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Abstract: The prime pair counting functions nt, A(N) with the gap A=2, 4 and Py(1, 1) are derived.
The asymptotic behavior of 7, A(N) with the gap A=2, 4 and P(1, 1) are also analyzed.

It was indicated™ that the original sieve operation can be expressed in mathematical equations
and the mathematical equations describing the original sieve method lead to the derivation of
prime counting functions ©t(N), ©.(N) and =+(N). Here the original sieve method is used to derive
the counting functions of prime pairs.

For a given finite integer N, the prime counting functions m(N), n.(N) and m+(N) count the
number of primes contained in the finite sets ¢(N), c.(N) and c.(N), respectively

[c_(N) - {(6k ) k=12 flr (N ;r 1)}

{c+(N) ={(6k+1)|k= 1,2,---,flr<N;1>} €8]

i
e(V) = c_(N)Uc, (V)

n(N) is the number of primes contained in the set c¢(N):

T(N) = (N) — x(N) (2)
o0 ={r () e ()| v () ()

5sp;
Sor 5 femeen)apmany)
T(N) = [e(N)| = flr (N - 1) + flr (N Z 1) (4)

0= 3 e (o) o ()

5<p;



The Counting Functions of Prime Pairs Keyang Ding

N Z(_l)H Z {ﬂr <N + 5Pk, Pr, ---pkn) +fir (N + D, i, pkn)} )

6Dk, Dk, *** Dk 6Pk, Dk, ** Pi
5SPley <Phy<<Pkn, 18k2 n 1Fk2 n

v (N) is the total number of composites contained in the set c(N). flr(x) is the floor function.
7.(N) is the number of primes contained in the sets c.(N):

m_(N) =1_(N) — y_(N) (6)
_ N+1 IN —pil N +p;
n_(N) = flr( c ) - {; {C-(pi)flr< on: > + C+(pi)flr( 6p; )} +
h N + 5Py, Dk, = Pk
+ ) (-t {C_(pklpkz '“pkn)ﬂr< — n) +
; 55pk1<z%:<~-~<pkn 6Dk, Pk, " Pky
N + py, P, "'pkn>}
+C [ 7
+PusPrey ™ Prn)f r( 6Pk, Pk, *** Py ] 7
N+1
7_(N) = [c_(N)| = flr( A ) (8)
3 IN — il N +p;
2N = ;’{c_(pi)flr( )+ copoftr (<o)} +
> N + 5py, Pk, *** Pk
+ ) (=t {C_(plqpkz "'Pkn)flr< — n) +
nZz 55pk1<pkzz<---<pkn OPkiPrz Pl
N + py, P, "'Pkn)}
+C ! 9
(PP P r( 6Pk, Pk, *** Py ?
7+(N) is the number of primes contained in the set c.(N):
T (V) = 7, (N) = 1, (V) (10)
_ N-1 IN —pil N +p;
m ) = fir (=) - {52,, le.eorir (S E5) + coworr (S P +
i N + 5py, Dk, *** Dk
+ ) (=t {C+(pk1pk2 ---pkn)flr< — ") +
nZZ 55pk1<;;<..4<pkn OPkiPrz Pl
N + py, D, "'Pkn>}
+C_ [ 11
(Pi, P, Pkn)fr( 6Dk, Pk, Phy } an
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N-—-1
T (W) = le, ()| = fir (~——) (12)
)= Y feworr (BB 4 e gonr (Co )+
5sp; ' '
Ser 5 fetmenan(tgnen),

n=2 5Pk <Pk <<Pkp

(13)

N + py,Pr, = P,
+C_(Pk, P, "'Pkn)flr< 2

6Dk, Pr, *** Dk,

x-(N) is the total number of composites contained in the set c.(N). x+(N) is the total number of
composites contained in the set ¢+(N). The functions C_(x) and C.(x) are defined by

C.(x)=1+flr (x Z 1) — ceil (x Z 1) (14)

C.(x) =1+ flr (x B 1) _ ceil (x - 1) (15)

1, ifx € c_(N)
C_(x) ={
J 0, ifx ¢ c_(N)

o = 1, ifx € c,(N)
k +(X)_{O, if x¢& c.(N)

The two primes p; and pj are called to form a prime pair if one or the other of the following two
equations is satisfied.

pj—pi=4 forp,<p; €c (16.1)
pi+pj=x forp; <p;€{3c} (16.2)

The counting functions m, A(N) counts the total number of prime pairs in the set c(N) with a
constant gap A between the two primes in every pair and Px(1, 1) defines the total number of
prime pairs in the set of {3, ¢(N)} with a constant sum x of the two primes in every pair.

