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The announced depletion of fossil energy resources is fueling some 

speculation. It is therefore urgent to explore the different renewable 

energy sources available to Benin. In the ocean, in addition to swells, 

there are also orbital marine currents generated by them. An 

advantageous solution for the countries located in the Gulf of Guinea is 

the recovery and transformation of the energy of the swell and its 

orbital marine currents into electrical energy. Swells are adult waves 

that propagate freely at the atmosphere-ocean interface. In this work, 

based on measurements made by the Millenium Challenge Account 

(MCA-Benin) as part of the extension of the Autonomous Port of 

Cotonou, we have shown that the swells at the Autonomous Port of 

Cotonou are Airy swells or of Stokes. We have identified the modified 

Boussinesq equations, proposed by Peregrine in 1967, as the theory for 

characterizing the evolution of these swells during their formation in 

the coastal zone. The variations of the different wave parameters 

(height, wavelength, period, phase and group velocities) are 

characterized from the shoaling zone to the breaking point. With this 

theory the results obtained are in agreement with the experimental 

measurements made, they perfectly describe the amplification of the 

height of these waves and show that these swells become very energetic 

when they approach the coast. 

 
Copy Right, IJAR, 2023,. All rights reserved. 

…………………………………………………………………………………………………….... 

Introduction:- 
In the Gulf of Guinea, there is a degradation of the coastal strip due to the mechanical energy of the waves 

approaching the coast. On this coast, we observe the propagation of quasi-permanent swells whose height increases 

under the effect of the seabed and its slope in the coastal zone, which strongly induces coastal erosion. To ensure 

energy autonomy, the exploration of all available renewable energy sources is essential. The energy situation in 
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Benin is characterized by a low rate of access to electricity and an almost total dependence vis-à-vis the exterior for 

electrical energy. Coastal country of the Gulf of Guinea, it has access to the ocean to the south over a length of 

approximately 125 km. To ensure energy autonomy, the exploration of all available renewable energy sources is 

essential. With the advent of climate change, reflection is increasingly focused on the optimal exploitation of the 

energy potential of each region [1]. Renewable energies are one of the keys to solving the energy crisis in the West 

African sub-region [2]. The ocean, the great forgotten in the assessment of the energy potential of the sub-region is 

however an almost inexhaustible source of energy. Marine dynamics is a source of energy that is still poorly 

documented and therefore not exploited in Benin[3]. The swells transport a significant amount of energy which they 

derive from the force of the wind on all the seas of the globe and which is dissipated by the bathymetric breaking on 

the coasts: these are renewable energy sources [4]. An advantageous solution for Benin and the countries of the Gulf 

of Guinea in general is the recovery and transformation of energy from swells into electrical energy. 

 

Breaking is a dissipative process of energy which corresponds to the last stage of the life of a wave and which 

therefore most often takes place when approaching the shore. Wave breaking is an essential aspect of sea state 

dynamics, and in particular of coastal dynamics. Dissipative processes, including breaking, are one of the important 

terms of the energy balance for the wave field and require adequate parameterization in the calculation of sea states. 

However, breaking is still poorly understood and poorly parameterized. Senechal N. and al., 2004 [5], swells are the 

most important phenomenon to consider among the environmental conditions affecting maritime structures, because 

they exert the greatest influence. Farah Zemani, 2014 [4], the presence of waves makes the design process for 

maritime structures on land. Since waves are one of the most complex and variable phenomena in nature, it is not 

easy to achieve a full understanding of their fundamental character and behavior. Waves are oscillations of the 

surface of the sea, generated by the energy of the wind and maintained by gravity [6]; [7]. Under the effect of an 

external disturbance (wind, seabed, etc.), the profile of a swell can be modified. It can be subject to movements, 

such as: shoaling, breaking, refraction, diffraction, reflection… [8];[9]. Study the evolution of the main physical 

parameters and dimensionless numbers to characterize the dynamics of swells during their propagation in coastal 

areas is essential to understand the physics of the phenomenon. Understanding the mechanism of generation and the 

physics that accompanies the propagation of waves are of great interest to the scientific community. Several 

experimental, theoretical and numerical studies have been carried out for years with the aim of predicting such a 

phenomenon and subsequently understanding the risks that not only threaten coastal infrastructure but also human 

life [10]. In a given wave record, each free surface elevation can be considered as a random variable. The studies 

carried out in the laboratory form the most reliable method compared to numerical simulations which are less 

effective given the difficulty in perfectly describing the physics which accompanies the breaking [11];[12] ; 

[13].Many studies on wave dynamics have certainly already been carried out, but mainly in deep or intermediate 

waters [14] ;[15].In this study we are interested in events occurring near the coast, in this case adult waves (swells) 

and its orbital marine currents generated by them.  

 

What is great in this work, using the breaking criteria of Sunamura 1980 or Kaminsky and Krauss 1993 which take 

into account the slope of the seabed (𝑡𝑎𝑛𝛽), the evaluation of the local water height 𝑑𝑏  and the height 𝐻𝑏  of the 

swell at the point of breaking, the follow-up of the energy potentials of the swell and the orbital marine currents 

generated by its last, reveals that these swells break very close to the coast and the brutal dissipation of their energies 

constitutes the principal cause of the erosion of the littoral. The installation of a converter in the shoaling zone 

would have a double advantage for this purpose: the maximum recovery of energy and the attenuation of the brutal 

dissipation of energy which will strongly contribute to the smooth running of the preservation of the coastal strip.  

 

Materials and Methods:- 
Presentations of the study site 

Benin is a Gulf of Guinea country situated between the parallels 6°15’ and 12°30’ of North latitude on the one hand 

and the meridians 1° and 3°40’ East longitude on the other hand (Fig. 1a). It benefits from access to the ocean over a 

distance of approximately 125 km and goes from Hilla-Condji in the West to Kraké in the East. The coastline of 

Benin is more or less linear and interrupted in two places, namely the Bouche du Roy and the mouth of the Cotonou 

Canal. In this coastal zone, it receives an abundance of regular sea swell of low amplitude compared to their 

wavelength [1]. Their amplitude varies according to the period of the year on the one hand and on a daily basis on 

the other hand. As part of the extension of the Autonomous Port of Cotonou, the swell measurements carried out 

(Fig. 1b) over four consecutive years (from June 2011 to April 2014) in five-minute steps by the Millennium 

Challenge Account (MCA-Benin) and the bathymetric map of Benin obtained (Fig. 2) near Institute of Fishery and 
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Oceanological Research of Benin (IRHOB)/Benin Center for Scientific Research and Innovation (CBRSI), have 

made it possible to define the average stable daily, monthly and annual wave data for this site [2]. 

