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Abstract
The gyroscope sensor has multiple applications in consumer electronics, aircraft navigation, and control systems. Significant 

errors that match the corresponding data are a typical disadvantage of this sensor. This needs to be done by making error models that 
can be used to get the right level of measurement accuracy. For high-precision space applications, the navigation design system should 
take into account the angle random walk (N), bias instability error (B), and rate random walk (K) of the BMG160 gyroscope. For this 
reason, this paper shows how to use Allan Variance (AVAR) and Power Spectral Density (PSD) for the experimental identification and 
modeling of the stochastic parameters of the Bosch BMG160 gyroscope embedded in a nanosatellite in order to get an accurate gyro-
scope model. This work also demonstrates the principle of operation of the equivalent electronic model intended to carry out advanced 
simulations without recourse to the real material in order to avoid the problem of bad manipulation and availability of the material in 
order to reduce the time and cost of development. The interpretation of the Allan curves and the PSD obtained from the measurements 
collected over a long period is presented, as well as a comparison between the real raw data of the BMG160 gyroscope and the designed 
hardware emulator in both the time and frequency domains. This is done to evaluate the accuracy of the gyroscope model emulating 
the real sensor in laboratory simulations. The experimental results show that the signals from the emulator and the BMG160 gyroscope 
are quite close. Therefore, the proposed prototype could be an optimal solution for laboratory calculations and simulations. 
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1. Introduction
A nanosatellite is a type of artificial satellite of small size (usually they are multiples of  

a 1U cubsat). It’s widely used in several military and scientific research applications because of its 
slightly low cost, and its components have become more accessible than ever [1−3]. From a technical 
point of view, it allows not only the integration of mechanical components and electric circuits, but also 
sensors, actuators, microprocessors, and various electrical and optical systems in a very small geomet-
ric space. Thus, forming components of compact satellites to carry out a very specific mission [4, 5].

The sensor, in particular the gyroscope, is widely used in almost all nanosatellites and plays 
an essential role in attitude determination during the whole orbital passage in its life cycle. This 
electromechanical component contains dynamic oscillating masses that detect the necessary me-
chanical excitation to convert it into an electrical magnitude [6]. The performance of this equip-
ment is highly dependent on the quality of its sensory performance preset at the factory. However, 
the gyroscope suffers from several inherent random noises that may not provide accurate results 
and eventually induce irreversible catastrophic situations if it is not modeled and then compensa
ted [7]. Moreover, the estimation of the measurement noise is a very important step in the modeling 
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of gyro sensors. Having accurate models close to the real model of the sensor will directly and 
significantly affect the accuracy of the control chain embedded in the nanosatellite. 

In the very near past, the two classical statistical parameters, namely the average and the 
variance, have been widely used to quantitatively describe the behavior of random noises. Later, 
the usual statistical laws gradually gave way to other identification and modeling approaches to 
describe the noise included in the signals. Examples of these approaches contain:

a) power spectral density (PSD) [8];
b) ARMA model technique [9];
c) autocorrelation function [10].
The autocorrelation function approach is not recommended in practice since it requires  

a very large number of measurements that may be more than the gyroscope’s life cycle [11]. 
In 1966, scientific research discovered that the classical variance diverged with the pass-

ing time when analysing the frequency stability of the cesium atomic clock frequency standard.  
In order to solve this problem, a new evaluation method was proposed, which was later called the 
Allan variance [12]. Since gyroscopic devices also have the characteristics of oscillators, the Allan 
variance analysis is also widely used in modeling the random errors of inertial devices. There-
fore, the IEEE standard introduces the Allan variance method in the modeling analysis of laser 
gyroscopes [13]. At the moment, the Allan Variance (AVAR) and Power Spectral Density (PSD) 
approaches are in great demand for the identification and modeling of stochastic noises, which are 
defined and detailed in [14]. Currently, there is strong competition in the scientific community to 
develop efficient methods able to effectively distinguish signal from noises [12, 15].

