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ABSTRACT

This paper showed some properties of Gauss Hypergeometric function o F (a, b, ¢; —t2") of specific
parameters a = 1/2n,b > 0,¢ = 1/2n + 1,n € NT . Generating equation is presented and basic
properties, monotonicity, bounded range, and inequality are discussed. With these parameters, o F
is monotonic decreasing function for [¢| value, bounded on (0, 1], and o Fy (, b1, ) > 2Fi(, b2, ), V0 <
by < by, by, by € R. In addition, inequality for two functions of n; < no € NT and same b value
have threshold point that reverses the inequality if b < 1 + %(n% + n%) Visual representation of the
cases are presented.
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1 Introduction

This paper discuss about some properties of the Gauss hypergeometric function of form, o Fy(1/2n,b, 1/2n+1; —t2"),
where n is a positive integer and b > 0,b € R. Generating integral of such form function was suggested and with the
integral relationship, some properties are investigated. Visual representation of the results are also presented.

The motivation of the subject is determining a positive solution linear system of (1 + x2")~° kernel matrix. With
Kaykobad’s Theorem of positive solution, the integration of kernel function can be used to determined the existence
of positive solution of the system by the dimension size[ | ]. However, the precious value and properties of the definite
integration of the kernel is required.

2 Notations, Definitions and Properties

In this paper, GHF is an abbreviation of Gauss hypergeometric function, and without special notation, upper case F'
denotes special form of GHF.

1 1
F =oF [ =—,b,— +1,—27" 1
(Z7b,7’l) 2 1(2n1b7 2TL+ , TR ) ( )

The superscript 4+, — on some number set X = N, Q, R indicate positive and negative elements of set respectively and
zero is not contained without additional notation. For example, X = {z|z € X,z > 0}.

Definition 2.1 (Gauss hypergeometric function).

2Fi(a,b,c2) =y )

n=0

where,

z| < 1,c¢ ¢ N~ U{0} and (x),, is a Pochhammer symbol which is

(@), = atn)

I'(a) )
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The function is analytic everywhere on complex plane, C, with principal branch (1, co) [2].

With analytic continuation and Euler integral representation, next equation can be used for expanded complex version
of the function if the integral is well defined[3].

ForR(c) > R(b) > 0,

T 1 tb—l 1—¢ c—b—1
oF1(a,b,c;2) = (c) /0 ((1 — zz)a dt 4

where, I'(z) is a gamma function.

By the definition of GHF, GHF have next properties.

 Symmetric for a, b, 2 Fy(a, b, ¢; z) = 2 F1(b,a,c; 2)
* 2Fi(a,b,c;2z) =1ifa=0o0rb=0o0rz=0.
* 2Fi(a,b,b;2) = (1 —2)7°

Pfaff’s tranform of GHF,

oFi(a,b,c,;2) = (1—2)_"2F1(a,c—b7c;ﬁ) 5)

and it is valid for analytic continuation of GHF[4].

Derivative of GHF can be represented with contiguous relations of GHF[5]. One example is

d
zd—gFl(a, b,c,z) = a[2F1(a+1,b,¢,2) —oF1(a,b, ¢, z)] 6)
z

3 2F1 function of special form

3.1 Generating Integral

Gauss hypergeometric function o F (a, b, ¢; z) of a = 1/2n,b > 0,¢ = 1/2n + 1,z < 0, is derived with scale value ¢
from the next integral, for z = —t2" ¢t > 0and n € NT,

t
1 1
/ (1+2®)Pde =t o1 <,b, +1,—t2”> 7
0 2n"  2n
Proof. Let, x = ts, then dx = tds,
t 1
/ (1+2°")bdy = t/ (1 +t2"s?™)~bds ®)
0 0
and again substituting parameter, 52" = z, 2ns?" " lds = dz,
1
ds = —z'/?"=1q; 9)
2n
Thus,
t 1 1/2n—1
1 z
1 Iy =by =t — / —————d 10
fraeartes =g |G 1o
The right term of the above equation is an Euler integral representation of Gauss hypergeometric function Eq( 4) with
a=1/2n,c=1/2n+1,
1 1 1 1 2«;1/2n—1
Pl —b,—+1z)=— ——dt 11
2 1(2n”2n+ ’Z> 2n/0 (1—2zt)b (h