1. In deep water, the regular mean height of the swell is 𝐻𝑜 = 2𝑎𝑜 = 0,8𝑚 , its mean period is𝑇 = 12𝑠and its 

wavelength 𝐿𝑜 = 200𝑚at a position where the local water depth is𝑑𝑜 = 130𝑚about. 
2. Experimental measurements have shown that these swells break at the point of local depth𝑑𝑏such that4𝑚 ≤

𝑑𝑏 ≤  5𝑚and that their period oscillates between 9𝑠 and 15𝑠. 
3. In the coastal zone where the local water depth is 𝑑 = 50𝑚, the crest-to-trough wave height is 𝑑 = 2𝑎 =

0,95𝑚. 
4. The gravity on the Beninese coast is approximately𝑔 = 9.79𝑚. 𝑠−2 . 
5. The seabed in the coastal zone is almost flat and sloping. It is a low slope bottom𝑝 = 𝑡𝑎𝑛 𝛽such as 0,001 <

𝑡𝑎𝑛𝛽 ≤ 0,1 ⇒ 𝑡𝑎𝑛 𝛽 ≈ 𝛽. The average of this slope in the shoaling zone is𝛽𝑚 ≈
100

2000
= 0,05(Fig. 2). 

6. These values are almost confirmed by the Méduse-Benin satellite forecasting station, which indicates values 

between 8𝑠 and 16𝑠. 
 

 
Figure 1:- Sketch of study area (Benin, Gulf of Guinea). 

Location of ERA and (b) oceanographic buoy. 

 

 
Figure 2:- Bathymetric map of Benin. 
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Choice of model and criteria of breaking 

In the coastal zone, for an almost flat seabed, the propagation of a swell in dimension 1 is modeled by the system of 

equations below: [16] ;[6]. 

 

𝝏𝜼

𝝏𝒕
+

𝝏(𝒉𝒖)

𝝏𝒙
= 𝟎

𝝏𝒖

𝝏𝒕
+ 𝜺𝒖

𝝏𝒖

𝝏𝒙
+ 𝒈

𝝏𝜼

𝝏𝒙
= 𝜶𝓓+ 𝓞(𝜶𝟐)

 with 

 = 𝜂 + 𝑑

𝑢 = 𝑢 𝑥, 𝑡 

𝜂 = 𝜂 𝑥, 𝑡 

𝑑 = 𝑑 𝑥 

 (1)      

- 𝒟 = 0, we have the equations of « shallow water », obtained from the theories of Airy or Stokes and which 

makes it possible to characterize the swells for a constant bathymetry. 

- 𝒟 =


2

𝜕2

𝜕𝑥2  
𝜕𝑢

𝜕𝑡
 −

2

6

𝜕3𝑢

𝜕𝑥2𝜕𝑡
 ; we are talking about Boussinesq's theory proposed by Peregrine in 1967. It takes 

into account the low non-linearity, the low dispersion of long swells of low amplitude which propagate over a 

variable bathymetry. 

- 𝒟 =
1

3

𝜕

𝜕𝑥
 3  

𝜕3𝑢

𝜕𝑥𝜕𝑡
+ 휀𝑢

𝜕2𝑢

𝜕𝑥2 + 휀  
𝜕𝑢

𝜕𝑥
 

2

   ; these are the equations of Serreor of Green-Naghdi[17]. Taking into 

account the dispersive and non-linear effects, they almost generalize the equations of « shallow water » and of 

Peregrine (Boussinesq) with a strong dominance of nonlinear effects. Non-linearity parameters  휀 , from the 

dispersive effect 𝛼 , the camber 𝑆 of the swell and the wave train 𝜇 are defined by: 

𝜺 =
𝒂

𝒅
    ;   𝜶 = 𝝁𝟐 =  

𝒅

𝑳𝒐
 
𝟐

and𝑺 =
𝜺

𝜶
=

𝜺

𝝁𝟐
=

𝒂𝑳𝒐
𝟐

𝒅𝟑
with𝑎 =

𝐻

2
(2) 

When  휀 ≪ 1 and 𝛼 ≪ 1 with 𝑆 = 𝒪(1), the swell is linear: it is called Stokes or Airy and we have: 

𝜼 ≪ 𝒅 ⇒ 𝒉 = 𝜼 + 𝒅 ≈ 𝒅  (3) 

For a swell, of wavelength 𝐿, three propagation zones are defined: deep waters when𝑑 >
𝐿

2
 ; the zone of shoaling if 

𝐿

25
≤ 𝑑 ≤

𝐿

2
  and Surf and Swash zones for 0 ≤ 𝑑 ≤

𝐿

25
 [18]. 

 

Table 1:- Values of some parameters in the study zone [17]. 

 

Study sites 

places of 

propagation 

Non-linearity 

parameter 

Dispersive effect 

parameter 

Camber of the swell 

 

Gulf of Guinea           

(Benin) 

 

 

Deep Waters 

(𝑑𝑜 = 130𝑚) 

 

휀𝑜 = 0,003 

 

𝛼𝑜 = 0,423 

𝑆𝑜 = 0,07 ≈ 𝒪(1) 

coastal zone 

(𝑑𝑐 = 50𝑚) 

 

휀𝑐 = 0,0097 

 

𝛼𝑐 =  0,0625 

𝑆𝑐 = 0,155 ≠ 𝒪(1) 

- 휀𝑜 ≪ 1 ; 𝛼𝑜 < 1 and 𝑆𝑜 = 𝒪(1) : the swells in the Gulf of Guinea in Benin are Airy or Stokes swells. 

- 휀𝑐 ≪ 1 and 휀𝑐 > 휀𝑜  : the non-linear effects, even if they remain negligible, increase in the coastal zone. 

