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I. INTRODUCTION

The French mathematician Pierre de Fermat (1607-1665),

conjectured that the equation x" +y" = z" has no solution in
positive integers x, y and z if n is a positive integer > 3[1].
The American Banker and amateur mathematician Mr.
Daniel Andrew Beal formulated the Beal’s conjecture in1993
[2] as a generalization of Fermat’s Conjecture. Lothar Collatz
introduced Collatz Conjecture in 1937[3,5]. It is also known
as the 3n +1 problem . In 1742, the Russian mathematician
Christian Goldbach introduced Goldbach Conjecture [4].
British Mathematician Andrew Wiles proved Fermat’s
Conjecture indirectly as a special case of modularity theorem
for elliptic curves in 1995 [1] and so Fermat’s Conjecture is
also known as Fermat’s Last Theorem. In this article these
conjectures are proved directly using mathematical methods.

Il. PRELIMINARIES

Statement 2.1: If A* +BY =C* where A,B,C,x,y and z are
positive integers and Xx,y,z are greater than 2, then A,B and C
must have a common prime factor.

Equivalently, the equation A* +BY =C? has no solutions in
nonzero integers and pairwise coprime integers A,B,C if
X,y,Z > 3.

Statement 2.2: No three positive integers a, b, and ¢ satisfy
the equation a* + b* = c® for any integer value of a greater
than 2.

Definition 2.1. Hailstone sequence

Hailstone sequence corresponding to a positive integer n isa
sequence {ai}, i = 0,1,2, .., where a; is obtained as the value
applied to n recursively i times a; = fi(n), n € {1,2,3,4, ...}
and i= 0,1,2,.. where f(n) = n and for i > 0,
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Statement 2.3: For any positive integer 11 = N, the Hailstone
sequence starting with n eventually ends in 1.

Definition 2.2. Prime gap

A prime gap is the difference between two successive prime
numbers. The n-th prime gap, denoted g, or g(pn) is the
difference between the (n + 1)-th and the n-th prime numbers

ie, gp=3-2=1 g, =5-3=12,
gy =11-7=4 | g =13-11
g; =17-13=4

g2 =7-050=12,
=2 and

Definition 2.3. Prime gap interval

The ith prime gap interval is the set of positive integers y
such that n' prime number <y < (n + 1) prime number.
Examples: 1% prime gap interval is{2,3}, the 2"¢ prime gap
interval is { 3,4,5}.

Statement 2.4.1: Every even number greater than 2 is sum of
two prime numbers.

Statement 2.4.2: Every odd number greater than 7 is a sum of
three odd prime numbers.

Statement 2.4.3: Every odd number greater than 7 is a sum of
one prime number and an even number.

I1l. PROOF OF BEAL’S CONJECTURE

Basic results and notations that are used in the proof

1. If A¥is even then A is even.

2. If A*is odd then A is odd.

3.Suppose A* +BY = C* where A,B,C,Xx,y and z are positive
integers, then either all the three numbers A*,BY, C> must be
even or any two of the numbers A*,BY , C* must be odd.

4. If all the three numbers A* ,BY , C* are positive even,then
the numbers A,B and C are even and they have a common
prime factor 2.

5. Set of natural numbers is denoted by N. N = {1,2,3,..}

6. Set of Whole numbers is denoted by W. W={0,1,2,3,..}
7. A positive even number can be written as 2" (2k+1)" where
k is non negative integer uyv €N

8. A positive odd number can be written as a product of
(2li+1) where I EWand i EN. In this representation the
powers of same number is represented as having same
numerical value to I; but i takes distinct numbers.

Example 27= 3%,
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27 = (2x1+1) (2x1+1)(2x1+1), Here |1 = = I5=1.

To prove Beal’s Conjecture, it is enough to prove that if
AX +BY = C? such that any two of the numbers A* ,BY, C? is
odd, then there exists a common prime factor.

Statement 2.1: If A* +BY =C* where A,B,C,x,y and z are
positive integers and X,y,z are greater than 2, then A,Band C
must have a common prime factor.

