Unitarity Bounds

We know that one of the conditions to satisfy unitarity is that:

|Re(M))| <

N =

Where if the initial and final total spins are the same and both initial and final states are a pair of identical particles:

Bii
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1
Mi;(s) = / dcos 0P (cos ) My 5, cos). 2)

Here P7(cos®) are the Legendre polynomials. For this proof, we will take the zeroth order (P°(cosf) = 1).

Model Lagrangian
The Model Lagrangian interaction terms that are relevant for this proof are:
L= —ibs (Xi(@MX”) 9, X Xy)
—b6R(X;(a”X )+ (9" X1)X )
—ibr (Xj(aVX ) — (9" X]) Xy)
—b7R€ U po (X”‘(a”X”) + XV (VX)) Ve
b1 (X140 XP) = X(07 X))V,

Where X/XT is DM and its antiparticle, and V* is the mediator particle. This model has 5 couplings between DM and the
mediator.

Feynmann Rules
The Feynmann Rules for this Lagrangian are introduced in arXiv:1810.01515. The vertex factor for the b5 term is
—ibs(p), + Pu) - (4)

The vertex factor for the bgr term is (where « is the index of the mediator, v is the index for the particle entering the vertex,
and S is the index of the particle leaving the vertex) is

ber (P, — pv) (g”ﬂ O + 559”)9““ ; (5)

where p’ is the momentum of the particle exiting the vertex. The vertex factor for the bg; term is

ibsr (p,, — po) (9”"5,1 - 559”)9“”‘ : (6)
The vertex factor for the byg term is
_b7R€ul/pU (pl/ + p/y) . (7)
The vertex factor for the b7 ; term is
—Z‘b7[€lwpg(py — p/V) . (8)
The propagator for the vector mediator is
gul/ _ k“lzf"
. mv
——. (9)
k% —m?,

Each external spin-1 vector must have a polarisation €,/ €,, depending on whether they are incoming or outgoing. Since these
€ are real in the COM frame for the longitudinal polarisations, I will drop the conjugate signs for the remainder of this proof.



Notes and Notation

For these notes, I will use the signature:

(+7_’_7_) (10)
We know that when summing over all polarizations:
Mo v
Z elelV = —g" + PiDi Z;Z (11)
A mi
We also know:
€' =—1 (12)

Therefore in the centre of Mass frame, the momentum of two incoming (p1,p2) and outgoing (p3, p4) DM particles of equal
momenta are

p1 = (E,0,0,P)

p2 = (E,0,0,—P)

ps = (E, Psin6,0, Pcos®)

ps = (E,—Psinf,0,—Pcos?),

(13)

where E? = P? + m?2,,, and P is the magnitude of the incoming momentum of each particle. From the two requirements

that: €¢; - p; =0 and ¢; - ¢, = —1, we can find that the longitudinal polarisations are
1
e = (P, 0,0, E)
mpm
1
€ = (P, 0,0, —E)
o (14)
€5 = (P, Esind,0, E cos 9)
Mmpm
1
€4 = (P, _Esiné,0, —E cos 9) .
Mmpm

There are also two other transverse polarisations, these are of the form (for incoming particles)

€= (0,1,0,0)

€= (0,0, 1,0) . (19)

These will not have the same dependence on P, and so when the incoming momentum is very high, these should be subdom-
inant to the longitudinal polarisation. It is also worth noting that all momentum and polarisation terms commute.

Relevant Processes

For DM self-scattering, there are t-channel and wu-channel diagrams. The u-channel diagrams are needed because of the
indistinguishability of the two final particles.




Since the u-channel process is simply a relabelling of the two outgoing states, from eqs (13) and (14) it can be seen that the
u-channel amplitude will be the ¢-channel amplitude but with the transformation

sinf — —sinf
(17)
cos — —cosf.

Scattering Amplitudes

There are two vertices in each diagram with 5 vertex factors, and so there will be up to 25 different terms in each diagram

t-channel

We know that:
k: =p1 —ps =ps —p2 = (0,—Psind, 0, P(1 — cos b)) (18)

k? = —2P?%(1 — cosf) (19)

The scattering amplitude of the t-channel diagram will be:

M= { — ibsesr (pay + pru)er
+(ber + ibsr)e€su(P3a — Pra)eT + (ber — iber)es (P3r — P1r)€1y

—€5€ayrp ((bm — ibrr)ps + (brr + ibn)PY) 6(11}
v _ kYR,

gt pon
<(— i) (20)
ki —my,

|: - ib5€2<7(p41/ + pZV)EZ
+(bsr + ibsr)€2 (D25 — Pas)€q + (bor — iber)€S (D25 — Das)€an
—€5 €xrBy ((bm +ib7r)pi + (brr — ibn)pﬁ)ﬁﬂ

There are three terms before the propagator and three afterwards. I will add up the individual contributions from each (using
the notation (i, j) for ith term before the propagator and jth term after).

