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Abstract: This paper addresses two state space models for
generating approximate power law noise and shows that these
models are related through partial fractionsin frequency domain.
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I. INTRODUCTION

Power law noise is ubiquitous in awide variety of dynamic
systems ranging from electronic oscillators [1], [2], [3], [4],
[5], [6] to quantum information processing systems [7], [8],
[9] and quantum sensors [10]. For example, the stability of
optical atomic clocks[11] isoften limited by frequency noise
of the laser (local oscillator) used to probe the atomic
transition. State-of-the-art cavity-stabilized lasers are limited
by thermomechanical noise with a flicker power law
spectrum [12]. In general, the instabilities of most oscillators
can be modeled by a combination of power-law noise types
having a power spectral density (PSD) S,,(f) « f* where f
is the noise frequency in Hz and A is a constant defining the
PSD dlope. Table 1 below shows some of these power law
noi se types.

TABLE 1: POWER LAW NOISE TYPES[13]

Noise Type Exponent 1 PSD S, (f)
White PM 2 -

Flicker PM 1 hysinc?(nfr)
White FM 0 hof °
Flicker -1 h_ ft
Random Walk FM -2 h_,f™2
Flicker Walk -3 hoof 3
Random Run —4 h_of %

In the field of quantum information processing a centra
challenge is the detailed understanding and mitigation of
decoherence inducing noise processes. Methods for
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mitigation include hardware optimization [14] and noise
filtering through control methods [15]. Here too, dominant
noise sources are often power law in character either due to
fluctuating background fields [16] or in very well isolated
systems due to the fundamental instability of the controller’s
clock reference. As such detailed characterization [17] and
modeling [18] of noise processes is crucia to further
progress. Measurement and control of dynamic systems
exhibiting power law noise using the smoothing, filtering and
prediction algorithms of modern control and machine
learning often requires identification and state-space
modeling of their noise. There are various techniques for
modeling approximate power law noise, with most
techniques involving filtering of white noise in either the
Fourier [19] or state-space domain. In this paper we providea
tutorial description of two well-known state-space models for
modeling approximate power law noise: the Mandelbrot
model, which issimply alinear aggregation of first order low
pass filters [20], [21] and the Barnes-Jarvis model, which is
formed by a cascade of first order filters [22], [23]. We show
that these two models are related through a partial fractions
transformation and unify their description using a common
mathematical framework. This paper proceeds as follows. In
the Section Il we present the model for a general power law
noise and show the transformation from Barnes-Jarvis model
to Mandelbrot model using partial fractions. Section |1l
concludes this paper with some remarks and possible future
work, and the Appendix provides some derivations.

A. Overview

We adopt the frequency domain approach presented in [22]
for constructing power law noise generation model. Consider
a transfer function G (s) made up of cascade of first order
filters as shown below,

G(s) = ﬁGi(S) =

where s is the Laplace parameter,

% is the i*" stage pole with § > 1. For each stage it is

obvious that the low frequency (DC) gain is unity
(lirrg G;(s) = 1) while the high frequency gain is a1,
S—

POWER LAW NOISE MODELS

m-1

[

i=0

s + !

ats + i @)
Bi

T

isthe it" stage zero and

(lim G;(s) = a™1). That means a single stage changes the
S—00

magnitude of the transfer function by afactor a~!. Itisclear
then that for an m-stage cascade the magnitude of G(s)
changes by a factor a™™ in the
B0 B

2nt’ 2nt

frequency range [
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The power spectral density S, (s) of a power law noise has
the following genera form,

Sy(s) = A?|s|* 2

where A is a constant, A € [2,4] , i.e. for flicker noise A =
—1. To mimic this power spectral density the following
condition must hold [22],

() &)

Thus,

ﬁm

ﬁO

pra @

It should be noted that while ™ controls the band of
frequencies (i.e. bandwidth) over which the model
approximation is valid, T controls where this band of
frequencies begins and ends (or centered). Thismeans afixed
bandwidth of g™ can be shifted back and forth on the
frequency line by simply varying z. Next we consider two
state space models derived from this general cascade transfer
function model. For simulation purposes we need to pick a
value, or afew, for A and here we choose A = —1 from now
onward, without loss of generality.