The sieve functions S-°(k|pi) and S.°(k|p;) defined in the equations (17) and (18) will make sure
that the prime p; appears or does not appear in a term of an equation if p; can or cannot divide
(6k-1) and (6k+1) evenly, respectively.

ceil(ﬁk_1>
14

13

Sctklp) = ). 86k —1-1p) (17)

=1
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ceil(w>
pi

Sitlp) = ). 86k +1-1py) (18)

=1

The sieve functions S.(k) and S.(k) defined in the equations (19) and (20) will tell whether (6k-1)
and (6k+1) is a prime, respectively.

@) [ ()
S (k) = ;5 l1- ; 56k — 1 — Ip;) (19)
\
-
S, (k) = ;5 11— ; 56k +1—Ip;) b (20)

The & function defined in equation (21) is to make sure that the composite (6k-1) or (6k+1) is the
least integer which consists of:

-

m=1

in the prime factors and of which the partner in the composite pair consists of:

g

in the prime factors at the same time, respectively.

n—z . { 6ki1_6ﬁpim ﬁl’h |
a e A

If one or more primes appear among the prime factors of a prime-composite pair or a composite-
composite pair simultaneously, their powers in the whole prime product must be 1 as assured by
the corrections defined in the equations (22) and (23).

(21)

N[l
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n

. ]_[plm ifci= ) 8(6k+1-p;,)=1

(6k + 1)1¢k 1_[ Pi ) " 22)
(6k+1)| |pi, ifci= ) 6(6k+1—p;, )=0
| [Lrwirei=2,

] b, ifch =Za(mm ~pj) =1

(
I
1-¢9, =1 =1
pi, npu 1 (23)

le Hp}z if g = 6(pim - p}'z) =0

=1

The original sieve method can be employed to derive the explicit analytical formulas of the
prime pair counting functions w,, A(N) and Px(1, 1) as defined in the equation (16). Using the
definition of S.(k), the explicit analytical formula of n, o(N) is expressed by

) + 1)] (24)

in which t,2(N) is the total number of (6k-1) and (6k+1) pairs, x(N) is the total number of
composites that is calculated by the equation (5), the last term will be 1 or O if the unpaired
integer (6k-1)<N is a composite or a prime and y22(N) is the total number of composite pairs.

T02(N) = 73,(N) = X(N) + x2.2(N) +fzr< )[1 (e (Y
6flr

T22(N) = flr (N 6_ 1)

)0}

- {flr (F2) ~ x220 - flr<

T2 (N) = {Tz,z (N) + flr (N

e s (e () )
e T, 5) |- (rr ("

N+1 -1
T02(N) = m(N) - {flr( —) = 222 —flr< )+ 1)]} (25)
In the equation (25), n(N) is the prime counting function in the equation (3). Using the above
definition of the sieve functions S.(k), S-(k), S-°(k|p;) and S.°(k|p;) and the § function defined in
equation (21), the explicit analytical formula of x22(N) is expressed by

6fir (~—
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(
B IN — 6k — 1 N + 6k — 1
X22(N) = 45 (S (k) {ﬂr [6(6k — 1)(6k + 1)] thir [6(6k —1)(6k + 1) }

k=11

—

NGV > “_[ S<(klp,) }&(k) X

6k—1
55pi <P, < <pln<flr( 3 )

+flr|

l6(6k +1) ﬁ pi,.

x{ flrl n

I le(6k +1) ;
[ oo e

Y

( IN—6k—1| [ N+ 6k —1 ]
|
|

|
* {ﬂr 6(6k — 1) le +flr|6(6k ~1) ﬁpim

+;(_1)n"§ D “‘[ s (klpy,,) }u_[ ¢ (klpy,) ]