- 𝛼𝑐 ≪1 and 𝛼𝑐 < 𝛼𝑜  : the dispersive effect decreases in the coastal zone and 𝛼 → 𝒪(1)when moving towards the 

beach. 

- 𝑆𝑐 > 𝑆𝑜and𝑆𝑐 ≠ 𝒪(1) : the Airy or Stokes theory does not allow a better characterization of these swells in the 

coastal zone of this site. 

All in all, the waves in the Gulf of Guinea at Cotonou are Stokes swells (𝜂 ≪ 𝑑), weakly non-linear (휀 ≪ 1) and 

weakly dispersive (𝛼 < 1). The use of the Boussinesq (Peregrine) equations, in the following, will make it possible 

to better characterize the variations in their height and their wavelength during their propagation in the coastal zone.  

Kaminsky and Kraus, 1993 conducted a comparative study based on an analysis of previous work (409 cases) 

covering a wide range of wave steepness and beach slopes, propose to use for a slope𝑡𝑎𝑛𝛽 ≤ 0,1, the index of 

breaking below which takes into account the number of Irraben[19]. 

𝜸 =
𝑯𝒃

𝒅𝒃
= 𝟏,𝟐 𝒕𝒂𝒏𝜷 

𝑳𝒐

𝑯𝒐
 
𝟎,𝟐𝟕

  (4) 

At the study site, 0,001 < 𝑡𝑎𝑛 𝛽 ≤ 0,1, this criteria is chosen to determine the place of breaking of these swells. 

 

Parameter variations from offshore to breaking point 

   The Airy or Stokes swell dispersion relationship is [2]: 

𝝎𝟐 =
𝟒𝝅𝟐

𝑻𝟐
= 𝒈𝒌𝒕𝒂𝒏𝒉(𝒌𝒅) (5) 

Expressions that translate the variations of the period𝑇, phase velocity𝐶𝜑and group velocity 𝐶𝑔  are : 
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 𝑻 =

𝟐𝝅

 𝒈𝒌𝒕𝒂𝒏𝒉(𝒌𝒅)

𝑪𝝋 =  
𝒈

𝒌
𝒕𝒂𝒏𝒉(𝒌𝒅)

𝑪𝒈 =
𝟏

𝟐
 𝟏 +

𝟐𝒌𝒅

𝒔𝒊𝒏𝒉 𝟐𝒌𝒅 
  

𝒈

𝒌
𝒕𝒂𝒏𝒉(𝒌𝒅)

 with

 
 
 

 
 𝐿𝑜 =

𝑔𝑇𝑜
2

2𝜋

𝐶𝜑𝑜 =
𝑔𝑇

2𝜋

𝐶𝑔𝑜 =
𝑔𝑇

4𝜋

 (6)   

In the deep waters  𝑑 ≥
𝐿𝑜

2
⇒ 𝜇 ≥

1

2
 ,  𝑡𝑎𝑛(𝑘𝑑) ≈ 1, then all the parameters are constant in this propagation zone. 

Taking into account the previous conditions (𝜂 ≪ 𝑑, 휀 ≪ 1 𝑎𝑛𝑑𝛼 < 1), the Peregrine equations (Boussinesq) which 

correspond to the study sites are [17]: 

 

𝝏𝜼

𝝏𝒕
+

𝝏(𝒅𝒖)

𝝏𝒙
= 𝟎

𝝏𝒖

𝝏𝒕
+ 𝒈

𝝏𝜼

𝝏𝒙
= 𝜶  

𝒅

𝟐

𝝏𝟐

𝝏𝒙𝟐
 𝒅

𝝏𝒖

𝝏𝒕
 −

𝒅𝟐

𝟔

𝝏𝟑𝒖

𝝏𝒙𝟐𝝏𝒕
 

 ⇒  

𝝏𝜼

𝝏𝒕
+

𝝏(𝒅𝒖)

𝝏𝒙
= 𝟎                      (𝒊)

𝝏𝒖

𝝏𝒕
+ 𝒈

𝝏𝜼

𝝏𝒙
= 𝜶

𝒅𝟐

𝟑

𝝏𝟑𝒖

𝝏𝒙𝟐𝝏𝒕
       (𝒊𝒊)

    (7) 

By replacing (ii) in the derivative of (i) with respect to time 𝑡, we obtain: 

𝝏𝟐𝜼

𝝏𝒕𝟐
+

𝝏

𝝏𝒙
 −𝒈𝝁𝑳𝒐

𝝏𝜼

𝝏𝒙
+ 𝝁𝟓

𝑳𝒐
𝟑

𝟑

𝝏𝟒𝒖

𝝏𝒙𝟐𝝏𝒕𝟐
  = 𝟎with   

 
 
 

 
 
𝜂 = 𝜂 𝑥, 𝑡 = 𝜂𝑎𝑒

−𝑖𝜔𝑡

𝜂𝑎 =
𝐻 𝑥 

2
𝑒𝑖𝑘𝑥

𝑑 = −𝛽𝑥 = 𝜇𝐿𝑜
𝛼 = 𝜇2

 (8) 

At the limit of deep waters and the shoaling zone where𝜇 =
1

2
, we have : 

𝑯 𝝁 =
𝟏

𝟐
 ≈ 𝑯𝒐and𝑳  𝝁 =

𝟏

𝟐
 ≈ 𝑳𝒐  (9) 

The equation of the tangent to the seabed is 𝑑 = −𝑥 𝑡𝑎𝑛 𝛽 = 𝜇𝐿𝑜 [20] and  [21], so on the study site, we have: 

𝒕𝒂𝒏𝜷 ≈ 𝜷⇒𝒅 = −𝜷𝒙 = 𝝁𝑳𝒐 (10) 

By making the change of variable 𝜇 = −
𝛽

𝐿𝑜
𝑥and using the approximation 

𝜇5 =  𝛼5 = 𝒪(1) , the previous equation becomes: 
𝝏𝟐𝜼𝒂

𝝏𝝁𝟐
+

𝟏

𝝁

𝝏𝜼𝒂

𝝏𝝁
+

𝟐𝝅

𝜷𝟐𝝁
𝜼𝒂 = 𝟎 (11) 

The general solution of this equation is𝜂𝑎 = 𝐴𝑌0(𝑧), where𝑧 =
2

𝛽
 2𝜋𝜇 and 𝑌0 𝑧 is the modified Bessel function of 

second species and whose complex asymptotic formula is 𝑌0 𝑧 =  
2

𝜋𝑧
𝑒−𝑖 𝑧−

𝜋

4
 
. From the preceding boundary 

conditions, we obtain. 

