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Abstract: Goldbach conjecture is proved to be not valid by comparing the cardinality of a set 

containing all the even integers of which every even integer is the sum of two odd primes, to that of the 

subsets of even integers, such as a subset of all the even integers that can be factorized with a total of 

only three factors consisting of odd primes and at least one of 2. 

 

Goldbach conjecture states that every even integer > 4 is the sum of two odd primes. 

 

Let P represent the set of all odd primes, that is 

𝑃 = {𝑝1, 𝑝2, ⋯ , 𝑝𝑘, ⋯ } = {3, 5,7,11, 13,⋯ }                                                                                               (1) 

and E represent the set of all even integers: 

𝐸 = {2, 4, 6, 8,⋯ } = {𝑥 = 2𝑛 | 𝑛 = 1, 2, 3,⋯ }                                                                                         (2) 

From the set P, an even integer set E(1, 1) can be generated 

𝐸(1, 1) = {𝑝𝑖 + 𝑝𝑗  | 𝑝𝑖 ≤ 𝑝𝑗𝑎𝑛𝑑 𝑝𝑖, 𝑝𝑗 ∈ 𝑃}                                                                                               (3) 

The counting function Px(1, 1) can be defined as the total number of pairs of two odd primes satisfying 

𝑝𝑖 + 𝑝𝑗 = 𝑥     𝑓𝑜𝑟 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑥 > 4 𝑖𝑛 𝐸                                                                                                        (4) 

 

Goldbach’s conjecture is equivalent to one or the other of the following two equivalent questions 

{
  
 

  
 [1] {

𝑃𝑥(1, 1) ≥ 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 > 4 𝑖𝑛 𝐸, 𝐺𝑜𝑙𝑑𝑏𝑎𝑐ℎ′𝑠 𝑐𝑜𝑛𝑗𝑒𝑡𝑢𝑟𝑒 𝑖𝑠 𝑣𝑎𝑙𝑖𝑑             

𝑃𝑥(1, 1) = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 > 4 𝑖𝑛 𝐸, 𝐺𝑜𝑙𝑑𝑏𝑎𝑐ℎ′𝑠 𝑐𝑜𝑛𝑗𝑒𝑡𝑢𝑟𝑒 𝑖𝑠 𝑛𝑜𝑡 𝑣𝑎𝑙𝑖𝑑
    

[2] {
|𝐸(1, 1)| ≥ | 𝐸|, 𝐺𝑜𝑙𝑑𝑏𝑎𝑐ℎ′𝑠 𝑐𝑜𝑛𝑗𝑒𝑡𝑢𝑟𝑒 𝑖𝑠 𝑣𝑎𝑙𝑖𝑑        

|𝐸(1, 1)| < | 𝐸|, 𝐺𝑜𝑙𝑑𝑏𝑎𝑐ℎ′𝑠 𝑐𝑜𝑛𝑗𝑒𝑡𝑢𝑟𝑒 𝑖𝑠 𝑛𝑜𝑡 𝑣𝑎𝑙𝑖𝑑
                                       

                          (5)  

 

The attempts have been made to derive the analytical equation of the counting function Px(1, 1)
[1]

, but 

with little success. The difficulty is arisen from the prime distribution function (x) that is not well 

understood. What is known about (x) is that its asymptotic behavior at x is thought to satisfy the 

equation: 
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lim
𝑥→∞

𝜋(𝑥)𝑙𝑛𝑥

𝑥
= 1                                                                                                                                                (6) 

It is not reasonable to use the asymptotic behavior of (x) at x as (x) itself in the whole region of 

x, such as did in the prime number theorem. After a method is established to derive an explicit 

expression of the counting function (x), Px(1, 1) and other counting functions of different prime 

patterns such as 2(x) could be obtained. 