Proof. Suppose A* +BY = C* where A,B,C,x,y and z are
positive integers and x,y,z are greater than 2 then to prove
that A,B and C must have a common prime factor.

Without loss of generality, suppose AX* is even and BY
,C? are odd, to prove Beal’s conjecture, it is enough to prove
following lemma.

Lemma3.1: |If

4
m y n

2k + 1" +|[J@u+1)| =|]]2m;+1)
i=1 j=1

then (2li+1) = (2m;+1) divides (2k+1)* for some i and j

where x,y,z>2, li,mj,k € W and i,j, mn,uv €N

Proof. Let 2¥*(2k + 1)+

[T, (2L + D] = [Ty (2m; + 1)]*— G
Then 2X (2k+1)" =

[IT=a(2m; + 1)1 - [TT2, (2L + VP> G2).
Consider two integers p, g such that
pe{l;i=123,..m}and

qe {m}- = 1,2,3,..n}in the equation (3.2).

Case3.1.1.p=qg=0forallp,q.
This case is a contradiction to equation (3.2).In the RHS of

equation (3.2), (2p+1) =(29+1) =1 = RHS =0 but
LHS #0.

Case 3.1.2. There exists atleast one pair (p,q ) such that
p=q#0.

In this case in RHS of equation (3.2), (2p+1) =(2g+1)isa
common factor. Since (2k+1)* is the only odd factor in LHS
of equation (3.2), (2p+1) = (2g+1) must divide(2k+1)*v .

Case 3.1.3. p,q >0 and p # ¢q for all p, g. Suppose
I, #m;for all i, j where {I;;{=123,..m} and
{m}- ij= 1,2,3,..11} in equation (3.2).Then
[MT7%y(2m; + 1)17 and [T12,(21; + 1)]* are odd
relatively prime numbers.

Case 3.1.3.1.When k = 0. Let B =[[72,(2],+ 1) and
c=IT",(2m; + 1)

Itis trivial that if 2% = C?- BY where B,C>1 and Xx,y, z>2
are positive integers such that g.c.d (B,C) =1 , then the terms
C? and BY are of the form C?=(r+1)2* +t and

BY=r2X+t where t=1,23,..2X—1andr € W.

Suppose t is even, then C? and BY cannot be odd. Which is a
contradiction to assumption. So it is enough to prove
following lemma.

Retrieval Number:100.1/ijam.A1137043123
DOI: 10.54105/ijam.A1137.043123
Journal Website: www.ijam.latticescipub.com

Lemma 3.2.There does not exist two odd numbers B ,C >1
such that BY =r2*+t and C?=(r+1) 2*+t wherex,y,z>2,
t=1,3,5,.....,2%-1and r eW.

Suppose r2X+t=BY ,B>1isanodd number wherer £ N,
t=1,3,5,.....,2%-1 ,and x,y>2.Since C* =(r+1)2*+t
=BY+ 2% and gcd (B,C) =1, The possible values for C* are
3, 5,..., (B+2)Y where y > 3.

We shall prove that, If BY isan odd number then

Cz & {3V, 5,..., (B+2)Y } for all y > 3. using Principle of
Mathematical Induction.

Step 1:Forn=1, x =4, BY=3%=27 =16 +11,

Here B =3, y=3 and t =11.

The choices for C? are the set of numbers
{33,35,37,39,41,43,45,47}. There are 8 odd numbers. Note
that 53=125 > 47 and 3*=81 > 47.It is clear that there does not
exist an odd number C & N such that for z >2,
C? £ {33,35,37,39,41,43,45,47}.Therefore there does not

exist an odd number C £ N such that
C? =(r+l) 2*+t = BY+ 2*= (B+2)Y, fory = 3,4.

Step 2: Assume the result is true for y =p.

i.e, There does not exist an odd number C € N such that
C?= (B+2)P.

