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Operational Semantics e—e

opv =0
Y StArrOP

lety=opovine — e[y vy]

7

1 STLETE2
STLETEL  Jety=pine < e[y o]

e — e

lety=ejine; > lety=ej ine;

STLETAPPLAM
let y=Ax:t.e; ux iney > lety=e1[x > vx] iney

STLETAPPFIX

let y = fixf:t.Ax:tx.€1 vx in ez > let y = (Af:t.e1[x > vx]) (fixfit.Ax:tx.e1) in ey

STMATCH

match div_jwith d,%—) ej “— ei[yj = le]

Fig. 11. Small Step Operational Semantics

Basic Typing

— BrERR ——— BrConst ——— BrOp [l(¥) =t
Treerr:t I'kc:Ty(e) T+t op : Ty(op) Trox:t BTVARr
tx:t
Ixity Fr ety r,f:tlﬁtz bt Ax:ty.e : t1—1
_ UN BtF1ix
T k¢ Ax:ty.e : t1—t e fixf:(t1—>t2))tx:t1.e Sl Y]
Orire;:ty D,xitybien:t Ty(op) =tj—>ty Trioj:t; D,xityrre:t
ter:ix x t €2 BILETE y(op) = ti—tx t Ui _z x Ft BrAppOP
'ty letx=e iney:t I'tiletx=o0pov;jine:t

Triop:itg=ty Theog:its Txitybirect
X X BTArp

I'tiletx=0vj0yine:t

Troo:ty, ViTy(di) = t_jﬁtv Tyjitjrees:t
BrMATcH

I'rymatchowithdiy; — et

Fig. 12. Basic Typing Rules

A  OPERATIONAL SEMANTICS

The operational semantics of our core language is shown in Figure 11, which is a standard small
step semantics.

B BASIC TYPING RULES

The basic typing rules of our core language is shown in Figure 12.
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24 Anon.

Typing

TeWF [vb | L I Y Ty(e I +YF Ty(o
[—|] TERR 7Y() TCONST & TOp
Trerr:[wb] 1] T'Fec:Ty(e) T +op:Ty(op)

TWF v |v=x T'(x) = (a:tg—1 T +WF g o1
L ! ! TVARBASE ) = (@tazm) ab TVarFun
Trx:[vb|v=x] Tkx: (arg—1p)

Ixtyte:7 T FWF X:iT—T
TFun

Tk Ax:|y].€ 1 (x:T—T)

Tk Ax:b Af:(b=|7]).e: (x:{vib | P}=fi(x:{vib | v<x A} =1)=1) T +WF xefvib | ¢} =7

TFix
T+ fixf:(b—|7]).Ax:b.e : (x:{v:b | ¢} — 1)
Orc<:7 Ore:r o <t Tre<7
WF . WF s
T+ T TSus 'te:t T+ T TEo
F're:7 IF'rte:7
Tre:rgy Tre:m Trex:tx Toxitebe:r
— WF ‘WF
I'tnnvem=1 T+ T TMERGE T+ r. TLETE
Tre:r I'tletx=ecine:r
T \l;.ol;z : ai,:{.v:bl:bl. ¢l—}—.> Ty ko : (o)t
b F”"L’ | [4:] Troy:7j= Dxitere:r
I,xitxlai — vi] Fe: T I LWE
I PWF ¢ - TApPFUN
— TAprpPOP I'tletx=0vj0v2ine:t
I'letx=opovjine:r
Trog:a{vd | ¢} -1y
Troy:[vb | ¢] Tro:r, THWVF¢ LLyTy+di(y) : 10
T, x: Fe: Iyt re:rt
Xitx [I(“Z S)ﬂz:)zj et Y TMATcH
TApp T+ (matchowithd;y —e): 1

I'rletx=vj0yine:r

Fig. 13. Full Typing Rules

C COVERAGE TYPING RULES

The full set of coverage typing rules of our core language is shown in Figure 13. The rule TOp
(which is similar with TConsT), TAPPFUN and TArPOP (which is similar with TApp) are not shown
in Section 4.
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Algorithm 2: Disjunction and Conjunction

