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Abstract

Based on the method of generating functions of the sequence of Fibonacci k-step
and Lucas k-step polynomials, or on a crucial identity relating Fibonacci k-step
and Lucas k-step polynomials, extensions of Sury’s relation and the alternating
Sury’s relation involving Fibonacci k-step and Lucas k-step polynomials are derived,
respectively. Extensions of Sury’s relation involving Fibonacci-type and Lucas-type
polynomials are also obtained. Of course, these relations are generalizations of the
well-known Fibonacci-Lucas relation.

1. Introduction
Sury [16] obtained an interesting relation involving Fibonacci and Lucas numbers,
2" E =20+ 2Ly + - + 2L,

for all positive integers n. We call it the Fibonacci-Lucas relation or Sury’s relation
iwvolving Fibonacci numbers and Lucas numbers. However, much earlier, Benjamin
and Quinn [2] proved the same relation by using the argument of colored tilings.
Proof of the Fibonacci-Lucas relation based on the method of generating function
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was given in [12]. A family of the Fibonacci-Lucas relations by replacing 2 with any
positive integer m could be found in [8, 13]. To be precise, it holds that

n n+1
3" =) 3L+ Y 37K,
i=0 i=0

and
n+1

n
m"E, = Z m'L; + (m — 2) Z mi~1E;.
i=0 i=0
Indeed, their proofs were based on a crucial identity
Ln = I'n-1 +Fn+17 n Z 1.

More generally, Dafnis, Philippou, and Livieris [7] considered the Fibonacci and the
Lucas numbers of order k, and they proved a relation of the same fashion:

n k
mn+1F7§’i)1 +hk-2= Zmi Lz(k) + (m— 2)Fi(q]:)1 - Z(J - Q)Fz—(ﬂ-ﬂ ) (1)
i=0 j=3

where F,(Lk) and LSP are the n-th Fibonacci and the n-th Lucas numbers of order
k, respectively. (The definition will be given as below.) These results can also be
proved by the argument of colored tilings (see [2, 7, 14]).

On the other hand, Martinjak and Prodinger [14] proved the alternating Sury’s
relation involving Fibonacci numbers and Lucas numbers,

n

(=)™ Fosr =Y (=17 [Liga + (r = 2)F}],
=0

for any integer r > 2. Indeed, this relation holds when r» = 1 as is easily checked. In
addition, Bhatnagar [3] proved the Sury’s and the alternating Sury’s relation for the
case in which r is an indeterminate (real or complex) by using Euler’s telescoping
lemma.

From now on, let £ > 2 be a fixed positive integer and r # 0 be an indeterminate.
We define the sequence of Fibonacci k-step polynomials {F,gk)(:c)}nz_;ﬁ_l (or the
sequence of Fibonacci polynomials of order k, or k-bonacci polynomials sequence) as
follows:

F®W(2) =0, for —k+1<n<0,

and
k

FP ) = 1,FP @) = 3 e FD (@) for n > 2.

i=1
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For example, when k = 3 it reduces to the tribonacci polynomials T;,(x), which are
defined by
T_1(z) =Tp(x) =0, Ti(z) =1,
and
T, (z) = 2°Ty_1(z) + 2T _o(z) + T_3(x), for n > 2.

The tribonaaci polynomials were originally studied in an article by Hoggatt and
Bicknell [9] in 1973.

Similarly, the sequence of Lucas k-step polynomials {L%k)(a:)}nzo (or the sequence

of Lucas polynomials of order k) is defined as

L(()k)(x) = k (a constant polynomial), L(lk) () =",

and

n—1
nzk " + ka_ngf_)j(xL 2<n<k;
19() -
Zxk JL““) n>k+1.

The Fibonacci k-step polynomials F,(Lk)(x) are generalizations of the “regular”
Fibonacci polynomials, which were studied by Catalan and Jacobsthal in 1883.
And the Lucas k-step polynomials L%k) (x) are generalizations of the “regular” Lucas
polynomials, originally studied by Bicknell [4] in 1970. Indeed, when k = 2 these
become the regular Fibonacci and the regular Lucas polynomials and we should
write F,(LQ)(:U) = F,(x), and L? (z) := Ln(z), respectively. The Fibonacci and
Lucas polynomials have been extensively studied in the books of Koshy [10, 11].

We notice that, from the definition,

F9(2) = o5,
and
Lék)(m) =222 4 xkingk) (z) = 2?72 4 2272,

Also, by taking x = 1, Frgk)(l) = F{® and L%k)(l) .= L' are the n-th Fibonacci
and the n-th Lucas numbers of order k, respectively.
We now present our main results in this paper.

