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Some Properties of Nilpotent Lattice Matrices
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Abstract: In this paper, the nilpotent matrices over distributive lattices are discussed by
applying the combinatorial speculation ([9]). Some necessary and sufficient conditions for a
lattice matrix A to be a nilpotent matrix are given. Also, a necessary and sufficient condition

for an n X n nilpotent matrix with an arbitrary nilpotent index is obtained.
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AMS(2000):
§1. Introduction

Since the concept of nilpotent lattice matrix was introduced by Give’on in [2], a number of
researchers have studied the topic of nilpotent lattice matrices(see e.g. [2-8]). In [7], Li gave
some sufficient and necessary conditions for a fuzzy matrix to be nilpotent and proved that an
nxn fuzzy matrix A is nilpotent if and only if the elements on the main diagonal of the kth power
AF of A are 0 for each kin {1,2,--- ,n}. Ren et al.(see [8]) obtained some characterizations of
nilpotent fuzzy matrices, and revealed that a fuzzy matrix A is nilpotent if and only if every
principal minor of A is 0. This result was generalized to the class of distributive lattices by
Tan(see [3,5]) and Zhang(see [4]). In particular, Tan gave a necessary and sufficient condition
for an n x n nilpotent matrix to have the nilpotent index n in [3].

In this paper, we discuss the topic of nilpotent lattices matrices. In Section 3, we will
give some characterizations of the nilpotent lattice matrices by applying the combinatorial
speculation ([9]). In Section 4, a necessary and sufficient condition for an n x n nilpotent
matrix with an arbitrary nilpotent index will be obtained, this result provide an answer to the

open problem posed by Tan in [3].

82. Definitions and Lemmas

For convenience, we shall use N to denote the set {1,2,---,n} and use |S| to denote the
cardinality of a set S.

Let (L, <, V, A) be a distributive lattice with a bottom element 0 and a top element 1
and M, (L) be the set of all n x n matrices over L.

For A € M,,(L), the powers of A are defined as follows: A" = I,,, A" = A" 1A r =1,2,.--.
The (i, j)-entry of A" is denoted by aj;.
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A is called the zero matrix if for all ¢, € N, a;; = 0 and denoted by 0. Let A € M,,(L). If
there exists k > 1, A¥ = 0, then A is called a nilpotent matrix. The least integer k satisfying
A¥ = 0 is called the nilpotent index of A and denoted by h(A).

For A € M, (L), the permanent perA of A is defined as follows:

perA = \/ A10(1)A20(2) """ Ano(n)>
oeP,

where P, denotes the symmetric group of the set N.

For a matrix A € M, (L), we denote by Ali1,i2,- -+ ,ir|j1,72,  ,jr] the 7 X 7 submatrix
of A whose (u,v)-entry is equal to a;,;, (u,v € R). The matrix Afi1, iz, - ,ir|t1,92, - ,ir]
is called a principal submatrix of order r of A, and perAliy,io, - ,i,|i1,42, - , ] is called a

principal minor of order r of A.

For a given matrix A € M, (L), the associated graph G(A4) : G(A) = (V,H) of A is the
strongly complete directed weighted graph with the node set V= N, the arc set H = {(i,j) €
N x Nlag; # 0}.

For a given matrix A € M, (L), a sequence of nodes p = (ig,41, - ,%,) of the graph
G(A) = (V, H) is called a path if (ix—1,ix) € H for all k =1,2,--- ,r — 1. These arcs, together
with the nodes i, for k = 0,1,--- ,r, are said to be on the path p. The length of a path, denoted
by I(p), is the number of arcs on it, in the former case, [(p) = r. If all nodes on a path p are
pairwise distinct, then p is called a chain. A path p = (ig, 41, - ,4r—1,%0) With do,41, -+, 41

are pairwise distinct is called a cycle. For a given matrix A € M,,(L), we define:
C(A) ={p|p is a cycle of G(A)}.
And for any r < n, we define:
Sy(A) = {p|p is a chain of G(A) and I(p) =r}.