1 i Procedure Disj(71, 12) := 10 Procedure Conj(ry,172) =

2 match 7, 7y: 11 match 7y, 792

3 case [vit | ¢1], [vit | ¢2] do 12 case [vit | 1], [vit | ¢2] do
4 L return [vit | ¢1 V ¢2]; 13 L return [vit | ¢1 A ¢d2];

5 case {v:it | p1},{v:it | ¢2} do 14 case {v:it | #1},{v:t | ¢2} do

6 L return [v:t | ¢1 A ¢2]; 15 L return [v:it | ¢1V ¢2];

7 case a:7q, —T1, A:Tq,—T2 do 16 case a:7q, —T1, A:Tq,— T2 do

8 Tq < Conj(7q,, 7a,); 17 Tq < Disj(7a,, Tay);

9 return a:7,—Disj(11, 72); 18 return a:7;—Conj(r1, 72);

D SUBSET RELATION OF DENOTATION UNDER TYPE CONTEXT
The subset relation between the denotation of two refinement types 7; and 7, under a type context
T (written [z1]r € [r1]r) is:
[zi]o € [z]o = [n] <€ [=]
[[Tl]]xzrx,l" - Hrlﬂx:rx,r = \V,Z)x € [[Tx]]:
[r1[x = vx]lr[xso,] € [72[x = 0xllr[ooo,) 7 ={v:b | ¢}
[[Tl]]x:er c [[Tzﬂx:rxl" = 3Jeé, € [[Tx]]’ Yoy, éx —" U —
[r1lx = vx]lr[xmo.] € [72[x = vx]lr[xo.] otherwise
The way we interpret the type context I' here is the same as the definition of the type denotation
under the type context, but we keep the denotation of 7; and 7, as the subset relation under the
same interpretation of T, that is under the same substitution [x + v,]. This constraint is also
required by other refinement type systems, which define the denotation of the type context I as
a set of substitutions, with the subset relation of the denotation of two types holding under the
same substitution. However, our type context is more complicated, since it has both under- and
overapproximate types that are interpreted via existential and universal quantifiers, and cannot

simply be denoted as a set of substitution. Thus, we define a subset relation over denotations under
a type context to ensure the ame substitution is applied to both types.

E BIDIRECTIONAL TYPING RULES

The full set of bidirectional typing rules of our core language is shown in Figure 14 and Figure 15.
Similar to other refinement type systems, there are no synthesis rules for functions which require
synthesis of a refinement type for the input argument. The user can only type check functions
against given types (CHKFUN and CHKFIX).

F ALGORITHM DETAILS

Disjunction Function. We implement our disjunction function Disj as a function with type Disj :
7 — 7 — 1. The disjunction of multiple types is equal to defined compositionally:

Disj(t1, 72, ..., Tn—1, Tn) = Disj(ry, Disj(zz, ..., Disj(ty-1, Tn)))

As shown in Algorithm 2, the Disj and Conj functions call each other recursively. As discussed
in Section 4, the disjunction of two base coverage type (underapproximate type) [v:t | v = 1]
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26 Anon.
Type Synthesis
[ +WF Ty(c) [ +WF Ty(op) T EWF [vb | 1]
— — SyNnCONST —m———— SYNERR
T'tc=Ty(c) T+ op = Ty(op) Trerr=[wb]| L]
TEWF [vb | v=x I(x) = (atg—1p) T FVF airg—r
L | ] SYNVARBASE ot a’h SynVArRFUN
T'rtx=[vb|v=x] T'Fx= (atg—1p)
T'+o = (atg—1p) Ty T'rop = af{vb | ¢} — 1
Troy & atg—t, [V =xy I"=a[vib | v=0y AP, x:7x
ILI're=t o =Ex(T",7) I TVre=>r1 v =x(T",1)
WF s WF
Lr ‘ SynNAprpFUN Lr ‘ SYNAPPBASE
IT'tletx=0vj0yine= 1 Trletx=vjvyine=1
F’F—F op :; aiZ{Vf?i | i} — 7x The o IV =xy
—,a,-.[v. ilv _,Ui A ¢i],,x.rx ILTVre=r1 o =Ex(I',7)
ILTVre=1 =17 T - WF o
r +WF - SyNLETE
— SYyNArPOP I'tletx=exine=r
I'rletx=opojine=1
Vi, Ty(di) = y{v:by | 0y}=[v:b | ¥i] l"i’ =y:[viby | Oyl a:[v:b | v =04 A Y]
LI/ vre=1n 1 =Ex(I],m) T #WF Disj(r))
— SYNMATCH
T +matcho, withd; g — e; = Disj(r])
Fig. 14. Typing Synthesis Rules
Type Cheek
Ore=r71 Trr<:t TrWFy Oxteree=r [+YF xior
CHKSUB CukFun
Tresr Tk Ax:|1x]).e & (x:1—7)
Vi, Ty(di) = y{viby | Oy=[vib | i]  T] = y:[viby | Oyl @:[vib | v =0q A ]
LI/ rei=1n 1 =Ex(I/,;) TrDisj(r)) <:/ T+WVE¢
CHKMATCH

