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Moving the Earth with thermodynamics and python
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Thermodynamics ThermoCodegen (TCG)

Given a model for the free energy of a thermodynamic phase:
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We model the thermo-mechanical evolution of the Earth using ordmary The high-dimensionality of thermodynamic models typically means that The relationships between the thermodynamic parameters and the (e.g.
and partial differential equations (O/PDEs) that describe conservation geodynamic models rely on inconsistent thermodynamic approximations Gibbs) free energy make them ideal candidates for symbolic representation,
laws In space and time. and other simplifying assumptions. This limits our ability to apply differentiation and code generation, allowing thermodynamic models to be
experimental petrology data to large-scale simulations or consistently rapidly implemented for use in geodynamic simulations. We have
o - ¥ - ¥ > - v - > > - g mOdel Open reaCtive SyStemS developed TheFmOCOdegeﬂ fOI” th|S pUI”pOSG. gitlab.com/ENKI porta/ThermoCodegen enki-portal.gitlab.io/ThermoCodegen | doi.org//O.Z//050055.046574
/‘ e " s S 2 Descrlbe thermodynamlc et e sarard st comiroation 1> salaton propert , s e Ngpsi0e stisrude()
! Gjs":in.j::ieirwmus):)]e R 3 1 TCG generates & bu’lds C/C++ COde: Fr{::'c;eiz:rzs);ect: Mg2Si04_stixrude
Choose (or design) a database of Consnct Mod o he ol e ooy~ e s e o ohase o Forsterite (Fo
| : . ot o s cnvutns e 2 015101 T, )+ (T Load the Olivine phase from the module Phase. 1 Mgadoteyite gua)
4 thermOdynam'C mOdeIS, e.g.. z;‘égﬂ%lq)fiiﬂ2?51’&52‘3&3” v I Define configurational entropy and configurational Gibbs free energy aseEndmgmgei gy;gaads%e;;te_stixrude : Mg2Si04_(MgWa)
” G e i il . e e _— FAp— . ] f{‘_); | Mixing on sites. The Stixrude modelforthecorZiguiaior:;‘GitjzfFrjiE)r:ergv.c)an be written gsp:r:ezti;y:?version_info.major)+'. '+repr(sys.version_info.minor) PhaSeEidmgrﬁég?‘wgoaéginésgzéite_Stixrude : Mg2Si04_(MgR1i)
Thermodynamics of mantle minerals — II. Phase equilibria | 5 "3 endmembers, | o e m AR sys.path.append(os.path. join(os.path.pardir, ‘'database’, 'install', 'MgFeSi04_all slb_rx' Reaction 0
5 . where m is a vector containing the site multiplicity of length ns Phases import py_MgFeSi04_all_slb_rx as slb Mg2Si04_(Fo) —> Mg2Si04_(MgWa)
. . . . :_ wrarmeehe For the MgFeSi, 04 system there are 2 sites each with multiplicity 2 so ol = slb.0livine_slb_ph() Reaction 1 ' '
Lars Stixrude and Carolina Lithgow-Bertelloni o 7 7 ' | ' ' ' Mg25i04_(MgWa) —> Mg2Si04_(MgRi) 4
(. Depamralﬁf:t‘)::{:eiﬁlg‘:k;:;:e‘ merut) ('rllege I.mzdrm I(mdon Umledegdnm mall lvlmuc’arls(:uk 91\,..1“[(‘_:}_ ~ l] [(k()p_4)[|, ‘,—:)_ ~ %)+ 1] m’ =[2 2| Define tné reactions in tnis system, and then write SymPy that describes the reactions rates ) ) Which currently includes 3 phases and 2 reaction .
also be used to ,mdv phase ecrilibria mr s ‘ x* = Cx First we pull out the SymPy symbols for the independent variables (temperature T, pressure P, concentration C and phase fraction Phi). LISt fu nctions ‘ J

second integral in eq. (3) are likely to remain unconstrained by ex- Concentration C is a sym.MatrixSymbol of dimension N (number of phases) by Kmax (maximum number of endmembers). Phase fraction For convenience we will identify some indices for phases and compd

perimental measurements at ambient pressure. In contrast, with the

stress. 2

We assume #'.¢ following form for the chemical potential is the vector of mole fractions on each site and C is a matrix of site Co

Phi is a sym.MatrixSymbol of dimension N (number of phases) by 1 (i.e., a vector).