For any path p = (ig, 41, ,4,) of G(A), the weight of p with respect to A, will be denoted by
Wa(p), is defined as

Wa(p) = aigiy A @iyiy N N Qi i, = Qigiy Qigiy *** Gy -
The following lemmas are used.
Lemma 2.1([2]) Let A € M, (L). Then A is nilpotent if and only if A™ = 0.
Lemma 2.2([4]) Let A = (a;;) € M, (L), A™ = (a]}). Then
ag = \/ Qigy Ajyig = Ay g5+
1<in ig, o yim-—1<n

Lemma 2.3([4],[5]) Let A € M, (L). Then A is a nilpotent matriz if and only if

pCTA[il,iQ,' o 7ik|i177;27' o 7746] = 07
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for all {iy,i9, -+ ,ix} C N, k€ N.
Lemma 2.4([4]) Let A be a nilpotent matriz over L. Then

ApyroQrorg =+ Qrpy_q7 Orpry = 0,

for all {r1,ra, -+ ,rm} C N.

83. Characterizations of the Nilpotent Lattice Matrices

In this section, we will give some new necessary and sufficient conditions for a lattice matrix to

be a nilpotent matrix.

Theorem 3.1 Let A € M,(L). Then A is a nilpotent matriz if and only if for all p € C(A),
WA (p) =0.

Proof (=) By Lemma 2.4, if A is a nilpotent matrix, then for all p = (ig, 1, ,4r—1,%0)
€ C(A), Wa(p) = aigi, @iyiy *+* Qip_yig = 0.
(<) If for all p € C(A), Wa(p) = 0, we prove A" = 0. By Lemma 2.2, for any typ-

ical term ai;, @iyiy ++ - @i, _,; of aj;, there must be repetitions amongst the n + 1 suffixes 1 =

10,91, ** yin—1,] = in. Suppose that is(1 < s < n) is the first one which is € {ig, 41, - ,is-1},
then there exists i;(0 < ¢t < s — 1), such that i; = is, 8o, (i¢,it41, - ,i5) € C(A). Hence
Qiiy Qiyip " " iy 1§ < Qigiy g~ Cig_yiy = 0,
and
CL?J- = \/ iy Qg * " Q5 = 0, VZ,_] e N.
1<iy iz, in—1<n
That is to say, A™ = 0. By Lemma 2.1, A is nilpotent. O

Example 3.1 Consider the lattice L whose diagram is displayed in Fig.1.

1

Fig.1
Obviously, L is a distributive lattice. Now let

a 0
A=1] ¢ 0 0 | €MD)
10
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then C(A) = {(1,2,1),(2,1,2)}, and for any element p of C(A), Wa(p) = aAc=0, hence A is
a nilpotent matrix. In fact, A% = 0.

Theorem 3.2 Let A € M,(L). Then A is a nilpotent matriz if and only if all principal

submatrices of A are nilpotent.

Proof. (<=) Since matrix A is a principal submatrix of matrix A, A is a nilpotent matrix.
(=) Let B = (bsj) = Ali1, 92, ,it]i1, 82, -+ , 4] is an arbitrary principal submatrix of A
and let p; = (ko, k1, -+ ,kr—1, ko) € C(B). Then

WB(pl) = Dkiohi Okikz *+ Ok 1 ko = iy Vigyiny " Qig, iy -

Obviously, path p = (igy, %k, ik, 1,0k ) i & cycle of G(A), so, by Theorem 3.1, we have

WA (p) - aikoikl aikl Thy .aikr—lik() =0.

Hence
Wi(p1) = Wa(p) = 0.
Applying Theorem 3.1, Aliy,ia,- - ,4¢]i1, 42, - ,it] is a nilpotent matrix. This completes
the proof. O
Let
A1 B
A= ,
0 A,

where A7 be a m x m matrix and As be a n x n matrix over distributive lattice L. Then for
any p € C(A), p € C(A1) or p € C(As). Hence we have the following corollary.

