Formal definition and proof of completeness of inlining

Abstract

We prove a dual result to the verification-preserving inlining theorem: If the inlined program verifies, then there is
no true error for bounded executions of the original program. We call this result completeness of inlining (or simply
completeness). In our appendix of the supplementary material (see appendix.pdf), we have shown the key ideas behind the
completeness result and its proof. This document shows the details of the proof. We reuse the definitions and lemmas from
the Isabelle/HOL formalization of the verification-preserving inlining proof. Section 2 formalizes the restrictions described
in our appendix: The bounded semantics and the well-annotated hypothesis. Section 3 formally expresses the theorem, and
the stronger property that we prove by induction. Finally, each section afterwards proves a case of the proof by induction.
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1 Differences in notations with the paper

This document uses the notations from Isabelle to express the semantics, which are slightly different than the ones from the

paper, which were used for the sake of presentation. In this document, annotations are part of a program: While loops are

now expressed as while (b) inv I {s}, where [ is the loop invariant. Method pre- and postconditions are parts of the set of

methods M. Note that inlining ignores annotations, since the inlined program contains no method call and no loop.
Moreover, the function sem takes as input a set of states and a statement, and returns a set of states

semys @ P(X) x Stmt — P(X)

Furthermore, semas(A, s) is undefined if there exists a state in A for which s does not verify.
Similarly, the function ver takes as input a set of states and a statement, and returns a boolean:

veryr 1 P(X) x Stmt — Boolean

vern (A, s) holds if and only if the statement s verifies in all states of A.

2 Restrictions

2.1 Bounded semantics

As explained in the appendix, we need bounded semantics, that is semantics which stop executions when the parameter n of
the inlining reaches 0. We showed an example with instrumentation in the appendix. We define here bounded semantics
which behave in a similar way as this instrumentation.

The states ¢ we consider for the execution all define a special variable dep, which we also represent as a property of a
state given by the following function:

dep : ¥ — N
This special variable dep cannot be modified by most statements. It is only modified by the bounded semantics itself, when
dealing with loops and method calls.

The bounded semantics are defined with the two functions semBys : P(X) x Stmt — P(X) and verBys : P(X) x Stmt —
Bool. For a set of states A and a statement s, ver Bas(A, s) holds if and only if s verifies with all states in A in the bounded
semantics. In this case, semBa (A, s) is the set of states resulting from the execution of s from the states in A in the
bounded semantics. The definitions of verB and semB are similar the ones of ver and sem for most cases, except for
method calls and loops.

We use the notation assign b (where b is an assertion), it is syntatic sugar for havoc dep ; assume b. The bounded
semantics of method calls is:

ver Bur ({p}, 37 = m(:?)) =

T if dep(p) =0
very ({p},dep —=1; g.; = m(;) ;dep +=1) otherwise

@ if dep(¢) =0

B , Y i=m(z)) = N =
semBu({e}, y :=m(z)) {semM({gp},dep —=1;y:=m(z);dep+=1) otherwise

and loops (where T .= modif(s) No(p)),

ver By ({¢}, while (b) inv I {s})
=verBu ({|¢|}, havoc T ; assign 1 < dep < dep(y) ; inhale I ; assume b ; dep —=1; s ; exhale I)
Nverar ({¢}, exhale I ; havoc T ; assign 0 < dep < dep(y) ; inhale I ; assume —b ; dep < dep(p))
and
semB ({p}, while (b) inv I {s})
=semu ({¢}, exhale I ; havoc T ; assign 0 < dep < dep(yp) ; inhale I ; assume —b ; dep < dep(p))
We also define the following function

deps : N — singleton of %

where deps(n) is the singleton containing the unique state ¢ that has no impure resource and defines only the special
variable dep with the value n. Thus, dep(p) = n and o(p) = {deps}.

2.2 Well-annotated hypothesis

This hypothesis assumes that the program has already been annotated. The idea (explained in the appendix) is that, if
the assertion language is expressive enough, then we can instrument any program and create such an annotation. The
well-annotated hypothesis expresses that the program we have at hand (the initial statement and the set of methods) have
already been annotated in this way. The formal result we prove is therefore not that there exists an annotation such that
the original program verifies, but that a program annotated in the way we describe here (well-annotated), then it verifies.
We do not formally prove that we can instrument a program to obtain this property, but we illustrate here how to construct
such an annotation, and why it is possible.



2.2.1 Idea: Methods calls are indexed
We express the fact that it is possible to distinguish different states using some local variables with the following definition:

Definition 1. A set of states Ind is mutually disjoint if and only if
Vi, j € Indi # j = —(i#5)
We then define the concept of a partial annotation for a method:

Definition 2. A partial annotation for a method m is a list of quadruples
[[m, i1, Pr,@Qa], ..., [my ik, Pe, Qxl]

with i; € X (indices, pure states), and P; and Q; annotations. They represent the following:
method m(...) returns (...)

requires il (| ... || ik

requires il ==> P1

requires ik ==> Pk
ensures il [/| ... || ik
ensures il ==> Q1

ensures ik ==> Qk
A method with such an annotation verifies if and only if it verifies for all quadruples:

Lemma 1. If the indices of the partial annotation are mutually disjoint, then the method m partially annotated verifies if
and only
Vil<j<k= {ij A Pj}m{ij A Q]}
We also have the property that, if the indices of the assertion are mutually disjoint, then inhaling or exhaling such an

assertion in a state which is compatible with one index is the same as inhaling or exhaling the assertion corresponding to
the relevant quadruple:

Lemma 2. If the indices of the partial annotation P,Q are mutually disjoint, and @#i;, then

very ({¢}, inhale Q) = very ({¢}, inhale Q)

semu ({¢},inhale Q) = sema ({0}, inhale Q;)

vera ({p}, exhale P) = very ({¢}, exhale P;)
( )

sema ({¢}, exhale P) = semu ({¢}, exhale P;)

2.2.2 Projection
We now formally define the concept of projecting a state onto a set of local variables, which is needed to express the
well-annotated hypothesis.