Use in a geodynamic |

Euler form, integration through uncontrolled regions of P-T space Define the Debye temperature: A A dir(ol)
are avoided as the integrals do not appear and computation of the — - ) Again for this system C = [ # Variables . . . H H H ’
fundamental relation at high pressure and temperature is straight- M =G — RT XA: SixIn Ny — Z‘Y”" In Ny 2431 - 53‘(9?"_";'5’? ey T=rxn.T - N— - = - rOV’dln 'nter aces Create rlght hand side function of ODEs . .
forward and well-posed. Although not as common as the differential ! ns = 2 P = rxn.P cp, m o e e g us’ng C’ y
e & 22 viences liters 2 ‘s aleo nsed i species ] e - . i - . ' i ' C = rxn.C 1 1 . - _ . . .
t‘om} ITI the Earth chle‘nces l.n.erdfure. t!’? h‘fle'r form is also use('i mn _ Z Wion(Bi — 02NBis — bp) ™ where subscript 0 mdlc‘mcs \aluc;s in ¢ natural configuration, here d0 = theta® * sym.sqrt( 1 + c3+f + c4 * f+2) G_Zonflg, R( O T A ) Phi = rxn.Phi cv -, def f(t,u,rxn,scale,epsilon=1.e-3,verbose=False): b
studies of mantle phase equilibria by Jacobs & de Jong (2007), and iapDia o WOip 20 taken to be that at ambient cond:iions de C SY""- eye(ns) ' ' L
for example, as the basis of the Steam Tables (Haar et al. 1984). The poa - X o = CxX Now il out the special svmbol reserved for t Hinity. A. This is a sym.MatrixSymbol of di ion J ber of tions) by 1 dzgdnz ’ t rou t On + + . . . . A ;
Euler form also has a venerable history in investigations of the high where fe 1 (ﬂ)_ ) 20) — 3 — X_o ow we pull out the special symbol reserved for the affinity, A. This is a sym.MatrixSymbol of dimension J (number of reactions) by 1. " d29dndp i ) return rhs of the dimensionaless 1-D isentropic upwelling equations
pressure physics of solids and serves as the basis for the derivation o 2|\ o |13 (v)° 1 670 —3q —2) + 6; (+) 1 1 'd2adndt’
of the Birch-Murnaghan equation of state (Griineisen 1912; Birch No = ):Lis Son ®) i . . . . , 0477l 2 2 LN A 70 2 2 n+n; : S ;‘l;“iy gan t', ° Parameters
1947; Anderson 1995). The Euler form also proved essential for the k= kT 1: the s;,:glafr part ?fl:hc Ell:llcnan finite strain, the density p = 1/V, ) ! ik 'd 29d p2 ' , to t e t e r m O yn a m I C __________
- . . i i the coefficients of the cold part are
dev.elopmem of the anisotropic generalization in Paper 1. ) P X = do/T Now we define the parameters used in the reaction rate expressions. These should be sym.Symbol objects. We also need to create lists ! d29dt2 ' t: float
(iv) Anisotropic generalization: In Paper I, we generalized the Y _gg @ A ~ o T T I 3 o 6N . R . o o - P . o . o ‘ ) _ . ’ ° .
thermodynamic machinery to the consideration of deviatoric stress ¢ iikk 70 _db = ym. Log ym.exp M = sym.Matrix([2,2]) that contain the parameter names as strings, their units (in string form) and the corresponding SymPy symbols. Note that these need to 1 dZthdp 1 time
M ) . o = ZN/A (&) A G = nT*R*T*M.Txsym.diag(*X_o)*X_o.applyfunc(sym.log) be ordered correctly. ’ ara, , ' e ers e’r u: arra
and strain in such a way that fully self-consistent computation of @ i , , G_config = G[@].simplify() 1 d3gd n2d p ' : y . .
phase equilibria and the elastic constant tensor is possible. This final Biikimm = 27K 10 (K79 — 4) (22 [((m\2 Y ((oy2 ) G_config ’ | | ’ solution array [ F, c_(Lg)~{Si204}, T, P ]
step is essential for making contact with scismglogical obscr\'aliogs ‘ primes indicate pressure derivatives, k is the Boltzmann constant, % | '__ _} 6rg-39-2)+6 __ 1 | Bo - ;@jg]y;nlgy;boy e d3gd n2dt ’ ° ° rxn: ThermoCodegen Reaction object
and we are not aware of another thermodynamic model that has this S, = Z ! 10 6 is the characteristic vibrational temperature, and D(x) is the De- \ ; . n ny R = Symbol('R') 'd3gdn3" e rlva t' Ves scale: dict
\anabili i g s < have ei enecs ik = 2 _Sijk (10) . — T q - ‘ ‘ ‘ 2RT | n; lo 2 lo SYRSYALS g ’
Ldpdbl.llly. Previous mantle models hav; either not spcu.ﬁcd.clasm - bye free energy function, which is related to an integral over the i RTn|3log|l1—e 7 — Debye < 1 log n+n g n + ng ' dadndn? ! dictionary containing scales for T,P,rho
moduli other than the bulk modulus (Stixrude & Bukowinski 1993; vibrational density of states (Born & Huang 1954) params = ['T@*,'R'] * epsilon: float
