Quanto Total Return LIBOR Swap Valuation

A quanto total return Libor Swap is a swap where one leg is a regular floating leg paying LIBOR
less a constant spread and the other leg makes a single payment at the swap’s maturity equal to a
leveraged non-negative return on USD-for-EURO exchange rate paid in CAD. The main focus of

the valuation model is the quantoed total return on the FX rate.

The payoff of the leg based on the return of the foreign exchange rate is a payoff of a European
call option. Its present value is given by Black’s formula for futures with the discounting factor

equal to the Canadian zero-coupon bond and the future price given as
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where

e Xs the spot USD-for-EURO exchange rate,

e By is the price of the US T-maturity zero coupon bond,

e Beg is the price of the EURO T-maturity zero coupon bond,

e pis the correlation between the USD-for-EURO and the USD-for-CAD exchange rates,
e oy, isthe volatility of the USD-for-EURO exchange rate,

e o, isthe volatility of the USD-for-CAD exchange rate,

e T is the swap’s maturity.

The important point is that the option price depends on the volatilities and correlation of the

exchange rates as well as on the interest rates of all the three currencies.



Let Xue(t) be the USD-for-EURO exchange rate at time t, which gives the amount of USD funds
exchanged for one EURO. Let Xuc(t) be a similar USD-for-CAD exchange rate. Assume further

that both rates follow geometric Brownian motions with constant volatilities under the natural

probability measure:
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Here w, is a standard n-dimensional Brownian motion, while o, and o, are n-dimensional

volatility vectors, such that the volatility of Xeu(t) is o, =+/6Z, , the volatility of Xcu(t) is
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The CAD-for-EURO exchange rate is not independent and is expressed through Xeu(t) and Xcu(t)

as
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Assume the Canadian, US, and EURO short time interest rates rc, ru, and rg, to be deterministic

functions of time. Then the savings accounts of the respective currencies evolve as follows:
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We now form the values of the US and EURO saving accounts converted into the Canadian

currency with the Canadian saving account used as a numeraire:
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The evolution of Cy and Ck is then governed by the following SDE:
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There must exist a measure under which all the tradeables on the Canadian market, discounted
by the Canadian saving account, including Cu and Cg, are martingales. A standard Brownian
motion under this measure w" is coupled with the original Brownian motion:
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For Cu and Ce to be martingales under the new measure, the following expressions should hold:
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The underlying of our option is the USD-for-EURO exchange rate, Xeu(t), given by eq. (1).

Using egs. (12) — (14) one finds that under the Canadian martingale measure eq. (1) becomes
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Defining a standard one dimensional w" by
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one can cast eq. (15) into the form
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whose solution is
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Since the interest rates are assumed to be deterministic, the zero-coupon bonds in each currency

can be represented as
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and eq. (17) takes the form
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where F(t) is defined in section 3 above.

The price of the call option is
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where K is the strike, and T is the swap’s maturity. Explicit calculation of the expectation yields
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e X2, isthe spot USD-for-EURO exchange rate,

e Bc(T) is the price of the Canadian T-maturity zero coupon bond,

e Buy(T) is the price of the US T-maturity zero coupon bond,

e Bg(T) is the price of the EURO T-maturity zero coupon bond,

e o, isthe volatility of the USD-for-EURO exchange rate,

e o, isthe volatility of the USD-for-CAD exchange rate,

o N() is the standard normal cumulative distribution function.

The tests were focused on intrinsic, typical and extreme cases:

e deterministic case — volatility of the USD-for-EURO exchange rate 0.1%;

e typical case — volatility of the USD-for-EURO exchange rate 13.4%;

e extreme case — volatility of the USD-for-EURO exchange rate 90%.

The results are summarized by Table 1:

Table 1. Price of the quanto FX rate return option.

Volatility Case Model Benchmark Difference

Intrinsic 0.05397 0.05397 0.00%

Typical 0.13743 0.13743 0.00%

Extreme 0.69542 0.69542 0.00%
Reference:
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