Definition 3. ¢ isg state, V' a set of variables. myz(p) is the state with the same permissions, but where we removed all
variables outside of V.
T (A) = {7y (p)lp € A}
We then express two simple lgmmas, which can be proved from the Isabelle formalization axioms. If a statement does
not read any of the variables in V| then these variables do not influence the execution of this statement:

Lemma 3. If read(s) N V= &, then, for all p € X:

vern({¢}, s) <= vern({hy(#)})
(@)} s) @ {mo(leD}

semu({}, 5) = semut ({hy
Lemma 4. If read(s) C I_;, then, for all p € X:

very ({p}, s) <= vern({mp(9)})
my (sema ({¢}, 5)) = semu ({7 (#)}, 5)

2.2.3 Collecting method annotations

To prove that the original annotated program verifies, we need to prove that all methods verify w.r.t. their annotations.
We prove the completeness theorem by computational induction on the structure of the inline function. In particular, the
induction hypothesis states that the methods verify w.r.t. the partial annotations which have not been tackled yet. To
capture these partial annotations which have not been tackled yet, we define the collectAn function. This function “collects”
all partial annotations which come from the remaining method calls in the program.

The variables of this function are as follows:



M is the set of methods of the program.

n is the depth up to which we inline.

U is the set of variable names already used in the inlining. It is used for avoiding the capture of variables when
inlining a method call and renaming it body.

V is the set of variable names readable in the current method (since a method body does not have access to variables
not passed via the arguments).

A is the current set of states in the execution of the inlined program.

s is the statement we inline.

Definition 4. collectAn

Method call (dgpth =ngtl) R
collect Any (U, V, A, Y = =m(z)) := {(m, ind, Ping, Qina)} U collect An't; (U Umodif(s'), read(s"), A, s)
where
— m corresponds to Lgr_gé rth.;, _,_,8) in the set of methods M
— t:=(argsUrets, z U y,U, modif(s))
— s’ :=rename.(s) R
— A= semum (A, inly (U Umodif(s'),s'))
- Inh(P”Ld) - ﬂ-arqsLJrets (Tenamet 1( )) S deps(n)
Inh(Qina) = Targiurerz(rename,—1 (A")) @ deps(n)
Loop (depth =n+1)
collectAn?jl(U, V7 A, while (b) inv I {s})
= collectAnM(l_f v, fo(A),s)U collectAnI\/[(_> U Umodif(s'), vV, semar(fo(A),s'), while (b) inv T {s})
whe're s mlM(U s) and A’ = semn (fo(A),s)
Sequentzal composztzon N N N
collectAnM(U V A s1; 82) := collectAny; (U, V, A, s1) U collect Ant; (U U read(sy),V, semar (A, s1), s2)
where s} 1= mlM(U s1)

Non- determzmstzc branching N N
collectAnM(U V A,if (%) {s1} else {s2}) := collect An}y; (U, V, A, s1) U collect Anfy (U, V , A, s2)
Other cases N

collectAn’y (U, V, A, s) := @ otherwise

The most interesting case, the method call case, states that the partial annotation corresponding to this method call is
the union of the quadruple (m, ind, Pina, Qina) with the partial annotation corresponding to the inlining of the body of this
method. Pj,q4 is the assertion which captures the set of states from the execution before the method call, but renamed and
for and projected onto the arguments of the method m. Similarly, Q;n4 is the assertion which captures the set of states
from the execution after the method call, but renamed and for and projected onto the arguments of the method m.

2.2.4 Well-annotated: Formal definition

We finally deﬁne the well-annotated function. This function expresses that loop invariants capture the sets of states (up to
the variables U ) from the execution before and after each loop 1terat10n with the right indexing, and method preconditions
and postconditions capture the sets of states (up to the variables U ) from the execution before and after the method call,
also with the right indexing.

Definition 5. wellAnnot

Method call (depth =n+1)
wellAnnot"H(U V,A Y = m(;))
< (3(m,ind, Pindg, Qind) € collectAn"H(U V,Ay = =m(z )) A#|ind| A A'#|ind| A o(|ind|) C z
ANInh(Pina) = T —(rename,—1(A)) ® deps(n) A Inh(Qina) = —z(rename,—1(A")) @ deps(n))
Arename,—1 (|ind|) ® Inh(P) = rename,—1(|ind|) ® Inh(P;nq)
Arename,—1(|ind]) ® Inh(Q) = rename,—1(|ind|) ® Inh(Qind) A wellAnnot?V[(ﬁ Umodif(s'),read(s"), A, s")