Mattern et al. 2005; Piazzoni et al. 2007; Ganguly et al. 2009), are, respectively, the number of :toms of component * on site &, the . units = ['K','3/(mol K)'] re actlons ’ ; : Ty :
or have done so non-self-consistently (Sobolev & Babeyko 1994; total number of atoms on site k, ar.d the sum over the st ichiometric D(x) = x:«f In(l — exp~)edr. @23) l Define Excess Gibbs free energy of mixing symparam = [T@, R] . regularization parameter for composition equation not actually used here
Kuskov 1995; Bina 1998; Hama & Suito 2001; Ricard et al. 2005). coefficients of species i at site k, « is the stoichiomett's coeffi- ) 0 Llst end membe rS e
Qur del"lvation is given %n Papcr.l and build.s.on er\-ious work cient of component j on site k in species 7, and c is the nul.l.‘.\er of We assume that 6 varies with strain as ... and from that the quasiharmonic approximaties/1o the Helmholtz energy ... Stixrude uses a van Laar model for describing the excess Gibbs free en Forsterite to Wadleyite Reaction # Extract variables
in relating thermodynamic potentials to elasticity (Wallace 1972; components. Sums over sites and speci-s extend over all sites ad N = 3
Da\'l.es 1974). The analysis is based oq the EUI:CI f_orm as a PQIY' specics of the phase to “hl"h the specics Rpelongs. In'thf: sum over 0" = -91 (l + ﬂmf + a Mf +- ) (24) A_quasi = A_db - A_db.subs’", I'r) Gx=x'd [d) w Set up the forsterite to wadsleyite reaction. This requires a list of tuples for both the reactants and products. Each tuple consists of strings for em in ol.endmembers ( ) + p rint (em . namE( ) , €m. formula ( ) ) F = ul:N]
nomial expansion of the thermodynamic potential in the Eulerian a, B only terms B > « are included, that 1= each pair interaction A_quasi of T = ulN]
finite strain with special attention paid to the distinction between is counted once and like terms « W, are e-cluded as these are with coefficients ] where d is a vector containing species weights (length ¢, number of col . . -
the large finite strain associated with Earth’s internal pressure and assumed to be contained in G;. The size-weigh.>d proportion of o £ % ‘ (8 ,7 : T ) (name, phase,endmember) Forsterit e_s lb_em Mg25 i04 P = u[N+1]
lhn_: mych smaller strain of general symmetry applied by a passing species a (Holland & Powell 2003) a; =6y (25) 0 3 1 5 l p-3g-2)+6 ‘— -I 6, 13 d = dlag(d)x ' ' Faya it e_s lb_em Fe2Si04
seismic wave. nyd, ) J d’x where name: is an arbitrary name describing the reactant endmenber, phase: is the phase containing the endmember endmember: the # scale Temperature and pressure
b= (11) a?, = —12yy + 36y — 1840v0, Q&Y o RTn|3log|1—e — Debye _ ot dweiahied o frac ) hame of the endmember that is reacting in that shase L
y P8y is a vector of d weighted mol fractions an ey Ps = ipt
o . . o s = scale['P']*P
where y is the isotropic component of the Griineisen tensor, and ; : , P \ ;
3 THEORY where d,, is the size parameter and the sum is over all species in the il V o P . P e . S P yq Wi The phase and endmember names should be consistent with whatever they are called in the thermodynamic database. Choose a tempe ratu re, pressu re and CompOSItlon
e e . " . o - is the isotropic component of the strain derivative of the Griineisen W = J
3.1 Outline phase containing species , the size-weighted interaction parameter tensor. In egs (19)—(26) the subscripts,j, k, . . . refer to the Cartesian W d + d; # calculate thermodynamic properties from the rxn object
g # react
2d 1zdices of the general strain tensor as they appear in the original, w2 ) : gamma_i = np.array(rxn.Gamma_i(Ts,Ps,C,F))
ibbs 2y of a multiphase assemblag = : . > S o ()3 (2)3 j=0 T = 1673. # K = = s
The Gibbs free energy of a multiphase assemblage Wiap = dy +dp Wap (12) fully snisotropic form of the fundamental relation in Paper 1. We to | L1 ver) ~——-1 | P is a d weighted Margules matrix W of species interaction terms. if verbose:
species ‘ have retaic=d the Cartesian subscripts in order to emphasize the o S 0 # Re: P = 150000 # bar print(gamma_i)
G(P,T.i) = 3 mp(P.T,7) and 4, is the Kronecker delta. connection betvi=en the equations we present here and the theory — RTn|3log|1-e — Debye For the MgFeSi; 04 system W is a 2 X 2 symmetric matrix with only or] Fo. 01 ‘Olivine’, 'Forsterite_stixrude') cik = [0.9, 0.1] # Fo90 (by mass fraction) -