The noise in the gyroscope signal is typically composed of the following terms:
− quantization noise: When an analog signal is encoded in digital form, one of the faults that 

can occur is referred to as the bit error rate. It reflects the lowest possible resolution level that the 
sensor can achieve; 

− angle random walk: On gyroscope rate output voltages, this is a high-frequency noise with 
a white-noise rational spectrum (Gaussian noise);

− bias instability: This noise is caused by electronics or other parts that are subject to ran-
dom fluctuation. It is also known as flicker noise and is approximated by the first-order Gauss-Mar-
kov process;

− rate random walk: It’s an unidentified random process, potentially exponentially correla
ted noise with a prolonged correlation time;

− rate ramp: It is probably due to a very weak acceleration of the platform in the same direc-
tion and persisting over a long period of time. As an approximation, the second-order Gauss-Mar-
kov process is used. This type of noise is ignored in this work.

The conventional Allan variance plot can be used to identify the above stochastic errors. 
Table 1 summarizes the Allan variance coefficients and slopes of the respective curves.

Table 1
Allan variance coefficients and curve slopes

Noise type Noise coefficient Curve Slope
Quantization noise Q ‒1
Angle random walk N ‒1/2

Bias instability B 0
Rate random walk K 1/2

Rate ramp R 1

With the continuous expansion of the gyroscope exploitation field in space applications in 
recent years, the field of hardware emulation of complex systems has gradually expanded. In this  
perspective, the work presented in this paper proposes the use of a low-cost hardware emulator 
to practically emulate the BMG160 space gyroscope used in nanosatellites. This emulator al-
lows users to directly and iteratively test and adjust algorithms in a practical virtual simulation  
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environment before the hardware prototype process begins. This significantly reduces the deve
lopment budget in terms of cost, time, and risk.

2. Materials and methods
2. 1. Assumptions and simplifications
Frequency and phase instabilities can be characterized by random processes that can be rep-

resented statistically either in the Fourier frequency domain or in the time domain. A stochastic 
model of the studied gyroscope will be detailed in this section. Deterministic uncertainties such as 
scale factor and misalignment uncertainties are neglected since there is no access to its input and un-
der the assumption that corrections for these uncertainties have been made at the factory. Also, since 
the studied sensor has a digital resolution of 16 bits, the quantization noise is not taken into account.

2. 2. Allan variance
David W. Allan created the Allan Variance (AVAR) algorithm in 1966 as a simple variance 

analysis approach, and it was widely used to characterize frequency and phase instability in pre-
cision oscillators. AVAR approach is a time domain analysis tool that was originally developed to 
characterize clock system noise and stability [16].

It is a technique to represent root mean square (RMS) random drift uncertainty as a function 
of average time, and it can be used to figure out the nature of the random event causing the noise 
in the data. It is used to describe different types of noise aspects in the gyroscope data by running 
certain functions on the whole length of the data [12].

AVAR is based on the cluster evaluation method. The data flow is segmented into clusters of 
varying lengths. N consecutive sample points are given, each with a sampling time τ0. Each cluster 
is formed by a collection of n consXVqual to nτ0 associated with each cluster. If the inertial sensor’s 
instantaneous output rate is Ω(t), the cluster average is determined as [13]:
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where Wk t( ) represents the cluster average of the output rate for a cluster starting with the kth data 
point and ending with the k th+τ data point (include n data points). 
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From two adjacent clusters, the Alan variance of length τ is calculated as below [14]:
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As with the standard deviation and variance, the Allan deviation is defined as the square 
root of the Allan variance:

	 s t s t( ) = ( )2 . 	 (4)

2. 3. Power spectral density
To describe the instability of oscillators in the frequency domain, let’s use spectral density. As 

a physical interpretation, the power spectral density characterizes the energy distribution of the signal 
under study in the frequency domain. The main feature that distinguishes the power spectral densi-
ty (PSD) compared to other spectral analysis approaches is its performance in analysing periodic and 
non-periodic signals. The (5) shows how the Fourier transform pair, also known as the two-sided PSD, 
and the autocorrelation function are mathematically related to each other for stationary processes [17]:
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with S(ω) is the two-sided power spectral density; K(τ) is the autocorrelation function defined as below:
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where * represents the complex conjugate of W t( ).
The (7) provides the unique relationship between the AVAR and the PSD [13]:
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where S fW ( ) denotes the power spectral density of the W t( ) process, which is considered to be 
stationary in time.