 
𝑯 = 𝑯𝒐  

𝟏

𝟐𝝁
 
𝟏/𝟒

= 𝑯𝒐  
𝟐𝒅

𝑳𝒐
 
−𝟏/𝟒

𝑳 = 𝑳𝒐 𝟐𝝁 
𝟏/𝟐 = 𝑳𝒐  

𝟐𝒅

𝑳𝒐
 
𝟏/𝟐

 ⇒      𝒌𝒅 = 𝝅 𝟐𝝁(12) 

According this theory, which takes into account the variability of the bathymetry, the different coefficients of 

variation of the parameters previously studied in the shoaling zone  𝜇𝑏 ≤ 𝜇 ≤
1

2
  ,  are : 

 
 
 
 
 
 

 
 
 
 
 𝜹 =

𝑳

𝑳𝑶
=  𝟐𝝁

𝑲𝒔 =
𝑯

𝑯𝒐
=  

𝟏

𝟐𝝁
 

𝟏

𝟒

𝝉 =
𝑻

𝑻𝒐
=  

 𝟐𝝁

𝒕𝒂𝒏𝒉 𝝅 𝟐𝝁 
(𝟏𝟑)

𝜹𝟏 =
𝑪𝝋

𝑪𝝋𝒐
=   𝟐𝝁𝒕𝒂𝒏𝒉(𝝅 𝟐𝝁)

𝜹𝟐 =
𝑪𝒈

𝑪𝒈𝒐
=  𝟏+

𝟐𝝅 𝟐𝝁

𝒔𝒊𝒏𝒉 𝟐𝝅 𝟐𝝁 
   𝟐𝝁𝒕𝒂𝒏𝒉 𝝅 𝟐𝝁 

 with

 
 
 

 
 𝑳𝒐 =

𝒈𝑻𝒐
𝟐

𝟐𝝅

𝑪𝝋𝒐 =
𝒈𝑻𝒐

𝟐𝝅

𝑪𝒈𝒐 =
𝒈𝑻𝒐

𝟒𝝅

    (13) 

 

Determining the breaking point of the swells: 

Using the results obtained with the Boussinesq theory and the breaking criterion of Kaminsky and Krauss 1993, the 

local water depth 𝑑𝑏and the wave height𝐻𝑏at the breaking point are: 
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𝒅𝒃 =

𝑯𝒐
𝟎,𝟗𝟎𝟖𝑳𝒐

𝟎,𝟎𝟗𝟐

𝟏,𝟑𝟑 𝒕𝒂𝒏𝜷 𝟎,𝟐𝟏𝟔

𝑯𝒃 = 𝟎,𝟗𝟎𝟑𝑯𝒐  
𝑳𝒐

𝑯𝒐
 
𝟎,𝟐𝟐𝟕

 𝒕𝒂𝒏𝜷 𝟎,𝟎𝟓𝟒

 ⇒𝝁𝒃 =
𝒅𝒃

𝑳𝒐
=

𝑯𝒐
𝟎,𝟗𝟎𝟖𝑳𝒐

−𝟎,𝟗𝟏𝟖

𝟏,𝟑𝟑 𝒕𝒂𝒏𝜷 𝟎,𝟐𝟏𝟔   (14)   

 

Potential energetic orbital marine currents generated by the swell 

The movement of the waves has a maximum speed at the surface of the sea. This speed attenuates towards the 

bottom so that the waves do not possess no significant influence at depths 𝑑 =
𝐿

2
[22]. The equations that 

parameterize the position of a water particle struck by the swell in deep water is [23];[24]:  

𝑶𝑴         
𝑿 =

𝑯

𝟐

𝒄𝒐𝒔𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉𝝅
𝒔𝒊𝒏(𝜽)

𝒁 =
𝑯

𝟐

𝒔𝒊𝒏𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉𝝅
𝒄𝒐𝒔(𝜽)

 with    𝜃 =
2𝜋𝑥

𝐿
−

2𝜋𝑡

𝑇
(15)        

The trajectory of the particles is so circular in infinite depth (offshore) and elliptical shape more and more crushed as 

the bottom rises. Waves induce orbital motion in the water and the amplitude of this motion decreases with depth. 

Equation (16) describes the behavior of the horizontal velocity𝑉𝑥and the vertical velocity𝑉𝑧 induced by the swell [9]. 

𝑽    
𝑽𝒙 =

𝒈𝑯𝑻

𝟐𝑳

𝒄𝒐𝒔𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉𝝅
𝒄𝒐𝒔(𝜽)

𝑽𝒛 =
𝒈𝑯𝑻

𝟐𝑳

𝒔𝒊𝒏𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉𝝅
𝒔𝒊𝒏(𝜽)

 with 𝜽 =
𝟐𝝅𝒙

𝑳
−

𝟐𝝅𝒕

𝑻
(16) 

 

And   𝑽𝟐 =
𝒈𝟐𝑯𝟐𝑻𝟐

𝟒𝑳𝟐𝒄𝒐𝒔𝒉𝟐𝝅
 𝒄𝒐𝒔𝒉𝟐 𝒌𝒛+ 𝝅 𝒄𝒐𝒔𝟐𝜽 + 𝒔𝒊𝒏𝒉𝟐 𝒌𝒛+ 𝝅 𝒔𝒊𝒏𝟐𝜽  

The equations of system (17) generally parameterize the ellipses with horizontal major axis D’ and minor vertical 

axis d’ such that: 

 
𝑫′ = 𝑯

𝒄𝒐𝒔𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉 𝝅 

𝒅′ = 𝑯
𝒔𝒊𝒏𝒉 𝒌𝒛+𝝅 

𝒄𝒐𝒔𝒉 𝝅 

 (17) 

Thus, the amplitudes of the velocity 𝑣𝑔dof propagation of water particles put into motion by the swell (that of the 

orbital marine currents generated by the swell) are as follows: 

