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ABSTRACT

In this paper, we prove a few non-unique fixed-point results of mapping on a set with bi-metrics using 6 — contraction. We also give an example that
justifies our results. In the literature, our result generalized many results.
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“Z Introduction

This paper involves an extension of some non-unique fixed point theorems of mappings in bi-metric space using
@ — contraction. First, we discuss a brief history of fixed points and applications of the fixed points. Fixed point
theory plays an essential role in various applied and theoretical fields, such as differential and integral equations,
theory of dynamic systems, game theory, approximation theory, and nonlinear analysis. In the research aspect, it is
considered one of the most active and favorable subjects, thus numerous mathematicians such as Cauchy,
Liouville, Peano, Lipschitz and Picard did work in its related field. The significant result in fixed-point theory is the
famous result by Brouwer in 1910. He also proved the result for n—dimensional Euclidean space. Birkhoff and
Kellogg investigated the first infinite dimensional fixed point theorem. Later, Banach [2] gave the idea of a fixed
point for contraction mappings which is known as the “Banach Contraction Principle” in 1922. This principle is
useful for the uniqueness and existence of fixed points. There have been many generalizations of this principle in
distinct directions [1, 3, 4, 6, 7]. Marr gave the first important result for non-expensive mappings. In 1941,
Kakutani studied the fixed point problem of multifunction and generalizations of this type of mapping discussed in
[5, 8, 9, 10].

Main Body
Firstly, consider a theorem about non-unique fixed points of self mappings in bi-metric spaces.

Theorem-1: Let S # 8 with bi-metricspanddonSandT : S — S be T — orbitally continuous mapping which

satisfies
(i) 0(p(Tg,Th)) <[0(5(g ,h))]a, forall g,h € Sanda € (0,1)
(i) (S, p) is T — orbitally complete metric space

...y B[min{p(Tg,Th),p(g,Tg).p(h,Th)}] ¢
<
() = mintp ooy = OL6@ D for c€(01)

(iv) 8[6(g,h)] < (Blp(g, D, forallg # h € S and ¢, € (0,1)
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Then T has fixed point.

Proof: Suppose g € S be any arbitrary point. We wish to prove that the sequence of iterates
9o =9

91 =Tgo,

92 =Tg1,

9w = TGw-1

at x is Cauchy sequence. If g,,_; = g,, for some w € I™ where I is a positive integer then {g,,} is a Cauchy

sequence, we may suppose that g,,_; # g, foreachw =1,2,3,..letg = g,,_; and h = g,, we have

O[min{p(Tgy-1,Tgw) P(Gw-1,TGw-1), P(Gw, T gw)}]
8 [min{p(gw-1,Tgw), P(Gw> T gw-1)}]

< (9 [a(gw—lt gw)])c

O[min{p(gw, Gw+1), P(Gw-1, 9w), P(Gw> Gw+1)}]
8 [min{p(gw-1, Gw+1), P(Gw> Gw)}]

< (6[6(gw-1, 9w)D*

O[min{p(gw-1, gw), P(Gw> Gw+1)}]
O[min{p(gw-1, Gw+1),0}]

< (016(gw-1,9w)D*
which implies

0[min{p(gw-1, 9w), P(Gw Gw+1)}] < (0[6(gw-1, gw)D*

By (iv) 6[6(gw-1,9w)] < 0lp(gw-1,9w)]c, for ¢ € (0,1)
0[min{p(gw-1,9w), P(Gw Gw+1)3] = (Blp(Gw-1, gw) D

Let cc, = k € (0,1) and suppose min{p(gw, gw+1), P(Gw-1, 9w)} = P(Gw-1, Gw)
0[min{p(gw-1, gw)}] < (0lp(gw-1, gwID"

0lp(gw-1, 9w < (Blp(Gw-1, 9w)D* < 0[p(gw-1, 9w)]

0lp(gw-1,9w)] < 0lp(Gw-1, gw)]

which is contradiction. So,
H[p(gw, gw+1)] < (9[p(gw—1'gw)])k

01p(gw, Gw+1)] < BLo(Gw-1, 9uw)D* < (B1p(Gu—2, G- < = < (Blp(g, TOID*”