(1, 1):

The amplitude for this term is

My = 7(175)2 [e €€ e”}( + )( m — Lfkt’/)( + paw) (21)
1 kt2 — m%/ 37€1€20€4 (\P3p T P1p)\ 9 m%/ P4y + P2v) -
Substituting in the different polarisation and momenta gives
My = b (P2 — (P2 + m%M) cos 9) ’ (61’32 + 4m%M + 2P? cos 9) . (22)
mpp (= 2P2(1 — cos ) — m?,)

(1, 2):

The amplitude for this term is

ibs R _ o . .
My = m(mu +p1u)(g“ -t %/t ) ((b6R +ibs1) (P20 — Pao) [63761 621/64} + (bsr — ibs1) (P20 — Pac) [63761 €3 641/}) :

(23)

Since we know that €; - p; = 0 and (p2 - €4) = (py4 - €2), this can be simplified to

- Zb5(p2 . 64)(63 . 61) uv k#ké’ . .
My = oy (P3p + P1y) (9 TR ) ((bGR + iber)€2n — (ber — Zbﬁ])ﬁ4u) . (24)
Splitting into the two terms inside of the propagator (Mg = Moy + Mao)
- ib5(p2 . 64)(63 . 61) R .
My = g ((bGR +iber)((p3 - €2) + (p1 - €2)) — (ber — iber)((p3 - €1) + (p1 - 64))) : (25)
t v



We know that (p3 - €2) 4 (p1 - €2) = (p3 - €4) + (p1 - €4)

—2bsber(p2 - €4)(€3 - 61)((1)3 “€2) + (p1-e2))

Moy = Ep (26)
my,
For this second term...
_ —ibs(p2 )(63 €1) oy . ,
Moy = — 2, (s + 1) (KK ) (o + ibor)es, — (bor — ibor)eas (27)
v( my,)
However, since (p1 - ky) = —(p3 - k¢), this term vanishes. Therefore
T ) ) )
My = 5b61 (D2 64)(632 61)((173 €2) + (p1 - €2)) . (28)
ki —m3,
Substituting in the momenta and polarisations gives
—2bsbgr E2P2(1 — 0)(P? — E?cos?0)(3 0
My — sber ( cos2 )( cos® 0)(3 + cos ) ' (29)
mhy(—2P2(1 — cos ) —mi,)
(1, 3)
The amplitude for this term is
ib kl'ky . ) .
Mz = k2752 — €3+ (P3u +P1;¢)€I] (QW e ) { — €3 €kBy ((bm + ibrr)py + (brr — an)Pz)fﬂ (30)
t My my

This term must vanish as there are no non-zero terms in any of the third components of the polarisations or momenta in
the COM frame. When contracted with the Levi-Cevita symbol, these terms are all zero, and any term without these has a
repeated index in the Levi-Civita symbol (for which it is zero).

Mz =0 (31)
(2,1)
The amplitude for this term is
ib5 . o - T o nz f ty
My = 7]%2 3 ((bGR + ibsr) {63%?62064} (P3a — P1a) + (ber — iber) [6361;;62064} (p3r — pv)) (9‘ - 7m%, ) <p4u + pzu)
(32)

Through the same process as the (1,2) term, this amplitude becomes

—2bgrbs E2P2(P? — E? cos 0)(1 — cos 0)(3 + cos )

Ma = m% (—2P2(1 — cos0) —mi,)

=M, (33)
which is identical to the (1,2) term.

(2, 2)

The amplitude for this term is

-1 . o . T
Ms = [ [(b(iR +ibs1)€3u (P30 — Pra)€T + (ber — tber)ez (P3r — pn)ﬁm]
t — My
Hy.v
X (g“” _k ]2% ) X (34)
my,

[(bGR + ibgr)€2n (P20 — Pac)€q + (bor — tber)es (2o — P4a)64u]

Splitting into the two terms inside of the propagator (My = Ms; + Msz). This first term is

-1 . a . T
Mz = [E—y [(bGR + ibgr)€esu(P3a — Pra)el + (ber — tber)es (p3- — Pn)em}
T — My (35)