 

It was proved
[2]

 that 

|𝐸(1, 1)| ≪ | 𝐸|                                                                                                                                                   (7) 

 

For the calculation of |E(1, 1)| and |E|, let |P| = N and then one has 

|𝐸(1, 1)| <
𝑁(𝑁 + 1)

2
                                                                                                                                       (8) 

1

2
(1) = (

1

1 − 2−1
− 1)∏

1

1 − 𝑝𝑖
−1

𝑁

 𝑖=1

~𝑡𝑖𝑙𝑙 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑛
⇒              (∑2−𝑘

𝑛

𝑘=1

)∏(∑𝑝𝑖
−𝑘

𝑛

𝑘=0

)

𝑁

 𝑖=1

                           (9) 

|𝐸| = 𝑛 × (𝑛 + 1)𝑁  (number of terms in the right side of equation (9))                                      (10) 

 

When n   and |P| = N   

∑𝑃2𝑘(1, 1)

∞

𝑘=3

= lim
𝑁→∞

𝑁(𝑁 + 1)

2
≈ lim
𝑁→∞

𝑁2                                                                                                  (11) 

|𝐸| ≈ lim
𝑁→∞

lim
𝑛→∞

𝑛𝑁                                                                                                                                             (12) 

|𝐸(1, 1)| ≈

{
 
 

 
 lim
𝑁→∞

𝑁    𝑖𝑓∑𝑃2𝑘(1, 1)

∞

𝑘=3

≫ |𝐸(1, 1)|

lim
𝑁→∞

𝑁2   𝑖𝑓∑𝑃2𝑘(1, 1)

∞

𝑘=3

≈ |𝐸(1, 1)|

                                                                                (13) 

Therefore, the equation (7) is proved by simply comparing of the equation (13) to the equation (12). 

 

In the following discussions, the subset structure of even integers is analyzed and |E(1, 1)| is compared 

with the cardinalities of the subsets of even integers. 
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The subset structure of odd integers 

 

Let O represent the set containing all odd integers, that is, 

𝑂 = {1, 3, 5, 7,⋯ } = {2𝑛 − 1 | 𝑛 = 1, 2, 3,⋯ }                                                                                         (14) 

Because of the uniqueness of the prime factorization, it is natural to define the subset O(n) of set O 

based on the number of odd prime factors n 

𝑂(𝑛) = {𝑂(𝑛, 𝑘)| 𝑂(𝑛, 𝑘) =∏𝑝𝑘𝑖

𝑛

𝑖=1

;  𝑂(𝑛, 𝑘) < 𝑂(𝑛, 𝑘 + 1), 𝑝𝑘𝑖 ≤ 𝑝𝑘𝑖+1𝑎𝑛𝑑 𝑝𝑘𝑖 ∈ 𝑃}              (15) 

The kth element O(n, k) in the set O(n) is the product of n primes, in which the prime numbers are 

taken from the set P of all odd primes. 

Obviously, there hold the following three equations 

𝑂 =⋃𝑂(𝑛)

∞

𝑛=0

                                                                                                                                                    (16) 

𝑂(𝑚) ∩ 𝑂(𝑛) = {
∅              𝑖𝑓 𝑚 ≠ 𝑛

𝑂(𝑚)      𝑖𝑓 𝑚 = 𝑛
                                                                                                          (17) 

|𝑂| = ∑ |𝑂(𝑛)|

∞

𝑛=0

                                                                                                                                              (18) 

As some examples, O(n, 1)=3
n
 and O(n, 2)=3

(n-1)
5. 

O(0) = {1}; O(1) = P and O(2) = {pipj | pipjP}. 

 

If | P | = N, then 

|𝑂(0)| = 1; |𝑂(1)| = 𝑁; |𝑂(2)| =
𝑁(𝑁 + 1)

2
; |𝑂(𝑛)| =

(𝑁 − 1 + 𝑛)!

(𝑁 − 1)! 𝑛!
(𝑛 = 3, 4, 5,⋯ )           (19) 

|𝑂(0)| < |𝑂(1)| < |𝑂(2)| < ⋯ < |𝑂(𝑛)| < |𝑂(𝑛 + 1)|  < ⋯                                                          (20) 

|𝑂| = lim
𝑀→∞

∑|𝑂(𝑛)|

𝑀

𝑛=0

= lim
𝑀→∞

(𝑁 +𝑀)!