Now consider (B+2)P*! = (B+2)P (B+2)

If there exist an odd number C =N  such that

C?* =(B+2)"*! = (B+2)° (B+2) then (B+2)P is a factor of C
Therefore (B+2)P = C® where s < z . Which is a contradiction
to assumption that there does not exist an odd number C
N such that C?= (B+2)P since s < p. Hence the result is true
for all y > 3.In a similar way it can be proved the statement is
true for all v, k, X, y, ZE€ N, r € W where xy,z> 2.
Therefore Ct & {3V, 59, (B+2)Y } forall y >
3.Therefore there does not exist two odd numbers B ,C >1
suchthatBY =r2*+t and C*=(r+1) 2*+t where x,y,z>2,
t=1,3,5,.....,2%-1and r e W. Lemma 3.2 is a contradiction to
equation (3.2).

Case 3.1.3.2. When k > 0 . Let B =][72,(2!, + 1) and
C =17, (2m; + 1).1t s trivial that if (2k+1)™ 2= C* -
BY where B,C >1 and X, y, z> 2 are positive integers such
that g.c.d (B,C) =1 , then the terms C? and BY are of the
form C? = (r+1) (2k+1)* 2* + tand BY = r (2k+1)® 2* + t
where t=1,23,.., 2 (2k+1)¥-1landv € N, r E W,
Suppose t is even, then C? and BY cannot be odd.

Which is a contradiction to assumption.
So it is enough to prove following lemma.
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Lemma 3.3. There does not exist two odd numbers B ,C >1
such that

BY =r (2k+1)* 2* + tand

C? = (r+1) (2k+1)v 2* + t

where x,y,z > 2,

t=1,3,5,..... 2* (2k+1)*-1

andvk EN,r EW.

Suppose r (2k+1)* 2* +t = BY ,where B >1 is an odd
number,y >2 ,t=1,3,5,..... 2* 2k+1)™-1land v,k © N ,r
E W.

Since C*= (r+1) (2k+1)* 2*x +t, and gcd (B,C) =1, The
possible values for C? are 3%, ,..., (B+2)Y where y>3.We
shall prove that If BY is an odd number then C & {3Y, 5Y,...,

(B+2)Y } for all y > 3 using Principle of Mathematical
Induction.

Step 1: Forn=k=v =1, x=3 , 216 = 2333,

BYE {217=216+1,219=216+3,221=216+5,..., 243=216+27,
..., 431=216+215}. Among these numbers 243 = 35,

therefore B = 3, t = 27 and y = 5 .The choices for C? are

513,515,517,...,625, ...,647. But 243= 216+ 27 and 512

+27=539. There does not exist any odd number C such that

C? =539. Here 625 = 5 But 243= 216+ 27 and 625 # 539 .

Note that 5% =125 =23° and 5%= 625 =35 There fore , there

does not exist an odd number C & N such that

C? =(B+2)Y fory = 3,4.

Step 2: Assume the result is true for y = p.

i.e, There does not exist an odd number C £ N such that
C?= (B+2)" .Now consider (B+2)P*! = (B+2)P (B+2) .If there
exist an odd number C = N such that

C? =(B+2)" (B+2) , then (B+2)P is a factor of C=Therefore
(B+2)P = C° where s < z . Which is a contradiction to
assumption that there does not exist an odd number C € N
such that C? = (B+2)° .

Hence the result is true for all y > 3.In a similar way it can be
proved the statement is true forallv ,k x,y,ZzE N rE W
where x,y,z > 2. Therefore C? & {3%,5,..., (B+2)¥ } for all
y > 3. There fore there does not exist two odd numbers
B,C >1 such that BY =r (2k+1)* 2*+t and

C? = (r+1) (2k+1)* 2* + t where x,y,z > 2,

t=13,5,..... 2 (2k+1)¥-1landvk E N,r € W,

Lemma 3.3 is a contradiction to equation (3.2).