O
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This relationship also hold true for generalized hypergeometric function, ,Fy, |2| < 1 with series representation and

a#0,

ai,ag,... > (a1)x( - (ap)p 2
F —
p q< blab27"' > kg() k (bq)k A
ai,as,. ..a
/qu( biba... b, )dz
AT
= (b1)r(b ) (b ak‘+1 k!
L (a)k
Ta+k (a—i—l)k

3.2 Properties

Theorem 1 (Inequality 1). Vt and b € RT U {0},n € NT, GHFs of form o Fy(1/2n,b,1/2n, —t*>") has next inequal-
ities for 0 < by < bo,

F(t, bl, n) Z F‘(t7 bg, n)
and equality holds true when t = 0.
Proof. From Eq(7), because (1 + z?") > 0,V|z| > 0,

(1 +$2n)—b1 > (1 4 m2n>—bz (]2)

this inequality is conserved through integral operation. Thus,

t t
/(1+x2")*b1dx>/ (1+x2")*b2dm

0 0
— tF(t,bl,n) > tF(t,bQ,TL).

Without loss of generality we can assume ¢ > 0, if £ < 0, then fot = — fo_t. Therefore, we get next
F(t,bl,n) >F(t,b2,n). (13)
O
Theorem 2 (Monotonic property). F(t,b,n) is a strictly monotonic decreasing function for |t| > 0 value. That is,
vt >0
4 pt,bn) <0 (14)
n , 0,1
dt

and the inequality is reversed for t < 0.
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Proof. From Eq(6),

d 1 1 1
—F(t,bn)=-[(1+")" —oF [ =—,b, — +1,—t>" 15
dt (a an) t[( + ) 2 1(2’/’117 727’L+ ’ } ( )
Applying Pfaff’s transform,
1 1 2"
=———1—-2l (1,b,—+1, —— 16
t(1+t2”)b[ 2 1( ) 72n+ ’1+t2”>] (16)

Let, z(t) = t27/(1 + t2"), then 0 < z < 1 and with Eq(4), the above GHF term can be represented as

1 1 [1(1—s)mt
ALy, —+1,2)=— [ S 29" 1
2471 ( )b7 m + ,Z) m A (1 — ZS)b ds ( 7)

from the regions 0 < z < 1 and 0 < s < 1, the numerator and denominator of the RHS integral are always positive
1

and (1 — zs)~" > 1Vb > 0. Therefore, (1 — s)2= ! /(1 — 25)® > (1 — s)2= ! and consequently, we get

1 I .
F(1,0,—+1 — [ (1-s)ztds=1. 18
21(772n+7z)>2nA( S) S ()
Thus, fort > 0,
d F(t,b,n) <0 (19)
— n
dt ) )
and F'(t,b,n) is an even function, it is enough.
O
Theorem 3. F(t,b,n) is bounded on (0,1],Yn € NT,b > 0.
Proof. By the definition, Eq (2), limy_,0 2 Fy (..., —t?") = 3Fy(...,0) = 1. It monotonically strictly decreases V/|t|
by Theorem 2. Therefore, maximum value 1 exists at point ¢ = 0, and with Eq (7), F'(¢t,b,n) > 0,Vt € R, it is
bounded below by value 0. O
Theorem 4. It is a non-integrable function, such as
lim F(t,b,n)dt = oo
S§— 00 0
Proof. With substitution integration, t>" = z,
/ F(t,b,n)dt
0
1 11
= gt/ Lp [ = b, =41,z )d
/0 o 21(271”271—i_7 x)x
with 52" — 0o, we have Mellin transform of Gauss hypergeometric function. Let 0 < € < €y = min(ﬁ, b), we have
next [2]15.14.1
1 [ 1 1 1 Tl (5 —eT(b—
lim —/ 2R (b, — +1,—2 ) de = lim — (f) (35 61) (b-¢) (20)
e—eo 2n J 2n" 7 2n e=eo 2n (5 )T(0)(5; +1 —¢)

