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Abstract: A subset D of V is called an equitable dominating set [8] if for every v € V — D
there exists a vertex w € D such that wv € E(G) and |deg(u) — deg(v)| < 1, where deg(u)
denotes the degree of vertex u and deg(v) denotes the degree of vertex v. Recently, The
minimum covering energy F.(G) of a graph is introduced by Prof. C. Adiga, and co-authors
[1]. Motivated by [1], in this paper we define energy of minimum equitable domination
Erp(G) of some graphs and we obtain bounds on Egp(G). We also obtain the minimum
equitable domination determinant of some graph G given by detep(G) = pijs2 . . . ftn Where

U1, H2,...,MHn are eigenvalues of App(G).
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81. Introduction

The energy of a graph and its applications to Organic Chemistry are given in detail in two
important works by I. Gutman and co-authors [5, 9]. For more details with applications on the
energy of a graph, one may refer [2, 4, 6, 9]. Recently, the minimum covering energy E.(G) of
a graph is introduced by Prof. C. Adiga, and co-authors [1]. Motivated by [1], in this paper we
define energy of minimum equitable domination Egp(G) of some graphs and we obtain bounds
on Egp(G). We also obtain the minimum equitable domination determinant of some graph G
given by detgp(G) = pia . .. pin, Where uy, fio, ..., iy, are eigenvalues of Agp(G).

Let G be a graph with set of vertices , V' = {v1,v2, -+ ,v,} and set of edges, E. For a
simple graph, i.e a graph without loops, multiple or directed edges, a subset D of V is called
an equitable dominating set [8] if for every v € V — D there exists a vertex u € D such that
wv € E(G) and |deg(u) — deg(v)| < 1, where deg(u) denotes the degree of vertex u and deg(v)
denotes the degree of vertex v. Let ED is minimum equitable domination set of a graph G.

The minimum equitable domination matrix is defined as a square matrix Agp(G) = (ai;),
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where
1 ifvv; el
aij =4 1 ifi=jandv;, € ED (1)
0 otherwise.
The eigenvalues of the minimum equitable domination matrix Agp(G) are 1, 2, , fin-

Since the minimum equitable domination matrix is symmetric, its eigenvalues are real and can
be written as p1 > pg > -+ > pp. The energy of minimum equitable domination of a graph is
defined as

Egp(G) = Z |13 (2)

We also obtain the minimum equitable domination determinant of some graph G given by

detpp(G) = pipe - - - pby, where p1, po, ..., p, are eigenvalues of Agp(G).

Example 1.1 The figure 1 shows the graph G with vertices {v1, v, v3,v4,v5,v6}. Then mini-

mum equitable domination sets are ED; = {v1,v4} and EDg = {ve, vs},

(%) V3
G vy v
ve fig(l) s
1 1.0 0 0 1
1 01 0 0 1
01 0 1 1 0
Agp, (G) =
0 0 1 1 1 0
00 1 1 0 1
1 1.0 0 1 O

characteristic polynomial of Agp, (G) is ®6(G, ) = b — 2u® — 7u* + 8 + 1242, the spectrum
of AE‘D1 (G) is

3 2 0 -1 =2
12 1 1

SpecEDl =

and the energy of minimum equitable domination of ED; is Fgp, = 8 and detgp, (G) = 0..

Agp, (G) =

S = = O = O
S R O = O O
e = =)

1 1
1 1
1 0
0 0
0 1
1 0

_ O o OoO = O
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characteristic polynomial of Agp,(G) is ®6(G, u) = pub — 2u> — 7u* + 6p® + 14u% — 3, the
spectrum of Agp,(G) is

3.1819 1.8019 0.4450 —0.5936 —1.2470 —1.5884
1 1 1 1 1 1

Specgp, =

and the energy of minimum equitable domination of EDs is Egp, = 8.8578 and detgp, (G) =
—3. One can note that detgp, (G) # 0 and Egp, > Egp,. Also the energy of minimum equitable

domination depends upon the minimum equitable domination set.

§2. Bounds for the Minimum Equitable Domination Energy of a Graph

We first need the following Lemma.