— T—
argsUrets argsUrets

where
_— _— > —

— t:= (argsUrets, z U v, U, modif(s))
— s :=rename.(s) R
— A" = semum (A, inly (U Umodif(s'),s"))
Loop (depth=n+1)
wellAnnot"H(U, V, A, while (b) inv I {s})
<> (Find € L. A#|ind| A |ind| & deps(n + 1) @ Inh(I) = wv (A) A o(ind) N modif(s) = &)
AFind € £. A'#|ind| A |ind| © deps(n + 1) @ Inh(I) = mv (A") A o(ind) N modif(s) = @)
/\wellAnnotK/[((_J), v, fo(A),s) A wellAnnot?bI(U Umodif(s'), V, semas (fs(A), s'), while (b) inv I {s})

where



- s = inl’]\}(ﬁ7 s)
— A= semum(fo(A),s)
Loop (depth =0)

—

well Annoty, (U, V, A, while (b) inv I {s}) < (Find € Z.A#|ind|A\|ind|®deps(0)DInh(I) = v (A)Ao(ind)Nmodif(s) =

e Sequential composition

wellAnnotXI(ﬁ, V,A s1; 82)
U,v,

< well Annoty (U, V, A, s1) A wellAnnotM(U U read(s}), vV, sema (A, s1), s2) (where s} := inl}b[(ﬁ:sl))

Non-deterministic branching

- — —

wellAnnotKl([_]), V, A, if (%) {s1} else {s2}) <= wellAnnoty; (U, V, A, s1) AN well Annoty, (U, V, A, s2)

Other cases

—

well Annoty (U, X_;, As) =T

3 Completeness

3.1 Theorem

We now express the completeness theorem, where ver MethodsB(M) expresses that all methods of M verify w.r.t. their an-
notations, and annot(M, collect An'y;(modif(s), read(s), {u}, s)) is the set of methods M that have been annotated with the
quadruples collect Anly;(modif(s), read(s), {u}, s). The annotation corresponding to collect An’y; (modif(s), read(s),{u},s)
is the same as the one expressed in the well Annot function.

Theorem 1. If
1. The program is well-formed: wfStmia(s) A wfMethods(M)
2. The program is well-annotated: well Annoty;(modif(s),read(s), {u},s)
3. Loop iterations do not create new variables.
4. very ({u}, inlhy; (modif(s), s))
Then

1. verBu ({deps(n)}, s)
2. ver MethodsB(annot(M, collect An%y; (modif(s), read(s), {u}, s)))

3.2 Property proved by induction
To prove the completeness theorem, we prove the following stronger property by computational induction on the structure
of the inline function:
Definition 6. The completeness invariant, written CompletenessInvy,(s), holds if and only if:
For all set of states A, sets of variable names V and U, if

wfStmtn(s) ANwfMethods(M)
read(s) C V Adep ¢ v
modif(s) C U A dom(A) C U
well Annothy (ﬁ, V, A, s)
very (A, ml%(ﬁ7 s))
Loop iterations do not create new variables

Then
1. ver By (A @ deps(n), s)
2. wy(semBa (A @ deps(n), s)) = myp(semar (A4, inl"M(ﬁ, s)))
3. verMethodsB(annot(M, collectAnTAL/I([_]) ‘7 A, s)))

This property is trivial for statements which do not contain any loops or any method calls, since the inlined program is
the same as the original program, and nothing has to be proved for collect An M(U V A, s))) since it is empty.
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4 Induction case: Non-deterministic branching

Lemma 5. If
1. CompletenessInvy(s1)
2. CompletenessInvyy;(s2)

then
CompletenessInvy; (if () {s1} else {s2})

Proof. Let s := (if () {s1} else {s2}), we assume CompletenessInvy(s1) and CompletenessInvyy(s2).
Let A be a set of states, V' and U sets of variable names.
To prove the invariant, we assume that
1. wfStmta(s) ANwfMethods(M)
2. read(s) C V Adep ¢ v
3. modif(s) C U A dom(A) C U
4. wellAnnotRI(ﬁ, V,A, s)
5. verm (A, inl?v[(ﬁ, s))
6. Loop iterations do not create new variables
We need to prove the following points:
1. verBu (A @ deps(n),if (x) {s1} else {s2})
2. wyp(semas (A, inlhy (ﬁ if (x) {s1} else {sz}))) w7 (semBar (A @ deps(n), if (%) {s1} else {s2}))
3. verMethodsB(annot(M, collectAnM(U V,A, if (x) {s1} else {s2})))

We have verar (A, inl”M(ﬁ, s1)). From CompletenessInvyy;(s1), we get

ver By (A @ deps(n), s1) (1)
m(semar (A, inl?@(ﬁ, s1))) = myp(semBuy (A & deps(n), s1)) (2)
ver MethodsB(annot(M, collectAnXI(ﬁ, V, A, s1))) (3)

We have verys (A, inl’]\}(ﬁ, s2)). From CompletenessInvy(sz2), we get
ver By (A @ deps(n), s2) (4)
m(semar (A, ianI(ﬁ, s2))) = myp(semBuy (A @ deps(n), s2))
ver MethodsB(annot(M, collectAn’j/[(ﬁ, ‘7, A, s2)))