The terms on the numerator, I'(5- — €)I'(b — €) diverge to oo always as € — o for b > 5. If b < 5 then, next
identity guarantees the same result.
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. < 1 1 * 4 1 1
lim x| —,b,— 41, —x])dr=00< xm o F) | —,b,— +1,—x | dx 21
e—eo Jq 2n" " 2n 1 2n" ' 2n
O
Theorem 5 (Inequality 2). Vn; < ny € Nt and b > 0, there exists threshold value by}, such as
1/1 1
bth:1+(+) (22)
2 ni1 no
and let
1. b > by Vt, F(t,b,ny) < F(t,b,no)
2. ﬁ <b <bgp: M, st 1 <ty Yt >ty F(t,b,ny) > F(t,b,no)
Proof. Define two function f, g for the given ny < ny and b > 0
1 1 1 1
t) i=oFy | —,b, — +1,—t*"2 | =3 F} | —,b, — + 1, —t*™ 23
f() 21<2n2772n2+a ) 21(277,1’72?7,14_7 ) ( )
g(t) =1+ 212)70 — (14 ¢2m) 7" (24)

The proof is enough to show that f(¢) has unique maximum pointin ¢ < 1 and only if b < by, there is unique minimum
pointin 1 < ¢ and the minimum value is negative.

Since, tf(t) = [} g(x)dx,
t(g(t) — f(t)) = 0. (25)

is enough to determine the roots of f’(t), because, t>f'(t) = t(g(t) — f(t)) and we can construct only g(¢) and
operations as,

t
/zy@mhﬁw«ﬂ:o (26)
0
To show properties of f(t) function, we need some precious properties of g(t).

Lemma 1. Vb > 0,n1 < no, g(t) has two extreme values at point 0 < tg < 1 < t1, and they are maximum and
minimum point respectively for to and t1.

Proof.
2b
g'(t) = —=1) @7
t2n2 ﬁ2”1
l(t) = [n2 (1 +t2n2)b+1 —n (1 +t2n1)b+1] (28)
I(t) = 0 yields next equality.
1 ) 1+ 2me 2(712 — 77,1)
In(—) =1 — 1 2
1 Gy n<1+t2”1> b1 )

The RHS diverse to 400 as x — 0+ and ¢ — o0, and has unique minimum point, ¢,,,. The location of minimum point
is t, > 1andt,, < 1respectively for b < 1 and b > 1. In addition, In(ng/n1)/(b + 1) is positive for all b > 0 and
ny < ng. Therefore, in any case of b, n1, ne, ¢’(t) has two roots, g, and ¢1. In addition, 0 < tg < 1 < ¢;. O

Corollary 1. f/(t) has an root at tg < te, < 1 and if b < by than there exists an another root, te,, and t; < t,.

Proof. For 0 < t < tg, tg'(t) > 0 — t2f'(t) > 0, and by the definition, g(1) = 0 = f(1) + f/(1) and f(1) > 0.
Therefore, f/(1) = —f(1) < 0. Since, tg’(t) < 0inty < t < 1, t?f’(t) monotonically decreases in the region.
Consequently, the root of t2 f/(t), It tg < t. < 1.
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For t > 1, limit of ¢ f/(¢) as t — oo is helpful to determine the other roots.

. 2 pl . . o
Tim 2f/(1) = lim tg(t) = tf(t)  (30)
1—oF(1,b, 5= + 1,822 /(1 +t22)) 1 —5F(1,b, 5o + 1,82 /(1 + t*™))
= lim ¢ 2 — L (31)

The asymptotic behavior of (1 — 9 F1(1,b, 5~ + 1,22 /(1 + ¢2)))/(1 4+ t*")® at t = oo depends on the range of
b. Using argument unity of Hypergeometric function http://dlmf.nist.gov/15.4.ii [2], next asymptotic equations are
achieved by the cases.