Therefore , If
y n b4

[]m;+1)

i=1

m

22k + 1™ +| [ [ (2 +1)

i=1

then (2li+1)=(2m;+1) divides (2k+1)* for someiand j where
XY,2>2, li,mj,k EW and ijmn,uv €N

In a similar way the lemma 3.1 can be proved for the equation

y
m X n

[Teu+1)| +|[]@m;+1)

i=1

=2"(2k + )™

=1
Hence the proof of Beal’s Conjecture.
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IV. PROOF OF FERMAT’S CONJECTURE

Statement 2.2: No three positive a, b, and c satisfy the
equation a” + b* = c* for any integer value of a greater than 2.
Proof. Beal’s theorem implies that for any integers a,band ¢
if a*+b*=c* then a,b and ¢ must have a common prime
factor. So cancelling the o™ power of common prime factor
from both sides of the equation, without loss of generality
suppose a*, b* andc* are pairwise relatively prime
numbers such that a* is even b* and c¢” are odd. To prove
Fermat’s Conjecture, it is enough to prove that for any integer
value ofa> 2, ijmnuvwE N, i, mj,k & W the
following two equations cannot hold.

2"k +1)" +|[Jet+D| =|[[@m;+D
i=1 j=1

Qm;+1)| =2"Qk+1)"
i=1

J

[Jet+b] +
i=1 |
Case 3.1.3.1 and case 3.1.3.2

gives the proof for k> 0.
This proves the famous Fermat’s Conjecture.

restrictingto x =y =z=«

V. PROOF OF COLLATZ CONJECTURE

Statement 2.3: For any positive integer ,7t £ N, the
Hailstone sequence starting with n eventually ends in 1.

It is enough to prove that for all Hailstone sequences starting
with any natural number n, there exists a natural number i

such that there exists a term in the sequence ai=f' (n) = 1.
Theorem 5.1 .%n €N, An exists where An is the set that

consists the numbers in Hailstone sequence starting with n.
Theorem 5.2. Amin dn #+ @, ¥m,nEN

Corollary5.3.M>=; An =A,DA={1}. EN

Proof of Theorem 5.1. The set An consists the numbers a;
where a; is obtained as the value applied to n recursively
i timesaj=fi(n), 1 EN.
As per definition, ffn) = n and for i > 0

_ { E,L'f 1 is even
fii)=,_°2

In+ 1,if nis odd

It is clear that for every 1t € N, f i(n)is a natural number and
S0 a; exists. Hence A7 exists ¥t € N.
Remark 2: The above proof never implies that An must
contain 1 or An must be finite. The proof conveys that An
exists and the elements in An , ¥t & N are positive integers.
Theorem 52. AmNAn # @,¥m,n €N
To prove theorem 5.2, first we shall prove the following

lemmas
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Lemma 5.2.1: For any positive odd number
p > 1,the number (3p+1) isevenand (3p+1) > p.
Proof. Trivial.
Since p is odd, p =2k +1, wherek e N,
p < (Bp+1) = 3(2k+1)+1 = 6k +4 = 2(3k+2)

Lemma 5.2.2: For any positive odd number

3p+1 3p+1
p>1lIf (p_+) is odd then M >
2 2
Proof. Trivial
3p+1
(p_;):l,5p+0.5>p

Lemma 5.2.3: For any positive odd number

M is odd then %

p>1lIf i <p wherei >1

Proof.

3p+1
Since p is odd, p =2k +1, where k € N,and (prt) _ (3k+2)
2

It is obvious that 1. 5k < 2k for all k e N.
ie, 1.5k +1) < (2k+1), whereke N

ie, (32;2) < (2k+1) , where ke N

ie, (3k;2)< (2k+1)=p, where i, ke N

ie, %< (2k+1)=p, where i>1, keN
ie (BF;H): (3I;:2)< p, where i>1, keN

3p+1)

—=< p where i >1
2

ie, If (3p2+1) is odd or even then (

(3pz.+1) is odd then (sziflk p where i >1

Hence , If

ap+1
Remark: 1. The Lemma 5.2.3 also holds if £ iseven.

oL
&

Remark: 2. When p =1, (3p+1)/(2®)=1=p

Corollary 5.1: From the above proofs and the definitions of
fi(n) and An, we shall observe the following inequalities and
sub set relations.