—~ o~
S Ot
= =

4.1 Point 1
verBu (A, s) <= verBu (A, s1) AverBu (A, s2)

We conclude using Equation 1 and Equation 4.
4.2 Point 2

71'V>(semj\/1(A7inlﬁ/[((.j7 s))) =myp(semar (A, if (%) {inlx[(ﬁ,sl)} else {inl}h((’j, s2)}))
w7 (semar (A, mlM(U s1)) UsemM(A7inl;(/[((.j7 $2)))
semar (A, mlM(U s1))) U ﬂv(semM(AJanI(ﬁ, s2)))

(
(
(
(semBa (A, s1)) U (semBa (A4, s2)) (Equations 2 and 5)
(
(

v

v

w7 (semBar (A, s1) U semBa (A, s2))
w7 (semBa (A, s))

4.3 Point 3
Since collectAn’A}(ﬁ, ‘_/), A, s) = collectAn’I(/I(ﬁ, ‘_/!, A, s1)U collectAnX,(U, ‘7, A, s2), we have

ver MethodsB(annot(M, collect An'y, (l_j, V, A, s)))

<= wverMethodsB(annot(M, collect An’y; (U, V, A, s1))) A ver MethodsB(annot(M, collect An'y; (U, I_;7 A, s2)))

which corresponds to Equation 3 and Equation 6.



5 Induction case: Sequential composition

Lemma 6. If
1. CompletenessInvy(s1)
2. CompletenessInvyy;(s2)

then
CompletenessInuvy;(s1 ; s2)

Proof. Let s:= (s1; s2), we g}ssume.)CompletenessInv}\} (s1) and CompletenessInvy,(s2).
Let A be a set of states, V' and U sets of variable names.
To prove the invariant, we assume that
1. wfStmtr(s) ANwfMethods(M)
2. read(s) C V Adep ¢ v
3. modif(s) C U A dom(A) C U
4. wellAnnotRI(ﬁ, Y_;, A, s)
5. verm (A, inl?v[(ﬁ, s))
6. Loop iterations do not create new variables
We need to prove the following points:
1. verBu (A @ deps(n), s1; $2)
2. wv(semM(A,ml”M(ﬁ,sl i 52))) = miz(se
3. verMethodsB(annot(M, collect Anfy; (ﬁ,

7’11; M (A @ deps(n), s1; s2))
V,A, s1;82)))

We have verar (A, inl”M(ﬁ, s1)). From CompletenessInvyy;(s1), we get
ver By (A @ deps(n), s1)
m(semar (A, inl?@(ﬁ, s1))) = myp(semBy (A & deps(n), s1))
ver MethodsB(annot(M, collectAn’AL/I(ﬁ, \_;, A, s1)))

—~ o~ o~
© oo 3
= T =

Let s} := inl&(ﬁ, s1), and A’ := sema(A, s1). From very (4, s} ; inl}&(ﬁUread(s’l), s2)) we get vera (A’ inl%(ﬁ, s2)).
From CompletenessInvy;(s2), we get

verBas (A" @ deps(n), s2) (10)
7y (sema (A, inl?u(l_f Uread(s}), s2))) = mp(semB (A’ @ deps(n), s2)) (11)
ver MethodsB(annot(M, collect An'y; (ﬁ U read(s}), V, A, s2))) (12)

5.1 Point 1

verBa (A, s1 ;5 s2) <=wverBu (A, s1) AverBar(sema (A, s1), s2)

<=wverBu (A, s1) AverBa(my(semar (A, s1)), s2) (Since read(s2) C V)

<=wverBu (A, s1) AverBar(my (semar (A4, inlM(ﬁ, s1))), s2) (Using Equation 8)

<=wverBu (4, 51) AverBu(mg (A’ 52))

<=wverBu (A, s1) AverBa (A’ s2) (Since read(s2) C V)

We conclude using Equation 7 and Equation 10.
5.2 Point 2
77‘7(semM(A,ianI(ﬁ,sl ;1 82))) =7y (semM(A,ian/[(U,sﬂ ; inl}lw(l_ju read(st), s2)))

=my(semns(semar (A, inlnM([_f, a)),inl%((_f Uread(s)), s2)))
=y (sema (A, inlnM([_j U read(s), s2)))
=ng(semBu (A, 52)) (Using Equation 11)
=y (semBuy (mg(4'), 52)) (Since read(s2) C ‘7)
=7 (semB (7 (semBar (A, s1)), s2)) (Using Equation 8)
=7 (semBa (semBa (A, s1), 52)) (Since read(s2) C ‘7)
=ny(semBa (A, s1 5 s2))



5.3 Point 3
Since collectAn}\L/[(ﬁ, ‘7, A,s1;82) = collectAn}LV[(ﬁ, ‘7, A, s1)U collectAnK/I(ﬁ U read(s?), ‘7, A’ s2), we have

ver MethodsB(annot(M, collectAnRI(U, X_;, A, s1;82)))
<=verMethodsB(annot(M, collect An'y; (ﬁ, V, A, s1))) A verMethodsB(annot(M, collect An'y; (U U read(s}), V, A, 52)))

which corresponds to Equation 9 and Equation 12.
O

6 Induction case: Method (depth =n = 0)

Lemma 7.
CompletenessInvi (Y = m(T))

Proof. Let A be a set of states, V and U sets of variable names.
To prove the invariant, we assume that

wfStmta (Y = m(Z)) A wfMethods(M)

read(y :=m(7Z)) C VA dep ¢ v

modif (Y = m(@)) C U Adom(A) C U

wellAnnot?w(ﬁ, 7, A = m(?))

