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Abstract

We use four different methods involving recurrence relations for polynomials, orthogonal
polynomials, symbolic summations and generating functions to determine a sum that origi-
nates in a calculation involving record statistics.

1. Introduction

In [1] the following quantities were considered for m > 1

R(x) = Z ﬁz (k)xk_j(l —z),0<z <1

k=m+1 Jj=0 J
It was proven that R,,(x) does not depend on m and, in fact,
R, () = z for every m > 1. (1)

The background comes from the theory of records. Let X, Xs,... be an infinite sequence
of independent identically distributed random variables with some continuous distribution
function, and let N(m) be the random variable defined so that Xy(ny,m > 0, is the first
variable that is less than exactly m of all its predecessors. Clearly, Xy = X;. We note
that Xy is referred to as the first near-record or 2-record, and for a general m > 0, as the
first m + l-record. For any ¢, we set © = P(X; < ¢). Notice that for k > m > 1,

LS AN .
P(Xnmy < ¢ | Xymy = Xi) =) (])xk (1 —z)
=0

by using the binomial model to count the indices 7 so that X; < c. We also have

mo 1 1 m
P(Xnm) = Xi) = ( [T a- mTﬂ) FRED)
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since the probability that Xj is less than exactly m of its predecessors is 1/k, [1]. It follows
that P(Xn(m < ¢) = Ry(x) = x, and perhaps surprisingly, Xy@,) and X;, ¢ > 1, have the
same distribution. (Of course, Xy = X1, so the statement is true for all first m+ 1-records,
m > 0.) In fact, more can be said as Xn@n),m = 0,1,2,..., are independent and identically
distributed random variables and even the sets of m+ 1-records, formed by the m+ 1-records
in the sequence X;,i = 1,2, ..., are independent and identically distributed random sets (cf.

3])-

After some experimentation we noticed that the sum R,,(z) could be generalized. Here
we extend identity (1) for the modified sum, a,,,(z), given any integers m and n with
0<n—1<m,and set

m 1 = /k , ,

G, (T) = ( ) > w2 ( .)mk_](l — ). (2)
n—1 k=m+1 (n) 7=0 J

Often, for notational convenience, we will simply leave out the argument = and write, for

example, @, , instead of a, (). We prove that a,, ,(z) does not depend on m if m > n—1.

Theorem 1. For integers n > 0 and m > n — 1, we have

2(1-(1-=z)""), ifn>2and0<z<1
amn(x): n—1
’ —In(1 — x), ifn=1land 0 <z <1

Remark. Note that R,,(x) = am2(z)/2 =z by [1].

In Section 2, we present a recurrence based proof. Section 3 offers an alternative proof
via differentiation. Section 4 is devoted mainly to a proof of the theorem by symbolic sum-
mations provided by the Mathematica package MultiSum [9], with alternative summation
methods mentioned including the more traditional approaches based on the manipulation of
binomial sums and hypergeometric series. The last section is based on the use of generating
functions. We note that the methods presented or mentioned in Sections 3, 4.3, and 5 do
not require the a priori knowledge of the suggested closed form of a,, ,(z).

2. Proof by Recurrence Relations

We will eventually need a basic fact. It is well known that for n > 2
>
w1
k>n (n) n—1

(In fact, it is a WZ companion identity of the Vandermonde identity [7].) We can easily
generalize this and obtain
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Lemma 2. For any integer 7" with 2 < n <T'| we have
(T) Z 1 T
T a1
" st (n) n—1

Proof. By using hypergeometric series, it is easy to see that

1 1 1 T
,; G () ()1
by Gauss’ identity as n > 2. O

Proof of Theorem 1. In fact, by accounting for the changes in (2) as we move from a,,_; ,
to G, We get the recurrence

+ s (1= z)" ! 3)

= e = e (L (1= 2))

m n
m,n mfnJrlam_lu” m—n+1

for m > n —1> 0. The second term on the right-hand side of the first identity removes the
extra terms with £ = m, and the third term adds the new terms due to j = m.

The case n = 1 follows immediately. First observe that if m = n — 1 = 0 then we have
W1 =Y poy % = —1In(1 — z) by (2), and for n = 1, equation (3) implies that a,, 1 = am-11
for all m > 1.

A similar direct use of (3) fails for n > 2 since we do not readily have the proof of Theorem 1
for any particular a,, ,(z),m > n — 1. (The case n = 2 is proven in [1] but here we look for
a self contained proof.) If n > 2 then we set

n

(1-(—a)) (4)

b () = apn(x) — o]

m
bm,n — <TL B 1> bn—l,n- (5)

To see this, we observe that (3) can be rewritten as

and prove that

b+ 725 (1= (1= 2)"Y) = 22 (b + 25 (1= (1= 2)"))
(- (-

T m—n+1

which can be simplified to
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and thus implies equation (5). Now we use an argument on the asymptotic order of magni-
tude of b, ,. If m — oo then b, ,, ~ m bn—1n, and thus either b,,, =0 for allm >n —1
or by, — 00.

