The Counting Functions of Prime Numbers

Keyang Ding
(keyangding@gmail.com)

Abstract: The explicit analytical formula of the prime counting functions ©(N) is derived for
accurately calculating the number of primes less than or equal to N. The asymptotic behavior of
n(N) at N—oo is analyzed. n(N) is independent on the non-trivial zeroes of Riemann zeta
function which were proved to do not exist.

Riemann hypothesis™ can be stated as two questions: (1) the distribution of the zeroes of
Riemann zeta function £(0.5+it) could provide a solution to derive the prime counting function;
and (2) the derivation of an explicit analytical formula of the prime counting function n(N) to
accurately calculate the number of primes less than or equal to an integer N.

It was proved that Riemann zeta function (0.5+it) has no zeroes® 3! therefore, the function
C(0.5+it) is irrelevant to the prime counting. Here the prime counting function wt(N) is derived
based on the original sieve method.

If x is a non-negative real number, flr(x) and ceil(x) are integers that fulfill the following
equations, respectively:

0<x-—flr(x) <1
{ x— flr(x o

0<ceillx)—x<1

flr(x) and ceil(x) are called the floor function and the ceiling function of x, respectively.

Perform the original sieve operation on the complete set of all positive integers: eliminate 1, 2, 3,
all the multiples of 2 and all the multiples of 3. The integers left form the sets c., ¢+ and ¢
c_={6k—1)|k=1,2,:,00}
c, ={(6k+1)|k=1,2,:,00} (2)
c=c_Uc, =1{5711,13,:--}

The prime counting function ©(N) calculates the number of primes less than or equal to N in the
set ¢, while ©.(N) and =.(N) count the number of primes less than or equal to N in the sets c. and
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c. respectively. This means that 2, the only even prime, and 3, the first odd prime, are excluded
from the prime counting functions ©(N), ©.(N) and =.(N).

In fact, for a given finite integer N, the prime counting functions t(N), ©.(N) and 7.(N) count the
number of primes contained in the finite sets c(N), c.(N) and c+(N), respectively

(c_(N) _ {(6k— 1) |k = 1,2,...,flr(N;-1)}

A

¢, (N) = {(6k + 1) k=12 flr (N ~ 1)} 3)

\c(N) = c_(N)Uc,(N)

The total number of elements in the sets c(N), c.(N) and c.(N) are

le-)1 = fir (")
el = fir (27) @
e = fir (=) + 1ir ()

To find out whether a given integer nec.(N) or nec.(N), the sieve functions C_(n) and C.(n) are
defined in the equations (5) and (6).

C_(n) =1+ flr (" Z 1) _ ceil (n Z 1) (5)

C.(n) =1+ flr (n - 1) — ceil (n — 1) 6)

(C B {1, ifn € c_(N)
- = 0, ifné c_(N)
c B 1, ifn € c.(N)
+() _{0, ifne c,(N)

Let k be a positive integer variable, and the sieve functions S.(k) and S.(k) are defined by



The Counting Functions of Prime Numbers Keyang Ding

flr (k+1) { cell \

S_(k) = 1_[ i Z 6(6k—1—6ij+j)f><

[ cenlSsd) \

i z 5(6k — 1 — 6ij —j)f %)

() (0 een(Gi) )

S, (k) = 1_[ i z 6(6k+1—6ij+j)}><
= )

( 6k+1) \

i j S(6k+1-61j ) ®
J

The &x) function used in the equations (7) and (8) and hereafter is usually defined as

According to the definitions (7) and (8), it is obvious that

1 if (6k — 1)is a prime
S_(k) = {
0 if (6k — 1)is a composite
W {1 if (6k+ 1)is aprime
k ¥ o if (6k + 1)is a composite

The original sieve method is an iterative process of eliminating the multiples of the known
primes in three finite sets c(N), c.(N) and c.(N). The mathematical description of the sieve
operations can be established by counting the numbers of the eliminated composites. The total
number of primes n(N), 7.(N) and r.(N) can be obtained by subtracting the total number of the
eliminated composites from the total number of elements in the three sets c(N), c.(N) and c.(N).
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Using the above definitions of the sieve functions S.(k), S+(k), C.(n) and C.(n), the explicit
analytical formulas for the prime counting functions ©(N), ©.(N) and 7.(N) are expressed by

n(N) = flr (N; 1) + flr (N Z 1)

_Zs(k_) l 'IN—6k‘+1I'+ l N+6k™—1
= fr_ 6(6k~ —1) | fir 6(6k~ — 1)

s e L [|N — 6k* — 1] , N+6k*+1

_kzl +( ){”_ 6(6k* + 1) _+frl6(6k++1) l}

ey 5 s_<ki->ng+(k;)} y
n=2 m=0 1=ky <k, <-<knp_, \ i=1 j=1

1<k+<k2 <<k

><<flr — i+flr —
k 1_[(6k— —1) H(6k+ +1) / k 6 1:1 (6k7 — 1) L_(ek; +1) /J

n_(N)=flr(N ;1)—kzls_(k-)fl {'12(6,51‘ +1'} Z S+<k+>f”{%}
+; TZ sk1<kzz<: <kn—_m DS—(ki_)B&(kJﬂ

1kt <kl <<k,
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l_[(6k; — 1) 1_[(6kj+ +1)
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7. (N) = flr (
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— > (10)
1_[(6k‘ —1) 1_[(6k+ +1) /
N +6k™ —1 IN — 6k* — 1]

- Z S, (kM) flr {

}
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For any given finite integer N, the number of primes n(N), n.(N) and =.(N) contained in the
finite sets c(N), c.(N) and c+(N) can be accurately calculated by the equations (9), (10) and (11),
respectively. The summations in the equations (9-11) are only over a finite number of terms, for
all the k™ and all the k™ only need to run in finite ranges as shown below:

(k- = 1,2 l(N+5)
- )& ;fr 30

4
N—S)

Kt =12 fl (
L fir{ =30

Beyond the above ranges, the terms in the summations will be zero. Because of the definitions of
the sieve functions in the equations (7) and (8) the non-zero terms in the summations are those
terms only if all the (6k -1) and all the (6k*+1) in the product are primes.