𝑁!𝑀!
≈ lim
𝑀→∞

𝑀𝑁                                                                             (21) 

 

If | P | = N  , then 
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|𝑂(0)| = 1 

|𝑂(1)| ≈ lim
𝑁→∞

𝑁 

|𝑂(2)| ≈ lim
𝑁→∞

𝑁2 

|𝑂(𝑛)| ≈ lim
𝑁→∞

𝑁𝑛 

|𝑂(0)| ≪ |𝑂(1)| ≪ |𝑂(2)| ≪ ⋯ ≪ |𝑂(𝑛)| ≪ |𝑂(𝑛 + 1)|  ≪  ⋯                                                      (22) 

|𝑂| = lim
𝑀→∞

∑|𝑂(𝑛)|

𝑀

𝑛=0

≈ lim
𝑁→∞

lim
𝑀→∞

𝑀𝑁                                                                                                      (23) 

 

The subset structure of even integers 

 

The subsets of the set E can be defined from the subsets O(n) of odd integers in two ways. The first 

method is simply adding 1 to every element in O(n), and the result subset is called EO(n). 

𝐸𝑂(𝑛) = {𝐸𝑂(𝑛, 𝑘)| 𝐸(𝑛, 𝑘) = 𝑂(𝑛, 𝑘) + 1 𝑎𝑛𝑑 𝑂(𝑛, 𝑘) ∈ 𝑂(𝑛)}                                                      (24) 

As the examples, 

EO(0) = {2}; 

EO(1) ={pk+1 | pkP}= {4, 6, 8, 12, 14,⋯ } 

EO(2) = {pipj+1 | pipjP}. 

 

Similarly, there hold the following three equations 

𝐸 =⋃𝐸𝑂(𝑛)

∞

𝑛=0

                                                                                                                                                 (25) 

𝐸𝑂(𝑚) ∩ 𝐸𝑂(𝑛) = {
∅                𝑖𝑓 𝑚 ≠ 𝑛

𝐸𝑂(𝑚)      𝑖𝑓 𝑚 = 𝑛
                                                                                                  (26) 

|𝐸| = ∑ |𝐸𝑂(𝑛)|

∞

𝑛=0

                                                                                                                                            (27) 

 

If | P | = N, then 
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|𝐸𝑂(0)| = 1;                 

|𝐸𝑂(1)| = 𝑁;                

|𝐸𝑂(2)| =
𝑁(𝑁 + 1)

2
;

                                                 

|𝐸𝑂(3)| =
𝑁(𝑁 + 1)(𝑁 + 2)

6
;                

|𝐸𝑂(𝑛)| =
(𝑁 − 1 + 𝑛)!

(𝑁 − 1)! 𝑛!
(𝑛 = 4, 5,⋯ ) 

                  

                                                                                    (28) 

|𝐸𝑂(0)| < |𝐸𝑂(1)| < |𝐸𝑂(2)| < ⋯ < |𝐸𝑂(𝑛)| < |𝐸𝑂(𝑛 + 1)|  < ⋯ 

|𝐸| = lim
𝑀→∞

∑|𝐸𝑂(𝑛)|

𝑀

𝑛=0

= lim
𝑀→∞

(𝑁 +𝑀)!

𝑁!𝑀!
 ≈ lim

𝑀→∞
𝑀𝑁                                                                           (29) 

 

If | P | = N  , then 

|𝐸𝑂(0)| = 1;                          

|𝐸𝑂(1)| ≈ lim
𝑁→∞

𝑁 ;                

|𝐸𝑂(2)| ≈ lim
𝑁→∞

𝑁2 ;             

                                                 

|𝐸𝑂(3)| ≈ lim
𝑁→∞

𝑁3 ;                                            

|𝐸𝑂(𝑛)| ≈ lim
𝑁→∞

𝑁𝑛 (𝑛 = 4, 5,⋯ )                    

                  

                                                                           (30) 

|𝐸𝑂(0)| ≪ |𝐸𝑂(1)| ≪ |𝐸𝑂(2)| ≪ |𝐸𝑂(3)| ≪ ⋯ ≪ |𝐸𝑂(𝑛)| ≪ |𝐸𝑂(𝑛 + 1)|  ≪  ⋯          (31) 

|𝐸| = lim
𝑀→∞

∑|𝐸𝑂(𝑛)|

𝑀

𝑛=0

≈ lim
𝑁→∞

lim
𝑀→∞

𝑀𝑁                                                                                                     (32) 