Lemma 2.1 Let G be a graph with vertices {vi,va,...,v,} and let Agp(G) be the minimum
equitable domination matriz of G. Let ®,(Agpp(G)) = det(ul, — App(G)) = copu™ + cr ™1 +
cop™ 2+ - + ¢, be the characteristic polynomial of App(G). Then

(1) co=1;
(2) c1 = —|EDJ;
|ED|
(3) Cy =
2

Proof (1) ¢ = 1 follows directly from the definition @, (G, u) = det(nl, — App(G)), i.e
Co = 1.

(2) ¢1 = sum of determinants of all 1 x 1 principal submatrices of Agp(G),
i.e c; = (=1)! trace of Agp(G) = —|ED|.

(3) c2 = sum of determinants of all 2 x 2 principal submatrices of Agp(G),

) Qs Qi
1.€6 Co = (—1)2 Z " Y = Z(aiiajj — aijaji) = Zaiiajj — Zafj

i<j |Gt Qgj| i<y i<j i<j
|ED]
co = — O
2
Lemma 2.2 Let G be a connected graph and let p1, pa,- -+ , bn, be the eigenvalues of minimum

equitable dominating matriz Agp(G). Then

Z i = |ED|
i=1

and

Zuf =2m+ |ED|.
i=1
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Proof The sum of diagonal elements of Agp(G) is Y., wi = trace[App(G)] = Y1, aii
= |ED|.

Similarly, the sum of squares of the eigenvalues of Agp(G) is trace of [Agp(G)]

n n
doml = 3D ey

2

)

i=1 i=1 j=1
- Z a)” + ) ay a
i=1 i#]
n
= D (@)’ +2) (ay)”
=1 i<J
n
> pi=2m+|ED|. O
=1

Theorem 2.3 Let G1 and G2 be two graphs with n vertices and my, mo are number of edges
in G1 and Go respectively. Let py, pio, -+ , i are eigenvalues of Agp, (G1) and ph, ph, -+, ph,
are eigenvalues of Agp,(G2). Then

> i i < \/(2my + [ED1])(2ms + [ED),

i=1

where Agp,(G;) is minimum equitable domination matriz of G; (i = 1,2) and EDy, EDy be

minimum equitable domination sets of G1 and Ga respectively.

Proof Let py,pz,- -, un, are eigenvalues of Agp, (G1) and p), pb, - -+, ul, are eigenvalues
of Agp,(G2). Then by the Cauchy-Schwartz inequality, we have

n 2 n n
(Sen) < (£) (£)
i=1 i=1 i=1
If a; = p4, by = p then

(B) = (£4) (2

n 2
<Z M/é) < (2mq +[EDy]) (2m2 + |ED2)
=1

= Y pip; < \/(2my +|ED1|) (2ma + [EDal).

=1

Hence the theorem. O

Theorem 2.4 Let G be a graph with n vertices, m edges. Let ED is the minimum equitable
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domination set. Then

\/@m+ |ED|) +n(n—1) [detAgp(G)/" < Egp(G) < /n(@m + |ED]).

Proof This proof follows the ideas of McClelland’s bounds [6] for graphs E(G). For the

upper bound, let uq, po,--- , i, be the eigenvalues of minimum equitable dominating matrix

Agp(G). Apply the Cauchy-Schwartz inequality to (1,1,---,1) and (1, 2, , pbn) 18

n 2 n n
(o) = (32) (52)
i=1 i=1 i=1
If a; =1, b; = || then

(Ew) = (&) (E)

= [Eep(G)]* <n(2m+ |ED))
from the above (37, p? = 2m + |ED),
Epp(G) < v/n(2m+ |ED]),

which is upper bound.

For the lower bound, by using arithmetic mean and geometric mean inequality, we have

1
n(n—1)

Zluzl gl > Tl Il
1#] i#J
1
n(n—1)
S lwal lusl = nn—1) <Hlu |2 ”)
iz

2/n
Z|N1| il = n(n —1) <H|N1> . (3)

i#]

Consider

EED(G)]2 = [Z | 1] ‘| Z |/Lz|2 + Z | 4] |/LJ

i#£j
From (3) we have

2/n
[Eep(G) >Z|uz|2+nn—1 <H|ﬂz> :

i=1
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= [Egp(G)] > \/(2m +|ED|) +n(n—1) |detApp(G)|?/™,

which is lower bound. O

Theorem 2.5 If the minimum equitable domination energy Egp(G) is a rational number, then

Erp(G) = |ED|(mod2), where ED is minimum equitable domination set.