If p>1isanodd number

5.2.3.1 Agps1 C A

5232
3p+1) . 3p+1
If % is odd then (27)> p and A(Ssiﬂ)c Asp CA,
5.2.33
(3p+1)

If

3p+1
is odd then ( p; )< p where i >1 and

A(MC A(M cC...C A(M c A A,
2! 2

2|71

Let p >1 be any odd numbers in N, then the relations

5.2.3.2 and 5.2.3.3 imply that there exist some odd number g
holding any of the following inequalities.
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O -,
) o=
(i) q-= (3‘); )< p
V) p = (3q2T1)<q

Corollary 5.2:

Let p be any positive odd number .Then atleast any one of
the following cases will hold.

Case 1:There exist some odd number g such that Ap = Aq .

Case 2:There exist some odd number g such that Aq < Ap .

Case 3:There exists an even number k such that Ac= Ap.
Define a relation R on the set {An}, where n € N such that

Ap R Agiff Ap S Ag . Now R defines a partial order

relation since it is reflexive, anti symmetric and transitive.
Now({An}, R) is a partially ordered set.

Lemma 5.2.3.1: The minimum element in a partially ordered
set is unique.

Proof: Suppose there are two minimum elements Ap and Aqg.
Since Ap is minimum Ap S Ag Since Aq is also
minimum Ag & Ap Hence Ap = Ag. That means the
minimum element is unique.

Lemma 5.2.3.2: As is unique minimum element in partially
ordered set ({An}, R) for a set of odd numbers (say P).
Proof: From the relation R ,definition of An, lemmas 5.2.2
to0 5.2.3.1 ,corollary 1 and corollary 2 we get

Observation 1: By corollary 1, when p=3, we get AsR Aas.
Observation 2: The relation R ,definition of An, lemmas 5.
2.2105.2.3.1, corollary 1 and corollary 2, when applied to
odd numbers, we get AsR AisR A7 RA1RA/R A9R ...
Observations 1 , observation 2 and lemma 5.2.3.1 implies
that As is the unique minimum element in partially ordered
set  ({An}, R) for a set of odd humbers .Let P be that set of
odd numbers in N for which As is unique minimum element.

Thenyep AP = As —Equation (5.1).

Let Q be the set of odd numbers in the set N—P.i.e, Q ={ X/ X
is an odd number in N-P}

Lemma 5.2.4: If m is a positive even number then it is a term
of either the sequence{ 2"} or the sequence{( 2k+1)" 2"}
whereu,v,k E N,

Proof. The first sequence { 2"} contains all even numbers
that can be written as 2" . Suppose m is an even number such
that m # 24.Then m = 2s where s> 1 and s is a natural
number. If s is odd, then m is a term of the second
sequence{( 2k+1)v2}.
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If siseven, s can be written as product of powers of prime
numbers . Since all prime numbers except 2 are odd, one

factor of s is of the form (2k+1) , k € N. Hence m =2sis a
term of the second sequence {( 2k+1)'2"}. Hence If m is an
even number then it is a term of either the sequence { 2"} or

the sequence {(2k+1)" 2"} where u,v, K € N.

Let S ={x/xE{2"} or xE{(2k+1)"2"}}. Now N =SUQUP.
The sets P and SUQ s a partition for N.

Lemma 5.2.4.1: A, is unique minimum element in partially

ordered set ({An}, R)) where n € 5UQ.

Proof : The definition of An and relation R implies that A, is
included in all An where n€ { x /x =2 u€ N }.Also
A+’ R A1)’ 2" where u,v, k ENIf (2k+1)=p & P,
then by lemma 5. 2.3.2, AsR A(2+1)' and by lemma 5.2.3,
AR As Hence A;RA(2+1)"2" . Suppose ( 2k+1)'=p € .
By lemma5.2.3, A R A;, and A, R Ay Forall odd p € §
where p >1, by corollary 5.1 and corollary 5.2, there exists an
odd q such that either AqRApor Ap R Ag. If q € P,A,R
AsRAgQ .Hence Ap includesA; .If q € ¢, without loss of
generality suppose Ar,r ©  be the set such that Ar = MA;
for asetof gi € ¥ where | =123,.... . Now3r +1 is even
and except 1 there isno gi E @ such that AgiRAsr+1 . Hence
by corollary 5.1, Subset relation 5.2.3.3 we get
3r+1E { x fx=20 yEN }.For all odd numbersinqinQ,
the number 3g+1 is even and belongs to S. This implies that
A is the unique minimum element in partially ordered set

({An}, R) where n € 5U{Q.