Theorem 1. For any positive integer n, we have the extension of Sury’s relation
imvolving Fibonacci k-step and Lucas k-step polynomials:

rn k i k — k
@) + k=2 = Y0 L @)+ (et - 2)F ()
=0

5 (2)
NG - 22" EE, ()],

=3
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and the extension of alternating Sury’s relation involving Fibonacci k-step and Lucas
k-step polynomials:

n

(1" R @) = 3o (1 L @)+t e - 2)F P (@)

=0
(3)
_ ijk JF(kgJr2 )]

. b . .
where the summation y_;_, * is zero if b < a.

In [15], Philippou, Georghiou, and Philippou introduced the sequence of Fibonacci-
type polynomials of order k, denoted by {f,(Lk) () }n>0. The definition is similar to
the sequence of Fibonacci k-step polynomials. Define fék)(x) =0, fl(k)(:r) =1, and

n—1
foka_)j(x), 2<n<k;
ERICOEE S
foT(lk_)j(x), n>k+1.
j=1

Later, Charalambides [5] introduced the sequence of Lucas-type polynomials {651’6) () }n>0
=z

which was defined as follows. Let Eék) (z) = k be a constant polynomial, ng)(x)
and

n—1
x n+Z£ff,)j(x) , 2<n<k;

49 @) -
Ze(’” n>k+1.

There exists a crucial identlty relating to Fibonacci-type and Lucas-type poly-
nomials of order k& (Equation (6) in Section 4) and the extension of Sury’s relation
involving Fibonacci-type and Lucas-type polynomials of order k (Theorem 3).

The rest of this paper is organized as follows. A crucial identity relating to
Fibonacci k-step and Lucas k-step polynomials is presented in Section 2. Also, we
derive the generating functions of the sequence of Fibonacci k-step and Lucas k-step
polynomials, respectively. Proofs of our main results are given in Section 3. Some
remarks and conclusions are included in the final section.

2. Preliminaries

Let F*)(z;y) = > n>0 Jol (x)y™ be the generating function of the sequence of
Fibonacci k-step polynomials. Similarly, we set the generating function of the se-
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quence of Lucas k-step polynomials to be

k k k
L® (@) = > LW @)y = L (2) + LI @)y + L (2)y® + - -
n>0

Then it is easy to obtain the following lemma.

Lemma 1. The generating functions of the sequence of Fibonacci k-step polynomial
Ff(lk)(m) and Lucas k-step polynomial L%k)(a:) are given by

k
— 2 (k= g)atTy!
F®) (z;9) = — Y and L®) (z;y) = =1 2 ,
1= > gh—iyi 1= > gh—iyi
j=1 j=1
respectively.
Proof. Notice that
L (zyy) = L (2) = LP @)y — - = LP (@)yh = > LW (@
n>k+1

According to the definition of L%k)(x), the right-hand side can be written as

k
> XA v = X (@) L @) v

n>k+1 \j=1 n>kt1
= oty (L) — L (@) — o~ I, (@)
+zF %y (L(") (z39) — L§ (z) =+ — Lé@g(aﬁ)yk’ﬂ

+ %" (L0 (@39) - L ().
Therefore, we find
- Z 9y | L0 sy) = 1 @)+ (10 @) - 110 (@) y
+ (Lgk) (x) — xkfngk) (z) — xkszék) (:17)) i
k —1,(k o (k k
+ (L@ -+ L0, @) - 2L, ) — -~ @) o

So the second generating function now follows. We omit the proof of the first
conclusion since it can be obtained in a similar way. O
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A crucial identity relating to Fibonacci k-step and Lucas k-step polynomials is
given in the following lemma. See also the identity (2.21) in [5].