I'+matchogwithdi gy — e &1

T+ Ax:b Af:(b—|7]).e & (x{vib | p}=f:(x:{v:b | v<x A §} = 7)—=1T)

T +WF fvib -7
{ 19} CuxkFix

T+ fixf:(b—|7]).Ax:b.e & (x:{v:b | $} = 1)

Fig. 15. Typing Synthesis Rules

and [v:t | v = 2] takes the disjunction of their qualifiers: [v:t | v =1V v = 2]. On the other hand,
the disjunction of normal refinement types (overapproximate types) is the conjunction of their
corresponding qualifiers. The disjunction of function types conjuncts their argument type and

disjuncts their return type.
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Algorithm 3: Exists and Forall

1 Procedure Ex(x, [vit | ¢x],7) := 10 Procedure Fa(x, [v:t | ¢x], 1) ==

2 match r: 1 match :

3 case [v:t | ¢] do 12 case [v:t | ¢] do

4 L return [v:t | Ix:t, P [v > x] A ¢]; 13 L return [v:t | Vxit, ox [v i x] = §];
5 case {v:t | ¢} do 14 case {v:t | ¢} do

6 L return {v:it | Vx:it, ¢« [v > x] = ¢} 15 L return {v:t | Jx:t, P [v > x] A P}

7 case a:7;—1 do 16 case a:7;—7 do

8 7, Fa(x, [vit | ¢x] 7a); 17 7}, — Ex(x, [vit | ¢x]. 7a);

9 return a:7,—Ex(x, [v:t | ¢x], 7); 18 return a:t),—Fa(x, [vit | ¢x], 7);

"Exists" Function. We implement our "Exists" function Ex as a function with type Ex(x, 7y, 7) :
Var — © — © — 7, where x and 7 is a variable and corresponding binding type that we want
to existentialize into the type 7, thus it can also be notated as Ex(x:7y, 7). Existentializing a type
context x:7y, X2:7s, ...X, Ty into a type 7 is equal to existentializing each binding consecutively:

Ex(xq:7y, X9:T0, oo Xn Ty, T) = Ex(xq:1y, Ex(x1:71, ..., EX(0:T0, 7))

As shown in Algorithm 2, the Ex function relys on the Fa function. More specifically, as we
mentioned in Section 5, existentializing a binding x:[v:nat | v > 0] into type [v:nat | v = x + 1]
will derive the type [v:nat | 3x,x > 0 A v = x + 1] which has an existentially-quantified qualifier;
the function type is contravariant in its argument types and covariant in its return types.

SMT Query Encoding for data types. In order to reason over data types, we allow the user to specify
refinement types with method predicates (e.g., mem) and quantifiers (e.g., Vu, ~mem(v, u)). These
method predicates are encoded as uninterpreted functions. In order to ensure the query is an EPR
sentence, we require that a normal refinement type (overapproximate types) can only use universal
quantifiers. In addition, as shown in Figure 3, we disallow nested method predicate application
(e.g., mem(v, mem(v,u))) and can only apply a method predicate over constants mem(v, 3) (it can
be encoded as Yu, u = 3 = mem(v, u)).
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