𝒗   𝒈 =

 
 
 

 
 𝒗   𝒈𝒙 =

𝑫′

𝟐
𝝎 =

𝑯𝝎

𝟐

𝒄𝒐𝒔𝒉(𝒌𝒛 + 𝝅)

𝒄𝒐𝒔𝒉 𝝅 

𝒗   𝒈𝒛 =
𝒅′

𝟐
𝝎 =

𝑯𝝎

𝟐

𝒔𝒊𝒏𝒉(𝒌𝒛 + 𝝅)

𝒄𝒐𝒔𝒉 𝝅 

  

⟹ 𝒗𝒈 =   𝒄𝒐𝒔𝒉𝟐 𝒌𝒛+ 𝝅 + 𝒔𝒊𝒏𝒉𝟐(𝒌𝒛+ 𝝅)   (18) 

On the seabed (𝑧 = −𝑑), this velocity has the expression: 

𝒗𝒈 =
𝟐𝝅𝑯

𝟐𝑻𝒄𝒐𝒔𝒉(𝝅)
  𝒄𝒐𝒔𝒉𝟐 𝝅− 𝒌𝒅 + 𝒔𝒊𝒏𝒉𝟐 (𝝅− 𝒌𝒅)   (19) 

With  𝐻(𝑑) =

 
 
 

 
 𝐻0if  𝑑 >

𝐿

2

𝐻0 
𝑐𝑜𝑠𝜃0

𝑐𝑜𝑠𝜃
(

𝑘𝑑

𝑐𝑜𝑠2 𝑘𝑑 
+ 𝑡𝑎𝑛(𝑘𝑑))

−1

2 if  𝑑𝑏 ≤ 𝑑 ≤
𝐿

2

𝐻0  𝜍(
𝑑

𝑑𝑏
)
−1

2 + (1 − 𝜍)(
𝑑

𝑑𝑏
)

1

4 
−1

if  0 ≤ 𝑑 ≤ 𝑑𝑏

     and  𝜍 =
2𝐻0

𝑇𝑡𝑎𝑛𝛽  𝑔𝑑𝑏
 

 

Energetic power of the swells and its orbital marine currents 

- The average of the total energy 𝐸of one swell of height𝐻per unit length is: 

< 𝐸 > =
𝟏

𝟖
𝝆𝒈𝑯𝟐 (20) 

The energy power 𝑃 per unit length of a wave is the product of the average of its total energy and its group velocity 

[1]. 

𝑷 =< 𝑬 >∙ 𝑪𝒈  (21) 

In deep waters, we have: 

𝑷 =< 𝑬 >.𝑪𝒈𝒐 =
𝟏

𝟖
𝝆𝒈𝑯𝒐

𝟐𝑪𝒈𝒐 =
𝟏

𝟑𝟐𝝅
𝝆𝒈𝟐𝑯𝒐

𝟐𝑻𝒐 (22) 

In the shoaling zone, we have: 
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𝑷 =< 𝑬 >∙ 𝑪𝒈 =
𝟏

𝟖
𝝆𝒈𝑯𝒐

𝟐𝑪𝒈𝒐  
𝟏

𝟐𝝁
 
𝟏/𝟐

 𝟏 +
𝟐𝝅 𝟐𝝁

𝒔𝒊𝒏𝒉 𝟐𝝅 𝟐𝝁 
   𝟐𝝁𝒕𝒂𝒏𝒉 𝝅 𝟐𝝁 (23)  

 
𝝍 =

𝑬

𝑬𝒐
=  

𝟏

𝟐𝝁
 
𝟏/𝟐

𝝌 =
𝑷

𝑷𝒐
=  

𝟏

𝟐𝝁
 
𝟏/𝟐

 𝟏 +
𝟐𝝅 𝟐𝝁

𝒔𝒊𝒏𝒉 𝟐𝝅 𝟐𝝁 
   𝟐𝝁𝒕𝒂𝒏𝒉 𝝅 𝟐𝝁 

 (24) 

- The average kinetic energy, at an altitude 𝑧, of the orbital currents generated by the offshore swell is [24]: 

< 𝑬′𝒄 >=
𝟏

𝑳
 𝒅𝒙
𝑳+𝒙

𝒙
 

𝟏

𝟐
 𝝆 +𝝆𝟎 𝑽

𝟐𝒅𝒛 =
𝟏

𝟏𝟔
𝝆𝟎𝒈𝑯

𝟐  𝟏+
𝟐𝒛

𝑳
 

𝒛

−𝑳/𝟐
  (25) 

By taking the reference of the potential energy of gravity on the bottom, (at the depth 𝑧 =  −𝑑) where the effect of 

the swell disappears, the average potential energy of the orbital marine currents is: 

< 𝑬′𝒑 >=
𝟏

𝑳
 𝒅𝒙
𝑳+𝒙

𝒙
 

𝟏

𝟐
(𝝆 +𝝆𝟎)𝒈𝒅𝒛

𝒛

−𝒅
= 𝝆𝟎𝒈(𝒛 + 𝒅)  (26) 

The average total energy of orbital sea currents generated by the swell is: 

< 𝑬𝒕 > =< 𝑬′𝒄 >  +< 𝑬′𝒑 >=
𝟏

𝟏𝟔
𝝆𝟎𝒈𝑯

𝟐  𝟏+
𝟐𝒛

𝑳
 +  𝝆𝟎𝒈(𝒛+ 𝒅)(27) 

 Energetic potential of orbital marine currents: 

    According to Airy's Theory [17] ; [25] the average energy power 𝑃 of the internal waves is expressed as 

𝑃 = 𝑣𝑔 < 𝐸𝑡 > where 𝑣𝑔  is the group velocity following the propagation of internal waves.  