Hence Mgzsyg Aq = A2 —Equation (5.2)

From equations (5.1) and (5.2),
vm,nEN =SUPUQAMNAND As N A, = A,
Hence Wrt, 1t EN, Am NdAn #+ @,

Corollary 5.3. MN;7—y An =A,2A= {1}, n € N.

Proof. My=yAn =7z p AP MN]csyg Aq = AsNA; =
A2 A

This shows that the set A is subset of all 71 € . Which

implies that the element 1 belongs to all Hailstone sequences.
Therefore, for all Hailstone sequences staring with n

.1 € N there exists anumber i n N such that a;=fi(n) = 1.
In other words all the Hailstone sequences staring with n
.1 EN | contains the term 1. This proves the famous
Collatz Conjecture.

VI. PROOF OF GOLDBACH CONJECTURE

Statement 2.4.1: Every even number greater than 2 is sum of
two prime numbers.

Proof. Let n> 1 be a positive integer. Let E;={e /e isan even
number < n} .Let

Pn={p1=2,p2,p3,...,ps} be the set of all prime numbers <n It
is enough to prove that every even number e EE, where e # 2
can be written as pi+ p; where i, j=1,2.3,...s.
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Define
— _ _ o |Ei=1 , pj—1
M= {eij/eij=p; T p; =2 |—5—+—5—+ L|where
i,j=1,...5.}
To prove that En = MnlU{2} for all n= N—{1}.
Let eij EE, where ejj # 2 .To prove that eijj= M, , it is

enough to prove the following lemmas.

Lemma 6.1: Corresponding to each positive integer x <
(n/2) there exists pi ,pj € Pn.such that 2( x +1) =p; +p;
Proof. Since every prime number except 2 are odd numbers
pi= 2l +1and p; = 2m +1for some positive integers | , m .
There fore p; +pj= 21 +1 +2m +1 = 2( I+ m +1) =2(x+1)
where x = I+m .

Now we shall prove that for all even numbers

4 < 2( x +1) < n, there exists pi , pj S P where
I=(pi-1)/2 , m=(p;j-1)/2 andx=I1+m <(n/2)

Let g; be the i"prime gap and let @; ;1 , ;2 ......0; . be
the positive integers in ascending order in the " prime gap
interval where g;; =P; andg;, = P;z1 < 1

For each i © N and corresponding prime gap g; , define
the two neighbourhood sets N and N, such that

Nz'+ ={ 9;1 = P; Pis1 .. Py } NPy Where P; Pigq
yoey Py are P14 — P; number of consecutive prime
numbersand N,” ={ g,; = p; Pi=1 »---» Py H1 Py
where P; s Pi—q se-a Dy arep; —
consecutive prime numbers

It is obvious that there are P;+4 — P; distinct positive
integersin[ P; ,P;s1 ) Where B;, P;2q1 € Py .Selecting
Piz1 — P number of consecutive prime numbers greater

than or equal to
'P[}':'F'[+'__

P;—1 number of

p, € N7 it is possible to get

(Pirs— i +1)

S Z(Pieg— P:) distinct
positive integers r=1l4+m = % ,where
l=wif_1, m=E%lsuchthat
P: P:ix1 € Pn .Among these distinct positive

integersP;+1 — P;humber of positive integers X must be
such that

(P -)<x<(Pe—1)

since

pi—1 o p—1

2—+ S = p;, —1and
e pyx— 1
liredop o1,

Similarly, selecting P; — P;—1 number of
consecutive prime numbers less than or equal to p; € N, ,

it is possible to get
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(pim pioa) (9= 2o 4D (p.— piy)
- = i i-1

x=1l4+m <

distinct

positive integers ,where

I’-.'IIRS

=21

- ]
2

i—1
m =EJT such that p; .p; € Pn
Among these distinct positive integers p; —
of positive integers must be such that

(pp —1)<x< (p;—1)

since

P;—1 number

. -1, p-1
since —+%—==p. —1 and

E_'_p _1= p'E —1 .
Let

A={x/(pi.y —1) =
2,3, ..,06, ..,a} .