Proof Let p1,puo,- -, ity be the eigenvalues of minimum equitable domination matrix
Agp(G). Then the trace of

AED(G) = Zaii = |ED|
i=1

Let p1, po, - - - , 4y be positive and remaining eigenvalues are non-positive then,

n
Egp(G) = Z|/Li|:(:Ul+/L2+"'+,UT)_(Nr+l+ﬂr+2+"'+ﬂn)
=1

= 20wt pp ) = (it )
= 2u1 +p2+ ...+ p) — |ED
= Epp(G) = |ED|(mod2).

Hence the theorem. O

§3. Minimum Equitable Domination Energy and Determinant of

Certain Standard Graphs

Theorem 3.1 For n > 4, the minimum equitable domination energy of star graph Sin,—1 is

(n—2)42vn-1.

Proof Consider the star graph Sy ,—1 with vertex set V' = {wvg,v1,- -+ ,vp—1}. The mini-
mum equitable domination set is ED = {wvg, v, - ,v,—1}. Then minimum equitable domina-

tion matrix is

1 1 1 1 1

1 1 0 0 0

1 0 1 0 0
Agp(Sin-1) =

1 0 0 1 0

1 0 0 0 1

nxn

The characteristic polynomial of Agp(Sy n—1) is
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-1 -1 -1 1 1
1 ou—1 0 0 0
10 p-1 0 0
q)n(Sl,nfla ,u) =
1 0 0 -1 0
1 0 0 0 p-1
-1 —1 —1 -1 w—1 -1 -1 -1
w—1 0 0 0 —1 w—1 0 0
L 0 pnw—1 0 0 —1 0 0 0
=—(=n" . , . =1
0 0 coop—1 0 0 -1 0 oo p—1 0
0 0 nw—1 0 —1 0 0 w—1
O (Sin-1, 1) = —(1—1)" 7 + (= D1 (S1,n-2, ). (4)

Now change n ton — 1 in (1), we get

Dn1(Stn—2, ) = —( = 1" 4 (= 1)®p—2(S1,0-3, ). (5)
Substitute (5) in (4),

®n(Stn-1,4) = =2 — 1" 77 + (= 1)*Pn2(S1.n—3, ) (6)

Continuing this process, we get

(Sin-1,) = —(n—)(p—1)""7+ (u—1)"""Pas(S13, 1)
= —(n—E-1D)""+(p-1)""(p— 1) - 2p—2)]
Ou(Sin—1,p) = (p—1)""[p* —2u— (n-2)].

The spectrum of minimum domination energy of a graph is

1++vn—1 1 1—+vn-—1
1 n—2 1

Specep(S1, n—1) =
The energy of minimum equitable domination of a graph is

EED(SL 7L,1):(n—2)—|—2\/n—17 n > 4. O

Theorem 3.2 Let K, be complete bipartite graph with s+t vertices and energy of minimum equitable
complete bipartite graph Egpp(Ks,:) is

Epp(Kst) = (s+t—2)+2Vst

if|s—t]>2, s,t>2.
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Proof Let complete bipartite graph K, ; with |s — ¢| > 2 where s,t > 2 with vertex set V =

{v1,v2,+ ,vs,u1,uz2, - ,us}. The minimum equitable domination set is ED = {v1,v2, - ,vs, U1, U2, "+ , Ut }.
Then
1 0 0 0 1 1 1 1
0 1 0 0 1 1 1 1
0 0 1 0 0 1 1 1 1
0 0 1 0 1 1 1 1
0 0 0 1 1 1 1 1
App(Ksyt) =
1 1 1 1 1 0 0 0
1 1 1 1 0 1 0 0
1 1 1 1 0 0 1.. 0 0
1 1 1 1 0 O 1 0
1 1 1 1 0 O 0
(s+t)x (s+t)
The characteristic polynomial of Agp(Ks,¢) is
p—1 0 0 0 1 1 1 1
0 pu-1 0 0 1 1 1 -1
0 0 0 0 -1 —1 -1 —1
0 0 p—1 0 1 1 1 -1
0 0 0 pu-1 -1 -1 1 -1
¢)8+t(K57tmu‘) =
—1 —1 —1 -1 w—1 0 0 0
—1 —1 —1 -1 0 pnw—1 0 0
-1 -1 —1 -1 0 0 0 0
1 1 1 1 0 0 p—1 0
-1 -1 -1 -1 0 0 0 pu-1
_ (/1/_ 1)IS _ngt
- b
_Jt><s (,u_ I)It
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where Jixs is a matrix with all entries equal to one,