2. 4. Gyroscope stochastic model
The gyroscope measurement is affected by several types of noise. The three basic noise 

terms are angle random walk (N), bias instability (B), and rate random walk (K). Assuming that 
manufacturing uncertainties such as scale factor and misalignment uncertainties are neglec
ted (stationary state Wideal t( ) = 0), the gyroscope output measurement can be modeled by the for-
mula as follow [11, 18, 19].

	 Wmodel t y t y t y tN B K( ) = ( ) + ( ) + ( ), 	 (8)

where yN(t) is the uncertainty due to angle random walk; yB(t) is the uncertainty due to bias insta-
bility; yK(t) is the uncertainty due to rate random walk.

According to (7), the AVAR is proportional to the total noise power of the gyroscope when 
transmitted through a filter with a transfer function of sin4x/x2. Using this observation, the filter’s 
bandwidth will be set by τ. This means that by adjusting τ or modifying the filter bandwidth, vari-
ous noise coefficients such as B, N, and K can be found.

The three noise parameters mentioned above, angle random walk (white noise), rate random 
walk (Brownian noise), and bias instability (flicker noise), are calculated from the recorded data 
of the stationary gyroscope. They are found by using the relationship between the Allan variance 
and the one-sided power spectral density (PSD) of the noise parameters in the original data. This 
relationship is shown in (7). Table 2 gives the procedure to calculate each noise parameter [20].

Table 2
Procedure used to determine noise parameters using AVAR and PSD
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2. 5. Identification of gyroscope noises
A series of long-term data logged from the real gyroscope sensor to Matlab was performed 

in order to evaluate the noises parameters of the gyroscope embedded in the nanosatellite with  
a sampling frequency fs = 200 Hz. Statistical average was used to determine the corresponding bias. 
The actual stationary gyroscope data from the x-axis is shown in Fig. 1. The output is expected  
to be zero, but as shown in the figure, the gyroscope output is noisy.

Fig. 2 depicts a histogram representation of the BMG160 sensor’s measurements with ran-
dom noises. The data format demonstrates that the measurements density follows the continuous 
normal distribution with the following parameters: average µgyro = 0.116359°/s and standard devia-
tion σgyro = 0.249367°/s. The probability density given by (9) is represented by the red curve:

	 f x e
gyro

x gyro

gyro( ) =
− −



1

2

1
2

2

s π

m
s . 	 (9)

To determine the different terms of the noise included in the measurements of the gyro, let’s 
study its characteristics in the time and frequency domain. In the time domain, let’s use the Allan 
variance on a log-log scale to precisely determine the parameters B, N, and K. In the frequency 
domain, let’s use the one-sided power spectral density (PSD) of the gyroscopic noise to evaluate  
the frequency behavior of the noise. The results obtained are shown in Fig. 3, 4.

Fig. 1. Raw data of the real gyroscope represented in the time domain

Fig. 2. Representation of measurements in histogram and Gaussian curve
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The Allan variance curve, characterizing the measurement noise over a sufficiently long time 
of the gyroscope x-axis, is illustrated in Fig. 3 on a log-log scale. The abscissa axis represents the 
grouping time τ of the measurements. It can be decomposed into three zones which are the following:

− the initial descent zone defines the dominance of high-frequency noise. Due to the log-
log scale, the Allan variance (deviation) decreases rapidly with a slope of ‒0.5 which signifies the 
presence of white Gaussian noise;

− the lowest point of the curve represents the bias instability;
− the rising area indicates the presence of low-frequency noise. This zone is usually due to 

temperature variation and the sensor life cycle.