Now, It is obvious that

Pa-1

-
rs

< |Al< p, — 1.Suppose

U< P, — 1 be apositive integer in the o™ prime gap interval
suchthat w & A.

Note that W = a4+ ¢y for some positive integers
a0 €E4123,.., 0—11}

Lemma6.2: If p<p, — 1 isaninteger in the o prime
gap interval then there must exist two positive integers
2, € A={x/ (pioy —1) = x =(p; —
1),i = 2,3, ...5,..,a}

suchthatxy =ay + by andy; = ¢y +d;

Pe-1

=

where ai,bs,c1,d; are of the form , £t =1,..,a.

Proof. Suppose there does not exist Xy = a4 + by and
yy =c¢y +dy

-1
e , t =1,..,aThen

"
=

where ai,bs,c1,d; are of the form

WX, ¥y & A Since x4,V are positive integers in the
(a-j)™ prime gap interval , where j=0,1,2,3,..a-1 ,there must
exist @5, by, 65, d; E{123,.., 0u—1 } and

X4, V, € Asuchthatx, =a, + byandy, = ¢, + d,

Pe-1

"
=

where az,by,c,,d; are of the form , £t =1,..,a.

Suppose there does not exist Xz = @, + b, and
¥y = ¢; + d;  then p,x4. ¥4, %5, Vs & A, Continuing

this argument, we get a set of £ numbers that doest not

-
&

Pa-1

E
s

belong to A . Since < |Al< P, — 1., the argument

leads to a contradiction. Therefore by method of infinite
descent, there must exist two positive integers

Xy =4y + bl and ¥y =04 + dl where

-1

-
&

ay, by, cq,d, are of the form L t=1,..,a

This implies that p = ay + ¢, = ?"T_l +E-=

-
r
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i,j =1,..,a.Therefore, corresponding to each positive

integer x s§ Lthere exists pi ,pj € Py such that 2( x +1) =

pi +pj. Now e;j € E, where e # 2 and i#/ , implies that ejjis
an even number. i.e, ejj= 2k where k is any positive integer
such that & s?.

Applying lemma 6.1, there exists pi ,pj € P, such that
2k =pi +p; .
Now

p+p; =242 4]

Therefore ei;E M,
Therefore E, = M,U{2} foralln € N-{1}.

Statement 2.4.2: Every odd number greater than 7 is a sum of
three odd prime numbers.

Proof . The unit digit of every even number can be any of
the number in {0,2,4,6,8}. If the prime numbers 3,5,7 or 11 is
added to every even number then the digit in the unit place of
sum will be 1,3,5,7 or 9.Therefore every odd number can be
obtained by adding 3,5,7or 11 with an even number. The
statement 1 implies that every even number greater than 2 is
sum of two prime numbers. Therefore every odd number
greater than 7 is a sum of three odd prime numbers.
Statement 2.4.3: Every odd number greater than 7 is a sum
of one prime number and an even number.

Proof. The statement 2.4.2 implies that every odd number
greater than 7 is a sum of three odd prime numbers. It is
obvious that sum of two odd numbers is always even.
Therefore considering the sum of two odd primes as an even
number statement 2.4.2 implies statement 2.4.3.

