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Abstract

Let p > 5 be a prime. In 1801, Gauss proved that the sum of distinct quadratic
residues modulo p is congruent to 0 modulo p. A study by Stetson in 1904 showed
that the sum of distinct triangular residues modulo p is congruent to —1/16 modulo
p. Both of these results were extended in 2017 by Gross, Harrington, and Minott,
who studied the sum of distinct quadratic polynomial residues modulo p. In this
article, we determine the sum of distinct cubic polynomial residues modulo p and
prove a conjecture of Gross, Harrington, and Minott. We further consider the sum
of distinct residues modulo p for polynomials of higher degree.

1. Introduction

Throughout this paper, let p > 5 be a prime, and let Z, = Z/pZ. In 1801, Gauss
[1] proved that the sum of distinct quadratic residues modulo p is congruent to 0
modulo p. Then in 1904, Stetson [4] showed that the sum of distinct triangular
residues modulo p is congruent to —1/16 modulo p. Both of these results were
extended by Gross, Harrington, and Minott [2] in 2017, who considered the sum of
distinct s-gonal numbers, and more generally the sum of distinct quadratic polyno-
mial residues, modulo p.
For every polynomial f € Zy[z|, we define

R(f)={f(x) €Zy:x €Ly},
DOLI: 10.5281/zenodo.8283157
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and define

ShHh= > v

yER(S)

To generalize the results of Gauss and Stetson, Gross, Harrington, and Minott
provided the following theorem.

Theorem 1 ([2]). Let f(z) = az® + bx + ¢ € Z,[x] be a quadratic polynomial. If
a # 0, then
b — dac

S(f) = -

In this article, we provide a formula for S(f) when f € Z,[z] is a cubic polyno-
mial, thus proving a conjecture of Gross, Harrington, and Minott. We then discuss
S(f) when f € Z,[z] has degree larger than 3, with a special emphasis on certain
families of cyclotomic polynomials.

2. Determining S(f) for Cubic Polynomials

We begin this section with the following lemma.

Lemma 1. Let h € Z,[x] be an odd polynomial, i.e., h(—x) = —h(z). Let g(z) =
h(z) + k, where k € Z,. Then

S(g) = |R(g)] - k (mod p).

Proof. Suppose y € R(h) \ {0}. Then there exists an « € Z, such that h(z) = y.
Since h is an odd polynomial, we have h(—z) = —h(z) = —y. Thus, —y € R(h).
Since p > 2, we have y # —y. It follows that S(h) = 0. Now, suppose z € R(g).
Then z = y + k for some y € $R(h). Hence, S(g) is given by

S oa= 3wk = 3 y+ S k=R -k=[%R(g)] -k (mod p).

ZzER(g) yER(h) yeR(h) yER(h)
O]

In 1908, von Sterneck [3] proved that for all 2® + a12? + asz + a3 € Zy[z] such
that a? # 3as,

2p2(§), )

where (5) is the Legendre symbol. With von Sterneck’s result and Lemma 1, we

can now prove our main result.

IR(2® + a12® + agz + a3)| =
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Theorem 2. Let f(z) = az®+bx® +cx+d € Z,[z] be a cubic polynomial. If a # 0,
then

27a%d — 9abc + 2b°

if b # 3ac and p =1 (mod 6)
8la?
27a%*d — 9abc + 2b° 19 .
Sy =1~ 102 if b* # 3ac and p =5 (mod 6)
27 3
2(27a°d — 9abe + 2) if b2 = 3ac and p =1 (mod 6)
81la?
0 if b* = 3ac and p = 5 (mod 6).

Proof. We begin by letting g(z) = f(x — b/(3a))/a, i.e.,

(2) = o (3ac—b2> 27a%*d — 9abe + 2b°
g(x) ==z

3a? 27a3

Notice that the coefficients of g are well-defined in Z, since p > 5. Therefore, S(g)
is defined, and it can easily be seen that S(f) = a-S(g). Thus, we will study S(g)
to obtain the proof.

Since g(x) = h(x) + k, where

3ac — b?

_ 27a%d — 9abc + 2b3
N 27a3 ’

is an odd polynomial and

we have from Lemma 1 that S(g) = |9R(g)] - &
If 3ac — b? # 0, then Equation (1) implies

9R(g)| = 2p + % _ (mod p)  if p=1 (mod 6)
B (mod p) if p=>5 (mod 6).

Otherwise, if 3ac — b*> = 0, then g(z) = 2® + k and

_J(+2)/3 ifp=1 (mod 6)
= {P if p=>5 (mod 6)

_)2/3 (modp) ifp=1 (mod 6)
~ |10 (mod p) if p=>5 (mod 6).