Lemma 2. Let {Fék)(z)}nz_;ﬁ_l and {L%k) () }n>0 be the Fibonacci k-step and the
Lucas k-step polynomials sequence, respectively. Then we have for alln > 1,

L(k) Z]mk an ]+1 ) (4)

Proof. Let G¥)(z;9) = Y n>0 F,ii)l(a:)y" and H® (z;y) = Zle(i — k)xFiyt,
Then by Lemma 1 we have

L® (a5y) = (k+ HO (2:9)) G (i), (5)

AN
since G (z;y) = FO(z;9)/y = (1 — Z?Zl :rkﬂyj) . This implies that, by
comparing the coefficient y™ on both sides of Equation (5),

min{n,k}
k .
L) =kFM @)+ Y (- kP IER ().

j=1

If n < k, then we have

k
. —q k . k
S G-kt TED @) =36~ R EY, ()

j=1 j=1
k k
+ 3 G-k ER ().
j=n+1

The above second term vanishes since F,(lk)(x) =0if —k+1<n <0, and hence

min{n,k} k
. k .
S G-k IR @) =G -k EY L (@),
J=1 j=1

By the definition of Fibonacci k-step polynomials,
k k
F’r(L+)1 Z xk ]FT(L—&-)l -7 )

we conclude that Equation (4) holds for all n > 1. O
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3. Proofs of Main Results

We are now ready to prove Theorem 1 by the generating function approach.

Proof of Theorem 1. Consider the generating function

T®) (z;y) = Z k= 1F’V(L-'r)1 (x)+k—-2- ZTiLz(-k)(x) y".
n>0 i

Note that the coefficient of 3™ in T (z;y) is clearly

rn-‘rlmk_lFr(Li)l(CL’) +k—-2- ZriLz('k)(m)'
=0

Now we compute this coefficient in another way. From the definition of the gener-
ating function F*)(z;y), we find

k'—lF(k) .
Zrn-u k— 1F1Eljr)l Z n+1 n+1 . (x,ry).

n>0 n>0
Similarly we have
P TEE) (2ry) k=2 L) (2ry)
+ - :
Yy I-y I-y

T® (2:y) =

In light of Lemma 1, this becomes

Py (k- 2) (1 5 xkﬂ'(ryw) ket z< )k~ (ry)

j=1 Jj=

M (z;y) =

(1-v) (1 - xk—jo«y)f)

(reh=t —2) = 3 (j — 2 (ry)

=3
(1-y) (1 - zkj(ry)f‘)

Jj=1

Notice that
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Also, we have

k
. k J y
JES(] e = i(j — 2)xk—i(ry)j—1F(k)($§ry>
(1-y) <1 > x’“‘j(ry)J) = s

k
I OEEES L NEN G

n>0 \j=3

Putting this all together, we compare with the coefficient of 3™ in T®*)(z;%) to

obtain the desired Equation (2).
To prove (3), consider the generating function

VO (z3y) =3 | (1) P04+ 1(x) = S (1)L (@) | v,
n>0 i=0

for which the right-hand side is simply equal to

A EW (@ —y) LW (23 —y) — L ()
y (=) —ry)

Thus, by Lemma 1,

LW (@3 —y) —k — (1 —ry)a" ' FW (25 —y)

VO (25y) =
(:9) y(1—ry)
k
_ (2 — rx)ak—2y? jZ=:3
k . . k ’
y(L—ry) (1= X 2" i(=y)? | y(l—ry) | 1= 3 ab~i(—y)i
=1 =1
Notice that

9 _ k—2,2 F(k) .

( ’I"Z‘)QZ‘ Y _ (T.’L’—Q)Ik_Q (.13, y)’
1—ry

y(1—ry) <1 - é w’“‘j(—y)j)

and from this, we obtain that the coefficient of y™ is equal to

n

(re — 2)2" 23" (1) F P ().

=0
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The second term becomes

k
323] =) F®) (z; —y)

k
— _§ s k—ji(_,N\i—2
Jj=3

y(1—ry) (1 - é xk=i(—y)d

Thus the coefficient of y™ in the series expansion is

k n

. —7 1..n—1 k
=35 (1) Y (),

=3 i=0

Altogether, by comparing the coefficient of 4" in V) (z;y) in two different ways,
the desired Equation (3) follows. O

The case k = 2 of Theorem 1 reduces to the following corollary.

Corollary 1. For any positive integer n, we have Sury’s relation involving Fi-
bonacci and Lucas polynomials:

n

PP (e) = > [Li(e) + (re — 2) Figa (2)],
1=0

and the alternating Sury’s relation involving Fibonacci and Lucas polynomials:

n

(—D)"2Foi(2) = Y (=17 [Lisa (@) + (rz — 2)Fy(a)].
=0

If we replace x with 2 in the first equation of Corollary 1, we get
22, 1(2) = ) ' [Li(2) + (2r — 2)Fipa (2)],
i=0

and since F,(2) is the familiar Pell number P, and likewise L,(2) is the familiar
Pell-Lucas number @),,, this becomes

1,
PP =5 Y r 20— )P+ Qi
=0

See also Equation (15) in [1]. Since @, = P,41 + P,—1, the above equation is
equivalent to