species
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where n;, u;, G; and a; are, respectively, the amount, chemical po-

n, [G.(P, T)+ RT Ina,(#)], 6)

To relate our development to other studies of geological phase
equilibria, we may evaluate the chemical potential of pure species i
(n,=1, Rjg = 0)

sites [&
w=G —RTZ(S,AlnS(L—Zs..Llns.,A), (13)
k j

valid under more ge..>ral strain derived in Paper 1. The expression
for the Helmholtz free energ 7 aside from the magnetic contribution,
which we now discuss, is derived 1. ®aper I and evaluated here under
conditions of isotropic initial stress. Exprer=ions for the full elastic
constant tensor are found by taking the appropriacC strain derivatives

... and finally the Stixrude model expression for the Helmholtz free energy:

W12 = sym.Symbol('W_12')
d = sym.Matrix([1,1])

W = sym.Matrix([[0, wi12],
for i in range(2):

(w12, o]])

# Product

MgWa_Wa

Now we write down the SymPy expression for the reaction. This, along with the list of reactants, products, parameters, units and variable
symbols are passed into the 'add_reaction_to_model' function. This function also requires a 'name’ field, which should be consistent with

('MgwWa_wa',

'Wadsleyite',

'Mgwadsleyite_stixrude')

Heat capacity

# phase properties

rho = np.array(rxn.rho(Ts, Ps, C))
alpha = np.array(rxn.alpha(Ts,Ps,C))
cp = np.array(rxn.Cp(Ts, Ps , C))

tential, Gibbs free energy in cation-ordered pure form, and activity of 7 and are given in Paper I. for j in range(2): o ) , L o o . . s = np.array(rxn.s(Ts, Ps, C
of species i and 7 is the vector containing all of the n,. We as- The magnetic contribution, which we assume to have the form | | Wli,j1 = wii,j1/(d[i] + d[j]) the variable assigned to the SymPy expression; for example, here our expression is Fo_melting = ..., so our name is 'Fo_melting'. - p Y( ( ’ y ) )
: S g . : o : I Sl Phi = sym.diag(*d)#X/(X.T*d) 1 (T ik) # J/9/K v = F/rho
sume that the quantity RTInf; is independent of pressure and where the second term accounts for possible cation disorder in the Foo— T 128 + 1 27 A - A ' oL.Cp » P, C1 g
temperature, where [ is the activity coefficient. This assumption pure species. Thus our definition of G, is equivalent to 0 in the mag = Zr, 25 +1) @7 (P;h;x;e::l. Srlfmrz)tl;Z((jiPhi T#WkPhi # SymP » for reaction rate # ti
e . . . . . . . . e . . . X . ; 2 3 2 L = *X. e « T3 o reaction rate mean roperties
penmts.non-ldeal enthalpy of solution but neglects the contribution usage of e.g. Cohen (1986) and is consistent with the choice of unit accounts for configurational entropy of spin degeneracy, where 7; ( [ (f)3 (% T R e e e T e T - sym exp( TB T) 177.84931638945565 prop
of non-ideality to other plly'sicz?l properties, such as the \{olmllc or activity for caliurx-ordc{cd pure spcg-‘ics by, for example, Ilglland & and S are the stoichiometric coefficient and spin quantum number of ) oy [3ro| - 2 | (erg-e-2ps6mg| ~—- L | R G:excess - p=r . rho_bar = 1/sum(v)
entropy, because such contributions are small compared with uncer- Powell (1998). We prefer the notation G, to u,, because it makes element 7, respectively, and the sum is over all atoms in the formula l ! m=r alpha_bar = v.dot(alpha)*rho_bar