2nb

—2nb
2nb—1 t

L 0<b< 5

2. b= 5= t7 1 — In(t)]

30 5 < bt — T IT() D (S + Db — 55)]

Thus, the limit, Eq (31), have 5 cases of asymptotic equations of form, p(#)t1 =272 — ¢(¢)t!=2m1% 4 ¢ . See Table 1.

Table 1: Asymptotic equation at t = oo [2]

I b p(t) q(t) ¢ Limit at = oo I
0<b< g0 ooty ooy 0 ~
= ﬁ 1 —In(t) 23?121 0 00
e <b<m 1 om0 (g + DI — o) -
b= i 1 1—In(t) —T(b) (gL +DI(b - 2172)] 0 1
L L) Mg + DT = 50-)  T(0) (g + Db — 55-)
2n4 <b 1 1 1 1 1 1
(g + DI - 5;7)] (50 + DT — 5:2)]

With the asymptotic equations in Table 1, we can simply express the limit of 22 f/(x) with by, = 1 + %(n% + le ), as
next,

00 bgi
>0 50— <b<by
lim £2f/(t) = { € 2n t 32
Jm 7111 =4 b b (32)
c<0 b>by

where c is an arbitrary constant. t3f’(t1) <0, because for ty < t < t1, t>f'(t) monotonically decrease so that there
exists a root, ¢,-. In addition, for t; < t, t2 1 (t) monotonically increases and its limits are well shown in Eq (32) by
the values of b. Therefore, if b < by there exists an another root, t., where t; < t.o, of t2f'(t) and it is unique for
1<t

As f'(t) and t2 f'(t) are sharing roots and sign at each point, ., and t.,, are roots of f’(t) too. O
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The above asymptotic representation result for ﬁ < b can be achieved with Mellin transform of Gauss Hypergeo-
metric function.

Jin ££(2) (33)
t
= lim [ (1+222)7% — (14 22™) bdy (34)
t—o00 0
t
= lim [ oFy(b,1,1,—22"2) — o Fy(b, 1,1, —2*™)dt (35)
t—o00 0
t 1 2n
/ 2Fl(b,1,1,—a;2”)dac:—/ /2 R (b, 1,1, —x)de (36)
0 2n Jo
DT~ 57) B D500~ 5;7) 37)
O 2npI(B)I(1) 2n,T'(b)I'(1)
1 1 1 1
=T0) ' T(=—+1DI(b—-—)-T(=—+1I(b— —
07 [Ploh + DT 5) =T + DD 1) 39)

Now, with the above results, f(¢) has a maximum point at ¢t = t., t, < tg < 1 and if b < by, there exists ¢, and
minimum point which is bigger than 1 is unique. As, the limit of f(¢) for ﬁ <bis

. . 0+ b 2 bth
f(te,) < 0 and there exists a root of f(t) inte <t < te,.
O
Observation 1. Voo > landb> 1, t — oo
« 1 1.1
F(t,b, =) ~T(b) ' T(=4+1DI'(b- =)= 40
(t.0,5) ~TO) T+ UT0 - )3 (40)
That is,
lim £F(,b, %) = D(B) "' T(% + 1)I(b— 1) 1)
t— o0 »7 9 o o
Proof. Fora > 1and b > é Mellin transform of GHF is possible as
lim tF(t,b g) = - oF1(b, 1,1, —z%)dx = 1"(1))_1F(l + DI — l) (42)
t—00 ' 2 0 B @ «@
Thus,
F(t,b,%)
li $ 2 =1 43
MR TG + DG - D )
O
In addition, we can derive well known identity, Voo > 1
>~ 1
/ de = T ese(T) (44)
o l+2a¢ «a «
with b = 1 and Gamma identity.
()Tl —2) = — 45)
 sin(w2)

See exercise 11 of [6], Eq (44) identity can be derived with residual theorem.
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Table 2: Special cases of F'(t,b,n)

Parameters
n b oF1(1/2n,b,1/2n + 1; —t*")
1 1/2 ttIn(t + V1 +2)
11 t~!arctan(t)

_ 1/2n+1 (1+t2n)—1/2n

3.3 Special case b =1

b= 1and a € R case of the generating integral,

¢ 1 le}
de =tF(t,1, —
jﬁ el =t S) (46)

has been well studied by many researchers. Those results are useful to calculate F'(¢, 1, «/2) values.

