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Abstract: In this paper, we obtained some characterizations of space curves according to
Bihop frame in Euclidean 3-space E® by using Laplacian operator and Levi-Civita connec-
tion. Furthermore, we gave the general differential equations which characterize the space

curves according to the Bishop Darboux vector and the normal Bishop Darboux vector.
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81. Introduction

It is well-known that a curve of constant slope or general helix is defined by the property
that the tangent of the curve makes a constant angle with a fixed straight line which is called
the axis of the general helix. A necessary and sufficient condition for a curve to be a general
helix is that the ratio of curvature to torsion be constant ([10]). The study of these curves in
has been given by many mathematicians. Moreover, Ilarslan studied the characterizations of
helices in Minkowski 3-space E; and found differential equations according to Frenet vectors
characterizing the helices in E§ ([15]). Then, Kocayigit obtained general differential equations
which characterize the Frenet curves in Euclidean 3-space E3 and Minkowski 3-space E3 ([11]).

Analogue to the helix curve, Izumiya and Takeuchi have defined a new special curve called
the slant helix in Euclidean 3-space E® by the property that the principal normal of a space
curve v makes a constant angle with a fixed direction ([19]). The spherical images of tangent
indicatrix and binormal indicatrix of a slant helix have been studied by Kula and Yayl ([16]).
They obtained that the spherical images of a slant helix are spherical helices. Moreover, Kula
et al. studied the relations between a general helix and a slant helix ([17]). They have found
some differential equations which characterize the slant helix.

Position vectors of slant helices have been studied by Ali and Turgut ([3]). Also, they have

given the generalization of the concept of a slant helix in the Euclidean n-space E™ ([4]).
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Furthermore, Chen and Ishikawa classified biharmonic curves, the curves for which AH = 0
holds in semi-Euclidean space E]' where A is Laplacian operator and H is mean curvature vector
field of a Frenet curve ([9]). Later, Kocayigit and Hacisalihoglu studied biharmonic curves and
1-type curves i.e., the curves for which AH = AH holds, where X is constant, in Euclidean
3-space E? ([12]) and Minkowski 3-space E$ ([13]). They showed the relations between 1-type
curves and circular helix and the relations between biharmonic curves and geodesics. Moreover,
slant helices have been studied by Biik¢ii and Karacan according to Bishop frame in Euclidean
3-space ([5]) and Minkowski space ([6,7]). Characterizations of space curves according to Bishop

frame in Euclidean 3-space E? have been given in [14].

In this paper, we gave some characterizations of space curves according to Bishop Frame
in Euclidean 3-space E® by using Laplacian operator. We found the differential equations
characterizing space curves according to the Bishop Darboux vector and the normal Bishop

Darboux vector.

82. Preliminaries

Let o : I C R be an arbitrary curve in Euclidean 3-space E3. Recall that the curve « is said
to be of unit speed (or parameterized by arc length function s) if <E’>,E’>> = 1, where (,)
is the standard scalar (inner) product of E® given by (7, %) = 2141 + 22y + 23y3 for each
T = (x1,22,23), ¥ = (y1,¥2,y3) € E3. In particular, the norm of a vector ¥ € E? is given
by | 7| = v/(Z, T). Denote by {?(s), ﬁ(s), E(s)} the moving Frenet frame along the unit

speed curve . Then the Frenet formulas are given by

— —
T’ 0 k 0 T
— —
N |=| -k 0 71 N |,
— —
B’ 0O -7 0 B

where 7”), N and B are called tangent, principal normal and binormal vector fields of the curve,

respectively. x(s) and 7(s) are called curvature and torsion of the curve «, respectively ([20]).