-  At an altitude z, this potential is given by: 

𝑷(𝒛) =
𝝅𝒈𝝆𝟎

𝟏𝟔𝑻𝒄𝒐𝒔𝒉 𝝅 
  𝟏+  

𝟐𝒛

𝑳
 𝑯𝟑 + 𝟏𝟔 𝒛+ 𝒅 𝑯   𝒄𝒐𝒔𝒉𝟐 𝒌𝒛+ 𝝅 + 𝒔𝒊𝒏𝒉𝟐(𝒌𝒛+ 𝝅)     (28) 

- On the seabed where 𝑧 =  −𝑑, this potential has the expression: 

𝑷(−𝒅) =
𝝆𝟎𝒈𝝅

𝟏𝟔𝑻𝒄𝒐𝒔𝒉(𝝅)
  𝟏 +  

𝟐𝒛

𝑳
 𝑯𝟑   𝒄𝒐𝒔𝒉𝟐 𝝅 − 𝒌𝒅 + 𝒔𝒊𝒏𝒉𝟐(𝝅− 𝒌𝒅)    (29) 

𝐻(𝑑) =

 
 
 

 
 𝐻0𝑖𝑓𝑑 >

𝐿

2

𝐻0 
𝑐𝑜𝑠𝜃0

𝑐𝑜𝑠𝜃
(

𝑘𝑑

𝑐𝑜𝑠2 𝑘𝑑 
+ 𝑡𝑎𝑛(𝑘𝑑))

−1

2 𝑖𝑓𝑑𝑏 ≤ 𝑑 ≤
𝐿

2

𝐻0  𝜍(
𝑑

𝑑𝑏
)
−1

2 + (1 − 𝜍)(
𝑑

𝑑𝑏
)

1

4 
−1

𝑖𝑓   0 ≤ 𝑑 ≤ 𝑑𝑏

 and𝜍 =
2𝐻0

𝑇𝑡𝑎𝑛𝛽  𝑔𝑑𝑏
 

 

Results, Analysis And Discussion:-  
Presentation of the results 

The measurements were taken in five-minute steps over six months from June to December. We defined a typical 

day for each of the months when the measurements were complete. The curves in fig. 3 below reflect the variation in 

height crest-to-trough swells according to time (GMT) during these typical days.   

 

 
Fig 3:- Height of the swells during each typical day of the month. 
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 The curves in solid lines represent the results obtained with the Boussinesq (Peregrine) equations, while those in 

dotted lines correspond to the prediction of the Airy or Stokes theory. These curves reflect the variations of the 

various parameters studied, offshore to the breaking point. The curves in fig. 4 present the variations coefficients in 

wavelength, height, period, phase velocity and group velocity of swells in Benin (Gulf of Guinea). 

 
Figure 4:- Variation coefficients of characteristic parameters of the swell in Benin (Gulf of Guinea). 

 

 The curves in Fig. 5 below show the variations in the total energy 𝜓 and the energy power 𝜒 of the swells per 

unit length during their propagation. 

 
Figure 5:- Variations coefficients 𝜓of the total energy and 𝜒of the swell energy power. 

 

 The fig. 6, 6a and 6b, show the evolution of the vertical elevation of the sea surface as a function of the local 

water depth 𝜇 and the slope of the seabed 𝛽. The curve in fig. 6 is a representation in dimension 2 (2D) whereas 

those of fig. 6a and 6b are its representations in dimension 3 (3D). 
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Figure 6:- Vertical elevation of the sea surface in deep water 𝜂0 𝜇 and in the shoaling 

zone𝜂𝑎 𝜇,𝛽 𝑖𝑛𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑡𝑤𝑜𝑜𝑓𝑡𝑒𝑙𝑜𝑐𝑎𝑙𝑤𝑎𝑡𝑒𝑟𝑑𝑒𝑝𝑡𝜇. 

 
Figure 6a:- Vertical elevation 𝜂𝑎 𝜇,𝛽 of the sea surface in the shoaling zone in 3D as a function of the local water 

depth𝑑 = 𝜇𝐿𝑜and the seabed slope 𝛽. 
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Figure 6b:- Vertical elevation of the marine surface offshore𝜂𝑜(𝜇)and in the shoaling zone 𝜂𝑎( 𝜇, 𝛽 = 0,05)in 3D 

of the local water depth𝜇. 

 

 The curves in Fig. 7 and 8 below show the variations in the local water depth 𝑑𝑏  at the breaking point as a 

function of the seabed slope 𝛽 according to the criteria of Sunamura and Kaminsky, 1980 and Krauss, 1993 which 

take account of the slope of the seabed β on the one hand and that of the height of the swells 𝐻𝑏  at this point on the 

other hand. 

 
Figure 7:- Variations of the local water depth 𝑑𝑏at the breaking point as a function of the slope according to the 

criteria of Sunamura, 1980; Kaminsky and Krauss, 1993. 

 

 
Figure 8:- Variations of the swell height𝐻𝑏at the breaking point as a function of the seabed slope 𝛽 according to the 

criteria of Sunamura, 1980; Kaminsky and Krauss, 1993. 
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 From the values of the heights measured by the Millennium Challenge Account in Benin (At the Autonomous 

Port of Cotonou), we defined the average values of these heights which made it possible to obtain the curves below. 

These curves in fig. 9 translate the energetic disturbances of the orbital marine currents generated by the swell on the 

seabed in the coastal zones, before and after the breaking. Fig. 10 is the zoom of figure 9 around the bathymetric 

breaking. 

 
Figure 9:-Average energy potential of orbital marine currents on the seabed for each typical day of the months. 

 
Figure 10:-Zoom of figure 9 around the breaking point. 

 

 As for the curves in Fig. 11 and 12, they reflect the variations in the energy potential of these orbital marine 

currents at given local water depths. 
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Figure 11:-Variations in the energy potential of orbital marine currents in the Shoaling zone for H=1,2m and T=12s. 

 

 
Figure 12:-Variations in the energy potential of orbital marine currents in the breaking zone: Surf and Swash zones 

for H=1,2m and T=12s. 

 

Analysis and Discussion of the results:- 
 The curves of Fig. 3 show that the swells in Benin (during the four months of full campaign) are almost regular. 

Their heights vary almost sinusoidal and have two different maximum values and two different minimum values. 

These maximum values are observed around 05 hours and 17 hours GMT, those minimum around 00 hours and 12 

hours. These heights vary between 0.6m and 1.4m. 