Corollary 3.1 Let

A B
A= ,
0 A

where A1 be a m X m matriz and Ay be a n X n matriz over distributive lattice L. Then A is a

nilpotent matriz if and only if Ay and As are nilpotent matrices.

Corollary 3.2 Let L be a distributive lattice,

A x *
0 A2 . *

A= ] o ) € M, (L),
0 0 - A

where A; € My;)(L),i = 1,2,--- k, and n = n(1) +n(2) +--- +n(k). Then A is a nilpotent

matriz if and only if Ay, As, -+, Ax are all nilpotent matrices.
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84. A Characterization of Lattice Matrices with an Arbitrary Nilpotent Index

If A is a zero matrix, then h(A) = 1; if A is a nonzero nilpotent matrix, then h(A) > 2. In the
following discussion, we always suppose that A is a nonzero matrix.

If p = (io, 41, ,ir—1) € Sr—1(A) and Wa(p) # 0, then aiyi, Giyiy -+ Gip_si_, = Wa(p) is
a term of azro_iil, so, A"~1 = 0. Hence, we have

Lemma 4.1 Let A € M,(L) be a nilpotent matriz. If there exists p € Sy_1(A), such that
Wa(p) # 0, then h(A) > r.

Example 3.1(continued). Since p = (3,2,1) € S3(A4) and Wa(p) = 1 A ¢ = ¢ # 0, we have
h(A) > 3, i.e., h(A4) = 3.

Lemma 4.2 Let A € M, (L) be a nilpotent matriz. If S.(A) = 0 or for everyp € S,.(A), Wa(p) =
0, then h(A) <r.

Proof Suppose that ai;, @iy, -+ - ai,_,; is a typical term of aj;. If [{i,i1,- -+ ,ip—1,j}| <7+1,
let is(1 < s < ri =1ig,j = i) be the first one which iy € {4,41, -+ ,is_1}, then there exists
it(0 <t < s—1), such that is =iy, so, (it,it41, - ,is) € C(A), therefore, we have

Wiy Qigig " Qi1 < Qi " Giy_yi, = 0.
If [{i, i1, ,ip_1,5}| =7 +1, then (i,41,-- ,i,_1,5) € S.(A), so
Wa(p) = @i aiyiy -+~ ai,_yj = 0.
Thus, for any 4,7 € N and in any cases, we can obtain:
Qiiy Qiyiy iy g = 0.

Therefore
al. = \/ Qjjy Qiyig " G _qj = O, V’L,] € N.
1<iy yin, - yir—1<n
This means that A" =0, i.e., h(A) <. O
Now, a characterization on lattice matrices with an arbitrary nilpotent index can be given

in the following.

Theorem 4.1 Let A € M, (L) be a nilpotent matriz. Then h(A) = r(r € N) if and only if
there exists p € Sy_1(A), Wa(p) # 0 and for all p € S,(A), Wa(p) =0.

Proof (<) If A is a nilpotent matrix, by Lemma 4.1, h(A) > r, and by Lemma 4.2,
h(A) <r, thus h(A) = r.

(=)Since h(A) = r implies A"~! # 0, there exist ig,i1, - ,ir—2,j0 € N, such that
Qigiy Biviy = Gi,_sj, 7 0, by Lemma 2.4, this means that ig, i1, - ,ir—2, jo are pairwise distinct,
i.e., there exists p = (io,il, e ,Z.T,Q,jo) S Srfl(A),WA(p) = Qg4 Ajqig " .ai'r72j0 7§ 0 OIl

the other hand, if h(A) = r, then for all p € S,(A4),Wa(p) = O(otherwise, if there exist
p € S.(A),Wa(p) #0, by lemma 4.1, h(A) > r + 1, this is a contradiction). O
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