The Bishop frame or parallel transport frame is an alternative approach to defining a
moving frame that is well defined even when the curve has vanishing second derivative. We
can parallel transport an orthonormal frame along a curve simply by parallel transporting
each component of the frame. The parallel transport frame is based on the observation that,
while T)(s) for a given curve model is unique, we may choose any convenient arbitrary basis

(]71> (s), ]V;(s)) for the remainder of the frame, so long as it is in the normal plane perpendicular
to ?(s) at each point. If the derivatives of (]71}(5), ]V;(s)) depend only on ?(s) and not each

other we can make ]—V_l} (s) and J—\TZ(S) vary smoothly throughout the path regardless of the
curvature ([18,1,2]).

In addition, suppose the curve « is an arclength-parameterized C? curve. Suppose we have
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. — — -  —
C' unit vector fields N; and No = T A N; along the curve « so that
— — — — — —
<T,Nl> - <T,N2> - <N1,N2> —0

ie., ?, ]V{ , ]V; will be a smoothly varying right-handed orthonormal frame as we move along

the curve. (To this point, the Frenet frame would work just fine if the curve were C? with
—

k # 0) But now we want to impose the extra condition that <N{, N2> = 0. We say the unit

first normal vector field ]_\]_1} is parallel along the curve a. This means that the only change of
— —
N7 is in the direction of T'. A Bishop frame can be defined even when a Frenet frame cannot

(e.g., when there are points with x = 0). Therefore, we have the alternative frame equations

— —
T’ 0 ki ko T
— —
Ny |=| -k 0 0 N
— —
N ~ky 0 0 N;

One can show that

K(s) = m, 6(s) = arctan (%) ki £0, 7(s) = _dtil(SS)

so that ki and ks effectively correspond to a Cartesian coordinate system for the polar coor-
dinates k, 6 with 0 = — [ 7(s)ds. The orientation of the parallel transport frame includes the

arbitrary choice of integration constant 8y, which disappears from 7 (and hence from the Frenet
frame) due to the differentiation ([18,1,2]).

Let o : I — E3 be a unit speed space curve with nonzero nature curvatures ki, ko. Then
a is a slant helix if and only if Z—; is constant ([5]).

Let 7 denotes the Levi-Civita connection given by Vo = d% where s is the arclenght

parameter of the space curve . The Laplacian operator of « is defined by ([13])

A=-V2 ==V Va-

83. Characterizations of Space Curves

In this section we gave the characterizations of the space curves according to Bishop frame
in Euclidean 3-space E3. Furthermore, we obtained the general differential equations which
characterize the space curves according to the Bishop Darboux vector W and the normal Bishop
Darboux vector W in E3.

Theorem 3.1([8]) Let a(s) be a unit speed space curve in Euclidean 3-space E3 with Bishop
— — —= —
frame {T,Nl, NQ}, curvature ki and torsion ko. The Bishop Darbouz vector W of the curve
« s given by
— — —
W = —koN7 4+ k1 No. (3.1)
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N
Definition 3.1 A regular space curve o in E3 said to has harmonic Darbouz vector W if

AW = 0.

Definition 3.2 A regular space curve o in E3 said to has harmonic 1-type Darbouz vector W
if
— —
AW = AW, AeR. (3.2)

Theorem 3.2 Let a(s) be a unit speed space curve in Euclidean 3-space E® with Bishop frame

- — —
{T , N1, NQ}, curvature kv and torsion ky. The differential equation characterizing o according

to the Bishop Darboux vector W is given by

- - - —
MVEW + A3 V2EW + XV W + MW =0, (3.3)
where
Moo= f?
A3 = —f(f'+9)
Ao = —[(f'+9)g—Fki(ky' +kif) [+ k(K —Fkaf) f]
k/
o= =) () MR ) - 0~ k) f
2
and

k !
f= (é) (k2)*, 9= kiKY — Kk

Proof Let a(s) be a unit speed space curve in Euclidean 3-space E® with Bishop frame
— — —
T,Ny, Ns ¢, curvature k1 and torsion ko. By differentiating W three times with respect to

s, we obtain the followings.