B. Barnes-Jarvis State Space M odel

In this section we consider acascade model from the previous
section and show its Bode diagram and power spectral
density, which falls approximately as 1/f over a frequency
interval dictated by the choice of 7 and ™. The transfer
function G (s) for this cascade model is shown below,

m-1

s + 3
G(s) =Hm

. ®)
i=0
Fig. 1 below shows the Bode plot of this transfer function

together with its constituent cascade stages for settingsm =
4,2=-1,7=500s,a=3andpB =9.
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Fig. 1. Bode diagram for Barnes-Jarvis cascade model

The Bode diagram paints a picture of how individual
frequency-shifted low pass filter stages contribute to the
overall appearance of a1/f fall-off. Fig. 2 below shows the
log-log plot of the above model superimposed on the
exact/expected flicker noise spectral plot slope.
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Fig. 2. Barnes-Jarvismodel power spectral density fit.

Given the desired approximation accuracy, the parameters t
and 8™ can be adjusted until the acceptable approximation
error is obtained to within the desired range of frequencies by
making reference to the power spectral density plot in Fig. 2
above. Oneway to convert the above transfer function to state
space isby converting each cascade stage into state space and
augment the resulting state space models by noting that the
output of one stage becomes the input to the next stage.
Following this line of thinking the resulting continuous-time
state spaceis asfollows,
z=A.z+ B.r

(6)
w=CTz+ Dr

where r is the input white noise, w is the estimated output
flicker noise, z is the state vector and the continuous-time

matrices 4., B, C and D for model sizem = 4 are given
by,
__po
£ 0 0 0
atT
-1 0 _ Rl
(a Z)ﬂ —B- 0 0
A. = ast art
¢ @@= (@-1p* —B* 0
a3t a’t art -3
(@=DB° (@a—1B' (a-1)p? ar
a*t adt a’t .
7
ol L L1 v
“latt a2t a3t att

1
p=[]
The details of this conversion above can be found in the
Appendix. The corresponding discrete-time state space
model has the following form,
Zk+1 = Azk + Brk

©)

Wi = CTZk + Drk

where k represents the k" time instance at timet = kT for
some sampling period T and the discrete-time matrices are
given by,
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A = eAcT plot of this transfer function together with its constituent low
(9) pess filters for settingsm = 4,2 =—1,7 =500s,a =3

B = AZ1(eAT — B, and g = 9.

Fig. 3 below shows the PSD plot of a flicker noise data (as 0
reference) and the above Barnes-Jarvis discrete-time state P
space model simulation output with; T = 12ms, m = 4,
A=-1,7=500s,a =3 andp =9.
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e Fig. 4. Bode diagram for Mandelbrot model.

Fig. 5 below shows the log-log plot of the above model
superimposed on the exact/expected flicker noise spectra
10! plot.

m-‘H

.
10°

-2 -

10 10

Frequency
Fig. 3. Barnes-Jarvis discrete-time state space model
simulation.
In Fig. 3 above it can be seen that Barnes-Jarvis model is
approximating the flicker noise reasonably well for the first

—Exact 1/f Profile
——Bames-Jarvis Estimate

two decades and starts to flatten out afterwards thus éwg,

indicating that the Gaussian white noise is taking over the

lead. Thisisa so around the same frequency where our model 107

seemed to deviate from the expected flicker noise slope in

Fig. 1 and Fig. 2. From calculations this model should o !

approximate well in the frequency range [f—;f—ﬁ] = 0 0° o _— 0’ o o’
[0.32mHz, 2.09Hz]. Fig. 5. Mandelbort model power spectral density fit.

C. Mandelbrot State Space M odel

For the same dynamic process there exist many state space
representations which can be transformed from one to
another through some appropriate linear transforms. In the
previous section we presented the state space model with a
lower triangular transition matrix A, as a consequence of 2=Az+B.r

deriving state space directly from Barnes- Jarvis cascade ¢ ¢ (12)
filter model. This transition matrix may not be favorable w = CTz + Dr

compared to diagona transition matrix not just for

complicating discretization but also for invoking coupling ~Where the continuous-time matrices for model size m =
among state components which may be preferable if they 4 areasfollows,

were identicaly independent for some probability
distribution estimations. In this section we transform the
Barnes-Jarvis cascade filter approach into a linear
combination of low pass filters, which resembles

Converting the above transfer function to state spaceis pretty
straight forward. We need only convert one low pass filter
and copy the procedure to the rest of the low passfilters. The
resulting continuous-time state space model has the
following form,