[(b(SR + ibs1)€l (2o — pac)eq + (bor — iber)€S (P20 — p4o)€ﬁf} )



which becomes
—2E?P?(1 — cos 0)?
L (—2P%(1 —cosf) —

M1 = 75 [bgR(E2(cos0 — 1)) — bg;(2P% + E*(1 + cos0)) |, (36)
14

while the second term becomes

402 R B PY(1 — cos0)*
Msz = — 2 23 -
m$ymi (—2P%(1 — cosf) —m3,)
Therefore the My is

—2E%P?(1 — cos6)? 402 R EYPY(1 — cos6)*

= bap(E?(cos® — 1)) — b3, (2P + E*(1 0 .
Ms = T 0P (1 — cos ) - )[ or(F7(cos 6 = 1)) = b (2P7 + E7(1 + cos ))] m4 ;m2 (—2P2(1 — cos ) — m2,)
(38)
(2, 3)
The amplitude for this term is
-1 . o . T
Mg = [Ep— {(bGR +iber)€3u(P3a — Pra)er + (ber — iber)es (Par — p17)€1u]
t — My
Hy.v
x(g‘“’—k i )>< (39)

mv
{ — €5 €orBy ((bm + ib7r)pf + (brr — ibn)pg)ff]

This term must vanish as there are no non-zero terms in any of the third components of the polarisations or momenta in
the COM frame. When contracted with the Levi-Cevita symbol, these terms are all zero, and any term without these has a
repeated index in the Levi-Civita symbol (for which it is zero).

Mg =0 (40)

(3,1)
The amplitude for this term is
ibs - .
M7 = [E— [ — €3€ayrp ((bm —ibzr)ps + (brr + ib7r)p ) }
t — My
X (g‘“’ — kfk,‘{) X (41)
m2
v

|:€20 (p41/ + p2u)62:|

This term must vanish as there are no non-zero terms in any of the third components of the polarisations or momenta in
the COM frame. When contracted with the Levi-Cevita symbol, these terms are all zero, and any term without these has a
repeated index in the Levi-Civita symbol (for which it is zero).

M7 =0 (42)
(3, 2)
The amplitude for this term is
-1 - . ~ . 7\ o
Mg = W [ - €3€a77u((b7R —ibzr)ps + (brr + zb71)p1)€1]
kLK
py Mt 43
(o - M ()

[(bGR + ibgr)€e2 (D20 — Pas)€q + (bor — tber)es (P2 — p4a)64y]

This term must vanish as there are no non-zero terms in any of the third components of the polarisations or momenta in
the COM frame. When contracted with the Levi-Cevita symbol, these terms are all zero, and any term without these has a
repeated index in the Levi-Civita symbol (for which it is zero).

Mg =0 (44)



(3, 3)
The amplitude for this term is
-1 T ; 2 ; v\ o
2 { — €3€ayrp ((b7R —ib7r)ps + (brr + lb?I)P1)E1]

ki —m3
kY
pr TVt ™Vt
(s m?, )
[ — €5 €0npy ((bm + ib7r)py + (brg — ibn)P;) Ef}

Mg =

(45)

We can see that this term must automatically be zero unless p = 2 and v = 2 (given the form of the momenta and polarisations

in the C.O.M. frame).

71 . i3 (6%

= 2 _m2 [ - 65%772 ((b7R - lb71)pg + (brr + zb7I)P¥) 61]

t — My
><<922 _ kf/;:?)x
my
[ — €5 €orp2 ((bm + ib7r)pf + (brr — ibn)pg)eﬂ
From the form of k; we can see that the second term in the propagator is zero.
1 _ .
My = [E— [656?6564’8} |:€0¢'y7'2 ((bm —ib7r)ps + (brr + lbn)pifﬂ
t — My

[emﬂz ((b7R +ibrr)p + (brr — ib”)pgﬂ

Going through all combinations of the non-zero Levi-Cevita terms (16 of them):

Mo = D" My,
i=1,16
€o132 = —1, €g132 = —1:
E2P%sin?0cos? 0
- b2+ b2 )
Mo1 b (2 —m?) (7R+ 71
€0312 = 1, €9132 = —1:
—E?P*sin? 6 cos 6
Mgy = {((bng —’ibn) cos 0 + (b’?R +’ib71>) (b7R+ib71)
m%)M(th - m%,)
€3012 = —1, €g132 = —1:
E4P2%gin%0cos0
Moz = ———F5—5~ (2b7R> (bm + ib?l)
m%M(th - m\Q/)
€3102 = 1, €9132 = —1:
—E?2P%sin? 6 cos
- b2, + b2 )
Mot ) G
€0132 = —1, €p312 = 1:
—E2P4sin? 6 cos 6
Mos = (b7R — ib7]> {((b”{ + ib7[) cos 6 + (b’?R — Zb7[)>}
mA}:JM(th - m%/)

€0312 = 1, €9312 = 1

(46)

(47)

(48)

(52)