IN — 6k — 1] ] [ N+6k—1
I
|

)

n

S_(k) {—[

m=1

Si(k|pim)} X

6k+1
5<py, <Pip<<Piy<flr(Z5—)

6k— 1
55pi, <Piy < <Pip_ Z<flr( 5

6k+1)

55pj,<pj, < <plz<flr(

IN — 6k — 1] ] [ N + 6k —1 ]\-
M (26)

n-z z [ — 2 |+ flr 1
«C_ (k,l:[lpzm ) gpn> {1 i “_[ plm]{l_[ p”} [ 6“_[ p“"}“_[ p”} JJ

For any given finite integer N, the number of prime pairs n; 2(N) contained in the finite sets c(N)
can be accurately calculated by the equation (25) in combination with the equations (3) and (26).

When N—oo, the floor operation in the equation (26) can be replaced by the simple divide and
the finite terms can be neglected. The asymptotic behavior of m;2(N) at N—oo is
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2

N Z
; n+1
22 (N OO) - I\lll—llnoo TT(N) 6 ! — ( 1) Pr,Dk, *** Pk,

5SPy <Pk, <<Pky
For the Riemann zeta function at s=1, there holds the following equivalence
1 1 S 1
LSy
C.& n=1 55pk1<pk2<”'<pkn pk1pk2 pkn
If letting
N 1

=Ny N

n=1 5<Pky <Pky < <Pkp Picy Pk *** Pey,

then there are the followings:

! 1-41
@ §( _)

9 2
m=1—21+}.

9 +1 2 2
O 2 et

55Pky <Pky<<Pkp

5Pk, <Pk < <Pky 5Pk, <Pky<<Pkyp

If denoting

) ;(_1)71 Z Pklpkzz"'Pkn o {[C(i)F}

5Pk, <Pk, < <Pky,

all py; *any pk

{[m) } Z Z = 1>"Z Z - zZ(*

5<p k1<pk2< <pkn m= 15<pll<plz< <plm (pklpkz"‘pkn)(pllplz..,plm)

DI el

n=15<py, <Pk, <~ <Pkp (pklpkz pkn)

then there hold the following equations:

+1 2
[C(T B 1+Z( v Z Pr Pk, =" Piyp,

55Dk <Pky<<Pkp

LGP XD W) M (2

55Dk <Pky<<Pkp n=2 5SPky <Pk <<Pkp

(27)
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n+1 2 6 1
C(l) <1 ' Z( ) Z PryPry pkn> * ¢ +0 {[g(1)]3} (28)

5SPky <Pky < <Pkp

Substituting the equation (28) into the equation (27), then:

T32(N = ) = lim n(N)—E(6 __0 +0{ 1 })
’ Noco 6\c() [cI* U

(N > ) = li N—ﬁ(6 - +0{ 1 })
T2z T |2 6@ PP

nzz(N—>00)—11m([3N —0{ ! })

s 2EE P
N
maa(N = ) = lim ot (29)

Following the derivations of the equations (25), (26), (27) and (28) then the explicit analytical
formula of n,4(N) can be obtained.

1-5, (flr (N ; 5))] (30)

Ty 4(N) = 754(N) — x(N) + x24(N) +ﬂr<

5) flr( 1) 1
Taa ) = {1240 + 14 flr () =) -

_{flr (N ; 1) — X24(N) — flr <6ﬂr (N]\é 5) N 1) S, (flr (N 6_ 5)) + 1}
73,4 (N) = m(N) — {flr(

N- 1) — aa(N) = flr N s, (flr (N _ 5)) +1 31)
6 ' 6f1r (N 5) +1 6

)

+

N —
T4 (V) = fir (~—

(

) IN — 6k — 5| N+ 6k +1
UOEDY { S-(k +1)S, (k) {ﬂr [6(6k TI)(6k + 5)] I [6(6k T 1)(6k +5) }

k=1

\
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+ Z(—l)”“ Z { l[ Se((k + 1)|pim)]5'+ (k) x

6k+5 =
55pi; <pi,<- <p1n<flr( 3 ) m=1

[ IN — 6k — 5] ] r N+6k+1 1
* Lﬂr |l6(6k +1) ﬁ meJI i 6(6k + 1) ﬁ pimle
m=1 - m=1