A= Ldiagip® B B2 B
c po g

Mandelbrot-like model presented in [20]. This approach will BT = - 11 1 1]
yield adiagona state transition matrix. We consider again the ¢ ar
transfer function G(s) as given in equation (5) and argue that (13)
the constituent cascade stages can be represented as a linear C'=[o 71 Y2 73l
combination of corresponding low pass filters with the help
of partial fractions. The resulting equivalent transfer function 3 Vi
is of the following form, = Z P Ty
m-—1 s + ﬁi m—1 Vi m—1 " (10) j=0 aﬁ ﬁ
() = 1:0[0515+[3i - ; aﬁf—ﬁi+ Z ats — Bt

wherey! isgiven by, The details of this conversion above can be found in the

 (a—1D m-1 af) — B Appendix. The discretization procedure is the same as done

b= — - . (11)  with the Barnes-Jarvis model in the previous section and

a1 Lpi—p i
j=0 yields,
(£
The details of partia fractions procedure for the above model
can be found in the Appendix. Fig. 4 below shows the Bode
Published By:
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Zyi1 = Azk + Brk

(14)
s, = C'z, + Dy,

The corresponding discrete-time Mandelbort model matrices
are given by,

_ i BT —p'T  —pT =T
A—dlag(em_ e at e at ear])
—ﬁOT —ﬁlT —ﬁZT —‘BST
BT = 1—e ar 1—e ar 1—¢e at 1—e at
B° B B? B?
(15)
CT=[ro 71 VY2 V3]
: Y,
D= Z -
— I
L=

An emphasis can be made on the discrete-time input matrix B
that for it to be evaluated precisely, the continuous-time state
transition matrix A, needs to be full rank (non-singular). In
the case whereby A, is singular the first order Euler methods
would suffice as approximate discrete models and the
discrete-time state transition and input matrices would simply
beA=1+A.T and B = B_.T, respectively. Fig. 6 below
shows the simulation of the corresponding discrete-time state
spacemodel withT = 2s, A = —-1,7=500s,a =3, =9
and y; asgiveninequation (11).

—Flicker FM Noise Algorithm |
——Mandelbrot Model Estimate| {

Power
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Fig. 6. Mandelbort discrete-time state space model
simulation.

Just like with the Barnes-Jarvis there is a deviation from the
expected slope after the first two decades. The approximation
frequency range is the same asthat of Barnes-Jarvis because
the two models are related by alinear transformation.
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V. CONCLUSION

In this paper we presented Barnes-Jarvis and Mandelbrot
state space models for generating power law noise in alinear
time-invariant fashion. We also demonstrated a partia
fraction-based transformation from Barnes-Jarvis cascaded
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transfer function model to Mandelbrot transfer function
model under the assumption of a common/single input
Gaussian noise source. These models gave us a way of
approximating the power law noise in terms of components
of well-known Gaussian white noise such that the precision
of the approximation is dependent on the number of Gaussian
white noise components used in the model, which is the
model size. Thisway of representing the power law noise in
terms of a mixture of Gaussian noise components allows usto
adopt the Gaussian mixture models as the framework for
estimating and keeping track of the probability distributions
associated with power law noise. In future work we wish to
demonstrate Bayesian estimation applied on a linear
time-invariant process which has power law noise associated
with both process dynamics and observation.

V. APPENDIX

A. Barnes-Jarvis State Space Derivation

The cascaded transfer function model in equation (5) can be
converted from frequency domain to time domain by
considering the idea that the output of one stage becomes an
input to the next stage. This means we only convert the
individual stages and connect the results together. The
individual i*" stage, relating the input R;(s) and Y;(s), is
converted as follows into the corresponding differential
eguation:

Yi(s) s+ Zi(s)

Ri(s) ats+ BiZ(s)

(16)

where Z;(s) representsthe i*" internal state of the model.
Separating the numerators and denominators into separate
equations and distributing the internal state throughout we
get the following,

Ri(s) = arsZ(s) + B'Z;(s) (17)

Yi(s) = sZi(s) + B'Zi(s) (18)

Taking the Laplace inverse we get the following state space
model for the it cascade stage,

r(t) = arz;(t) + Bz (t) (19)
yi() = tZ(t) + Bz (1) (20)
Rearranging terms and making substitutions we get,
1 1
zi(t) = —z;(t) + —7;(8) (22)
at at
- 1! 1
yi(t) = uzi(t) + Eri(t) (22)