If expressed using primes, the equations (7-9) can be simplified into (12-14) respectively

pr() [ een(57) ‘
S (k) = Z !1— z 5(6k —1—Ip) ¢ (12)
Pi=5 L =1
J
gl ) W
S, (k) = piZS 1- ; 5(6k +1—Ipy) } (13)
J
7(N) = {flr (N - 1) + flr (N Z 1)} _ z {flr <|N6;ipi|> + flr (N;;ipi)} +

5<p;

s Z(_l)n_l Z {ﬂr <N + 5Pk, Pk, pkn> + fir <N + Dk, Pk, """ pkn>} (14)
n=2

6Pk, Pk, " Pk 6Pk, Pk, " Pk
5Pk, <Py <~ <Phn 10K2 n 167Kz n

In the equation (14) the summations over primes only need to run in the region of

oo )

Beyond the region, the terms in the summations will be zero.
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Let t(N) denote the cardinality of the set c. t(N) is the total number of integers contained in the
finite set ¢, which can be accurately calculated by

t(N) = |¢| = flr (N - 1) + flr (N ;r 1) (16)

If (N) is the total number of composites contained in the finite set ¢ defined in the equation (2),

n(N) = 7(N) — x(N) (17)

For an individual prime p;, the total number of composites consisting of p; in the prime factors is

IN —pl N +p;
flr< - >+ flr( - ) (18)

v (N) can be calculated by adding together all the values of equation (18) for all the primes in the
region of equation (15). But with respect to two specific primes p; < p;, the composites consisting
of both p; and p; in the prime factors are counted for two times and the total number of those
twice-counted composites is

flr <N+—5plp]> + flr (M) (19)

6pip; 6p;p;j

The correction can be made by subtracting all the values of equation (19) for all the possible
two-prime combinations in the region of equation (15). Through continuing on by alternatively
adding and subtracting the values arisen from the combinations of all odd and all even number of
primes in the region of equation (15), an explicit analytical expression of y(N) can be obtained

x00= 3 frr (S P + () +

55p;

> N+5 N +
+ Z (_1)n_1 Z {flr ( Pk, Pk, Pkn> + flr < Pk, Pk, Pkn>} (20)
—~ 6Pk, Pk, " Pk, 6Pk, Pk, ** Pk,

5P, <Pk, <<Pky,

which is the accurate equation of the total number of composites contained in the finite set c.
Substituting the equations (16) and (20) into the equation (17) simply proves the equation (14).

When N is infinite, the floor operation in the equation (14) can be replaced by the simple divide.
Then the asymptotic behavior of ©(N) at N—o is
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N N 1
7T(N_>°0)~1\lllm 373 ___Z( 1)n1 z
5<pz 5<Pky <Pky < <Dky, Py Pk, *** Py,
N ] 1 — 1im In(1 1 " 1 . 1
w0 = fim 5] —) = hm v (1-3)(1-3)] [( a)
Piz5 pi=5
= { } fim — 21
~ e LTS T WSy InN 1)

where (1) is the value of Riemann zeta function at s=1 and v is the Euler constant.

N

Similarly, the equations (10) and (11) can be also simplified using primes in the equations
as the followings:

m_(N) = 7_(N) = x-(N) (23)

7_(N) = flr (N -6|_ 1) — Z {C_(pi)flr (|N6;'pi|> + Cy(p)flr <N6—;.pi>} +
5sp; l

L

N _ N + 5py, Pk, ** Pk,
ey {c_(pklpkz -~pkn)ﬂr< '
n=2

6Pk, Pk, " Pk
5Pk, <Dk, <<Pky, G "

N + Py, Pr, - Pk
+Ci (Pi, Prey P n)ﬂT( — (24)
el . 6Pk, Pk, " Pk,

N+1)

7_(N) = flr( (25)
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1_(N) = Z {C_(pl-)flr (|N6;ipi|) + Cy(p)flr (N6-;ipi>}

5sp;

- _ N + 5py, Pk, *** Pk,
+Z(—1)n ! Z {C—(pklpkz'"pkn)flr< —
n=2

6Pk, Pk, *** Pk
5Pk <Pk, < <Pk e "

+C, (PryPrs - P )1 (N;f';fk pf ")} (26)
7 (N) = 7, (N) = 2, (W) @7
m ) = fir () - SZ; fecworir (B2 + oo (S22} +
' Z(—n"—l X (s e (e )
B
7, (N) = flr (N; 1) (29)
= > le,worir (P ipi') OOl (N;,ipi)}

55p;

S _ N + 5py, Pk, *** Pk,
+Z(—1)n ! Z {C+(pk1pk2"'pkn)flr< —
n=2

6Pk, Pk, *** Pk
5Pk <Py < <Dky G "
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N + py, P, " Dk >}
+C_ Ir 12 & (30)
(Pre, P, P ) f ( 6Pk Pk, - Pk,

The equations (14), (24) and (28) are equivalent to the equations (9), (10) and (11), respectively.
For any given finite integer N, the number rt(N), 7.(N) and =.(N) of primes less than or equal to
N can be accurately calculated through the equations (9), (10) and (11) or through the equations
(14), (24) and (28). When N is infinite, the asymptotic behavior of ©(N), n.(N) and =.(N) at
N—oo is described by the equations (22) and (31)

: : . _ i N
g, () = g, (V) = i, (V) = I o Gy
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