1< 0[p(gw, gw+1)] < (Blp(g, TOD*" forall weN

Letting w — oo we get
lim 6[(gw, gw+1)1 = lim 6[p(T*g, T** )] =1
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which implies

lim p(T%g,T%**1g) =0

Ww—00

Now proceeding in similar way, such that there exists w; € N we get

1
p(TVg, TV g)<— forall w>w
wr

Now for s > w

p(T¥g,Tg) < p(T¥g,T"*1g) + p(TW*1g, TV 2g) + p(TV*2g, T"*3g) + -+ p(T* 19, T*g)

w s 1 1 1 1
p(T g.T g)S_l-l_ 1 + T +"'+—1
wr (W + 1)(?) (W + 2)(;) (5 — 1)(;)
s—1
1
p(T"9,T°9) < ) =
i=wlT
s—1 %)
p(T%g,T4g) < ls Z £
’ = 1= 1
i=wlr  j=wl"

1
p(TVg,T?g) < Z =

i=w ir
It is infinite geometric series and is convergent (as 0 < % < 1). Therefore, {TY g} is C.S. As (S, p) is T — orbitally

complete, so there exists v € S such that
v=lim T%g
W—00

By orbital continuity of T

Tv=lim TTYg =v

W—00
Now change some conditions in the above statement, and take a new theorem.

Theorem-2: Suppose S be non-empty set with bi-metrics p and § on S. Suppose that (S,p) is T — orbitally
complete and T : S — S be T — orbitally continuous. For € > 0 there exists g, € S such that p(go, T*go) < € for

k € I* and if T satisfies

(i) 6[p(Tg, Th)] <[6(6(g,m)]* forall g,hes and a € (0,1)

(i) 0 < p(g,h) < e implies that 6[min{p(Tg, Th), p(g,Tg), p(h, TR)}] < (8[8(g, W)])¢ for ¢ € (0,1)
(i) 0[6(g, W] < (Blp(g, WD , g#h and ¢; € (0,1)

Then T has periodic point.

Proof: Let we define a subset K = { p(g,T*g) < € for some g € S} of positive integer is non-empty. Let

m = min K and suppose that
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p(g,T"g) <€ for g€S

Case-1: Ifm =minK = 1then0 < p(g,Tg) < € for g and Tg we have
0[min{p(Tg,TTg),p(g,T9), p(Tg, TTP} < [6(5(9,T9)]°
0[min{p(g,T9),p(Tg, >} < [6(8(9,T9))]*

By (iii)

cer

0[min{p(g,T9),p(Tg,T*9)}] < [6(p(9.T9))]

Let cc; = k € (0,1) and if min{p(g,Tg9),p(Tg,T?*g)} = p(g,Tg)
6lp(g.79)] < [6(p(g. TD)]"

0lp(g. T < [6(p(9. T))]" < 6[0(g, T9)]

0[p(g,Tg)] < 6[p(g,Tg)]

which is a contradiction. So,

8lp(Tg, T?9)] < [6(p(9.T9)]"

Similarly,

6lo(r29,7°9)] < [60(p(Tg, 2 9))]|" < [6((9,T9))]
6[p(T g, T"*1g)] < B[p(T*~1g, T¥ ¥ < - < [6(p(g, TD))]*
1<6[p(rg,T"*g)] < [6(p(g,T9))|“"

Applying limit w — oo we get

lim 6[p(Tg, T"* )] =1

Implies

lim p(T*g,T¥*1g) =0

Now by same argument of Theorem 1 we get Tv = v

Case-2: If min K = m > 2 and suppose

p(h,Th) =€ forall heS —- (D

Then by our assumption 0 < p(g,T™g) < €
0lmin{p(Tg,TT™g),p(g,T9),p(T™g, T™*g)}] < [6(6(g, T™ )]’
0lmin{p(Tg,T™*g),p(g, Tg), p(T™g, T™* ' g)}] < [6(5(g, T™9))]
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By (i)

0[min{p(Tg, T™g),p(g,Tg), p(T™g, T™*g)}] < [6(p (g, T™ )]

Letce; = k € (0,1) and if min{p(Tg, T™*19),p(g,T9),p(T™"g, T™**g)} = p(g,Tg)

0lp(g, T < [6(p(y, T"‘g))]k

8lp(g, T < [6(p(a, T™)]" < 6(p(g, T™9))
0lp(9. TP1 < 6(p(g,T™g)) < 6(€)

By using (1)

0(e) < 0lp(g,Tg)] < 6(€)

0(e) < 6(e)

which is not possible.