E?2P*sin? 6

Mog = leDM(k? — m%/) {((bn{ - Zb7[) cos 6 + (b7R + ’Lbn))} [((573 + an) cos @ + (b7R - an))}
€3012 = —1, €g312 = 1
—E*P%gin?0 _ ,
Mg7 = D —m2) (21)73) K(bm +ib7r) cos O + (brgp — 2571))]

€3102 = 1, €312 = 1:

E2P*sin? 6
Mgs = ——F0 V%5 5 < [((bn;{ — ib71)>:| [((b7R + ibn) cosf + (b7R — ib7]))}
m%)M(ktz - m%,)

€0132 = —1, €3012 = —1:

E4P2sin? 6 cos 6

Moy = ———F5—5~ (2b7R(b7R — ibn))

m?)M(k?tz - m%/)

€0312 = 1, €3012 = —1:
—E4P2sin% 6 . .
Mogig = — T o [((b”{ —ib7r)cos@ + (brr + an))} [(2b7R)]
Dar (ki —mi)
€3012 = —1, €3012 = —1:
ESsin?6
Mo = — E20E0 (g )
m%M(th - m\Q/) "
€3102 = 1, €3012 = —1:
—E*P2%gin?6
Mo = ———5——~ (2b7r(brr — ib71)

m%M(th - m%/) ( )

€0132 = —1, €3102 = 1
—E2P4sin% 6 cos
Moz = (b2 + b3 )
b (7 =)\ P
€o312 = 1, €3102 = 1:
E2P%sin?6
Moy = —F/——F5——5— [((b7R — ib7[) cosf + (b7R + ibn))} |:((b7R + ibn))}
m4DM(kt2 - m%,)

€3012 = —1, €3102 = 1:

€3102 = 1, €3102 = 1t

—E4P2sin? 6 .
Mogis = m (2b7R(b7R + Zb?[))
DM \F¢ v
E?2P4sin? 6
b2+ b2 )
Mo %M(kf—m%,)(m—k 71

(54)

(59)

(61)

(62)



Summing These together gives

sin?

Mg=— "7
’ m4D1VI(k§_m%/)

PiE? [(bm +ibrr)(byg — ibyr) + (brg — ibrr) (brg — ibrr) + (brg + ibyr) (brg + b)) + b2 + b,

P?E! [ — 2b7r(brr — ib7r) — 2b7r(brr + ib7r) — 2b7R(b7R — tb71) — 2b7R(b7R + ib71)}

ES [4b§R_
(65)
E2P4 COS@[ — (b7R + ib7])(b7R + ib71) — (bgR + b%[) — (b7R — ib71)(b7R — ibn) (b7R — Zb7]) b7R — an)
+(brg + ibrr) (brr + ibrr) + (brr — ibzr) (brg + ibzr) — (B3g + b37) + (brg — ib7r) (brg + ibrg) }
E4P2 cos 2b7B(b7R + Zb7[) — 2b7R(b7R + Zb7[) + 2b7R(b7R — Zb7]) — 2b7R b7R — ’Lb7[ ]
E2P* cos? Q[bgR + b%] - (b7R + ib7])(b7R - ib71) — (b7R - ib7])(b7R + ib71) + (b7R — ib71) b7R + Zb7[ ‘|
This simplifies greatly to
My = 107y sin 6 P'E? —2P°E' 4 E° (66)
T ), (—2P2(1 = cos0) — m?)
The b7y term cancels entirely.
Total t-channel Amplitude
Adding all of these together we get:
M= M1+ Mo+ My + M5+ Mg (67)
M = ! bg(P2 — (P? +m%M)COSG)2(6P2+4m%M +2P%cos 0
mpy (= 2P2(1 — cos ) — m?,)
—4bgrbs E2P?(P? — E? cos)(1 — cos 6)(3 + cos )
402 EYPY(1 — cos0)* (68)

—2E?P?(1 — cosh)? [bgR(EQ(COSQ —1)) — b3,(2P* + E*(1 + cos 9))} + 5
my

14b2,, sin% [P‘*E2 _op?Et 4 EG]

u-channel

The u-channel scattering amplitude will simply be the ¢-channel one with two final states relabelled. For the amplitude this

has the effect that:
cos) — —cos b (69)

sinf — —sin 6 (70)

The total amplitude for the u-channel process is therefore:

1
mpa (— 2P2(1 4 cos§) — mi,)

2
M, = b2 (P2 + (P% +m?,,) cos 0) (GP2 +4m2,; — 2P% cos @

—4bgrbs E*P%(P? 4 E? cos 0)(1 + cos 0)(3 — cos 0)
402 EAPY(1 + cos0)* (71)
g

—2E%P%(1 + cos 6)? [ —b2p(F?(cos + 1)) — b2, (2P% + E*(1 — cos 9))} +

+4b2j, sin2 0 [P“Ez —2P2Et 4 Eﬂ




Total scattering amplitude

The total amplitude for this process is:

M= M, + M, (72)

1
mpy (—2P2(1 — cos§) — mi,)

2
M= b2 (P2 — (P? +m3,,) cos 9) <6P2 +4m2,, + 2P% cos

—4bgrbs E*P?(P? — E* cos 0)(1 — cos 0)(3 + cos 0)
402 EYPY(1 — cos6)*
g

—2B2P2(1 — cos )2 [ (F2(cos  — 1)) — b, (2P% + E*(1 + cos )| +

+4b2;, sin? 0 [P4E2 —2P2pt 4 EG]

(73)
1 2
+ b3(P? + (P? + m3 0) (6P + 4md, — 2P cos
mb (= 2P2(1 +cosf) —m%) | ( M) €os oM o8
—4bgrbs E2P?(P? 4 E* cos 0)(1 + cos 0)(3 — cos 0)
42, B4 P4 (1 )%
—2E%P%(1 + cos 0)? [ — b2Rp(E?*(cosf + 1)) — b2;(2P? + E*(1 — cos 9))} + & m(2 + cosf)
2
+4b2 sin? [P4E2 _op2pt 4 EG}
Expressing this in terms of s = 4E? = 4P? + 4m%
-1 5 s 2/3s s
= 02(5 = mba — 2 cos8) (20— 2mby + (5 —2m3 )
M= mpa (5 —2m%,,)(1 — cos0) +m?) [5 g~ MM T 008 2 mDM+(2 M) €08
_b61b58(i - mQDM)(Z —m2 — ZCOS 0)(1 — cos8)(3 + cosb)
s,s s 3s s birs?(2 —m% ;)% (1 — cosf)?
75(1 —m2,,)(1 — cos 6)? [bgRZ(COSO -1) - bgl(z —2m3, + 1 COS@)} + SR 4 4D¢;V%/
+b2p sin? 9 stM ]
(74)
-1 s 2/3s s
+ 02(5 + % cosf) (2 —2m3 2 0)
m4DM(( 2mDM)(1 + COSG) + mv) [ 5 4 mDM 4 COS B) mDM (2 mDM COS
—b61b5s(§ - m%M)(f1 mhy + = 1 0059)(1 + cos6)(3 — cosb)
s.s s 3s s birs?(2 —m% )% (1 + cosf)?
2(4 m3 ) (1 + cos 6)? [ bz Z(COSG-Fl)—ng(Z—?m%M—ZCOSQ)}+ BR” 4 an]\z/[%,
+b2p sinze{sm"bMH
Unitarity Bound
The next step is to plug this amplitude into the equation at zeroth order:
0 Bii [
Mi;(s) = i /_1dcos¢9/\/l(s,c059) (75)

For ease in performing the integral with Mathematica, I will write it out in terms of different factors that are constant in 6.
Pulling some terms to the left-hand side, I will write it in the form:

64mm?
_% MY;(s) = term1 + term2 + term3 + term4 (76)
i



Where

1
terml + term2 + term3 + term4 = / dcosf
1

and

1
A(l —cos)+ B

+H(D — Ecosf)(1 —cos)(3+ cosb)

C’(D —Ecos@)Q(F—i—AcosH)

+K (1 — cos 6)? {L(COSG — 1)+ M(N + E cos 9)} + P(1 — cos 6)*

Performing this integral on each term gives:

Term 1

terml = [

3A3

+Q sin? 9]
(77)
1 2
D+E F—-A
+A(1+cos€)+B C( * COSG) ( COSH)
+H(D+ Ecos8)(1+ cos)(3 — cosb)
+K (1 + cos 6)? [ — L(cosf+ 1)+ M(N — Ecos@)} + P(1 + cos 6)*
+Q sin® 9] ,
B=m3
C = b?
s
p="2
4
3s
=9 2mb
s
5,8
= —5(1 mQDM)
L=02,"
M=t
N = ?jf 2m% s
p— bgrs* (5 — mbar)”
am?,
Q= (bgR {Sm%MD ‘
1 0 ! C|\D — Ecosf ’ F + Acosf
1= —
term /_1dcos A —cos) + B ( cos ) < + Acos )
(79)
1 2
+A(1+cos€) B C(D—i—Ecos@) (F—Acos@)}
—10(2A:c(A2(3D2 —6DE + E*(2* 4+ 3)) + 3AE(—2BD + 2BE — 2DF + EF) + 3BE*(B + F))
+3(A+ B+ F)(A(D — E) — BE)*log(A(x — 1) — B) (80)

~3(A+ B+ F)(A(E — D) + BE)?log(Ax + A + B))