Pope(Ksp,p) = [(w=DI| [(p— 1)1 — (_J)u — 1(—JT)l
= =) (=1L — S
= (u- 1)57t Pyyr((p— 1)2]
= (u=1)" Poyl(n—1)7,
where Psj, is the characteristic polynomial of the matrix sJ;
Doit(Kotopr) = (p=1)"""[(n—1)7°—=st] [(n— 1"

= (=1 (u-1)" P 1 2u—st

Dupi(Koeop) = (n=1)"772 [0 —2u— (st = 1)]

is the characteristic polynomial of minimum equitable domination matrix of K, ;. The spectrum of

minimum equitable domination matrix of K, is

1+ /st 1 1—+/st
1 s+t—2 1

Specep(Ks, t) =

The minimum equitable domination energy of a graph is

Epp(Ks, ) = (s +t—2)+2Vst. O
A crown graph S for an integer n > 3 is the graph with vertex set {vi,v2, ..., Un,u1,u2, - ,Un}

and edge set {viu; : 1 < 4,5 < n, i # j}. Therefore 59 coincides with the complete bipartite graph

K, with horizontal edges removed [1].

Theorem 3.3 Forn > 3, the minimum equitable domination energy of the crown graph SS is equal to
2(n—2)++vn2 —2n+5++vn?+2n — 3.

Proof Consider crown graph S° with vertex set V = {vi,v2, -+ ,Un,u1,u2, - ,un}. The minimum
equitable domination set is ED = {v1, u1}.

Then the minimum equitable domination matrix of S2 is same as the minimum domination matrix
of S by [7]. Therefore

Eep(S2) =2(n—2)+vn? —2n+5+ /n? +2n — 3. O

Theorem 3.4 For n > 2, the minimum equitable domination energy of complete graph K, is

n—=2)+vn?—2n+5

Proof Consider the complete graph K, with vertex set V = {1}171)27 e 7vn}. The minimum

equitable domination set is FD = {vl}. Then the minimum equitable domination matrix of K, is
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same as the minimum domination matrix of K, by [7]. Therefore,
Eep(Kn)=(n—2)+vn?—2n+5. O

Let us obtain the minimum equitable domination determinant of some graph G given by detgp(G) =

U2 -+ - fn, Where p1, pi2,- -+, un are eigenvalues of Agp(G).

Proposition 3.5 Let Sin—1 (n > 4), K, (n > 2) be the star and complete graphs with n vertices,
respectively, SO (n > 3), is crown graph with 2n vertices and K (|s —t| > 2) be the complete bipartite
graph with s + t vertices. Then

Proof wk.t detep(G) = p1 p2 - - pn, where pi, p2, - - - , n are eigenvalues of G.

Case 1. detgp(Sin—1)=1+vn—-1)"1""2 (1 -/n—-1)" = —(n —2), where n > 4.
Case 2.

((n_1)+¢2m)1(_1)“ ((n_1)_¢2m)1

= (=)', where n>2.

detED(Kn)

Case 3. detpp(Ksy:) = (1++/st)' (1)5T772 (1 —/st)! = (1 — st), where |s —t| > 2.

Case 4.
detpn(S?) = ((n —1)+ \/an_— on + 5) ((3 —n)+ \/2n2 +2n — 3) (1= 1)
= (-)"'(3-2n),
where n > 3. O

Theorem 3.6 If the graph G is non-singular (i.e no eigenvalues of App(G) is equal to zero) then
Erp(G) > n, (non-hypoenergetic).

Proof. Let pi,p2, -, un are non-zero eigenvalues of Agp(G). Then inequality between the

arithmetic and geometric mean, we have

v [pa| + [pal + - + |pn]
dx n

1/n

Y

(lpallpe] - - - [pen])
%EED(G) > (detAgp(G))Y".

The determinant of the Agp(G) matrix is necessary an integer. Because no eigenvalues is zero,
|detAgp(G)| > 1 then |detAgp(G)|*™ > 1. Therefore Exp(G) > n. O
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