If

min{p(Tg, T™*19),p(g,Tg),p(T"g, T™*'g)} = p(T™g,TT™g)
Then by (1) it is again contradiction. So,

0lp(Tg, T™1g)] < [6(p(g, T™9))]"

0lp(Tg, T™1 )] < [0(p(g. T™9))]" < (8(e))"

Similarly,

8lp(T?g, T2 )] < [0(p(Tg, T )" < [0(p (g, T™))]*

8lp(T3g, T3 )] < [0(p(T2g, T2 g))]* < [0(oTg, T )" < [6(pCa, T™D)]*

In general

0[p(T g, T™V g)] < [0(p(T™1g, T™w-19))]“ < [0(p(T¥2g, T"”W‘Zg))]kz < <[0(o(g. T™D)]"

1<0[p(T%g, T™Wg)] < [H(p(g, ng))]k < (9(6))RW forall weN

lim [p(T"g, T™"g)] =1

w—0oo

implies

lim p(TYg, T™%g) =0
w—0oo

Now proceeding in similar way such that there exists w, € N we get

1
p(T¥g, T™g) <— forall w>w,
wr
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Now for s > w
p(TVg,T59) < p(T¥ g, T"*1g) + p(TW*1g, TW*2g) + p(T¥* 29, T 3g) + -+ p(T* 19, T*g)
1 1 1

1
p(T¥g,T°g) < —<+ T+ T+t T
wr (w+1)r (w+2)r (s—1)r

s—1

p(T"g,T°g) < Z -

i=w i

R

s—1

1 w1
pIVe TS Y T 5

i=wl
[ee]

p(TVg,T?g) < Z -

i:wl
It is infinite geometric series and is convergent (as 0 < % < 1). Therefore, {T™g} is a Cauchy sequence. As (S, p)

is T — orbitally complete, so there exists v € S such that

lim TVg =v

WwW—0o

Now by orbital continuity of T
T™y = lim TYTYg =v

W—0o

Theorem-3: Suppose S be non-empty set with bi-metrics pand donSand T : S — S be T — orbitally continuous.

If T satisfies
(i) 0(p(Tg,Th)) < [0(5(g, h))]q forall g,h€Sandqe€E(0,1)
(i) 6[6(g, )] < (Slp(g,MD* , g#h and ke (0,1)

.oy 0[min{p(Tg,Th),p(g,Tg).p(h,Th)}]
(iii) e CEr TR 0(6(g,h)) , g#h , foreach gy €S

Then the sequence {T" g,} has cluster point v € S then v is fixed point of T
Proof: Let v € S be a cluster point then

lim T%gy =v

W—00

If TW=1g,=TYg, forsome w € I*, then v is a fixed point of T which is our required result.

If TW=1g, # T%g, forall w € I thenfor TW=1g,,T" g, € S wWe get

O[min{p(TT" g0, TTY go), P(T* g0, TT¥ 1 g0), p(T" 90, TT" go)}]
O[min{p(T¥~1go, TTY go), p(T¥ go, TT¥~1go)}]

< 0(8(T" 190, T g0))

6[min{p(T¥ go, T"*190), p(T" 190, T¥ o), P(T" g0, T"** g0)}]

: <0(6(T" 190, TV go)
OTmin o (T go, T""190), p(T” g, T"go))] (6T g0, T 0))
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O[min{p(T* go, T¥* 1 g0), p(T¥ 90, T* go)}]
O[min{p(T¥1g,,T¥*1g,),0}]

<0(8(T" 90, TV g0))

6[min{p(T" go, T¥*190), P(T" "1 g0, TV go)}]
6[0]

<0(8(T" 90, TV g0))
0[min{p(T" go, T"**go), p(T¥ g0, T* go)}] < 6(8(T g0, T g0))
By using (ii)

8lmin{p(T" go, T**1 o), p(T" 2 g0, T* gD} < [0(p(T* 245, T g0))]"
If n{p(T" go, T***go), P(T" 1 g0, TV go)} = p(T" 7 go, T" go) , then
Blp(T" g0, T go)] < [0(p(T" g0, T" 90))]"

Blp(T" g0, T go)] < [6(p (T g0, T¥g0))]" < OLL(T* " go, T* go)]
Olp(T" g0, T go)] < 8l (T~ go, T* go)]

which is not possible. So,

B1p(T™ go, T+ go)] < [0(p(T" g0, T* g0))]"

6Lo(T™ go, T**10)] < [0(p(T* g0, T¥ g))]* < [0(p(T* 290, T¥"2g))]* < - < [6(p(g0, Tg0))]""
1< 0[p(T" g0, T¥*1g0)] < [6(p(g0 Tg))]*