very (A, mlﬁl(ﬁ Y =m(7)))

Loop iterations do not create new variables

IR o e

We need to prove the following points:
1. verBa (A ® deps(0), ¥ = m(T))
True by definition.
2. wp(semar (A, inlS (U, Y = m(7)))) = mp(semBu (A @ deps(0), § := m()))
o inlf( U Y :=m(Z)) = assume L
o semBy (A, Y = m(?)) =0
o mp(semar(A,inlly (U, Y == m(@)))) = 7 (&) = 7wy (semBus (A & deps(0), ¥ :=m(7)))
3. verMethodsB(annot(M, collectAn&I(.[_j, V, A, =m(7))))
Directly follows from collectAnS, (U, V, =

S
QL

7 Induction case: Loop (depth =n = 0)
Lemma 8.
CompletenessInvy; (while (b) inv I {s})

Proof. Let A be a set of states, V and U sets of variable names.

To prove the invariant, we assume that

1. wfStmty (while (b) inv I {s}) A wfMethods(M)

2. read(while (b) inv I {s}) C VA dep ¢ V

3. modif(while (b) inv I {s}) C U A dom(A) C U
4. wellAnnot(])W(ﬁ, V, A, while (b) inv I {s})
5. verM(A,ml(}w(ﬁ7 while (b) inv I {s}))
6. Loop iterations do not create new variables

Let ¢ € A and 7= modif(s) No(p). We have

semar ({¢} @ deps(0), exhale I ; havoc T ; assign 0 < dep < 0 ; inhale I)
=sems ({|varphi|} @ deps(0), havoc T ; assign 0 < dep < 0 ; inhale I) (Well-annotated hypothesis)
=semu ({h7(|Jvarphi])} @ h(T) ® deps(0), assign 0 < dep < 0 ; inhale I)
=semu ({h7(|Jvarphi])} @ h(T) @ deps(0), inhale I)
={h7(jvarphi|)} @ h(T) @ deps(0) & Inh(I)
={h7(jvarphi|)} & h(T) @ deps(0) ® 2 (A) (Well-annotated hypothesis)

Thus, since Tc modif(s) C read(s) C 177

m({¢}) C myp(sema ({p} @ deps(0), exhale I ; havoc T ; assign 0 < dep < 0 ; inhale D) Crwyp(A)



Therefore

m(semar (A @ deps(0), exhale I ; havoc T ;assign 0 < dep < 0;inhaleI)) = A (13)
We need to prove the following points:
1. ver By (A, while (b) inv I {s})
e verBua({|¢|}, havoc T, ass.i»gn 1 <dep <0;inhale;assumeb;dep —=1; s ; exhale I)
since semBu ({|¢|}, havoc I jassignl < dep <0) = @
e very ({p}, exhale I ; havoc l ; assign 0 < dep < 0 ; inhale I ; assume —b ; dep < 0)
using Equation 13
2. 7y (sema (A, inll; (while (b) inv T {s}))) = np(semBu (A, while (b) inv I {s}))
7y (semar (A, inly, (while (b) inv I {s}))) =ny (semar (A, assume —b))
=7 (f-6(A))
=7y (semBa (A, while (b) inv I {s})) (Using Equation 13)
3. verMethodsB(annot(M, collect A &[(_(:f, V, A, while (b) inv I {s})))
Directly follows from collectAnS, (U, V, A, while (b) inv T {s}) =
O
8 Induction case: Method (depth =n+ 1)
Lemma 9. If
1. The method name m corresponds to the method (args,@, P,Q, s) in the set of methods M.
2. C’ompletenesslnvxf(rename((;;éguggi;’;Ugﬁ’modiﬂs))(s))
Then
CompletenessInvy (f == m (7))
Proof. Let t := (argsU 7@%’, zU 3—;, U), modif(s)) be a renaming configuration.
Let s’ := rename.(s). We have
inly (Y = m(2)) = ml}(/[((_f Umodif(s'),s")
Let us assume CompletenessInvy, (s').
Let A be a set of states, V and U sets of variable names.
To prove the invariant, we assume that
1. wfStmir (Y = m(T)) AwfMethods(M)
2. read(s) C V Adep ¢ v
3. modif(s) C UA dom(A) C U
4. wellAnnotK,[(l_]), V,A, Y =m(7))
5. verar (A, inlhy( ﬁ Y =m(7)))
6. Loop iterations do not create new variables
Let P’ := rename_&muﬁjug,g’g)(P), and Q' := rename(MUT;;’;U;,z’g)(Q)
Since read(P) C x, we have P’ = rename;(P). Similarly, since read(Q) C = U y, we have Q' = rename;(Q).
We need to prove the following points:
1. verBy (A @ deps(n+1),dep —=1; exhale P havoc y inhale Q ; dep +=1)
2. wyp(semBuy (A @ deps(n+1),dep —=1; y = m( ) dep +=1))
= my(semar (A, inly (U, Y = m(?))))
3. verMethodsB(annot(M, collectAnz\L/}H(ﬁ7 177 A, =m(7))))
From CompletenessInvy;(s'), we get
ver Bu (A @ deps(n), s) (14)
Tread(s') (SemBar (A @ deps(n), ') = Tread(s’) (semu (A, ml}f/[(ﬁ U modif(s/), ) (15)
ver MethodsB(annot(M, collect An'y, ((7 Umodif(s"), read(s’), A,s"))) (16)