taint%cs in these proPcnics at lnanflc pressure unq tcmpcralurlc (Itfx gxplicitcomacl with the particular tbnn of the fundurpcntul relation unit (Ulbrich & Waldbaum 1976). This high temperature form is RTn|3log|l —e e s Wianina < R cp_bar = F.dot(cp)
& Stixrude 1992). We n?gleclsunace energy, which may be 51gp11- ¥ntroduced in Paper I and summarized below (Section 3.3.1), and expected to be accurate for all mantle phases, which have magnetic ny + ny '502 _ Phi [iWa] Thermal expa nsitivity s_bar = F.dot(s)
}gant for very small grains (1 nm). We also neglect the pOS]Slblc its Logeudre tranaform. disordering temperatures far below room temperature. We assume Fo_MgWa = sym.Piecewise((rp#S@p=A[j]/R/T,A[j]>=0), (rmxSem=A[j]/R/T,A[j]<@), (0, True))
J S = 2 for high spin Fe, and S = 0 for all other cations considered - params=['R', 'W_12"] Fo:Mgwa ) _ ipt ' '
l 3.3.1 End-member contribution in this paper. In this study, we have lgnored variations i > on - — - units = ['J/K/mol', 'J/mol'] . . ) A scale['P']/scale['rho']
The first term on the right-hand side of eq. (7) G; is the term due compression, which have been found experizicually (Badro etal, (+)° (+)? symparam =[R, W12] T Ago® for Anve > 0 S m bollcall us'n 1 ol.a 1pha (TI P, Clk) # 1/K dFdz amma i
7t by |30 —5—-3 +orp| ——- 7 |+ = or 0= 4 -
to the pure end-member species, and is specified (less the Landau 7—901 Badrq et ul. 2004). The A=¢.is of spin-pairing transitions are N . : . , RT 0.0 y y g »i g L )
contribution discussed below) by the Legendre transformation of still uncertain in fes: periclase (Persson ef al. 2006) and even more . ] print(list(zip(params,units,symparam))) T Anod ) 4 dTdz = T/cp_bar * ( -A*alpha_bar - s.dot(gamma_i))
the Helmholtz free energy 0 ir *Le case of perovskite and post-perovskite (Bengtson et al. — RTin|3log|l—e — Debye [('R', '3/K/mol’, R), (‘W 12', 'I/mol', W 12)] RT otherwise . ,; 2.1953357803838835e-05 dPdz = -rho_bar/scale['rho']
| | 2005). Moreover, as the spin transition is likely to affect partitioning, ! o - s S m P s a V’ n t h e re s u I t )
Fp,T)=Fo+— j + — h( ot it seemed premature to include its effects on one phase and not . . . 9 if verbose:
2P " i others. As experimental and theoretical evidence of the nature of Define the Gibbs free energy of solution int(T b Axalpha_b dot( i), dsdc_lq.dot(dCik_1q))
onka | 7D AF T (19 spin-pairing transitions continues to be gathered, this information N 2 . * prin /cp_bar, Axalpha_bar, s.dot(gamma_i), dsdc_lq.dot 1K_Lq
Feo TN ? + AFmag(0, T), will be readily incorporated in our model. i ()" G = G_ss + G_config + G_excess ’n a ata as e du = np.empty(u.shape)
Ykoovo| ~—5— — 3 | | (kOp — G dul:N] = dFdz
© 2011 The Authors, GJI, 184, 1180-1213 +ao du[N:] = np.array([ dTdz, dPdz])
. Gcnnhwmal Jour nal lmerr‘lgllﬁouillﬁkx 2£)ll RAQ 2 2RT ( n, log n +ny log na + Wianin; + ) (T, P) + nopus (T, P) sk d h /d d / / return du
. = ny +ny ny+m ny + ny sdave das scnema-vdaill Gte Xmil Jies
t = 297 kyr t = 435 kyr t = 593 kyr