(n—1)!

We will see that the former case applies here. In view of the equation (2), for all x with
0 <z <1 we have

@) = male) = 25 (L= (1= 0 )| < (M) Ty + 72
. n_(m+l [e'¢) 1 n_ n m+l n on

by Lemma 2. This prevents b, ,(z) from growing indefinitely as m — oo. Since by, () is
zeroif 1 <n—1<mand 0 <z <1, we have a,,,(z) = #(1 —(1- x)”_l). O

3. Proof by Differentiation

Proof of Theorem 1.  The statement of Theorem 1 is true for z = 0, as we get a,,,(0) = 0,
and it is also true if n > 2 and x = 1, since

aman(1) = (nn—ll) i % —

k=m+1

by Lemma 2.
We assume that 0 < x < 1 in the remainder of this paper.

Inspired by the fact that L,(z) =1 — (1 —x)", n > 1, satisfies the familiar recurrence
v L (z) =nL,(x) —nL,(x)

for the Laguerre polynomials (although here L;(z) = z rather than 1 — x), we take the
derivative of a,,,(z) in hopes of finding some recurrence relation that does not contain m
anymore. Indeed, the derivative of @, ,(x), 0 <n—1<m, is n(1 —z)" 2 since

() = (1) Dot é ( > iso (kjf-l)ﬂ?k*l*j(l —z) =3 (?j)xkﬁ.(l - x)j’1>
= n(nn—11> Zzozm ((72)) xkfm(l . ZL‘)m

n—1

=n(l—2)" 1 (1,m—n+2;1;z) =n(l —z)" 2,
by a standard hypergeometric identity. This implies Theorem 1. O

We note that this seems to be the shortest way to prove Theorem 1.
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4. Proof by Symbolic Summations

As in Section 2, we find a recurrence relation for a,, ,(x) but this time without any “manual
effort.” After checking the initial cases with n = 1 and 2, we prove the statement inductively
for n > 3.

Here is the sketch of the steps. The Mathematica program package MultiSum uses the
notation SUM[m,n| = am,,(z). As above, we assume that m > n —1 > 0. We rewrite
the summand in (2) in proper hypergeometric terms [9, Definition 2.1] below. We face a
summation with nonstandard boundary conditions [9, Sections 2.7.3 and 3.4; and Chapter 5]
such as £k > m+1 and j < m. We are able to transform this problem into one with standard
boundary conditions with the help of the so called “limit argument.” In fact, the role of the
extra parameter € in (6) is that the summand vanishes as ¢ — 0 for all indices outside the
summation region (and the condition j > 0 is taken care of by the denominator without the
limit argument).

4.1. General Case
We execute the following four Mathematica commands.

n(1—z)? 279k (—14e+k—m)! m! (e—j+m)! (k—n)!
1 (—i+k)! (—=14+k—m)! (—j+m)! (1+m—n)! ’ (6)

{m,n},{0,0},{k,7},{0,2}]

FindRecurrence|

(%//SumCertificate)/. ¢ — 0

Solve[%, SUM[2 + m, 2 + n]]

ShiftRecurrence|%, {m, —2},{n, —1}]
We obtain that

SUM[m, 1+ n| — %((—1—1—#&) n (—1+x) SUM[—2 +m, —1 + n]
—(1+m—n)n (=142x) SUM[-1+m,—1+n]
—(=14n) (1 —m—n—z+nx) SUM[—1+ m,n|

+(=1+n) (=1 —m+n) SUM[m, n])
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The case of SUM[m, 3] follows immediately if we substitute SUM[_,n_| by f[n]| defined as
ﬂm]:Iﬂn::1,4@g1—xL—ﬁia-41—xw*ﬂ
n p—

For SUM[m, n + 1] with n > 3, we can proceed by the substitution

n(1—(1-z)"""
—1+n

in (7). In fact, after simplification we get that SUM[m,n + 1] is equal to

(1+n) (-14(1 —x)")

%/.SUM[_,n_] —

4.2. Initial Cases

We are left with checking the initial cases n = 1 and 2. Can we derive these initial cases
within the framework of symbolic summation?

In fact, we can. We extend the range of summation for & in the definition (8) to simplify the
structure of summation and find a recurrence. The difference between ¢, ,,(z) and a, ,(z)
can be easily calculated, without any symbolic manipulation, as it will become apparent in
identity (10). We set

o (FIEEEC 0 o

with ¢,—10(2) = ap_1.n(x).

(1—z)? &= I+* (—1+4e+k)! (e—j+m)! .
]'(7]+k)'(i.j+m)€' . 7m7 {k7j}] and

,m,{k,j}], forn =1 and n = 2, respectively

The MultiSum commands FindRecurrence|
2(1—z)d 29k (—24e4k)! m! (e—j+m)!
J TR (Thm)! (!
find the following recurrences for ¢, 1(x) and ¢, 2(x) in the single variable m

FindRecurrence|

SUM(m] — L ((1 —m)SUM[—2 4+ m] + (=1 + 2m)SUM[—1 + m]) ,if n =1 and m > 2;
| —SUM[—2 + m] + 2SUM[—1 + m), if n =2 and m >3,

(9)

with the notation SUM[m| = ¢, ().