"t Py = Zri [P+ (r—2)Piy1 + Q.
i=0
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Now we replace z with 2 in the second equation of Corollary 1 to get an alternating
relation involving Pell and Pell-Lucas numbers,

1 ¢ e
=) (=1 Qi + 2(r — 1P

(_1)n n+l = 2
=0

So in particular, we have

n

(1" Pt = 3 D)@,

=0

If we take x = 1 in Corollary 1, we recover two well-known relations involving
Fibonacci and Lucas numbers [3]. The first author proved a more general relation
(under the consideration k& = 2) for the sequence of the W-polynomials and the
w-polynomials; see [6].

If we set x = 1in (2) and (3), then we get Equation (1) obtained in [7] and a
new identity, respectively.

Corollary 2. For any positive integer n, we have Sury’s relation involving Fi-
bonacci and Lucas numbers of order k:

n k

g k i k k
HED k2= LY+ = 2FP -G -2F" |
=0 7j=3

and the alternating Sury’s relation involving Fibonacci and Lucas numbers of order

k:

np(k i,n—i k k)
()" EE, =301 | LW+ (r - 2)F, Z]F( o
i=0
Actually, Equation (2) is equivalent to Equation (3) through Lemma 2.
Theorem 2. Equations (2) and (3) listed in Theorem 1 are equivalent.

Proof. Assume that r # 0. Our proof strategy is to substitute r for —1/r and then
use Lemma 2 to obtain the equivalence of (2) and (3).
Substituting r for —1/r, we have

(i)w k10 (5 an( )i[Lz(k)(x) + (‘Til _ 2) £ (@)

PR @),

|
.
-
w
—
<.
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or

(—1)"z k— 1F7(L+)1( ) =(k _2)rn+1+§n:(_1)i+lrn+1—i [Lgk)(x)

k-1 . k 3
# (-5 -2) Rl - 0 - R )

r
Jj=3

After a series of indices shifting and computation, we can rewrite the above right-
hand side as

n

1, Nn—1i k — k
ST (=0 L (@) + F 2 (e - 2)F P (@ Z.mk IE® ()
1=0

n n k
+ (1" L (@) + (~1)" R R, (a)

k
n n k
FADEL@) + ("0 = 2D )
Jj=
Now, by Lemma 2, we have

7 k k)
(1)L (2) = "HZM IEM. ().

Therefore, we obtain that the last few terms vanish. That is to say

(1)L (@) + (~1) Tk ER), (2)
k

+2(-1 )nFr(H-z nz k= ]Fék)]—i-Z( ) =0.
j=3

Hence the proof that (2) implies (3) is done. And the proof of the reverse direction
is similar. O

4. Remarks and Conclusions

In Section 2 we follow the approach of the generating function, however, one can
prove Lemma 2 directly by using induction on n. Here is another proof of Lemma
2.

Second proof of Lemma 2. Let k > 2 be a fixed positive integer. First of all, we
show that Equation (4) holds when n < k. The initial case n = 1 holds trivially. So
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we assume that when n < m, Equation (4) holds for some positive integer m < k.
Now, we have m + 1 < k and by definition

k —m— C [3
LY (@) = (m+ 1)ab=m =t 43 2 L0 ().
=1

By the inductive hypothesis, the summation can be rewritten as

Z - leJrl 7 .13 Z h lzj‘rk ]Fm i— j+2( )
i=1
:z; ijk ]Fm 1— j+2( )

:ijzk1m1j+2()

k
. 5 k 7 k
jat J(Ffalﬁz(x)— S odkEW M(m))

3

I
NgER

j=1 i=m+1
= ijk_ij(rf)j-&-Q(:r)
j=1
Hence
m m+1
L (@) = (m+ Db 3 TR Z.mk TFS o (@),
j=1

and Equation (4) holds for n < k by induction.
We now obtain

k
k K3 k 7
Ll(cJZ1( )= Z " LI(CJ21 i(x) = Z h Z]l’k JFk i g+2( )
; i=1

=1
k k

_ - k— k—i (k) k—

_ij Z FpZie J+2 ij JFk J+2( z).
j=1 i=1

So Equation (4) holds for n =k + 1.
Suppose that Equation (4) holds for some positive integer m which is greater
than k£ + 1. Then we have

k k
—ig (k —i k
xk Lfnzrlfz(x) :Zxk ijk ]FTS’L)Z J+2(x)
i=1 J

M=

k
Lfn)ﬂ(x) =
1

k
. ik k
]Ik Z i Fv(n)z ]+2 ijk JF7(n)j+2( )
1 i=1

.
=

~
I
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Thus by induction, we have proved that Equation (4) holds for all n > 1 and all
k> 2. O