The theorem follows since S(f) =a-S(g) = a-|R(g)| -k (mod p). O
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3. Addressing S(f) for Polynomials of Degree Greater than 3

Theorems 1 and 2 provide formulae for calculating S(f) when f is a quadratic
polynomial or cubic polynomial, respectively. A natural direction for further study
is to consider S(f) for quartic or higher degree polynomials f € Z,[x]. Preliminary
work in this direction suggests that |9R(f)| plays an important role in understanding
S(f). Unfortunately, the study of |R(f)| seems very limited; interested readers are
referred to Sun’s article for results concerning |R(f)| for quartic polynomials f [5].
Nonetheless, in this section, we study S(f) for certain families of polynomials of
arbitrarily high degree.

A polynomial f € Z,|x] is called a permutation polynomial if 93(f) = p. Clearly,
for an odd prime p, if f is a permutation polynomial, then S(f) = 0. The following
lemma shows that the converse of this statement is not true.

Lemma 2. For a positive integer r,

S(xr):{l Zf(p—l)‘?"

0 otherwise.

Proof. For a positive integer r, let g, € Z,[x] with g,(z) = z". Recall that R(g,) \
{0} forms a group under multiplication with |9(g,) \ {0} = (p — 1)/ ged(p — 1,7).
Thus, if p—1 divides 7, then |9R(g,) \ {0}| = 1. We then deduce that R(g,) = {0,1}
and S(g.) = 1. On the other hand, if p — 1 does not divide r, then R(g,) \ {0}
contains an element 8 # 1. Let oy, ag, ..., a: be the elements of R(g,) \ {0}. Since
R(gr) \ {0} forms a group under multiplication,

S(gr)=0+ar+az+-+a=8-0+p-a1+B -+ + 8 ar=p-5(gr)
Since 8 # 1, we deduce that S(g,) = 0. O

For the rest of this article, let g, € Z,[z] such that g,(z) = z". The next theorem
determines S(f) for a particular class of binomials f € Zp[z].

Theorem 3. Let f(z) = az” +b € Z,[x]. Then

a+2b if(p—1)|r

S(f) = p—1 .
b (gcd(r’p—l) —+ 1 Otherﬂﬂse.

Proof. Let a be the generator of the multiplicative group Z; = Z, \ {0}. Then the
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order of " is ord,(a”) = (p — 1)/ ged(r,p — 1). By Lemma 2,
S(f)

a-S(gr)+0b- (ordy(a”)+1)

_Ja-1+b-(1+1) if(p—1)|r
~ la-0+4b-(ordy(a”) +1) otherwise

_ Ja+2b if(p—1)]|r
b (ordy(a”) +1) otherwise.

O

Let ®,(x) € Zp[z] denote the n-th cyclotomic polynomial. Recall that ®o:(z) =
22 4+ 1. Thus, letting @ = b =1 and 7 = 2¢~! in Theorem 3 yields the following
corollary.

Corollary 1. Let j be an integer such that 27 || (p — 1). Then

3 if (p—1) |21
S(Par) = p—1

m —+ 1 Otherw’b’se.

The following lemma is an easy exercise in elementary number theory, and can
by verified by considering the multiplicative group Z;.

Lemma 3. Let q be a prime and let j satisfy ¢’ || (p—1). For every integer t > j,
R(gq) = R(gqs)-
Consequently, for all h € Z,[x],
S(hoge)==S(hoge).

Remark 1. Lemma 3 shows that for all h € Zy[z], S(hogqt) = S(h) for any positive
integers t and prime ¢ with ged(g,p—1) = 1. In combination with Theorems 1 and
2,if ged(q,p—1) =1 and f = hogg, where deg(h) € {2,3}, we can determine S(f)
as S(h).

To make use of Lemma 3 in studying S(®,,), we present the following well-known
cyclotomic identity.

Lemma 4. For any prime q and positive integer n divisible by q, ®gn = &5, 0 g4.
The following theorem is an immediate consequence of Lemmas 3 and 4.

Theorem 4. Let q be a prime and let j satisfy ¢’ || (p —1). Then for any positive
integer m not divisible by q and integer t > j,

S((I)qtm) = S(q)qurlm).
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4. Concluding Remarks

In their article, Gross, Harrington, and Minott gave the following conjecture.

Conjecture 1. Let f(z) = az® + ba? € Zy[z]. If a # 0, then

203 ,

Sia? if p=1 (mod 6)
S(f) = 23

~ 812 if p=5 (mod 6).

