Neoma Journal Of Mathematics And Computer Science (NJMCS), Vol 1, 2023

Al E ARA A

IN L Ivi KA
Publishing House

A Study On Split-Complex Vector Spaces

Ahmad Khaldi

Mutah University, Faculty of Science, Jordan
khaldiahmad122]1@gmail.com

Abstract:

The objective of this paper is to define and study split-complex vector spaces as modules over the
ring of split-complex numbers. Where we study the elementary properties of this new algebraic class
in terms of theorems, and we present many examples to clarify the validity of our work.
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Introduction

The concept of split-complex numbers (hyperbolic numbers) is considered as a generalization of real
numbers. These humbers have many applications in mathematics and physics [1-2,4], and they have a
similar algebraic structure to the neutrosophic numbers [3]. From this point of view, we study the
structure of vector spaces defined over split-complex numbers, where we find that they are modules in

the algebraic meaning, with a strict basis can be found from the classical basis of the vector space V.

First, we recall some elementary definitions.

Definition

Rp = {a+ bg;a, b € R,? = 1} the ring of hyperbolic numbers. It can be understood as an extension
of the real field R.

Main discussion

Definition.

Let K = {a + bJ; J*> = 1;a, b € R} be the ring of split-complex numbers.
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Let VV be a vector space over R, we define the split-complex space: Vxy =V + V] ={X+Y];X,Y €
V}.

Definition.

Let X =x; +x,Y =y, +y,J,A=a,+a,] € Kand X,Y € Vg, we define:

X+Y =0 +y)+ G +y2)]

A X = ayx; + azx, + J(a1x, + azxq).

Remark.

The operations have the following properties:

Property 1.

X+Y=Y+XX+0=XX+(-X)=0,and X+ (Y +2)=(X+Y) + Z.

Property 2.

(A+B).X=AX+BXAXY+X)=AY+AX,(A.B).X=A.(B.X),and 1.X = X.

This implies that (Vg, +,.) Is a module over the ring K.

Definition.

Let Vx be a split-complex space over K, Wy be a nonempty subset of Vy, we say that Wy is a subspace
ifandonly if X + Y € Wy, A.X € Wg; VX,Y € Wi, A €K.

Definition.

Let V;,V, be two subspace of 7, we define the split-complex AH-subspace of Vj as follows:

Ty =Vi+ Vo) ={x+yx €Vy,y €V}

Example.

Take the vector space V = R* over R we have:

v, =((1,0,0,0)) = {(x,0,0,0); x € R}, V, =((0,1,0,0)) = {(0,y,0,0); y € R} are two subspace of V.
Tk = Vi + Vo] = {(x,0,0,0) + (0,y,0,0)/; x,y € R} is an AH-subspace.

Theorem.

Let Ty = V; + V] be an AH-subspace of Vg, then Ty is a subspace if and only if V; = V.

Proof.

Assume that Ty is a subspace, then:

ForA=a,+a,] €K X =x+y] €Ty, we get:

A X = ax + ayy + J(ayy + ayx) € Ty, thus:

by taxern=laxern=lncy=m=v
The convers is clear.

Definition.

Let L: Vi, —» Wy be a mapping between to two split-complex spaces, we say that L is a split-complex
linear transformation if:

LX+Y)=LX)+ L(Y),L(A.X)=A.L(X) forall X,Y € Vi,A €EK.

Now, we will present an algebraic to build a split-complex linear transformation.
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Theorem.
Let f: V — W be a classical linear transformation between V and W. Let Vi, Wy be the corresponding
split-complex spaces of V and W over K, then L:Vy —» Wg; L(X +Y]) = f(X) + f(Y)] is a split-
complex linear transformation.
Proof.
Take X =x, +x,J,Y =y, +y,] €V ,A=a, +a,] €K, wehave:
LX+YD =l +y)+ flea +y2)] =[fCer) + fOJ]+ [f (1) + fF(r2)]]1 = LD + L(Y)
L(A.X) = f(ayx1 + azxz) + f(a1x; + azx1)] = arf(x1) + azf(xz) + [arf(x2) + ar f(x))]
A LX) = (ar + az)) + (f (x1) + f(x2)]) = as f (1) + azf () + Jar f (x2) + aaf (x1)] =
L(A.X).
Example.
LetV=R:EW =R?, f:V > W; f(x,y) = (2x,x — y) is a linear transformation.
Let Vg = W = {(x1,y1) + (x2,¥2)] ; xi,¥; € R} be the corresponding split-complex space.
We define L: Vi — Wy such that L((xy, 1) + (x2,¥2)]) = f(ey, v1) + f 2, ¥2)] = 2xq, %1 — y1) is
a split- complex linear transformation.
Split-complex Inner products.
Definition.
Let g: V XV — R be an inner product, we define the corresponding split-complex product as follows
f: Vg X Vg = K such that:
fer+x2], 71+ y2)) = gy, y1) + gz, ¥2) + 19 (xq, y2) + g(xz, ¥1)]
Now, we will discuss some properties of the split-complex inner product (f).
Property 1.
fX,Y) = f(Y,X) (the proof is clear).
Property 2.
fXX) = foq +x2], %1 +x2]) = g, x1) + g (g, x2) +J[g(xq, x2) + g(xz, x1)]
= lleg 1% + llx2 112 + 2] g (x4, x2)
f(X,X) = 0 implies that:

2 2 _ 2 _ 2

{”xlll + lxzl[* =0 PN {||x1|| = —|lx|l Sx =x,=0
g(xy,x) =0 X1 Lx;

Thus X = 0.

Property 3.

fAXY) = flaix; + azxy +J(a1xz + azx1), y1 +y2)) = glagxs + azxz,y1) + glayx, +
azx1,y2) +J[g(ayxs + azx3,¥2) + glayxz + azxy, y1)] = a1g(x1,¥2) + azg(xz, y1) +
a19(xz,y2) + a,g(x1,y2) + J[a1g9(x1, y2) + a,g(x2, y2) + a19(xz, y1) + azg(xy, y1)1 =

A FX,Y).

Property 4.
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fX+Y,2)=fX,2) + f(Y,2)
Remark.
If x; L xp, then (X, X) = llxg [I? + llazl1? = llxy + x, 117
Definition.
We define the norm of X as follows:
XN = £ (X, X) = llxg 12 + llxzl1? + 2] g (xq, x2) € K

Remark.

1. Ifx; =0, then |IX|| = [lx,]|%.

2. Ifx, =0, then [|X]| = [lx,]|%.

3. Ifx; = x,, then |IX]| = 2llxq 112 + 2¢llx, |12
|A. X|| = A%.||X]|1?; VA EK.

s

Definition.

Let X,Y € Vi, wesay that X L Y ifand only if f(X,Y) = 0.
Remark.

X LYifandonlyif f(X,Y) = 0, thus:

{g(x1.y1) +g(x3,y,) =0
91, ¥2) + g(xz,y1) =0

On the other hand, we have g(x; + x5, y1 + y2) = g(x1, v1) + g(x1,y2) + g(x2, 1) + g(x2,y,) =0

Thus X LYifandonlyifx; +x, L y; +y,.

Conclusion

In this paper, we have defined and studied split-complex vector spaces as modules over the ring of

split-complex numbers. Where we have presented the elementary properties of this new algebraic class

in terms of theorems, and we present many examples to clarify the validity of our work.
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