 All the curves, in Fig. 4, show that all the parameters of the swells in the deep waters, apart from any obstacle, 

are constant. The curves𝜅𝑠 =
𝐻

𝐻𝑜
 and 𝜏 =

𝑇

𝑇0
of Fig. 4 represents the variations respectively of the height and the 

period in the deep waters and in the Shoaling zone. They are constant in deep waters (𝜅𝑠 ≈ 1 𝑎𝑛𝑑𝜏 ≈ 1) and believe 

strictly in the shoaling zone (1 ≤ 𝜅𝑠 ≤ 3) and this amplification stops at the breaking point. The crest-to-trough 

height of the swell is therefore constant in deep waters (offshore) and strictly increasing in the shoaling zone. This 

height, which increases strictly when the local water depth decreases, remains proportional to 𝑑−1/4  ; for 𝑑𝑐 =

50𝑚, 𝐻𝑐 = 0,97𝑚 ;  𝜇𝑐 = 0,25  and 𝜅𝑠𝑐 =
𝐻

𝐻𝑜
= 1,19 or the curve of𝜅𝑠 =

𝐻

𝐻𝑜
give for 𝜇 = 0,25 and 𝜅𝑠 =

𝐻

𝐻𝑜
= 1,21. 
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From these results, we have𝜅𝑠𝑐 ≈ 𝜅𝑠  : this result shows that it is Peregrine's theory (Boussinesq) which makes it 

possible to better model the variations of the swell in the shoaling zone of the studied coastal zone.  

The curve 𝛿of thefig. 4, decreases in the shoaling zone. But the decrease is more accentuated in the case of the 

results obtained with the equations of Boussinseq. In the coastal area of the Gulf of Guinea at Cotonou, the 

wavelength of the swells decreases when the local water depth decreases and remains proportional to the square root 

of the latter. 𝐿~ 𝑑 . 
The evolution of the curve𝛿2of thefig. 4, shows that the group velocity increases when𝜇varies from 0,5 at 0,125 

before starting to decrease to the breaking point. 

The variations of𝛿1show that the phase velocity decreases according to both theories. But this decrease is more 

accentuated in the case of Boussinesq's theory. The phase velocities𝐶𝜑and group𝐶𝑔  of the swells in the shoaling 

zone in Cotonou, decrease when the local water depth decreases. But in this zone, the velocity of group is always 

higher than that of phase. 

 The evolution of the curves of the fig. 5, shows that the energy potential in deep waters varies. In the shoaling 

zone, this power varies exponentially with a very high average at a position where 𝑑 = 8𝑚. In the breaking zone 

where 𝑑 = 3𝑚, this potential also varies with a non-negligible average. The shoaling zone is therefore a zone of 

strong amplification of the energy power of the swell, while those of Surf and Swash are the zones of energy 

dissipation. These results show that the swells in Benin are more energetic in the shoaling zone. The curves offig. 6, 

6a and 6b, which translate the variations of the vertical elevation of the free surface of the ocean according to the 

local water depth. Note that the curve of Fig. 6 is a representation in dimension 2 (2D) while those of Fig. 6a and 6b 

are its representations in dimension 3 (3D). They confirm: 

- The constancy of the various offshore parameters. 

- Height amplification crest to trough of the swells in the shoaling zone under the disturbing effect of the seabed. 

 The decrease or contraction of the wavelength caused by the slope of this seabed. The curve of fig. 6b, which 

represents the variations of the vertical elevation of the free surface of the ocean according to the local water depth 

𝑑 = 𝜇𝐿𝑜and the slope of the seabed𝛽in the shoaling zone, it reveals that the randomness accompanied by small 

oscillations on the surface of the swell is due to the variability of the slope of the seabed. The curves in fig. 7, 

obtained from the results of Boussinesq's theory and the breaking criteria of Sunamura, 1980; Kaminsky and Krauss, 

1993 which translate the evolution of the local water depth 𝑑𝑏show that the latter (𝑑𝑏 ) varies according to the slope 

of the seabed 𝛽. The higher the seabed slope𝛽the lower the local water depth 𝑑𝑏at this point. Both criteria give 

almost the same results. These results show that in the coastal zone of the Gulf of Guinea (Benin), the bathymetric 

breaking of the waves occurs at a position where the local water depth varies between 1,5m and 4,5m. As the slope 

increases, the local water depth at the breaking point decreases. 

 The curves in fig. 8 reflect the evolution of the height crest to trough𝐻𝑏of the swell at the breaking point in the 

Gulf of Guinea (Benin). They are increasing functions of the seabed slope𝛽, and show that the height of the 

swell𝐻𝑏at the breaking point varies between approximately 1,6m and 2,3m. These swells therefore become more 

energetic when the slope of the seabed𝛽increases. 

 The curves of thefig. 9 and 10show the increasing variation of the energetic power of the orbiting marine 

currents of swells from the shoaling zone to near the coast, this explains the total energy dissipation generated by the 

swell in this zone. Swells induce an orbital motion in the water and the amplitude of this motion decreases with 

depth. Physically the water particles lose energy exponentially in the Surf and Swash zones. The discontinuity 

observed at the level of each curve explains the loss of energy in the breaking zone. Most of the energy power 

dissipation of the wave takes place in this so-called transition zone. This shows that wave breaking is a fascinating 

phenomenon that plays a major role in coastal processes. It is the source of very intense currents, responsible for 

most of the sediment transport in this area. Hence the degradation of the bottom observed near the coast. 

As for the curves in fig. 11 and 12, they reflect the variations in the energy potential of these orbital marine currents 

at given local water depths. The evolution of these curves show that: 

- For any given depth, the energy potential decreases from the surface to the bottom, this is due to the fact that the 

velocity orbital swell currents is higher when approaching the surface. 

- The lower the depth, the lower this potential. That is to say, the energy potential of the orbital marine current 

decreases from the swell lifting zone towards the beach. The energy potential at a depth (𝑧 ≠ −𝑑), decreases from 

sea to coast. For the different months, each curve shows an upward trend. The energy power decreases with 

increasing depth and vanishes when the depth is equal to half the wavelength (𝑧 = −𝑑). The Energy Potential 

increases from July to September due to the growth of the crest to trough height in the same period. 
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Conclusion:-  
In the Gulf of Guinea at Cotonou, the swells are regular and have a constant average height𝐻𝑜 = 0,8𝑚and an 

average period 𝑇 = 11𝑠in deep waters. In the coastal zone, the disturbing effect of the seabed causes them to rise to 

the breaking point and it is the modified Boussinesq theory, proposed by Peregrine in 1967, which makes it possible 

to model them. These swells become very energetic in this zone, their height is amplified and remains proportional 

to(𝑑−1/4). At the breaking point, the maximum height reached by these swells varies between  1,7𝑚 and  2,5𝑚. 