Applying limit w — oo we have

lim 6[p(T" go, T***go)] = 1

Implies

lim p(T" go, T***go) = 0

Now proceeding in similar way such that there exists w; € N we get

1
p(T"go, T"*1go) < — forall w>w,
wr

Now for s > w

p(TY g0, T°go) < p(T¥ go, T"*1go) + p(TV* g0, T¥*2go) + p(TV*2 g0, TV 3 go) + - + p(T* 1 g0, T* go)

w s 1 1 1 1
,D(T go,T gO)S—l‘i' l+ l_|_..._|_ T
wr (w+1Dr (w+2)r (s —1r
s—1 1
P(ngo, ng()) < Z I =w
i:wir
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Hence, p(T%g,,Tgy) = 0 as w,s — . So {T"g,} is Cauchy sequence. So there exists v € S such that
lim TVgy =v
w—00

Now by orbitally continuity of T

Tv = lim TWtlg, =v

W—0o

Now change some conditions in the theorem-3, and take a new theorem.

Theorem-4: Suppose S be a non-empty set with bi-metrics p and 6 on S and T : S —» S be T — orbitally

continuous. If T satisfies

(i) H(p(Tg, Th)) < [H(S(g, h))]q forall g,he€S and q € (0,1)
(i) 6[6(g,M] < Blp(g,WD* , g#h and ke (0,1)

(iii) 0 < p(g, h) < € implies that 8[min{p(Tg,Th),p(g,Tg),p(h,Th)}] < 6(8(h,Th)) , foreach g, € S the

sequence {T%g,} has cluster pointv € S
Then v is a fixed point of T.
Proof: Let v € S be a cluster pointi.e. lim,,_,, TV g, = v.

Then there exists w, € I such that
€
P(ngo'v) < E » W 2> Wy

which gives
€

€
p(T™go, T¥*1go) < p(T™go,v) + p(v, TW* 1 gy) < >t5

=€
Now, we define a set

K={kel* ,p(T"gy,T"*gy) <€ forsome rel*}

is non-empty. Suppose that min K = m

minK ={me€I* ,p(T"go,T"*gy) <€ forsome r €It}

If T"gy =T " ™g, for some r € I* then v =T"g, = T™v which is our required result. If T"g, # T" ™g,

for all r € I'* then by our assumption

0<p(T"go, T""™go) <€

Case-1: If minK =1 then 0 < p(T"g,, T"*1g,) < € andfor TW"1g,,T% g, €S we have
O[min{p(T" go, T"**g0), P(T¥ g0, T* 90), (T 9o, T*** o)} < [6(8(T¥ g0, T g0))]
By (ii)

O[min{p(T*~1go,T" go), P(T" go, T"**go)}1 < (B[p(T* ' go, T go) "

If min{p(T¥ 90, T* 90), (T 90, T 1 go)} = p(T¥ g0, T¥ go), then
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0lp(TY 190, T 9o)] < (Blp(T¥ g0, T go)D¥

Olp(T" "1 g0, T" go)] < (Blp(T" "1 g0, T¥ go)D)* < 8[p (T~ g0, T go)]

Olp(T" g0, T go)] < 8lp(T" 1 g0, TY go)]

which is not possible. So,

0[p(T" go, TV **go)] < (B[p(T™ "' g0, T go) ¥

1< 0[p(TY go, T***go)] < (B[p(T™ " go, T¥ go)D* < - < (B1p(go, Tgo)D*"

1< 0[p(TY go, T¥**go)] < (8[p(go, Tgo)D*"

Applying limit w — oo we get

lim 6[p(T" go, T***go)] = 1

Implies

lim p(T"go, T**"go) = 0

Now, we can say that

Tv=v

Case-2: If m > 2 suppose that

p(T¥go, TV gp) 2 —> (2)

for all w € I and by our assumption 0 < p(T% g, T"*1g,) < € we have

O[min{p(T™*'go, T"**™go), p(T" 9o, T+ g0), p(TT* ™ go, T ™* 1 g)}] < O[8(T7 go, T+ go)]
By (ii)

O[min{p(T™**go, T"™*™*1 o), p(T" g0, T™** o), p(TT*™ go, T™* ™1 go)}] < (B[p(T" go, T™* ™ go) "
If min{p(T"**go, T™*™*1go), p(T"go, T o), p(TT* ™ go, T+ 1 g0)} = p(T"go, T"** go) then
0lp(T"go, T+ go)1 < (B[p(T" go, T go) "

0lp(T"go, T go)] < (Blp(T"go, T ™ go)D* < 8(p(T" g0, T ™ g0))