We use only the result in Lemma 2 to give a rather easier proof of Theorem 1.
Second proof of Theorem 1. In light of Lemma 2, the inner sum of the right-hand

side (2) for ¢ > 1 is equal to

k
L (@) + (re* =t — 2)F) () Z #IE ()
Jj=
k k
_ k . . k
Z FIRE y+1 () + (ra™t —Q)Fi(+)1($)—2(3 — 2)z* JFi(_;H(x)

k
= (re" ' = 2)F ) (2) + 2T ED (@) — o EP (@)

j=1
k
(R ) - FP @)
Therefore we obtain that

k
k — k . — k
Zr LM (@) + (ra* 1 = 2)F§) () = Y (G — 202" T EP L (w)
j=3

=raf 4k —24 280 Z [rHlFi(f)l(x) - riFi(k)(x)}

=rzF k-2 4 2R [7’”+1F7(Li)1(1') - rFl(k) (:c)]
= r”*lxk’lF,(Li)l(x) +k—2.

Hence Equation (2) follows.
For the extension of alternating Sury’s relation (3), note that the inner sum is
equal to

L (@) + 22 (ra Zywk TR @)

1+1

2F T FR) (2) + 2282 )(x)—|—x 2(rz — 2)FM (2)
=2 [P @) + 1PN (@)
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Once again we have used the result in Lemma 2. It follows that

i,m—i k - k k
S| L @)+ 2F 2 e - )P (@ Zn’“ TFE (@)
1=0

:ank 1 k 12[ z PR zFl(f)l( )+<_1)irn—i+1FZ_(k)(x)

n - — n k n k n k
=gkl ok 1[( D EE (@) = B ()] = (-1t ) ().

We remark that Equation (2) is equivalent to the following:

(R @) = 1) = 3 2P @) + (et - 29 F ()

=1 .
~ Y- 2R @),

Jj=3

This implies that the polynomials 7“”F7§]j_)1(x) — 1 divide the above right-hand side
for all r # 0 and n > 1.

Recall the definitions of Fibonacci-type polynomials of order k, fy(lk)(x), and
Lucas-type polynomials of order k, E%k)(x) (on page 4). Expansions in terms of bi-
nomial coefficients, generating functions, properties, and connections between these
two types of polynomials sequence could be found in [5, 15]. Some applications in
combinatorics and probability are also given in [5, 15]. We only summarize a few
results here but without proof.

The generating functions of the sequence of Fibonacci-type and Lucas-type poly-
nomials of order k are

IOy =Y (P @y = —L—
n20 Lz )y
=1
and
k o
k—z Z)l(k -y’
(O aiy) =3 MP @y = ———5——,
n20 L—z )y
=1

respectively. For n > 1, we have a crucial identity relating to Fibonacci-type and
Lucas-type polynomials of order k,

min{n,k}

(Py=2 > P (). (6)

j=1
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In addition, for n > 1, we have
F{P) () = 2T 0 (2%), and L) (x) = 2000 (aF).

We also note that L%k) = L%k)(l) = 65{“)(1) and FT(Lk) = FT(Lk)(l) = f,(Lk)(l),
which are the n-th Lucas and the n-th Fibonacci number of order k, respectively.
According to the same method in this paper, it is not hard to present two additional
extensions of Sury’s relation involving Fibonacci-type and Lucas-type polynomials
of order k, as presented in the following theorem.

Theorem 3. For any positive integer n, we have the extension of Sury’s relation
inwolving Fibonacci-type and Lucas-type polynomials of order k:

8 @)+ k=2 = 3 [l @) + e - 288 @)
i=0

K (7)
- Z(] - 2)f7;(fg‘+1 (93)} )
=3

and the extension of alternating Sury’s relation involving Fibonacci-type and Lucas-
type polynomials of order k:

n k
n k i n—i k k . k
(1" @) = Y (D G @)+ alr =20 (@) = D ga s ()] |
i=0 j=3
(®)
where the summation Z?:a x 15 zero if b < a and f&% = 0 for any positive integer

m. Moreover, it can be seen from FEquation (6) that Equations (7) and (8) are
equivalent.

Finally, we remark that by setting = 1 in (7) and (8), the results coincide with
Corollary 2.
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