Now connecting cascade stages means r;(t) = y;_,(t) and

741 (t) = y;(t). From now on we drop off the argumentsfor
convenience. This connection procedure leads to the
following coupled differential
equations for amodel of sizem,
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Zo= ——Zot—To (23)
(a—1) B 1
0= g foT At T (24)
(¢ —-1) (“ - 1B B?
%= — 37 Zp + 2T AT +E7’0 (25)
(26)
, (a - 1) (a —1)B
m-1= “gmg ZoF Tmer At
(a =)™
t T2y ‘m2 (27)
ﬁm—l 1
T Immit g
_ (a—l)z (a -1)B
Ym-1 = am 0 am-1_ 41
28
(a—1pmt 1 9
oz t Ty

From here we can present everything in a compact matrix
formalism by considering a state vector z =
[Z0 71 Zm-1] and we get the following compact form
of state space model,

z=A.z+ B,

(29)
Ym-1 = CTz + Dr,

and the matrices are made up of the coefficients in the
coupled differential equations above as shown below,

0
_BT 0 0 0
alt
(e —1DB° B
a’t Talt 0 0
A, = : : :
(a—1DB° (a—1B* B2 0
am1t am-2t Tt
(a—1DB° (a—1B* (a—-ppm?  pmt
amt am-1t a’t " alt (30)
BT = [ 11 1
¢ lalt a’r amt
cr = [@— DB (a—-DF? (a —Dp™?
1 amt am—1t alt
p =[]

B. Partial Fractions

Thetransfer function from Barnes-Jarvis model, equation (5),
has the same degree in the numerator and denominator.
However before performing partial fractions decomposition
the numerator polynomial must be at least one degree less
than the denominator. This can be achieved by carrying out
the long division which results in a constant quotient K and
the remainder polynomial with at least one degree less than
the divisor (denominator) polynomial as shown below,
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m-—1 n ‘Bi m-—1

75 i
[ AL S
L Lats + [ la ats + [
i=0 i=0

with the unknownss, i and K. To find i we simply multiply
the above equation by the denominator ats + B
corresponding to i and substitute the pole s = —f!/at
throughout as shown beI ow

(ats + 4% 1_[ c::s-:-i’/

(31)

=Y (32

The right-hand side leave y; since the rest of the terms are

effectively multiplied by zero. Simplifying the left-hand side

and rearranging terms we arrive a,
(_@=DB' T7ap’ - p'
Y = —7
« =0 A -F

i%j

Tofind K wejust choose any of the numerator factor s + f°
and substitute itsroot s = —*/7 throughout. This forces the

left-hand side of equation (31) to be zero so that we can
express K asfollows,

(33)

m-1 .
B s + B!
K__]Z()ats+ﬁf B! (34)
m-1 y
o
Z aft—p/ (39

C. Manddhbort State Space Derivation

To convert the i*" component of the Mandelbrot transfer
function, equation (10), from frequency to time domain we
follow the same procedure shown with Barnes-Jarvis cascade
stage. The i*" low pass filter component lead to the

following,
i) __ vi Zi(s)
Ri(s) ats+ BiZi(s) (36)
which givesrise to the following state space model,
1
zi(t) = Zl(t) + _TL ®) (37
yi(t) = yizi(t) (38)

The constant K gives y,,(t) = Kn,(t). In this case the
internal states z;(t) are not coupled and the output y,,(t) is
given by the sum of al component outputs y;(t). The
resulting equations are as shown below,

. B° 1
ZO - EZO + E rO (39)
) B* 1
= Ten * ar't o
) B2 1
L= * at 2 “
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(42)
m—1
. 1
Im-1= T Zmet + o m-1 (43)
Ym = YoZo +V1Z1 + -+ Vm-1Zm-1 + Ky, (44)
In compact form  with state vector z=
[Z0 Z Zm-1]T  and input vector r =
[ 7 - Tm-1]" weget the following,
z=A.z+ B.r (45)
yu = C'z + D, (46)
where the matrices are given by,
Ac=—diag(F° B . B
¢ ar
1
BT=—[1 1 .. 1]
at 47
CT=[Yo " Ym-1]
D = [K]

In equation (13) we made a simplifying assumption that all
input r; are the same, however in general they need not be the
same.
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