+ Z(—l)"+1 Z S_(k+1) [ﬁ s¢ (k|pim)} X
m=1

n=1 55piy <Py <+ <p1n<flr(6k+1)
( N—-6k—-5 N+6k+1 \
Voo [T i
6(6k + 5) 1_[ Di 6(6k +5) 1_[ Piy,
\ ot l )

n-1

X)) 2.

n=2 z=1
55pi, <Pip < <Piy_,<fIr

HSC((k +Dlp, }[Ha(kmn }

(6k+5){

6k+1)

55pj<pj,<- <p]z<flr(

><C+<k,ﬁpim,ﬁp”>j{1+flr|[ n“\i " ZSl ]i+flr|[ n-z ]i\i} (32)
I AT LT

For any given finite integer N, the number of prime pairs n, 4(N) contained in the finite sets c(N)
can be accurately calculated by the equation (31) in combination with the equations (3) and (32).
As the same as m 2(N), the asymptotic behavior of w; 4(N) at N> is

N C 2
7T2,4,(N - ) = I\III—IBO {T[(N) - g(l + Z(—l)n+1 Z m)} (33)
=2z 1Pk n

5SPky <Pk <<Pkp

N
T24(N - o) ~ I\IIILEO (InN)?2 (34)

When the integer N is finite, the number of prime pairs m2(N) and =n,4(N) are accurately
calculated by the equations (25), (3) and (26) and by the equations (31), (3) and (32),
respectively. When N is infinite, the asymptotic equations of 7, 2(N) and w2 4(N) are the same as
described by the equations (29) and (34). From the asymptotic equations of m, 2(N) and 7, 4(N), it
can be concluded that there are infinite number of prime pairs with the gap of A=2 and A=4.
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The prime pair counting function P4(1, 1) can be discussed in three separate cases: x=(6N-2),
x=6N and x=(6N+2). The original sieve method used in deriving ©(N), ©.(N), 7+(N), 72 2(N) and
n24(N) can be directly employed to derive the equations of Py(1, 1). The explicit formulas for
Pen-2(1, 1), Pen+2(1, 1) and Pen(1, 1) are summarized below.

N—-—1
Par—2(1,1) = ceil (=) = 2-(6N = 2) + o (1L1) +5,(N = 1) (35)

N-1
) |6ceil( - )— 6k|
X6N—2(1! 1) - RZ=1< S—(k)s—(N - k)flT {6(6]( _ 1)[6(N _ k) _ 1]}

6ceil (N 5 1) + 6k
TS UOS- IV + IS e+ Dl + 1) — 1]

[ ey [ eeen (") -
+Z(—1)"“{ Z S_(k) “_[ SE((N - k)|plm)}fl-r| o
n=1 ksspi1<zui2<...<zaln l 6(6k — 1)1 Tln_:[lpim |

[ |6ceil (N 2_ 1) —
+ z {HSC(lem ]s (N = k)  flr|

n
21, <piy < <Pig=ir(S) U1 |s60v =0~ [ o,
m=1 -

- )+6k

6ceil (

+ Z S, (k) “l[ se((V + k)|pim)}flr| "
6(N+5k)—1) m=1 l 6(6k + 1)1—02 le

55pi1<pi2<~-~<pinsflr(
[ 6ceil (

+ 6k P
l_[ Si(k|pim)]5_(N + 1) flr | . JI}
)

n

+ Z
55piy <Py < <Pi,<flr

(ekﬂ){ i le(e(zv + k) — 1)1-Chsk Hle

10
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n-1

(
I
I NCL
n=z 2=l 5<pll<plz< <pln z<flr( kS_l) m=t =1
(6(N k)—l)
5

k55p11<p12< <pj,sflr

(
HSE((N ~K)lp;,) { 1+ flr| ns
=

N D ck ﬁpim,ﬁml)[ﬁ Si(klpim)}

6k+1 = =
55 <P, < <Pip_ z<flr( 3 ) m=1 J=1

6(N+k)—1
Sspj1<pj2<---<pjzsflr(%)

2 |[ 6ceil (?) + 6k ]l
[ [ss(av + 0ot bir| ™ s | . (36)
. K “—[ o Cm] {1—[ p}l} J
N-—-1
Parsa(1,1) = ceil (=) = x4 (6N +2) + Xensa(1, 1) + (W) (37)