The second method is as defined in equation (33). Every even number in E(n) is factorized by n factors 

consisting of 2 and odd primes. 
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𝐸(𝑛) = ⋃ 2𝑛−𝑚+1𝑂(𝑚)

𝑛

𝑚=0

                                                                                                                            (33) 

For example, E(0) = {2}; E(1) = {4, 2𝑃} = {4, 6, 10, 14, 22,26,⋯ } and E(2) = {8, 4O(1), 2O(2)}. 

𝐸 =⋃𝐸(𝑛)

∞

𝑛=0

                                                                                                                                                   (34) 

𝐸(𝑚) ∩ 𝐸(𝑛) = {
∅                𝑖𝑓 𝑚 ≠ 𝑛

𝐸(𝑚)        𝑖𝑓 𝑚 = 𝑛
                                                                                                       (35) 

|𝐸| = ∑ |𝐸(𝑛)|

∞

𝑛=0

                                                                                                                                             (36) 

 

If | P | = N, then 

|𝐸(0)| = 1;                            

|𝐸(1)| = 𝑁 + 1;                   

|𝐸(2)| =
(𝑁 + 1)(𝑁 + 2)

2
;

                                                 

|𝐸(3)| =
(𝑁 + 1)(𝑁 + 2)(𝑁 + 3)

6
;                

|𝐸(𝑛)| =
(𝑁 + 𝑛)!

(𝑁)! 𝑛!
(𝑛 = 4, 5,⋯ )                    

                  

                                                                          (37) 

|𝐸(0)| < |𝐸(1)| < |𝐸(2)| < ⋯ < |𝐸(𝑛)| < |𝐸(𝑛 + 1)|  < ⋯ 

|𝐸| = lim
𝑀→∞

∑|𝐸(𝑛)|

𝑀

𝑛=0

= lim
𝑀→∞

(𝑁 + 1 +𝑀)!

(𝑁 + 1)!𝑀!
 ≈  lim

𝑀→∞
𝑀𝑁+1                                                                (38) 

 

If | P | = N  , then 
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|𝐸(0)| = 1;                                        

|𝐸(1)| ≈ lim
𝑁→∞

𝑁 ;                              

|𝐸(2)| ≈ lim
𝑁→∞

𝑁2 ;                            

                                                 

|𝐸(3)| ≈ lim
𝑁→∞

𝑁3 ;                                                        

|𝐸(𝑛)| ≈ lim
𝑁→∞

𝑁𝑛 (𝑛 = 4, 5,⋯ )                               

                     

                                                              (39) 

|𝐸(0)| ≪ |𝐸(1)| ≪ |𝐸(2)| ≪ |𝐸(3)| ≪ ⋯ ≪ |𝐸(𝑛)| ≪ |𝐸(𝑛 + 1)|  ≪  ⋯                                    (40) 

|𝐸| = lim
𝑀→∞

∑|𝐸(𝑛)|

𝑀

𝑛=0

≈ lim
𝑁→∞

lim
𝑀→∞

𝑀𝑁                                                                                                       (41) 

 

Discussions 

 

[1] If |P| = N is finite, the values of |E|] obtained respectively from equations (29) and (38) are different 

lim
𝑀→∞

𝑀𝑁

lim
𝑀→∞

𝑀𝑁+1
= lim
𝑀→∞

𝑀𝑁

𝑀𝑁+1
 = lim

𝑀→∞

1

𝑀
 = 0 

If |P| = N is infinite, the equations (29) and (38) are equivalent as shown in the equations (32) and (41) 

respectively. Therefore, there is infinite number of primes. 