0lp(T" go, T g0)1 < 8(p(T"go, T ™ go))

0lp(T" g0, T g0)] < 0(p(T" g0, T" ™ gy)) < 6(e€)

0lp(T"go, T go)] < 6(€)

Using (2) we obtain

0(e) < 0[p(T"go, T"** go)]

From above both equations

6(e) < 0(e)

ISSN: 2582-0974 [9] OPEN 8 ACCESS
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which is not possible. If
min{p(T”'lgo, Tr+m+1g0), p(TTgO’ Tr+1g0), P(Tr+mgo, Tr+m+1g0)} — ,D(Tr+mg0, Tr+m+1g0)

Olp(T™* ™M go, T 1 gg)] < (Blp(T™ ™ go, T ™+ go))¥

Olp(T™ ™ go, T ™1 go)] < (B[p(T" go, T ™ go)D* < 0[p(T" go, T+ go)]
Olp(T™*™go, T™ ™1 go)] < 8[p(T"go, T™* ™ go)]

Blp(T™*™go, T™ ™1 go)] < O[p(T" g0, T™ ™ go)] < 6(€)

Olp(T™*™go, T™*™*1go)] < 6(e)

By (2) we have

6(e) < 0(e)

Again it is not possible. So,

[p(T™* g0, T2 go)] < (BLp(T" go, T ™ go) D"

kW—l

1<0[p(TYgo, TV*™go)] < (B[p(T¥ 1 go, T 1+ gp)D)¥ < -+ < (B[p(T™* go, T+ go)])
< (O[p(T"go, T+ ™ go) D"

1< 0[p(T¥go, T ™go)] < (Blo(T"go, T+ ™ go)D*”

Applying limit w — oo we get

lim [p(TY g0, T"*™go)] = 1

W—00
implies

lim p(T"go, T"*™go) = 0

WwW—0o0o

Now proceeding in similar way such that there exists w, € N we have

1
(TYgo, T¥*"gy) < —  forall w=w,

wr

Now for s > w

p(TY g0, T°go) < p(T¥go, T"*1go) + p(TV* g0, T¥*2go) + p(TV*2 g0, TV 3 go) + -+ p(T* 1 g0, T go)

1 1 1 1
P(ngo'ngo) =—+ T+ T+t 1
wr (w+1r (w+2)r (s—1r
s—1
1
p(T¥g0,T°go) < Z <
i=wlir

As (T gy, T*gy) » 0asw,s - . So {T%g,} is a Cauchy sequence. Since lim,,_,., T* g, = v. Now by orbital

continuity of T
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T™y = lim TW*t™Mg, =v

w—00

Now, consider the example, in which we apply the new conditions, made in the above theorems. And prove that the

following example satisfies the new conditions, but didn’t satisfy the other conditions.

Example-1: Let S={g, =2w—1 ; forall we N} we define bi-metrics p and § such that p(g,h) =
3lg —h| and 6(g,h) =|g —h| forall g,h€S.Let T:S — S beamapping define by Tg,, = g,,—1 forall
w>2and Tg, =g, . Let g=g, and h =g,

p(Tgw-Tg1) = 32w — 4| = 6|lw — 2|
pP(Gw,Tgw) =312| =6

p(g1,Tg1) =3|1-1] =0
p(gw,Tg1) = 312w — 2| = 6|lw — 1|
p(91,Tgw) = 312(w — 2)| = 6|w — 2|
6(gw, 91) = 12w — 2| = 6]lw — 1
Now,

0 min{p(T gy, T 91), P(Gw, TGw), p(91,Tg1)} — min{p(gw,, T g1), p(91, T9w)}
w00 8(gw, g1)

I min{6|w — 2|, 6,0} — min{6|w — 1|, 6|w — 2|}
aus 2|lw — 1]

— 1 0—6lw—2|
_wl—rgo 2|lw — 1|

w—2
= -3 lim ——
w0 W —

= -3
Now, we consider 8(g) = e9 € 6.

8[min{p(T gy, Tg1), P(Gw, Tgw), (g1, Tg1)}]
8[min{p(gw,Tg1), p(g1, Tgw)}]

< (0[8(gw, 9)D"

@[min{6|lw — 2|,6,0 }]

O[min{6|lw — 1|,6]lw — 2|}] < (0[2]w - 1|D*

1
gl6tw = 2] < (B[2(w — D]*

1

2k(w=1)
26w—2) < et

which satisfy for all w > 2 and k € (0,1).
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