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Abstract
The goal of this work is to evaluate how to parallelize the block cyclic reduction using MPI and OpenMP. This algorithm is used

to solve elliptic problems much faster than the traditional iterative methods. We explain the parallelism that we exhibit and show
the performance of the MPI and the OpenMP version that we have made.
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1. Block cyclic reduction algorithm

The goal of this work is to evaluate how to parallelize the block cyclic reduction using MPI and OpenMP. This
algorithm is used to solve elliptic problems much faster than the traditional iterative methods.

1.1. The cyclic reduction
For example the finite difference of poisson equation is:
Find uw €V suchas
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The concept of block cyclic reduction is to iteratively eliminate half of the unknowns until there is an only single
block system which can be solved directly.

So we have for j suchas: 1 <j < 2/a —1:

TUZ*j—Z + BUZ*j—l + TUZ*]' - FZ*j—l
TUp.j_y + BUs; + TUsu i = F,.,
TUz.j + BUzsjyq + TUzjyp = Fouja

If we multiply the first and third lines by T and the second line by - B, then sum this three new lines, if TB = BT
we eliminate the odd unknowns U, ;_,

TZUZ*]'_Z + (2T2 - BZ)UZ*]' + TZUZ*]'_'_Z = TFZ*j—l - BFZ*]' + TFZ*]'+1

We have then the same structure for this new linear system with half of the unknowns:

TW =712
B®W = (2T* — B?)
1
FY = TFyj_y = BFpj + TFyj
©
BV T U, / F \
T BW T U, M
T(l) . U6 = | F(l) |
pW 7@ :
T p®/ \Unm,—1 Frff)-l
y

If we continue after kiterations we have:

T® = [r¢k-D ]2
Bl — (z[T(k—n ]2 _ [B(k—l)]z)
x) (k-1) p(k-1) (k-1) (k 1) (k-1) p(k-1)
sz =T Fz kyjok-1 —-B F +T Fz *]+2"1
B& ) / \
7O gl W U k*z o
T®) = F(k) |
B )
w g/ \U jq-
1@ g0/ \Upeai)) -\ oo
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We continue until k = j, — 1 (m, = 2Ja — 1 and m, = 2/p — 1), then we have only one block equation in the
system.

For example with j, = 4,m,, =

follow :

k=0

k=1

k=2

k=3

1.2. Backward substitution

B(jq_l)Uzjq—

F(lq 1)

2Jq—1

2% —1 = 15, we have 15 unknowns to compute. The elimination scheme is the

After solving the only block equation, we compute the « odd » values with the even values that we have
computed in the previous step. So after this resolution:

plUa—1)y Jig-1 =

We can proceed to the next step with a backward substitution:

After computation of

Gq=2)77 . - _ gUg2) Ua-27
BVYa Uzjq—1_2]q—2 szq—l Jig-2 — TVYa Uzjq—l
(= o _ pUqm2) _ U2 .
B Uzjq—1+2]q—2 = Fjo-1,,iq-2 T Uzjq—l
Uzjq—l_zjq—z et Uzjq—1+2jq—2.

—T&k-Dy

(Jq 1)

Jq—

T(k—l)U .

—TU (U gz, + U

=T We_yiq-

2k

2/a-2k

1,..,207Ua™) values U, j2, g3 :
o Forj=1:
s i—3 P
U, = IS — 10Dy,
e Forj=2,..,2/a"0a=2 —1
(jq—3)
BUa- )Uzjq— _oJq—3 qu—z*j_zjq—3
e Forj = 2/a=Ua=2)
ig—3 S _ pUa=3)
B(Jq )Uzjq_zjq—3 - zjq_zjq_3
And so on. At step k, we have:
o Forj=1:
BKDY e s = Fi Ny
e Forj=2,..,2Jak -1
_ k-1
B(k 1)U2k*j_2k—1 = Fz(k*j—)zk_l
o Forj =2Ja7*
- (k-1
Bk 1)U2jq_2k ) leq -

We do the step k = j, —3. We compute for

zfq‘z*(j—l))

— Tk-1) (Uzk*] + Uz"*(j—l))

j:
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Then for the step k = 1, we compute the last values :
e Forj=1:

B©@y, = F© — 1@y,
e Forj=2,..,20a71 -1

BOy,,; = FZ(E])'—l —TO(Upaj + Usej2)

o Forj=my, =2/
BOU, s = F§)y = TOU,jgma_,

Again for the example, the backward substitution is shown in this figure (with the same colors) :

k=3
k=2
k=1

k=0

We need now to explain how to compute B® | T®) and Fz(,’f)] It can be proved that :

TG = 72"
Zk

B®) = — H(B — 2cos (0,)T)
=1

with 6, = (1 —3) m/2* Fori=12,..,2"

This can be also written in a very interesting way:
2k

[B®]™ = - Z (B — 2cos (6,)T] ™
=1 .
With ay,; = :—?Sin (Brr)

We have also :
k) _ pk-1) pk-1) _ pk-1) pk-1) (k-1) p(k-1)
Fo, = TOVF D e = BOVE Y + TE DR
The trouble is that this formulation cannot be use because of precision instability [1].

1.3. Buneman'’s algorithm

We choose the Buneman’s variant who give numerically stable results [1]. This algorithm introduces two series
PandQ: .
e Fork=0,Forj=1,2,..,2/a—-1:

0 _
13. =0
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0® =F® =,

o For 0 <k<j,Forj=12,..,2/a%—-1:
) _ pk-1) _1pk-D1" Y [rk-1) ( pk-1) (k—1) _ nk-1)
PG = PV = [Be D] [T (PGTD L+ PATY ) - 0%

&) _ pk-1) (nk-1 (k-1) _ om(k-1) p(k)
Q% = T® D (U Vs + QU s —2T® VP )

Then we have for k = 1,2, ...,j, —1and j = 1,2, oy 2007k — 1
") _ p)pl) (k)
sz*], =B sz*j + sz*j
Before the computation of unknowns, we need to compute Buneman’s series P and Q. For example for j, = 4 we
have to compute the following P;:

k=3

k=2

k=1

k=0

1.4. The algorithm

In summary, the Buneman’s variant of block cyclic reduction takes the following form :
1. Computation of Buneman’s series
Forj =1,..,2a -1
0 _ 0 _ g _
F7=0and @7 =F"=F§
End

Fork=1,..,j,—1
Forj =1,..,2/ak—1
®) _ ple-1) k1)1~ [r(k-1) ( pUe=1) (k1) (k—1)
p® — pkb _ [ghk-1) [T< )(Pz,‘*]. it +P )-@

2k 2k _ 2kujyzk-1 2k
k)  _ mp(k-1) (k-1) (k-1) _ (k-1) p(k)
Q2k*j =T (sz*j—z"—l + QZk*j+2"_1) 2T PZ"*]'
End
End

2. Solve the single block equation

Fork =j,—1
(iq_l) _ jo—1 -1 (iq_l) (iq_l)
2a_zja~t — (B9« Qja_zia=1 F Pria_sig-1

3. Backward substitution
For k =jg—1,..,1
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Forj =2,..,2Ja7F -1

(k-1) _ [ptk-D17 Y[ pk-D) _ p(k-1) (77 (k) _ pk-1)
Uzk*j_zk—l - [B ] sz*j_zk—l T (Uzk*]- + Uzk*j_zk) sz*]'_zk—l
End
Forj =1

k-1 111 k-1 - k k-1
U s = [BED] T (@G D — T 0 - PO
Forj = 2Ja7k

(k-1)  _ k-1)171( nk-1) k-1) (R (k-1)
Usia_qh-1 = [B¢Y] (Qzl'q—zk-l - )sz'I—zk) = Pyig_ph

End

2. Parallelization of the algorithm

2.1. Two levels of parallelization

In the backward part, we can compute in parallel the unknown solution in the same k-level. For each k-level there
are 2Ua=D=% unknowns that can be computed independently. For example with j, = 4:

k=3

k=2

At level k = 0, unknowns uq, us, us, Uy, Ug, Uy, Uy3 and uyg can be computed in parallel, idem for unknowns
Uy, Ug, Uqp AN Uqy. In buneman’s part, we can also compute P and Q in the same k-level in parallel. For j, = 4,
Pi¢, P17, Pyg, Pyo, Py, P,; and P,, can be computed independently:

=3
k=2
k=1

k=0

We can exhibit parallelism in « BT ~1VX =¥ ». This computation is used a lot in the algorithm.
Br-VX=y o Xx=[Br-Y]ly
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2T
[B(T)]_1 = —Z a,[B — 2cos (6,,)T] !
=1
21‘
X = — z a‘l"l[B - ZCOS (erl)T]_l Y
=1
We can also write:
21‘
X=- Z a. X
=1

[B—2cos (0,)T]X; =Y
The « a1 X; » can be computed independently, so we can distribute the computation of X;.