Ilustrative Example:

When n =24,

Exn ={24,6,8,10,12,14,16,18,20,22,24}

Pos = {pl =2,p2=3,p3=5,p4=7,p5= 11, pe=13, p7=17, pg=19,

Po=ps =23 }
M2.={4,6,8,10,12,14,16,18,20,22,24,26,28,30,32,34, 36, 38,
40, 42,46}

g.=3-2=1, gg=5-3=2 , g =7-5=2

s =11-7=4g. =13-11=2g, =17 —13 = 4,
g =19-17=2g,=23-19=4

Consider gz =5—3 = 2. The corresponding prime gap
interval is{ 3,4,5}.

I8, gz1=p =3,822=4,92:= p; =5.

Selecting 2 — 3 = 2 prime numbers > 3, we can form
N ={3.5}.

Selecting 3 —2 =1 prime numbers < 3, we can form

N7 ={3}
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OPEN aACCESS

There are 2 elements in N; therefore '—u": 3 distinct

positive integers 3 —1 =2 < x< 4 =5 — 1 can be formed
-1 pi-1
m

=82

suchthat x=14+m where

3—

= 3= T 4= T

Note that 2 = E__—L+

The corresponding even numbers in E, are 2(2+1) = 6,
2(3+1) =8 and 2(4+1) =10

Now consider gz = 7 —35 = 2. The corresponding prime
gap interval is{ 5,6,7}.

Selecting ¥ — 3 = 2 prime numbers > 5, we can form

N ={5.7}.

Selecting 5 — 3 = 2 prime numbers < 5, we can form
Ny ={3,5}

There are 2 elements in N; therefore :':_!:'= 3 distinct
positive integers (5 -1)=4 < x<6=(7-1) can be formed such

. i—1

that x =[+m where [=2=2%, ='u"_

Note that 4:5__—1+5__—1 , 5:5__—1+¥ and
6= 1+ i . The corresponding even numbers in E; are

2(4+1) = 10, 2(5+1) = 12 and 2(6+1) =14.

Now consider g, = 11 —7 =4, The corresponding prime
gap interval is{ 7,8,9,10,11}.

Selecting 11 — 7 =4 prime numbers > 7, we can form
Nj ={7.11.13.17}.

Selecting 7 — 3 = 2 prime numbers < 7, we can form

Ny =1{3.7%There are 4 elements in N}, thereforeﬁ =10

distinct positive integers (7-1) = 6 < x< 16= (17-1) can be

formed such that x=1l+m where
pi—1

1=

pi—1
m = ~—. Among these, it is enough to get the

numbers between 6 <x<10=(11-1)

that 6="—+"— , 8=""4"

Note
1 13-1 11-1

g=T2 Bt gt

11-1

Note that there exists positive integers a; = 2 and ¢;=5 such
thatu=@a, +¢c,=2+5=7

Let A = {3,45,6,8,9,10} . In this set xy;=6 =2+ 4 and
v, =8=5+3where 2 22 and 5=22%,

7= E+E .The corresponding even
numbers in E, are 2(6+1) = 14, 2(7+1) =16,

Therefore

2(8+1) =18, 2(9+1)=20 and 2(10+1)=22.

Consider gg =13 —11 =2, N:={11,13}.

1.1.—1.+:LL—1.,11= +

10 =
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The corresponding even numbers in E, are 2(10+1) = 22,
2(11+1) = 24. Therefore Exs = M2 U{2}.

Hence the proof of famous Goldbach conjecture.

VII. CONCLUSION

In this article the famous unproven conjectures in Number
theory Beal’s, Collatz and Goldbach’s are proved using
elementary methods. Fermat’s conjecture is already proved
by Andrew Wiles in indirect method. Since Beal’s
Conjecture is generalization of Fermat’s Conjecture, the
proof of Fermat’s Conjecture that is discussed in this article
as deduction from the proof of Beal’s is the direct proof.
Fermat’s equation has solutions in non integers. Interpreting
those solutions as measures of acceptance and rejections of
an alternative in a network in comparison with other
alternatives, study on Fermat’s Fuzzy Graphs and its
applications in decision problems is under progress. The
model and applications of Beal’s Fuzzy Graphs, Applications
of Collatz and Goldbach’s theorems are also under
investigation.
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