Their bathymetric surge, occurs at a position where the local water depth𝑑𝑏oscillates between 1.6m and 4.5m very 

close to the coastline depending on the value of the slope of the seabed. This Breaking is a sudden energy discharge 

that induces and accentuates the phenomenon of coastal erosion. 

 

Swells induce an orbital motion in the water and the amplitude of this motion decreases with depth. It is important to 

note that the amplitude of the velocity decreases exponentially with a coefficient proportional to the number of 

waves 𝑘. So the orbital velocity of swells with a longer period (smaller wave number) will be more present at 

seafloor than that of waves with shorter periods. The propagation velocity of the swells depends on their 

wavelength, their amplitude and when approaching the coast, the water depth. The swells are therefore characterized 

by energy spectra, which show characteristic quantities, with for example a significant height 𝐻𝑠 , a significant 

period 𝑇𝑠 , etc….  

 

The energy potential of the orbital marine current decreases from the wave lifting zone towards the beach. The 

energy potential at a depth (𝑧 ≠ −𝑑), decreases offshore towards the coast. For the different months, each curve 

shows an upward trend. The energy output decreases when the depth increases and cancels out when the depth is 

equal to half the wavelength (𝑧 = 𝐿
2 ). The Energy Potential increases from July to September due to the increase 

in height crest at trough in the same period. The swells therefore become more energetic when the slope 𝛽 of the 

seabed increases. They are very energetic when approaching the coast. The breaking that occurs very close to the 

coastline and the sandy nature of the coastal soil in Cotonou (non-cohesive sediments), are the major causes of the 

coastal erosion that is observed along this site. A double benefit for all the countries of the Gulf of Guinea is the 

conversion of these energies into electrical energy in the shoaling zone in order to solve both the problem of the 

energy crisis and to attenuate and reverse the brutal energy discharge of these waves. away from the coastline, thus 

ensuring its protection. 

 

Table of Scientific Notations 

𝑣: Ocean water flow velocity (𝑚/𝑠); 

𝑉𝑥  : Horizontal component of the velocity of water particles struck by the swell  (𝑚/𝑠) ;  

𝑉𝑧  : Vertical component of the velocity of water particles struck by the swell (𝑚/𝑠) ;  

𝑉𝑔 : Internal wave group velocity (𝑚. 𝑠−1) ; 

𝐶𝑔 : Swell group velocity  𝑚. 𝑠−1  ; 

𝛽 : Slope of the seabed; 

𝛽 
𝑚

: Average slope of the seabed; 

𝐶𝜑 : Swell phase velocity (𝑚. 𝑠−1) ; 

𝜂 : Vertical elevation of the water level relative to the reference (m) 

𝑧: Altitude (m) ; 

𝐻0: Crest-to-trough height of the offshore swell (m) ; 

𝐻𝑏 : Crest-to-trough height of the swell at the point of breaking (m) ; 

𝐻: Crest-to-trough height of swell in the coastal zone (m) ; 

𝑑0: Local water depth of the offshore (m) ; 

𝑑𝑏 : Local water depth at the breaking point (m) ; 

𝑑: Local water depth of offshorein the coastal zone (m) ; 

𝐿0: Wavelength of swell of the offshore (m) ; 

𝐿: Wavelength of swellin the coastal zone (m) ; 

𝑇0: Swell periodof the offshore (s) ; 

𝑇: Swell periodin the coastal zone (s) ; 

𝑇𝑚 : Average swell period (s) ; 

𝑟 : Position vector of a point on the free surface; 
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𝑘  : wave vector ; 

𝑃0: Pressure at the reference (𝑃𝑎 ) 

𝜌0: Density at reference (𝑘𝑔.𝑚−3) 

𝑔: Gravitational acceleration in Cotonou / CRHOB/CBRST ( ≈ 9,79 𝑚. 𝑠−2) ; 

𝜔: Wave pulsation (𝑟𝑎𝑑. 𝑠−1) 

𝑘: Wavenumber (𝑟𝑎𝑑/𝑚) 

𝜇: Dynamic viscosity (𝑃𝑎 . 𝑠) 

𝜗 =
𝜇

𝜌0
: Kinematic viscosity (𝑚2 . 𝑠−1) 

𝜌 : Small fluctuation in density (𝑘𝑔.𝑚−3) ; 

𝑃 : Small fluctuation in pressure (𝑃𝑎 ) ; 

𝛾 =
𝐻𝑏

𝑑𝑏
 : Breaking index proposed byKaminsky and Kraus (1993) ; 

𝑌0(𝑧) : Modified Bessel function of the 2
ème

species ; 

𝐸𝑐 : Kinetic energy of the swells (𝐽) ; 
𝐸𝑝 : Potential energy of the swells (𝐽) ; 

𝐸𝑡 : Total energy of the swells (𝐽) ; 
𝑃: Energy potential (Power) of the internal waves at an altitude z (Watts) ; 

𝜒 : Variations coefficient of the swells energy power per unit length; 

𝜓 : Variations coefficient of the total energy of the swells per unit length; 

𝛿 =
𝐿

𝐿0
 : Variations coefficient of the wavelength; 

𝛿1 =
𝐶𝜑

𝐶𝜑 0

 : Variations coefficient of the phase velocity; 

𝛿2 =
𝐶𝑔

𝐶𝑔0

  : Variations coefficient of the group velocity ; 

τ =
T

T0
 : Variation coefficient of the period; 

κs =
H

H0
 : Variation coefficient of the crest-to-trough height of the swell ; 

E′c : Kinetic energy of orbital marine currents generated by swells (J) ; 
E′p : Potential energy of orbital marine currents generated by swells at an altitude z (J) ; 

Et : Total energy of the orbital marine currents generated by the swells (J) ; 
P′: Energy potential (Power) of orbital marine currents at an altitude z(Watts) ; 
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