— ) ;=

VoW = —k,N; + K, N, (3.4)

V2 W = — (Kiks — kikb) T — kYN, + k' No, (3.5)
VAW = - [(k;kz S My oy gy v (3.6)

— Ky + kr (Kike — koK) N
+ kY~ ko (Kikz — kaky)] N

From (3.1) and (3.4) we get

— k1 — kll —
Ni=—— VW — 2 W 3.7
! kng—klkgv K ko — k1K (8.7)
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and & y
— 9 — 5 —
Ny=—""—V/W—-———"—"-—"W. 3.8
? k;kQ—klk;V K ks — kykb (38)
By substituting (3.7) and (3.8) in (3.5) we have
1 k k/l _ k/lk kl/k/ _ k/ k/l
Tl g Bk o om HE-KN G
k1k2 - k1k2 (kle — k1k2) (klkg — klkz)
By substituting (3.7), (3.8) and (3.9) in (3.6) we obtain
3 = 9 — —
)\4VQ,W + )\3VQ,W + VW 4+ MW =0,
where
o= f?
As = —f(f'+g)
A= (' +9)g— k(B +kif) f+ka (k" = kaf) f]
k/
M= =) (1) 097 4K 08 B £ 0~ k)
2
and ,
k
f= </€_;) (k2)*, g =hiks — K[k, =

Corollary 3.1 Let a(s) be a general heliz in E® with Bishop frame ?,171},]72} , curvature
k1 and torsion ko. The differential equation characterizing o according to the Bishop Darboux

T
vector W is given by
ky

! —
—,> (k3)* W =0,
k2

N
gV W — <

Theorem 3.3 Let a(s) be a unit speed space curve in Euclidean 3-space E® with Bishop frame
- — —
{T , N1, NQ}, curvature kv and torsion ky. The differential equation characterizing o according
—

to the normal Bishop Darboux vector W is given by

— — —
MVEWL 4 XV W+ Wt =0, (3.10)

where

A3 =  f

)\2 = g

k! 9

A= (k—z) (k)

and
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Proof Let a(s) be a unit speed space curve in Euclidean 3-space E® with Bishop frame
= 7 3 . . . . J_ . .
T, Ny, Ny ¢, curvature k1 and torsion ko. By differentiating W- two times with respect to s,

we obtain the followings.
—_—

WL = kN7 + ky Vs, (3.11)
—L) /—> /—)
Vo WL = —K,N; + k| Na, (3.12)
—
VWL = KN, + KN, (3.13)
From (3.11) and (3.12) we get
N k1 — ki 1
NN=——" "V W+ — 3.14
Ay kiks — kikh (3.14)
and k . ! —
~ 2 L 2 s
Ny=—"—"—-V/Wr— ————W—. 3.15
2= Wk kg kika — kikb (3.15)
By substituting (3.14) and (3.15) in (3.13) we obtain
— — kll / D
fV2WE 4+ gV Wt + (1?;) (kb)) W+ =o. (3.16)
This completes the proof. O

Corollary 3.2 Let a(s) be a slant heliz in E3 with Bishop frame {T,Nl, NQ}, curvature kq
and torsion kQ._The differential equation characterizing o according to the normal Bishop
Darbouz vector W is given by

SN k! / , —
gV Wt + (k—}> (kY)W =o.
2

Theorem 3.4 Let a be a unit speed space curve in E* with Bishop frame 3 T, N1, Ny ¢ . Then,
« s of harmonic 1-type Darboux vector if and only if the curvature ki and the torsion ko of

the curve a satisfy the followings.
—kY = Nk, kiks — kikh = 0, — kY = \ks. (3.17)
Proof Let a be a unit speed space curve and let A be the Laplacian associated with V.
From (3.4) and (3.5) we can obtain following.
AW = (K, ky — kik)) T + YNy — K/ Na. (3.18)

We assume that the space curve « is of harmonic 1-type Darboux vector w. Substituting
(3.18) in (3.2) we get (3.17). O
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