The evaluation of @« = 2™, m & N cases were introduced by Gopalan and Ravichandran using partial fraction
expansion[7]. For example, if n = 2 and With log and arctan(p(t)/q(t)) identity,

/t L dt L arctan(1 + v/2t) — arctan(1 — v/2t) + arctanh Va2
a— = —F= I 11 — ar n - P — .
o 1+at 2v/2 1+¢2

Palagallo and Price showed o = 2m, 2m + 1,m € N* and expanded the result to rational number{&].

With 6; = 72=L1 define a function k., (t) as,

«

ko(t) := —é Z [cos(ﬂj) log(t* + 1 — 2 cos(0;)t) — 2sin(6;) arctan(t;ig()z(l?j))} 47)
j=1 J
F@Lnﬁz%@@) (48)
1 1 1

4 Visual representation

There are some special cases of F'(¢,b,n) function. See DLMF 15. Hypergeometric function[2].
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Fig 1 and 2 are plotting graphs of o Fy (1/2n,b,1/2n + 1; —t?") and special case of Table 2. Fig 3 is an example plot
of Thm 5 and its proof process. The implementation routine of GHF function is imported from mpmath library[9].

(a) (b)

b values and
special cases of 5 F}

0,1
0.3

1/2,

In(1 + V2)/t
0.6

0.9

1,
arctan(t)/t

12
312,
1/V1+e2
2

10

Figure 1: Plot graphs of F'(t,b,n) function for b > 0,n = 1. (a): From¢ = —1to ¢t = 1. (b): From ¢ = 0 to ¢t = 100.
b values of the each graphs are noted in legend. After number and formula after comma in the legend are special cases

of F(t,b,n).

b values

of 2F1

0 1.0
0.15 )
0.5 0.8 °
0.9

1 z
1.25 0.6 o
1.5

2 o
10 04

ERXERRRX

n

Figure 2: Plot graphs of F'(¢, b, n) function from ¢ = 0 to ¢ = 20, for several b > 0 and n = 1,2, 3, 8, 20.
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(@) (©)
f(t) b<1/2n,
b values of 1.00 1
(a) and (b) 0.2 4
0.75 T T ¥
0.5 1.0 1.5 2.0
— ()
0.0 1
— 0.05 1/2n; < b < by,
— ().] 1.0 A
—0.175 —0.2 \
— 025 T T T T T T T T 0.5 T T T T
—_— 0625 0 1 2 3 4 5 6 7 0.5 1.0 15 2.0
1 t
—_— 135 (b)
2 tf(t) b= by,
R 1.0
4 0.4 4
— ()
05 T T T T
0.5 1.0 1.5 2.0
bth <b
1.0
T T T T T T T 045 ] T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 0.5 1.0 1.5 2.0

t

Figure 3: ny = 2,n9 = 5 case plot. by, = 1.35. (a):f(¢) graphs by b values in legends. (b): ¢f(t) graphs and its
converged values calculated with Eq (38), denoted as transparented dashed line. (c): F(¢, b, n) behavior by b values
of each title for n; < ns. The red line is n; and the blue line is ny graph.

5 Further Works

n € N cases were studied but those works can be expanded to rational number, p/q cases, but it is a cumbersome work
now.

6 Conclusion
2Fy(1/2n,b,1/2n + 1, —t>") has next properties for n € N*,b € RT U {0},

* Monotonically decreasing function as |¢| increasing.

* Bounded on range (0, 1].

e For the given real values, 0 < by < by, o F1(1/2n,b1,1/2n + 1; —t2") > 5 Fy(1/2n, by, 1/2n + 1; —t27),
and the equality holds true when ¢ = 0.

e It is a non-integrable function.

» For n; < no, a function f(t) = 2F1(1/2na,
1
ni

,1/2n2 + 1, —2"2) — 5 F1(1/2n4,b,1/2n1 + 1, ™) have
maximum pointon < 1. If b < 1 + %( +

), there is a root and a minimum point on > 1.

==

3

2
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