-1

10



Evaluating the integration limits

terml = ;7130 4A(A*(3D* — 6DE + 4F?) + 3AE(—2BD + 2BE — 2DF + EF) + 3BE*(B + F))
(81)
B
A+ B+ F)(A(D - E) — BE)?
(A -+ B+ F)AD — B) - BEPlog(5- )
Substituting back in the terms
-1 s 35 s 52
terml = 305~ QDM)gbg [(25 8mbar)(( 2m2DJM)2(3(Z mpar)? 5 (1 mpar) + 1 )
3s s 9 s 9 mi s s 9 9 s ,3s 9
+Z(§ 2mDM)(_2mV(4 —mpy) + 5 (5 —2mpn)( 2mpy) + 4(? —2mpy)) (52)
82
3m?,s? 3s
S 4 5 o)
2 2
B 2 2 2 Sy MyS.s my
+6(2s — 4mpy +my)(( 2mDM)((4 mpa) 4) 1 )7lo (s—4m%M—|—m%/)]
Term 2
! 1
t 2= H(D-F 1-— S
erm B d cos OA(l “eos0) 1 B ( cosf)(1 — cos0)(3 + cos )
(83)
1
H(D + Ecosf)(1 3 — cos
+A(1+cos€)—|—B (D + Ecos)(1+ cosb)(3 cos@)]
H 202 2
term2 = @(—21490(14 (Ex® —9D) — 3AB(D — 4E) + 3B°E)
—3B(4A+ B)(A(E — D)+ BE)log(A(x — 1) — B) (84)
1
+3B(4A+ B)(A(E — D) + BE)log(Az + A+ B))
-1
Evaluating the Integration limits
H 2 2
term2 = A |~ 4A(A“(E —9D) — 3AB(D — 4F) + 3B“E)
(85)

2A+ B

+6B(4A + B)(A(E — D) + BE)log( )

Substituting the terms in

—berbss(5 —m2,,) s s 3s Im s
term2 = 33 - ;ngM];M — (25— 8m%M)((§ —2mp ) (=25 + 9my,) — 3m%/(§ - 2m%M)(_Z —mpa) + 4V )
S m?2 s s —4m?2,, +m?
N ]
%
(86)
Term 3
1
1
term3 = /1dcos6A(1 —eos0) 1 B K(1- cosﬂ)Q{L(cosﬂ —-1)+ M(NJrEcos@)H
(87)
1
K(1 2| — L(cosf + 1) + M(N — E cos
+A(1+cos€)+B (1 + cosf) [ (cos@+ 1)+ M( CObo)H
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term3 = [;i(QAz(A%EMx? + L(2® +3) —3MN) — 3AB(L — MN) + 3B*(EM + L))

+3B%log(A(—z) + A+ B)(AM(E + N) + B(EM + L)) (88)

—3B%log(Az + A+ B)(AM(E + N) + B(EM + L)))

-1

Evaluating the Integration limits

-K
term3 = 34 4A(A*(EM + 4L —3MN) — 3AB(L — MN) +3B*(EM + L))
(89)
B? AM(E + N) + B(EM + L
+6 log(2A+B)( (E+ N)+ B(EM + L))
Substituting in the terms
S(Ss
(5 —m%,,) s bi;s 3s
term3 = % (25 — s;m%M)((5 - gm%M)Z(—% + bggps + b3 (= 1 —2m%)
2
s 3s Imi s
_3m%/(2 2mDM)(b6R4 + bgl(z —2m ) + V (b&r — b5r)) (90)
+6m log( my =02, (2 —2m2,,)(s — 2m% ) + VS(b? —82)
14 s — 4m2DM + m%/ 61 2 DM DM 6R 61
Term 4
termd /1d 9 ! P(1 0)* + Qsin® ¢
= — 1n
erm . COS A(]. ~ cos 9) T B COSs S
. (91)
1 4 2
+A(1+cos€) B P(1+cos)* + Qsin 9]
termd = %145(—123(—2143@ — A2BQ + B*P)log(A(x — 1) — B) + 12B(—2A4%Q — A’ BQ + B*P)log(Ax + A+ B)
1
+A(3A3(8Px® + 8Px + P + 8Qx + 6Q) — 4A°B(2Px3 + 6Pz + P — 6Qz — 3Q) + 6AB>P(4z + 1) — 12B3P(2z + 1)))
-1
(92)
Evaluating the Integration limits
termd = 121145 24B(—2A%Q — A’BQ + B3P)log(2A i B)
(93)

+A(3A3(32P +16Q) — 4A?B(16P — 12Q) + 48AB*P — 48B*P)