 

[2] From the equations (11), (13), (30), (32), (39) and (41), it can be concluded that 

{
 

 
|𝐸(1 + 1)| ≪ |𝐸𝑂(𝑛)| ≈ |𝐸(𝑛)|(𝑛 = 3, 4, 5,⋯ ) ≪ |𝐸|  

|𝐸(1 + 1)| ≪ 𝑜𝑟 ≈ ∑𝑃2𝑘(1, 1)

∞

𝑘=3

≈ |𝐸𝑂(2)| ≈ |𝐸(2)       
                                                                (42) 

 

[3] Let a represent a finite integer and O(a) a subset of odd integers, then one has 

𝑂(𝑎) =⋃𝑂(𝑛)

𝑎

𝑛=0

                                                                                                                                             (43) 

|𝑂(𝑎)| = lim
𝑁→∞

∑|𝑂(𝑛)|

𝑎

𝑛=0

= lim
𝑁→∞

(𝑁 + 𝑎)!

𝑁! 𝑎!
≈ lim
𝑁→∞

𝑁𝑎                                                                           (44) 



The Solution of Goldbach Conjecture                                         Keyang Ding 
 

 8 

For any finite integers b  a, subset E(a, b) of even integers can be defined by 

𝐸(𝑎, 𝑏) = {𝑂(𝑎, 𝑖) + 𝑂(𝑏, 𝑗) | 𝑂(𝑎, 𝑖) ≤ 𝑂(𝑏, 𝑗), 𝑂(𝑎, 𝑖) ∈ 𝑂(𝑎) 𝑎𝑛𝑑 𝑂(𝑏, 𝑗) ∈ 𝑂(𝑏)}                (45) 

|𝐸(𝑎, 𝑏)| = |𝑂(𝑎)| × (|𝑂(𝑏)| −
|𝑂(𝑎)| − 1

2
) ≈ lim

𝑁→∞
𝑁𝑎+𝑏                                                                 (46) 

From the equations (12), (32), (41) and (46), it can be obtained that 

{
|𝐸(𝑎, 𝑏)| ≪ |𝐸|, 𝑖𝑓 𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑟𝑒 𝑓𝑖𝑛𝑖𝑡𝑒                                      

|𝐸(𝑎, 𝑏)| ≈ |𝐸|, 𝑖𝑓 𝑎 → ∞ 𝑜𝑟 𝑏 → ∞ 𝑜𝑟 𝑏𝑜𝑡ℎ 𝑎 𝑎𝑛𝑑 𝑏 → ∞ 
                                                            (47) 

 

[4] A subset O(1, 1, 1) can be generated from P 

𝑂(1, 1, 1) = {𝑝𝑖 + 𝑝𝑗 + 𝑝𝑘 | 𝑝𝑖 ≤ 𝑝𝑗 ≤ 𝑝𝑘𝑎𝑛𝑑 𝑝𝑖, 𝑝𝑗 , 𝑝𝑘 ∈ 𝑃}                                                             (48) 

|𝑂(1, 1, 1)| = lim
𝑁→∞

𝑁(𝑁 + 1)(𝑁 + 2)

6
≈ lim
𝑁→∞

𝑁3                                                                                   (49) 

By comparing between the equations (23) and (49), it is easy to conclude 

|𝑂(1, 1, 1)| ≪ 𝑂(𝑛)| (𝑛 = 4, 5,⋯ ) ≪ |𝑂|                                                                                               (50) 

Generally, for any finite integers abc, 

𝑂(𝑎, 𝑏, 𝑐) = {𝑂(𝑎, 𝑖) + 𝑂(𝑏, 𝑗) + 𝑂(𝑐, 𝑘) | 𝑂(𝑎, 𝑖) ≤ 𝑂(𝑏, 𝑗) ≤ 𝑂(𝑐, 𝑘), 𝑂(𝑎, 𝑖) ∈ 𝑂(𝑎), 𝑂(𝑏, 𝑗)

∈ 𝑂(𝑏) 𝑎𝑛𝑑 𝑂(𝑐, 𝑘) ∈ 𝑂(𝑐)}                                                                                            (51) 

|𝑂(𝑎, 𝑏, 𝑐)| ≈ lim
𝑁→∞

𝑁𝑎+𝑏+𝑐 ≪ |𝑂|                                                                                                              (52) 
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