Regional
scale
disequilibrium &
melting as an
explanation
for Hawaili's

Laboratory scale disequilibrium reaction-

diffusion melting experiments, modeling
performed using FENICSX+PETSc+TCG

Outcrop scale
disequilibrium
reactive-channeling
simulations, modeling
per'formed by Lucy
Tweed using

Global scale solid-state

Melt Flux

[Mg,Fe]2SI04_o1,01wa) < [Mg,Fe]2S1I04_ waRriR))
[Mg,Fe]2SIO4 owary < [Mg,FelSIOs py) + [Mg,Fe]O_Mw)
[Mg,Fe]2SiO4_oiwar) < 2 [Mg,Fe]O_Mw) + SIO2 (s
[Mg,Fe]SIO3_pyy = [Mg,Fe]O_mw) + SIO2 (st
MgSIO3_py) + FeO_mw) & FeSIO3_py) + MgO_Mw)

Olivine (Ol)
Wadsleyite (Wa)
Ringwoodite (Ri)

Perovskite (Pv)
Magnesiowdustite (Mw)
Stishovite (St)

mantle convection with
reactive-disequilibrium phase
changes, e.g. Isentropes
calculated using SciPy+TCG

Forsterite Solid (Fo)

Orthopyroxene Solid (En)
Quartz Solid (Qz)

Mg25104_(Fo) = M225104_(Lg) C.e
MeSIOs3_En) 2 1/2 Mg2SIO4_(1g) + 1/4 S2O4_(1q)

45901
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