6(6k + D[6(N — k) + 1]

k=1

Xen+2(1,1) = Z 15, (k)S.(N — k) flr{

oce (M55 e |

6C€ll( 5 )+ 6k
6(6k —1)[6(N + k) +1]

+S_(k)S, (N + k) flr

11
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N-1
flr(w) . |[ |6ceil ( 5 ) - 6k|
N CEVAER S SN () {1_[ se(v - k)|pim)]ﬂr "
n=1 LSSpi1<pi2<~~<pin m=1 l 6(6k + 1)1_51_: 1_[ Dip,
m=1

n

[ a5

“_[ Si(k|pim)}5+(N — k)flr | "

(6k+1) 1 l6(6(N _ k) + 1)1—c1‘$_k 1_[ Di,,
m=1 -

)

55pi, <Piy < <P, sflr

]

N-1
6ceil< )+6k

+ > S_() {1_[ SE(NV + k)|pim)]ﬂr

SSPi1<pi2<~~-<pinSflT(6(N+k)+1) m=1 l 6(6k — 1)1_C’: 1_[ Pip,

|

)

+ Z {HSC(klplm }S+(N +k) flr| E

5<piy <piy <<pi<fir(FL) l6(6(N + k) + 1)k 1_[ pi

[ 6ceil (N - + 6k }
]

n-1

(

|

+ Z Z (—1)"

n=zz=1 55piy <Pip < <pln z<flr(6k5+1)

(6(N k)+1)
5

nplm np,l “_[&(klplm }

kSSpJ1<p12< <pjzsflr

HSf_((N—kﬂpjl) 1+ flr|™ o
ool s

N > ¢, | & n—[ pim,ﬁph>[ﬁ ss(k|pim)]

6k—1 = =
55pi1<pi2<---<pin_zsflr( = ) m=1 J=1

6(N+k)+1
Sspj1<pj2<---<pjzsflr(%>

ﬁ [ 6ceil (N 2_ 1) + 6k ]
SS((N+B)Ip;) ¢ fir ez
j=1 ( )lp fl i [1_[ p1 Cm]{l_[ pll} J

| (38)

12
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Pey(1,1) = (N = 1) — x(6N) + xen(1,1) + §(N — 1) (39)

6(6k — D[6(N — k) + 1]

L (N—1
XGN(Ll)=Z<5_(k)5+(N_k)ﬂr{|6cell( 2 )—6k+1|}

k=1

6ceil (ML) + 6k +1 6ceil (ML) — 6k —1
(5 7

5+ (S (N + I ftr {6(6k +D6(N + k) + 1]} S (SN = lofir {6(6k + D6V — k) — 1]

6ceil(N2_1)+6k—1}

+S_(k)5—(N + k)flT {6(6]( _ 1)[6(1\] + k) — 1]

(G(N—Sk)+1>

( (N -1 ]
fir “66611( > )—6k+1|

| n
nzzl(—l)nﬂ i Z S_(k) Un_:[l SE((N = )py,, ) { flr|

n
55p;, <Pi, < <Pip l 6(6k — 1)1~ 1_[ Di,,
m=1 .

N-1

[ |6ceil( )—6k+1| _

+ Z { Sf(k|pim)}5+(N — k) flr

6k—1
Sspi1<piz<---<pinsﬂr( S )

n
66N =) + D¢ [ [,
| 1A%

n 6ceil( _ )+6k+1]
* > aw%fﬁﬂw+mmﬁhm |
.
ssm1<pi2<...<pin5ﬂr(%) m=1 [ 6(6k + 1)1 ¢k 1_[ Pi,, J
m=1
6ceil( _ )+6k+1 }

i im) (S+( ) n
" Z 6k+1 Un_:[ls i )}S e Il6(6(N +k)+ 1)1_C$+k HpimJ

SSpi1<pi2<~“<pinSﬂr(T)

|[|6ceil(N;1)—6k—1|]|

n
i
- > awﬂfﬁ%w—mmgfh " |
55pi1<pi2<~~<pinsflr(%) m=1 l 6(6k + 1)1_512r 1_[ Di,, J
m=1