Fig. 3. Allan variance of gyroscope data

Fig. 4. One-sided power spectral density of gyroscope data

Taking into account the connection between AVAR and the PSD mentioned in (7), as  
a result: N . ,= × °−1 779073 10 2 s Hz  B . ,= × °−4 047421 10 3 s  and K .= × °−4 023987 10 4 s Hz  
are obtained.

2. 6. Hardware emulator modeling
2. 6 1. Bias instability
The differential equation used to describe the bias instability is given as [21]:

	 T
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y t t
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where yB(t) represents a Gauss-Markov process (which is low-frequency noise) and ω(t)~N(0,1) 
represents white noise. In accordance with Fig. 3, let’s consider T = 33.9 s (lowest point) [21, 22].

Discretizing (10) gives:

	 y k y k b k k NB d B d B( ) = −( ) + ( ) ( ) ∼ ( )a η η s1 0 2, , , 	 (11)

with

ad
T Te= =−D 0 99985253. , b e td

T t T= = ×∫ − −
0

20 499963 10
D

d . ,

fs = 200 Hz,  and DT
fs

= = ×
1

5 103 .s

The parameters αd, bd, B and σB are related by formula (12) below [21, 22].
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As a result, the numerical calculation gives the following result: 

	 sB = × °−1 3903 10 2. .s 	 (13)

Equation (11), therefore, becomes:

	 y k y k b k k NB d B d B B B( ) = −( ) + ( ) ( ) ∼ ( )a s w w1 0 1, , . 	 (14)

2. 6. 2. Rate random walk
The rate random walk is represented by an integrator’s reaction to white noise with un-

known variance sK
2 . The discrete-time relationship is provided by [22]:

	 y k y k K T k k NK K K K K( ) = −( ) + ( ) ( ) ∼ ( )1 0 1D s w w, , . 	 (15)

As illustrated in Fig. 5, the value of σK is determined by approximating the low-frequency 
segment of the gyroscopic noise produced by the PSD. 

As a consequence, sK .= × °−0 102515 10 2 s Hz is found. The red curve in Fig. 5 illus-
trates the random walk rate PSD of the hardware emulator as obtained experimentally.

Fig. 5. One-sided random walk approximation of the hardware model
 



Original Research Article:
full paper

(2023), «EUREKA: Physics and Engineering»
Number 1

49

Engineering

2. 6. 3. Angle random walk
The third type of gyroscope noise relates to the angle random walk (which is high-fre-

quency noise). This noise is represented as a white noise with a variance σN calculated by the 
formula below [22]:

	 s s sN gyro KB K T= − − ( )2 2 2D , 	 (16)

(16) gives sN = 0 249334. .° s Hz  So, the model of the angle random walk is given by the expres-
sion below:

	 y k k k NN N N N( ) = ( ) ( ) ∼ ( )s w w, , .0 1 	 (17)

2. 6. 4. Emulator noise model
After all the noise values have been estimated using the (14), (15), and (17) formulas that 

were provided already, the noise of the gyroscope can now be written as (18):

	

W

D

model k k y k b k

y k K T k

N N d B d B B

K K K

( ) = ( ) + −( ) + ( ) +

+ −( ) + ( )
s w a s w

s w

1
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Where ωN(k)~N(0,1); ωB(k)~N(0,1); ωK(k)~N(0,1).

2. 6. 5. Normal distribution generation
The coefficients σN, σB, and σK mentioned in the previous paragraphs obey the centered 

reduced normal distribution N(0,1). 
To generate these coefficients, the Box-Muller method was used. Box-Muller is an algo-

rithm for generating normally distributed random numbers using uniformly distributed random 
numbers [23].