12



Substituting the terms back in

1 s .
2 DM
s b2 .mi s2(5 —m2,,)? s —4m2,, +m?2
_m%/(*_2m2DM) (4b7R[3mDMD + Y (4 D) )log( ngw V)
2 4 my
s 8b2 52 (5 —m2,,)?
+(§ - 2m2DM)(3(2 —2mp ) ( a1 3 Ly
v (94)
+16(b7R {stMD
4b2 82 s _m2 2
—4m%,(§ - QW%MV( e (fng D) 12(b7R {SmDMD
v

—|—12b§Rm%/sz(§ — ZmQDM)(f

4 mQDM)Q - 125%3”&/’32(2 - mQDNI)Q)]

Final Bound

Adding all four of these terms back together...

b2 Bys s s 3s s 52
MU(5) = Gt e gz |20 = Smba) (5~ 2mban 35— mbar)® = 5 (G = mba) + )
DM DM
3s,s s m?, s s 3s s ,3s 3m?2 s2 3s
+Z(§ - ZmQDM)(_QmV(4 —mpy) + ?V - (5 - QmQDN[)(? —2mp ) + 1(5 —2mpy)) + 1‘(/5 (m3, + 5 2mp )
2 2
2 25 2 s 2 s My S.\g my
+6(25*4mDM+mV)((§*QmDM)((E*mDM)*Z)* 1 ) lOg(s—éLm%M—i—m%/)
berbsBiis s s 9 3s 9 3m“1/5

— (25— 8m%M)((§ = 2mpp)* (=25 + 9miy) — 3mi(

S _9 _2°
3847T77’LDM( —2m%,,)? B mpu)( 1 mpa) + 1 )

S m2 s s —4m2,, +m?
O (25 = Sy -+ 1)y (5 — i) + 7L log S YL

B’Ll

7687rmDM(7 —2m3,,)?

s b2, s 3s
(23—8m%}M)((§_2m2DM)2(_ ZI + bigs +3bg[(1_2m2DM))

3s 2 3mvs

S S
—3m%/(§ - 2m%]%)(b%RZ + bg[(z —2mpy)) + (ber — bar))

)
) ]
)

)5 [247”%/(_2(; - 2m2DM) (bm |:SmDM}

2
my

+6m3-log(

S
s—dm3,, + m%/)(_bgl(i - 2m2DM)(5 - 2m2DM>

Bii

- 768mmb,, (5 — 2m3,,

s b2amis?(2 —m2,,)? 5 —4m?2,, +m?
i (5 — 2mbp)? (Vg [smiba | ) + VL DM (- ZTDM TV
2 4 mi,

s 8b2s2(5 —m2%,,)?
= 2mba )35 — 2my (o T
v
+16(b$R{stMD)
4b 2 2
—amd (5 — 222G gy (2 [, )

s s s
+12b6RmVS2(2 - 2mDM)(Z —mpy)® — 125%127”%/32(1 - m2DM)2)1

(95)
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Rearranging in terms of the different couplings

MY (s) = b3 (25— 8mBar) (5 — 2mb PG — ) — (5 — ) + 5
* 192rmi, (5 — 2m% ),)3 2 4 24 4
3s,s s m2, s s 3s s ,3s 3m?2 s2 3s
+Z(§ - 2m%)M)(_2m%/(Z —mpy) + ; - (5 — 2m)( 2mp ) + 1(? 2mp ) + 71‘(/5 (m3 + o5 2mh )
2 2
2 2 2 2 s mysS.\g my
+6(2s — dmpy, + mv)((2 2mDM)((4 mpar) 1) - ) ZOQ(S “dm3,, + m%,)

be1bsBiis 2 S 2 \2 2 2 /5 2 3s 2 3771%/5
— (25— S ) - Sy 25
384mm® (3 — 2m )P (2s SmDM)((2 mpa)” (=25 +9mpyy) va(2 mpa)( 1 mpu) + 1 )
s m2 s s —4m2,, +m?
+6my, (25 — 8mby + m%/)(m%)M(§ —2mp ) + Z )og( TZJQW =)
v

6 2

b2 Biis s s 5 m
¢ g [(QS_Sm%M)(S(2_2m%M)2‘3 V22— amiyg) + SR 4 H g v

768mmh,, (5 —2m2,,

2 2
s —4dmp, +my,

s—4m2DM+m%,

" 768mm?, ﬁ%ﬁj 2m2,,)° 6y, s*log( s )
F (5 = )t~ 07(5 — ) + 1202 — i) (5 m%)m]
~ Tt i(ﬁ T [@s — S (5 — 2mban (=2 4 32— 2m ) — 3md (2 — 2 (2 — 2mdyyy) — 22
G log( (5~ (s — ) + mp]
—3%(;%522;3]”)3 [m%x—s + dm ;= mi log(~— 4””‘3;@3 ey 25 — 2mbr) (5 — 2mbyy +mi)