2.2. Dependencies

There are dependencies between unknowns w; of level k and level k — 1. This is shown in this graph for j, = 4:

k=3
k=2
k=1

k=0

To compute the unknown us we need to known u, and u,.

For buneman’s part, there are also dependencies between P;0f level k and level k-1. This is shown in this graph:

k=3
k=2
k=1

k=
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To compute P,, we need to known P;, P,andP;, for P,;we need P, P,;andP,g. TO summarize, at each level k,
to compute a P; we need to known the 3 P; on level k-1 that are just below.

D DDoB B B

Not all the P; computed are used in the backward substitution, in fact we need to known only one P; for the
unknown u;. The list of P;needed in the example is:

This list can be obtained by keeping only the top element of each tower:

To summarize the association between unknown and buneman’s term is the following

k=3

k=1

k=0
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2.3. Number of resolution

The number of resolution (computation of X,) is different between the two part

Backward substitution

At level k, there is Z(fq‘l)‘k unknown and for each unknown there is 2* X, to compute. So for each level k there
is 2Ua=D=k x 2k = 20q=1 X, to compute.

k=3 s=8 sk=8
k=2 s=4 sk=8
k=1 5=2 sk=8
k=0 s=1 sk=8

« k » level in bacward substitution
« sk » total number of resolution for a level k
« s » number of resolution for an unknown

Buneman’s part

At level k, there is qu_"‘ —1 P; and for each P; there is 2%¥~1 X, to compute. So for each level k there is
(2/a7* — 1) x 2k=t = 20a=D — 2k=1 ¥, to compute.

k=3 s=4 | sk=4
k=2 522 sk=6
k=1 s=1 sk=7
k=0 5=0 sk=0

We can see that the number of resolution for buneman is dependent on k but is less than the number of resolution
for the backward substitution.

2.4. Distribution of computations

This is an example how we do the distribution of X; using 4 processors:
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Rang0: Rang1: Rang 2: Rang3:

1 L
1 3
1 1
2 2

e For k=3, each processor compute % of X, for unknown ug. There is then a reduction to assemble results.
e For k=2, there are two groups, the first group (rank 0 and 1) compute % of X, for w,, the second one compute %
of X, for u,,. There is then a reduction in each group.

E

ST

3. OpenMP
3.1. Data sharing

The vector of unknown u; and the buneman’s series P; and @, are shared.

ISOMP PARALLELE DEFAULT (NONE) &
ISOMP SHARED (u, pbu, gbu, ... ) &
ISOMP PRIVATE (i, j, ja, jb, tmp1, tmp2, ... ) &

3.2. Worksharing

Since OpenMP doesn’t support the concept of group (like communicator in MPI), the distribution cannot be done
using the worksharing constructs ( OMP DO ). So the distribution is done like in MPI using the rank and the number
of total processor, and computing the bound of the loop j (loop on unknown or buneman’s term) and of the loop 1
(loop on the resolution)

rank = OMP_GET_THREAD_NUM()

if (nb_thread_by node == 0) then

ICas 1 : one thread compute several node (ja/=jb)
nb_node_by thread =((nb_node/nb_processor+1)/2)*2
jb=(rank+1)* nb_node_by thread

ja=rank* nb_node_by thread +1

else

ICas 2 : Group of threads compute a node (ja=jb)

jb = (rank/nb_thread_by node)+1

ja=jb

endif

10
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I Section 1:
! “kth” rank in the group of threads
kth = modulo(rank,nbth)

I Section 2:

I Number of resolution by thread
kmod = nb_system/nbth

I computation of I-range

I_min = kth*kmod +1

I_max = (kth+1)*kmod

I Section 3:
! Resolution
dol=1_min, [_max
call CHOLESKY(...)

enddo

« nbth » is the number of threads, nbth = nb_thread_by node
« rank » is the rank

«nb_systeme » is the number of resolution for a node.