—

Let ar := args U rets



From hypothesis 4 (well%lanoiﬁ}Q(l.j7 177 A = m(?))), there exists ind, Pind, Qina such that

At|ind| (17)
semar (A, inly (s")#]ind| (18)
o(|ind|) C = (19)
rename,—1(|ind|) @ Inh(P) = rename,—1 (|ind|) & Inh(Pina) (20)
rename,—1(|ind]) ® Inh(Q) = rename,—1 (|ind|) & Inh(Qina) (21)

and

Inh(Ping) = rename,—1(A))®deps(n)AInh(Qina) = rename,—1 (semar (A, mlM(UUmodzf( "), 8'))))Ddeps(n)

argiureis ( Targiurets(
argsUrets argsU'rets

Therefore we have
Inh(rename:(Pina)) = 207 (A) @ deps(n) (22)
Inh(rename(Qina)) = w77 (semu (4, mlM(U Umodif(s"),s"))) @ deps(n) (23)

8.1 Proving point 1 and 2
Let ¢ € A. We have

semBu ({¢} ® deps(n +1),dep —= 1 ; exhale P’ ; havoc y inhale Q' ; dep += 1)

=semBu ({¢} @ deps(n), exhale P’ ; havoc y ; inhale Q ;dep +=1)

=semBn ({p} ® deps(n), exhale rename:(P) ; havoc y inhale Q' ; dep += 1)

=semBn ({p} @ deps(n), exhale renamet(Pmd) havoc y inhale Q' ; dep += 1) (Using Equations 17 and 19)

=semBn ({|¢|} @ deps(n), havoc y inhale Q' ; dep += 1) (Using Equation 22)

—semBur ({3 (1)} © h(y) © deps(n), inbale Q' ; dep += 1)

—semBM({Eg(ka} @ h(y) ® deps(n),inhale rename.(Q) ; dep +=1)

=semBun ({h3(|¢])} @ h(y) @ deps(n) ® rename:(Inh(Q)), dep +=1)

— (B (1)} © hly) @ deps(n + 1) & rename,(Inh(Q))

—{hﬂ(|np\)} h(y) @ deps(n + 1) & rename;(Inh(Qina)) (Using Equations 18, 20, 21, and zn g_/) = 0)
={h 7D} © h(y) © deps(n + 1) © 77,7 (sem (A, mlM(UUmodzf( N,5)) (Using Equation 23)
(T (1)} @ mz 5 (sema (A, inlls (T Umodi ('), ) ® deps(n + 1)

Therefore

my(sema (A @ deps(n+1),dep —=1; y =m(x ) dep +=1))
= U (my {h" lo} @ mzyy (sema (4, mlM(ULJmodzf( ,8))

pEA
= J Urp_z(eD}) @ mz07 (semar (A, inli (U Umodif(s)), s')))
peA
=7r‘—;_g(|A|) &) W;U;(semM(A mlM( Umodif(s'),s")))
=mg(semar (A, inli (U Umodif(s ) s)) (Since V N modif (inlty (U Umodif(s'),s)) C )

=mg(semar (A, il ( U, 7 = m(7))))
8.2 Proving point 3
Since collectAn”+1(U, VA7 = m(Z)) = {(m, ind, Pind, Qina)} U collectAn}\L/[(ﬁU modif(s'),read(s’), A, s"), we have

ver M ethodsB(annot(M, collectAn"+l(U V, A, Y =m(7)))) =
ver By (h(args) @ h(rets),inhale P;,q ; s ; exhale Qinq) A ver MethodsB(annot(M, collectAnTJ\L/[(ﬁ> Umodif(s"), read(s’), A,s")))

The first part is given by Equation 14, thus we only need to prove the second part.
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By inverting the renaming (which is well-formed), we have

verBar(h(args) @ h(rets),inhale P;,q ; s ; exhale Qina)
<——=verBu h(renamet(chg)) @ h(rename; (7@%)7 inhale rename(Pina) ; renameq(s) ; exhale rename;(Qina))
<~——=verBu h(;) P h( ), inhale rename;(Ping) ; s’ ; exhale rename:(Qinda))
(;) P h( @ renamei(Inh(Pina))), s’ ; exhale rename(Qind))
(z

<= wverBy (h(xz) @ h( @ =2, (A) ® deps(n), s’ ; exhale rename;(Qing)) (Using Equation 22)

(
(
(

<= verBun(h
( zUy

<=wverBu(mz,7(A) © deps(n ),s" ; exhale rename;(Qina))

cverBa (2,7 (A) @ deps(n), ') A semBat (n 2,7 (A) @ deps(n), ') >> rename:(Inh(Qind))) (24)

zUy
Since o(A) Nread(s’) C zU Z] (renaming property), we have

verBu (7,7 (A) © deps(n), s’) <= verBu (A @ deps(n),s’)

zUy

given by Equation 14, which concludes the left part of Equation 24.
Moreover

Tread(s’) (sSemBu (12,7 (A) © deps(n), s'))

=nz, 7 (semBu (A @ deps(n),s’)) (Since Uy C read(s'))
=1207 (Tread(sy (sem B (A © deps(n), s)) (Since zU g_/) C read(s"))
=207 (Tread(s’) (semar (A, inle(ﬁ Umodif(s'),s)))) (Using Equation 15)
=Tread(s') (TZu7 (semar (A, inl?w(ﬁ Umodif(s),s))))
=Tread(s’) (rename;(Inh(Qina))) (Using Equation 23)
=renamet(Inh(Qina))

Therefore

semBu (77,7 (A) @ deps(n), ') >> Tread(sy (semBur (77,7 (A) @ deps(n), s')) = rename;(Inh(Qina))

zUy

which concludes Equation 24.