Theorem 2 of this paper proves Conjecture 1 and generalizes it to all cubic polyno-
mials.

Although it would be nice to obtain a theorem analogous to Theorems 1 and
2 for quartic or higher degree polynomials, such a result seems beyond our reach.
For instance, let f.(r) = 2* + cz? € Zy[z]. In view of Theorems 1 and 2, it is
natural to conjecture that S(f.) is a polynomial of ¢. However, for selected primes
p
the resulting sequences do not become constant after several iterations, indicating
that the conjecture fails.

p, when we apply the method of successive differences on the sequence (S(f))

In the following, we provide a conjecture related to S(f.).

Conjecture 2. Let S = {S(f.) : c € Z,}. If p > 5, then

Zy, ifp=3(mod4)and —1€8
R(g2) if p=3 (mod4) and —1¢ S,

S = orp=1(mod4)and —1€8
R(ga) ifp=5(mod8)and —1¢S

R(g2) \R(gs) ifp=1(mod8) and —1¢S.
Furthermore, S(fs) =1 if p =3 (mod 4).

Theorem 5. Let f(x) = Z?:o agx™ € Zplz], where 0 < my < my < mg <
< my and ag # 0 for oll 0 < 0 < k. Let § > 1 be a common factor of
{me—mg:1 < €<k} such that ged(6,mg) =1 and 6 | (p — 1). Then S(f) =0.

Proof. Since mo > 0, f(0) = 0 € R(f). Let a be a generator of Z;, and let
w=a". Foreach 0 <i < % —1,let ¢ = {f(a'w?):0<j <§—1}. Note that

k
f(azw]) — aimowjmo Z azai(mgfmo)wj(mgfmo)
=0
k
_ aimgwjmo Z azai(mgfmo)
=0

=W/ f(ah),



INTEGERS: 23 (2023) 7

since w™¢ =m0 = "5 (Me=mo) = 1. Together with the condition that ged(d, mp) =1,
it follows that for each 0 < i < % — 1, the elements of €; are all distinct unless
f(a®) =0, and the sum of the elements of €; is

6—1 . ' ' 6—1 ‘ _ 6—1 .
D wimof(al) = f(a') > W™ = f(a') > w! =0
j=0 j=0 Jj=0

p—1_
since 6 — 1 > 0. Finally, since R(f) = {0} UU,°, '¢;, and ¢; and ¢, are either
equal or disjoint for any 0 < i < i’ < % — 1, we conclude that S(f) = 0. O

For example, if p = 71, then it follows that S(a32%% + azx?? + a12%2 + ap2?) =0
by taking § = 5 in Theorem 5. By taking 6 = 3, we have the following corollary.
Corollary 2. Let f(z) = 2* + dz € Z,[z]. If p=1 (mod 3), then S(f) =0.
Proposition 1. Let fy(z) = 2* +dx € Zy[x]. If p = 2 (mod 3), then S(fs) =
dsS(f1).

Proof. Note that if p =2 (mod 3), then z — z3 forms a permutation on Z,. Hence,
every element d € Z, has a unique cube root ds € Zp. 1t d € Zy, then = — dsx
induces a permutation on Z,, so

R(fa) = {faldba) :w € Z,) = {d} (e +0) s 2 € Z,) = {dF fi(w) 1w € 2,).

Furthermore, z — d3z also forms a permutation on Ly, so R(fqa) = {d%y ty €
R(f1)}, implying that S(fy) = d%S(fl). Finally, if d = 0, then by Theorem 3,

S(fo) = 0, which is equal to 03 S(f1). -
Conjecture 3. Let f(z) = 2 rex?rec Zp[a:]. Then
—9¢2 4+ 40
% if p=1 (mod 8) and ¢ is a quadratic residue in Z,
2
—2 44
%Oe if p=1 (mod 8) and c is a quadratic nonresidue in Z,
=2
% if p=3 (mod 8) and c is a quadratic residue in Z,
c® —8e . ) . . .
64 if p=3 (mod 8) and c is a quadratic nonresidue in Z,
5() = —c? +8e
T 64 if p=>5 (mod 8) and ¢ is a quadratic residue in Z,
—9¢% + 72
% if p="5 (mod 8) and c is a quadratic nonresidue in Z,
2424
% if p="7 (mod 8) and ¢ is a quadratic residue in Z,
—7c% + 24
% if p="7 (mod 8) and c is a quadratic nonresidue in Z,.
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