𝑛−1

𝑘=0

) = ∑ 𝑥𝑙

𝑝1𝑝2⋯𝑝𝑛−1

𝑙=0

=
𝑥𝑝1𝑝2⋯𝑝𝑛 − 1

𝑥 − 1
, 𝑥 ≠ 1. 

 

3. Conclusion    

This article provides the novel geometric series and its summations for mathematical and 

computational applications. Also, this idea can enable the scientific researchers for further 

involvement in research and development. 

 

 References 

[1] Annamalai, C. (2023) A New Perspective on Geometric Series for Computing 

Applications, Cambridge Open Engage.  https://doi.org/10.33774/coe-2023-l5mxr-v2. 

 

[2] Annamalai, C. (2023) Novel Geometric Series for Application of Cryptography, SSRN 

Electronic Journal. http://dx.doi.org/10.2139/ssrn.4545785. 

 

[3] Annamalai, C. (2018) Annamalai’s Computing Model for Algorithmic Geometric Series 

and Its Mathematical Structures. Journal of Mathematics and Computer Science, 3(1),1-6 

https://doi.org/10.11648/j.mcs.20180301.11. 

 

[4] Annamalai, C. (2018) Algorithmic Computation of Annamalai’s Geometric Series and 

Summability. Journal of Mathematics and Computer Science, 3(5),100-101. 

https://doi.org/10.11648/j.mcs.20180305.11. 

 

[5] Annamalai, C. (2017) Analysis and Modelling of Annamalai Computing Geometric 

Series and Summability. Mathematical Journal of Interdisciplinary Sciences, 6(1), 11-15. 

https://doi.org/10.15415/mjis.2017.61002. 

 

[6] Annamalai, C. (2018) Novel Computation of Algorithmic Geometric Series and 

Summability. Journal of Algorithms and Computation, 50(1), 151-153. 

https://www.doi.org/10.22059/JAC.2018.68866. 

https://doi.org/10.33774/coe-2023-l5mxr-v2
http://dx.doi.org/10.2139/ssrn.4545785
https://doi.org/10.11648/j.mcs.20180301.11
https://doi.org/10.11648/j.mcs.20180305.11
https://doi.org/10.15415/mjis.2017.61002
https://www.doi.org/10.22059/JAC.2018.68866


 

Page | 3  
 

[7] Annamalai, C. (2017) Computational modelling for the formation of geometric series 

using Annamalai computing method. Jñānābha, 47(2), 327-330. 

https://zbmath.org/?q=an%3A1391.65005. 

 

[8] Annamalai, C. (2018) Computing for Development of A New Summability on Multiple 

Geometric Series. International Journal of Mathematics, Game Theory and Algebra, 

27(4), 511-513. 

 

[9] Annamalai, C. (2023) Novel Geometric Series for Application of Cryptography, SSRN 

Electronic Journal. https://ssrn.com/abstract=4532173. 

 

[10] Annamalai C (2010) “Application of Exponential Decay and Geometric Series in 

Effective Medicine”, Advances in Bioscience and Biotechnology, Vol. 1(1), pp 51-54. 

 https://doi.org/10.4236/abb.2010.11008. 

 

 

https://zbmath.org/?q=an%3A1391.65005
https://ssrn.com/abstract=4532173
https://doi.org/10.4236/abb.2010.11008