If u1 and u2 are distributed uniformly and independently in ]0,1], then z1 and z2 have a nor-
mal distribution with mean µ0 = 0 and variance σ2 = 1.

	 z u u1 1 22 2= − × ( )ln cos ,π 	 (19)

	 z u u2 1 22 2= − × ( )ln sin .π 	 (20)

2. 7. Electrical diagram
The output of the Bosch BMG160 sensor has the characteristics of Gaussian white noise, 

Brownian noise, Flicker noise, and low drift, so an accurate hardware model of this gyroscope 
should be established in order to use it in advanced computational algorithms and simulations 
laboratory without using a real sensor to reduce the cost of testing and eliminate security risks.  
The proposed model is detailed in Fig. 6.

The proposed model is based on an Atmega 328P-A microcontroller in SMD technology, 
clocked by an external 16 MHz clock coupled with two capacitors, C1 and C2. When opening the 
serial port, the RTS goes to state 1, and the capacitor C3 makes it possible to restart the Atme-
ga 328P-A before loading. D1, D2 and D3 are protection components. 

The three jumpers JP1, JP2 and JP3 are designed to the selection of the power source:
− JP1: power supply based on an HT7550 regulator;
− JP2: power supply via ICSP connector;
− JP3: power supply via USB/serial converter.
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Fig. 6. Proposed hardware emulator for gyroscope BMG160

3. Experimental results and discussions
To evaluate the performance of the model implemented in the microcontroller, a compa

rison in the time and frequency domains was carried out in order to validate the proposed model.  
As shown in Fig. 7, the proposed emulator’s Allan curve matches perfectly with the noise de-
tected along the gyroscope x-axis in a stationary state Wideal t( ) =( )0 . A small shift between the 
two curves is observed at the tail of the curve. This shift is explained by the quantization, ramp 
parameters, and effect of temperature, which are not taken into account in the proposed model.

Fig. 7. Allan variance of gyroscope data
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The degree of accuracy of the designed gyroscope model is confirmed by comparing its 
response acquired through the serial port to actual data from the BMG160 gyroscope. The plot of 
the two responses in frequency domain is shown in Fig. 8.

Fig. 9 illustrates a comparison of the raw data collected along the sensor’s x-axis and gyro-
scope model data represented in time domain. One can observe the perfect overlapping between 
the real data and the model data.

Fig. 8. One-sided frequency spectrum of gyroscope data and model data represented  
in the frequency domain

Fig. 9. Collected data from the real and model gyroscopes represented in the time domain

Table 3 is used to compare the accuracy of the designed model after extracting the constant 
bias of µgyro = 0.116359°/s. This comparison shows that the signals are quite close. Therefore, it is 
obvious to affirm that the proposed model is a candidate model for future laboratory calculations 
and simulations.

Table 3
Comparison between BMG160 gyroscope and gyroscope model

Gyroscope Average [°/s] Deviation [°/s]

BMG160 0 0.251087

Model ‒0.002635 0.251072
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4. Conclusions
This work has allowed to identify the embedded gyroscope in a nanosatellite and to produce 

an equivalent numerical model to be able to carry out advanced simulations without recourse to the 
real material to avoid the problem of bad manipulation and material availability. Deterministic un-
certainties include scale factors, non-orthogonality, and misalignment of axes, which are assumed 
to be calibrated by the manufacturer. Stochastic uncertainties contain random uncertainties that 
cannot be eliminated. For this purpose, the Allan method, based on the calculation of the Allan 
variance, and power spectral density were introduced to characterize the noise included in mea-
surements collected over a long period. This is a solution that is becoming more and more essential 
and gives precise estimates independent of the samples size (large sizes), instead of the classic 
statistical variance, which increases as the measurements increase.

Early phases of nanosatellite hardware development can benefit from this emulator which 
offers an accuracy of ‒2.635e–5°/s on average and 1.5e–5°/s in standard deviation. It is useful to car-
ry out advanced tests before the real hardware is present and thus to discover problems and faults. 
In the same perspective, this hardware emulator will be extended towards the integration of all the 
components of the control system and the attitude determination of the nanosatellite.
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