(96)
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Finally, substituting back in the kinematic factor, the unitarity bound becomes...

b2 s—4m% 2
. [<2s8m2 (G = 2mbar PG — mba)? = S5 =) + )

1927rm‘}3M(§ —om3 ) DM DM DM 5 (4 DM 1
3s,s s m?, s s 3s s ,3s 3m?2 s2 3s
+Z(§ - ZW%M)(—QW%(Z —mpy) + ; - (5 - QW%M)(? —2mp ) + Z(? —2mpy)) + l‘é (m3 + 5 2mh )
s s s m? s m2
+6(25 — 4m?,, +m) (= — 2m? 2 —m? B e A ) v
( DM V)((2 DM)((4 D) 4) 4 ) 9(8 — 4m2DM +m%/)
berbs 1/ 78_47:%1”8 ) s 5 o 9 5 8 ) 3s ) 3mi s
384mmE (3 — 2m )P —(2s— 8mDM)((§ = 2mpp)” (=25 4+ 9Impy) — 3mv(§ - 2mDM)(*Z —mpy) + 1 )
S msi,s s —4m2,, +m?
(25 — 8mdy -+ m) (5 — 2mdy) + T2 log( S Dy £V
v
bir 874m%M3 9 S 9 \2 mi s s 9 Bm%/s 3mS, s mé,
- s 25 — 8 29 ~3 29 l
768mmb (5 — 2m3 )3 (2s mDM)(S(2 mpur) 1 (2 mpa) + 1 ) 5 09(8 “dm3,, —|—m%,)

s—4m?2
bipy\ 2 Gm?/szlog(s 4m2DM+m\2/)
768mm (5 — 2mpb ) ms
6 2
G = b 5 b 12085 i 6 )|
v
b%; %5 S 3s S 3s 3mi,s
Vs 2 \2 2 2 2 v
T68mmb 1 (5 — 2y )P [(25 8mpar) (5 — 2mpar)~( 1T 3(1 —2mpy)) — 3mv(2 - QmDIVI)(Z 2mpr) 1 )
2 2
4 my S 2 2 mys
—6mvlog(8 “dm3,, + m%/)((i = 2mpp)(s — 2mpy) + 4)1
br §_4T%M S 2 2 s — dmi,y +miy s 2 (5 2 2 1
T 32n(3 —2mb,, ) my (—s 4 dmipy — my;)log( m2, )+ 2(5 - 2mDM)(§ —2mpy +my) || < 5
(97)
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Rearranging...

1 s —4m2, | b2 s 52 3m2 .\ s
B oV s |3 l2(<z — 2min)” (5 (b — )+ 5 (s — dmyy)

s 3m3 s 3s2 1 3mys?
3miby (5 — 2mby)) + T2 (s — dmby) (o + Smbas — dmiby) + (s — dmiy) )
2 —Am2 2
(" g (5 — 2mba) (25 — dmbyg +mid) I (TDALE TV
my
bsIm (b 3 3ms
OO | (o0 ) (5 — 2m )2 (-25 + Omdyg) — 8md (5 — 2mBy) (2 — miyy) + 20
12 2 2 4 4
2 A2 2
+6m3, (25 — 8mpy + my) (mQDM(g —2mdy\) + mZS) In (8 ng/I + mv)]
my
Re(be)2 2 I 9. 2 —Am2 2
- 6546) [3(25 —8mby) (S(% —2md )% — 3st(% —2mdy\) + HZVS) m2vs In (S ng/I i mv)
my
6s% s s s s
+W(§ - Qm%M)4 - 432(5 — 2m2DM)3 + 12m%,s2(1 - mQDM)2 - 6m§1,82(1 — mQDM)]
%
Im(bg)?s 5 s 3s 3m s
— o @5 = 8mib) (5 — 2miban) (25 — mbg) — 3m (5 — 2mby) (S — 2mby) — = )
2 —Am2 2
+6m‘\l;((f —2md ) (s — 2mdy) + mvs)ln<8 ng/I—'_mV)
2 4 ms;
4m? 2 1
—Re(br)*miys l2(; — 2m]23M)(; —2miy +mY) +mi(—s+4mdy —m3y) In (M) < 3
My
In the limit of large s, this becomes:
bgs2 bgrbss? bgRs?’ bgls2 b%R < 1
96mm%,, 48wm%,,  256mmimy,, 96mmp,, 87| 2

(99)

The b7r term is independent of s, and if all other couplings are zero, this is simply b7r < v/4mw. The bgr term is the only one

that is dependent on the mediator mass in the limit.
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