« CHOLESKY (...) » is the fonction that compute one X;.

For the reduction part, again we cannot use the CRITICAL directive, since we want to do reduction inside a
group of threads, so we use the LOCK routines. Inside a group, threads share the lock, to avoid race condition in
updating the unknown.

i-AIIocation of vector of lock
ALLOCATE (tab_lock_group(nb_proc))

1I$OMP PARALLEL

I Init of the lock
1I$OMP DO
do1=1,nb_proc
call OMP_init_lock( tab_lock_group(i) )
enddo
1I$OMP END DO

' --------- Reduction
call OMP_set_lock( tab_lock group(group_number) )
u(:,jk2)=u(:,jk2) — tmp1(:)

11
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call OMP_unset_lock( tab_lock_group(group_number) )
!

' ---------- Destroy
doi=1,nb proc
call OMP_destroy_lock( tab_lock_group(i) )

enddo
!

I$SOMP END PARALLEL

4. MPI version

Unlike OpenMP, we have in MPI the concept of group with the MPI communicator. The distribution of
computation is the same as the OpenMP version. The main problem for the MPI version is to balance the memory
print between processor.

4.1. Memory distribution

The distribution of unknown is simple, the vector is decomposed as many blocks as there are processor. For
example with 4 processors we have:

u_local

Rang 0 :

Rang1:

Rang 2:

Rang 3:

12
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Rank-0 processor manage unknown 1 to 4
Rank-1 processor manage unknown 5 to 8
Rank-2 processor manage unknown 9 to 12
Rank-3 processor manage unknown 13 to 15

For buneman’s series, it is more complicated, we need the P, and Q, associated we the unknown that the
processor manages, for example:

| | | |

ProcO Proc1 Proc2 Proc3

But that is not enough, since a processor contributes to determining other unknowns than the one that he manage,,
for example processor rank-0 help to compute the unknown ug, so he used the P,, and Q,4. SO we choose to keep
all the P; and Q; that we need for the backward substitution. For example, again with 4 processors:

Pru: E : : H n = ﬂ n

4.2. Worksharing

We use the MPI communicator to manage the different group of processor, and the reduction is done via the
collective call MPI_ALLREDUCE.

13
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5. Performance
Vargas is an IBM Power 6 composed of 112 SMP nodes p575 IH with 32 cores Power 6 per node.
5.1. OpenMP version

Here is the time taken for the OpenMP version, the scalability is good for 16 threads. The scalability is limited
by the scalability of Buneman’s part, this section is more difficult to load balance.

- Time for OpenMP version on VARGAS

I

Compilation flags —gsmp=omp —02 —gsmp=omp —02

Sequential time

o 4< {71 |

3.990 3.500 7.490 15.95 14.72 30.67

1.241 1.009 2.250 4.800 4.010 8.810

I I I I R e .

0.799 0.600 1.399 2.849 1.600 4.449

5.2. MPI version

Here is the time taken with the MPI version:

14
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MPI version on VARGAS
Compil n —gsmp=omp —02 —gsmp=omp —02 —gsmp=omp —02
flags

Sequentlal
t|me

e --.--.--.

4.010 3.390 7.400 16.67 14.77 31.42

1.129 0.879 1.990 4.440 3.779 8.199

0.460 0.250 0.709 1.610 1.049 2.660

0.310 0.100 0.409 0.930 0.389 1.320

- 0.244 0.056 0.300 0.720 0.360 1.080
---------

5.3. Speedup comparison

15
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351 Comparison between OpenMP / MPI
on VARGAS (n=2M3)

30 -
—=— MPI

—*— OpenMP
254 | —+— ideal speedup

20

15 -

Speedup

T T T T T
0 5 10 15 20 25 30 35

Number of processus/tasks

6. Conclusion and outlook

In conclusion, it’s possible to parallelize the buneman’s variant of the block cyclic reduction, but managing the

load balance is not easy in buneman’s series computation.
There is some evolution possible, the task feature of OpenMP should be useful for better managing the

imbalance. Also there is a Fourier variation that exhibit more parallelism [2].
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