9 Induction case (depth =n + 1)

Lemma 10. If
1. CompletenessInvyy(s)
2. CompletenessInvy; (while (b) inv I {s})
then
CompletenessInvy; ' (while (b) inv I {s})

Proof. Let w :iwhile (b) inv I {s}, we assume ijpleteneislnvi/[(s) and CompletenessInvy(w).
Let o € A, I :=modif(s)No(p), s’ :=inl}(U,s), and U’ := U Uread(s’). To prove the invariant, we need to prove
the following points:
1. verBu({|o|} @ deps(n + 1), havoc T ; assi%n 1<dep<n+1;inhale [ ;assumeb;dep —=1; s ; exhale I)
2. verm({p} @ deps(n + 1), exhale I ; havoc [ ; assign 0 < dep < n+ 1 ; inhale I ; assume —b ; dep < n + 1)
3. wyp(semar (A, inl’]t;rl([?, while (b) inv I {s}))) = mp(semBn (A & deps(n + 1), while (b) inv I {s}))
4. verMethodsB(annot(M, collectAn;(/[H([_]), V, A, while (b) inv I {s})))

Points 1 and 2 combined yield ver By (A @ deps(n), while (b) inv I {s}).
By definition, we have

inl’jfl(ﬁ, while (b) inv [ {s}) = if (%) {assume b ; inl’&(ﬁ, s); inl}&(ﬁ, while (b) inv I {s})} else {assume —b}

We thus have very (A, assume b ; inl’]\y(ﬁ, s) 5 inlyy (57, w)), which gives us very (fb(A),inlﬁf(U), s)).
From CompletenessInvy,(s), we get

ver By (fu(A) @ deps(n), s) (25)
A (sema (fo(A), ianI((_j, s))) = myp(semBuy (fo(A) @ deps(n), s)) (26)
Aver M ethodsB(annot(M, collectAnTJQ(ﬁ, V, A, s))) (27)
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Let " := inlﬁ}((.i s), and A" := sema(fp(A),s’). Using Completeness]nvx/[(ﬁ,w), we get

verBu (A" @ deps(n), w) (28)
A (semas (A, inl?vf((‘f', w))) = 7w (semBa (A’ @ deps(n), w)) (29)
Aver MethodsB(annot(M, collect An'y ([7, ‘7, A w))) (30)

9.1 Proving point 4

By definition, we have .
collect An’y (U, V, A’ while (b) inv I {s}) = collectAn’};(U,V, A, s) U collect An’y;(U’,V, A’, while (b) inv I {s})
Combined with Equation 27 and Equation 30, we get point 3.

9.2 Dividing point 1
We have

ver By ({|¢]} @ deps(n + 1), havoc T ;assign 1 <dep <n+1;inhale;assumeb;dep —=1;s;exhale I)
<—verBu({|p|} @ deps(n + 1), havoc T ; assign dep =n + 1 ; inhale I ; assume b ; dep —=1; s ; exhale I)

(Point 1.1)
AverBu ({|e|} @ deps(n + 1), havoc T ;assign 1 < dep < n ; inhale I ; assume b ; dep —= 1 ; s ; exhale I
(Point 1.2)
9.3 Proving point 1.1
We have
semBu ({|p|} @ deps(n + 1), havoc T ; assign dep = n + 1 ; inhale I)
={h7(¢))} ® h(_f) ® deps(n + 1) @ Inh(I) (Normal semantics)
={h7(¢)} ® WT) @ deps(n+1) @ iy (A) (Well-annotated hypothesis)

It follows that
7y (semBu ({|e|} @ deps(n + 1), havoc T ; assign dep = n + 1 ; inhale I)) C np(A) @ deps(n + 1)

Then

my(semBa ({|¢]}, havoc T ; assign dep = n+ 1 ; inhale I ; assume b ; dep —= 1)) C wp(fo(A)) @ deps(n)
From Equation 25 and since read(s) C ‘7, we get:

ver By ({|¢]} @ deps(n + 1), havoc T ; assign dep =n + 1 ; inhale I ; assume b;dep —=1; s)
and

semBu ({|p]} @ deps(n 4+ 1), havoce T ; assign dep =n + 1 ; inhale I ; assume b;dep —=1 s)

>>mp(semBuy ({|p]} @ deps(n + 1), havoc T, assign dep =n + 1 ; inhale I ; assume b ; dep —=1; s))
=ny(semB (semBar ({|¢|} @ deps(n + 1), havoc T ; assign dep =n + 1 ; inhale I ; assume b ; dep —= 1), 5))

)
=semBp (m(semBa ({|¢|} @ deps(n + 1)), havoc T ; assign dep =n + 1 ; inhale I ; assume b ; dep —= 1), s)
(Since read(s) C )

>>semBy (1 (fo(A) @ deps(n)), s)
=ny(semBu (fo(A) @ deps(n), s))
=ny(semar(f(A, mle(ﬁ, s)))) (Using Equation 26)
=Inh(I) (Well-formed annotated hypothesis)

This concludes the case, by definition of the verification of exhale statements. Therefore, it remains to prove point 1.2
to have point 1.