13
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N —
|[ |6ceil (

n
+ Z n_[ Si(k|pim)}5_(1v —kflr
55Pi1<Pi2<"'<l’in5ﬂr(6k5+1) m=1

1
|
6(6(N — k) — 1)1~N-k im‘
l ,ln_[” |

|[6ceil( )+6k—1

1

n |
4 Z S_(k) “_[ se((V + k)|pim)] flr e i
(6<N+5k>—1) m=1 l 6(6k — 1)* =% nl:[lpzm |

55pi1<pi2<~-~<pinsflr

+ Z “_[ s<(klps,.) ]s (N +K) flr

6k—1
55pi <P, < <pln<flr( 3 )

I[ 6ceil(N2_1 +6k—1 ]Il
6(6(N + k) — 1) =N+ 1_[ plmJ’J

|

n-1

_(—1)” z c k:ﬁpim'ﬁph [ﬁ“(’flpim)}
m=1 j=1 m=1

=2 7= ! 6k—1
n=2z=1 | 55pi1<pi2<---<pin_zsflr( = )
6(N—k)+1
\55p), <pj, <<pj<f lr(f)

j=1

) |6ceil(N2_1)—6k+1H}
|
J

X SS((N—K)lp;) g1+ fir n—z z
{111

s (s

6k+1 = j= =

55pi1<pi2<-~-<pin_zsflr( g ) m=1 J=1 m=1
6(N+k)+1
Sspj1<pj2<~--<pjzsflr(f>

[ [ss(v+ o) rir
j=1

n—-z z n—z
" ¥ es (] T o [ Tt
m=1 j=1 m=1

6k+1
5<p11<p12< <Pin_ z<ﬂr( 5 )

6(N-k)-1
SSpj1<pj2<~~~<ijSflT(%)

14
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_ |6ceil ( ]!
|
+ > c, (k. :[1 Pl » L[ pjl) [:H s¢ (klptm)]

6k—1
5<pi, <pi2<-~<pin_zsflr( 5 )

X {ﬁ Se((N - k)|pjl)} {1 + flr

6(N+k)—1
55pi1<pj2<~-‘<pjzsflr<%)

N

z [6ceil<N2_1>+6k—1]
x {ﬂ SE(V + k)lp,-,)}flr| EENTE It (40)
§ T

=1

When the integer N is finite, the number of prime pairs Pgn-2(1, 1), Psn+2(1, 1) and Pen(2, 1) are
accurately calculated by the equations (35), (9) and (36), by the equations (37), (13) and (38) and
by the equations (39), (5) and (40), respectively.

When N is infinite, no simple asymptotic equation such as the equations (27) and (33) can be
obtained for Pgn-2(1, 1), Pens+2(1, 1) and Pen(1, 1). But the values (finite or infinite) of Pen-2(2, 1),
Pen+2(1, 1) and Pen(1, 1) at N—oo do not indicate that Goldbach conjecture holds true or not. As
a matter of fact, if using Px(1, 1) to prove Goldbach conjecture holds true or not, it is to find out
either P«(1, 1)>1 for all even integer x or those even integer x satisfying Py(1, 1)=0.

It was proved that?

)

lim {PeM—z(l, D+ Pey(1,1) + Peyy2(1, 1 = Al,l_rg)

N—-oo
M=1

(M) [r(N) + 1]

> (41)

which is equivalent to the equation (11) in reference [2].

If the number of odd prime integers is finite, that is, the odd prime set P consisting of N primes
P = {P1:P2:“';PN} (42)
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The even integers of which every is the sum of two odd primes from P form a finite set of even
integers. It is obvious that

= N(N + 1)
> {PZMM(L 1)(N>} ==

2
M=1

which becomes the equation (41) when N is infinite.

From the equation (41), the asymptotic formula of Px(1, 1) is

N-2
(557 2
1\111—120 {PsM—Z(l' 1) 4+ Pep (1, 1) + Pgpyi0 (1, 1)} ~ 1\111—11;10 (InN)?
M=1
) (43)
N-2
[1 r(=5) ]
lim | Z {PGM_Z(L 1) + Pep (1, 1) + Popran(1, 1)}| ~ ,5!20—0”,\,)2
= |
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