We set
G (T) = Cn(T) — amn(z) = (") >0, (% S (’;)xi—j(l — )
ifn=1; (10)

) {r(l(n_l)—l)a ifn>2,
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by Lemma 2 since 3", (';) " (1—z)’ =1 as k < m. We note that g,, is the mth harmonic
number while g,,» = 2(m — 1), and in general, g,,,, is a constant polynomial, so we can drop
its argument.

It is easy to check that ¢y (z) = —Log[l — z] and ¢11(x) = —Log[l — =] + 1, and in general,
Cm1 = —Log[l — | + g1, m > 0, satisfies (9). Similarly, ¢; 2(x) = 2z and co9(z) = 22 + 2,
and ¢p2 = 2T + gmo,m > 1, satisfies (9). Now it follows that a,,1(x) = —Log[l — z] and
A 2(x) = 2. O

4.3. Other Options for Symbolic Summation

Paule [5] obtained another “automatic” proof of Theorem 1 using only single summations
and the RISC implementation of the Gosper’s and Zeilberger’s algorithms.

Of course in hindsight, hand calculations can replace the symbolic techniques, if one knows
the lucky sequence of manipulations in advance. We try to avoid these calculations although
we note that they can be accomplished by repeated and somewhat dull applications of
identities for binomial summations [2, identities (5.24) and (5.25) on p. 169] Another non-
automatic option is to use the HYP package for handling hypergeometric series and identities
in a systematic way, e.g., by repeatedly applying the Chu-Vandermonde identity, cf. [4].
Paule [5] and Schneider [8] also obtained recurrence relations for the truncated sum

G = (n_l) Z Z() i1 —zy

k=m+1 n

using the package Sigma, cf. [6]. We took another approach as we need the modified sum
Cmn(z) in order to determine ay, ,(z) via the generating function >~ °_ | ¢, ,(2)t™ in the
next section.

5. Proof by Generating Function

Finally, we use the generating function of the polynomials ¢, ,(x) defined in (8). More

precisely, we define

C(z,t,n) = Z Con ()™

m=n—1

for —1 <t < 1 which will guarantee the absolute convergence of our sums for 0 < x < 1.

A similar generating function, in the context of DNA matching, was discussed in [10] by us-
ing the method of characteristics. In fact, with the notation @,,(z, k) = 1— Z;‘n:() (I;) ak=I(1—



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY (2007), #A40 8

z)’,m=0,1,..., Wilf found that

S Qe e — L= (=00 =0)"

1—-1t

Below we will need

_(1-(-na-2)

1—-t ’

flz,t k) Z (1= Qm(z,k))
m=0
which implies that

et = 3 ()0 Qe (1)

m=n—

On the other hand,
g;—_ll (1+(1—1tz(tx—1)) o g; 11 (% Z ( )( B )z 1(1-_ 1)z)
= e (= D (= S, () (D) (- - 1))

(12)
By changing the order of summation below, we derive that
Clatn) =30 ((n ) Z ) )y ('f>x’f—j<1 —ap )i
- -1 \n— 1 k n 1 t

= tn 1-Zk =n (1)%]‘(:&1&,]{)
by (11). Observe that if n = 1 then

(11— (1=t1—2)" n((1-t)(1-2) < 1
C'(x,t,l)zz( (k;(lz(t) ) = - ( Ty E:O<ln1—x Zl>t

k=1

and we are done according to (10).

From now on we assume that n > 2. By another change in the order of summation, we

can rewrite the last sum in (13) by (12), without the first term (1 t)"’ and we get

Sty (Zh GO -0e-1)) =5z, S - ne-1)
byt S ((EUIEEE)

=n Y, YL ) (=t - 1)
(14)
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To evaluate the last expression, we set

Observe that we have

k
k—n\
@ =3 (7 )a = e

and thus, for —2 < a < 0,

. 1
hi(a) =a" ' —rn—— = —a"%
; b 1—(1+a)

The result also holds for a = 0. Clearly, hi(0) = 0 for & > n; thus, we can rewrite (14) as

n

nYy e, hi(a) = ——L5a""! by integration.

As —1<t<land 0<z <1, fora=(1—t)(r—1) wehave —2 < a < 0. Putting back
the first term and using Lemma 2, we obtain that

tn—l n tn—l n tn—l(l _ x)n—l

- S (- -2 = —

C(%t’m:n_lm Th—1(1—t" n-1

By expanding this according to the powers of ¢, we get that ¢, ,(z) = = (( " ) — 1) +

n—1 n—1

L (1= (1= 2)"") = gmn(®) + @mn(x), for m >n — 1, and simply apply (10). O
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