9.4 Dividing point 2
For all ¢ € A:
very ({p} @ deps(n + 1), exhale I ; havoc T ;assign 0 < dep < n+1;inhale [ ; assume —b ; dep < n + 1)

<= verm({¢} ® deps(n + 1), exhale I ; havoc T ; assign dep = n + 1 ; inhale I ; assume —b; dep < n+ 1)
(Point 2.1)

Nvery ({¢} @ deps(n + 1), exhale I ; havoc T ; assign 0 < dep < n ; inhale T ; assume —b ; dep < n + 1)
(Point 2.2)
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9.5 Dividing point 3
We want to show

my(semar (A, inl?jl(ﬁ, while (b) inv I {s}))) = np(semBuy (A @ deps(n + 1), while (b) inv I {s}))

We have
sem (A, ml"“(U while (b) inv T {s})) =semum (A, if () {assume b ; inlﬂ([_j, 8); inle(?, w)} else {assume —b})
=semu(fo(A),inliy (U, s) 5 inli (U, w)) U fp(A) (31)
Using N N
Vo € A.semBa ({p} ® deps(n + 1), exhale I ; havoc ) = {h7(|¢|)} ® k(1) & deps(n + 1)
we obtain

semBur (A @ deps(n + 1), w)
=semm (A ® deps(n + 1), exhale I ; havoc T ;assign 0 < dep <n+1;inhale I ; assume —b; dep + n+ 1)

= U semar ({h7 (o))} ® (1 ) @ deps(n + 1), assign dep = n+ 1 ; inhale I ; assume —b ; dep < n + 1) (S1)
pEA

U U sema({h7(Jo])} @ h(_f) @ deps(n + 1), assign 0 < dep < n ; inhale I ; assume —b ; dep < n + 1) (S2)
pEA

We will prove the following points:
e Point 3.1: 7w(S1) = mp(f-s(A))
e Point 3.2: m(S2) = 7r‘7>(semM(A',inl"M(l7,w)))

Using these two points, we get

my(semar (A, w)) =mp(S1) Ump(S2)

(
=77 (f-p(A)) Unmp(semp (A, mlM(U w)))
g (0 A)) U (semar (A il (T, ) inliy (U w))
:’]T“/’(SemM(A,ian;rl(U ,w)))

9.6 Proving points 2.1 and 3.1

Let p € A.
sema ({h7 (@)} @ h(1 ) @ deps(n + 1), assign dep = n + 1 ; inhale I)
={h7(¢l)} @ h(T) & deps(n + 1) & Inh(I)
={h7(p)} ® h(T) @ deps(n+1) @ wp(A) (Well-annotated hypothesis)
Then

g (sema ({h7(Jo))} @ h(T) @ deps(n + 1), assign dep = n + 1 ; inhale I)) = 7wy (A)
We then have

mp({e}) C mp(semu ({h7(1¢])} @ h(T) @ deps(n + 1), assign dep = n.+ 1 ; inhale 1)) C 7 (A)
Thus, we get
mr(semar (A @ deps(n + 1), exhale I ; havoc T ; assign 0 < dep < n+ 1 ; inhale 1) =nyp(A)
Then, since dep ¢ V and read(assume —b) C 177
T (S1) = 7 (f-5(A))

which proves Point 3.1
To prove points 1.2, 2.2, 3.2, we need to distinguish two cases.

9.7 First case: A’ # &

In this case, there exists ¢ € A’. Since loop bodles cannot create variables (hypothesis), o(y) = a(¢"). Moreover, by
definition of A" and of l we have that ¢ and ¢’ are equal outside of T , namely h7(|¢]) = h7(|¢'])
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9.7.1 Proving point 1.2
We have semB ({|¢|} @ deps(n + 1), havoc T) = semBu ({|¢'|} @ deps(n + 1), havoc 7) We can conclude using
verBar (A’ & deps(n + 1), w) (Equation 28).
9.7.2 Proving point 2.2 and 3.2
Since an iteration cannot create new variables, we have
{hr (e} @ h(1) ={hy(l¢'N} @ (1)
From Equation 28, we get
Vo € Awvery ({¢}, exhale I ; havoc T ; assign 0 < dep < n ; inhale I ; assume —b ; dep < n + 1)

and from Equation 29, we get N
T (S2) = myp (semar (A, inly; (U', w)))

9.8 Second case: A' =@

By induction over wellAnnot, we get:
Vi < nhg (o)) @ h(V) & deps(i) & Inh(I) = @

Since 1 C modif(s) C read(s) C ‘7, we have that h7(|¢|) ® h(_f) Chy(le) @ h(\—;), thus

—

Vi < n.hp (o)) ® h(1) @ deps(i) ® Inh(I) = &

Points 1.2 and 2.2 follow immediately.

9.8.1 Proving point 3.2

T (S2)
=7 ( U semym ({h7 (@)} @ h(T) @ deps(n + 1),assign 0 < dep < n ; inhale I ; assume —b ; dep < n + 1))
pEA

=ry(J 2)

peA
=7y (9)
=g (sema (@, inlly (U, w)))

=g (sema (A, inl}y (l?, w)))
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