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Abstract

This document contains the mathematical theory behind the Bayesian Linear Classifier Mat-
lab function. The likelihood function and it’s partial derivatives are derived. Some numerical
stability issues are also discussed.

Model Definition

We observe covariates xi ∈ Rd (also called input variables) for each sample i where i = 1, . . . , N .
We also observe a binary label σi ∈ {−1,+1}. We specify that the class membership probabilities
are given by

p(σi = −1|xi,w) =
1

2
erfc(w · xi + w0) and p(σi = +1|xi,w) = 1− 1

2
erfc(w · xi + w0) (1)

respectively, where w ∈ Rd is a vector of regression coefficients and w0 is a bias term. We can include
the bias term in the weight vector so that w = (w0, w1, . . . , wd) ∈ Rd+1. The complementary error
function is defined as

erfc(h) =
2√
π

∫ ∞
h

e−s
2

ds.

We will use Bayes’ theorem to infer the most probable weights

p(w|D,α, β) =
p(D|w)p(w|α, β)∫

p(D|w′)p(w′|α, β)dw′
, (2)

where the data D = {(σ1,x1), . . . , (σN ,xn)}. The evidence term factorises over samples

p(D|w) =

N∏
i=1

p(σi|xi,w). (3)

We will assume a Gaussian prior for the weights

p(w|α) =
e−

1
2α2 w2

(2π)N/2αN
, p(w0|β) =

e
− 1

2β2
w2

0

(2π)1/2β
. (4)

The hyperparameters α and β control the variance of the weight components.
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Inferring the weights

We will numerically minimise the negative log of the posterior (2) using a gradient based optimisa-
tion algorithm:

Lw(w) = − 1

N
log p(w|D,α, β)

= − 1

N

∑
σi=−1

log

{
1

2
erfc(w · xi + w0)

}
− 1

N

∑
σi=+1

log

{
1− 1

2
erfc(w · xi + w0)

}
+

1

2Nα2
w2 +

1

2
log 2π + logα+

1

2Nβ2
w2

0 +
1

2N
log 2π +

1

N
log β. (5)

The hyperparameters are fixed in the current implementation.

Error bars

We will approximate the posterior distribution over w with a Gaussian centered on w∗ = minw Lw(w).
The curvature matrix can then be used to estimate the variance of the weights. Specifically,

p(w|D,α, β) = e−NLw(w∗)−N2 (w−w∗)·A(w−w∗)

where A is the matrix of second order partial derivatives of Lw(w) given below. We can interpret
(NA)−1 as a covariance matrix. Inferred regression weights are then given by

w∗µ ±
√

(NA)−1µµ for µ = 0, . . . , d

Partial Derivatives

Define hi = w · xi + w0. For the −1 class the first order derivatives for µ = 1, . . . , d are

∂

∂wµ
log( 1

2erfc(h)) = − e−h
2

1
2erfc(h)

xiµ.

We note that due to symmetry

d

dh
log

{
1− 1

2
erfc(h)

}
= − d

dh
log

{
1

2
erfc(−h)

}
.

Combining these results we may write

∂

∂wµ
Lw(w) =

1

N

∑
σi=−1

2√
π

e−h
2
i

erfc(hi)
xiµ −

1

N

∑
σi=+1

2√
π

e−h
2
i

erfc(−hi)
xiµ +

wµ
α2N

. (6)

The derivative of the bias terms is

∂

∂w0
Lw(w) =

1

N

∑
σi=−1

2√
π

e−h
2
i

erfc(hi)
− 1

N

∑
σi=+1

2√
π

e−h
2
i

erfc(−hi)
+

w0

β2N
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Second order partial derivatives for the −1 class the first order derivatives for µ = 1, . . . , d are

∂2

∂wν∂wµ

e−h
2
i

erfc(hi)
xiµ =

(
2√
π

e−h
2
i

erfc(hi)

)2

− 2hi

(
2√
π

e−h
2
i

erfc(hi)

)
xiνxiµ.

We observe that
d2

dh2
log

{
1− 1

2
erfc(h)

}
=

d2

dh2
log

{
1

2
erfc(−h)

}
.

Second order partials are given by

∂2

∂wν∂wµ
Lw(w) =

1

N

∑
σi=−1

( 2√
π

e−h
2
i

erfc(hi)

)2

− 2hi

(
2√
π

e−h
2
i

erfc(hi)

)xiνxiµ
+

1

N

∑
σi=+1

( 2√
π

e−h
2
i

erfc(−hi)

)2

+ 2hi

(
2√
π

e−h
2
i

erfc(−hi)

)xiνxiµ +
δµν
α2N

= Aµν .

Furthermore

∂2

∂w2
0

Lw(w) =
1

N

∑
σi=−1

( 2√
π

e−h
2
i

erfc(hi)

)2

− 2hi

(
2√
π

e−h
2
i

erfc(hi)

)
+

1

N

∑
σi=+1

( 2√
π

e−h
2
i

erfc(−hi)

)2

+ 2hi

(
2√
π

e−h
2
i

erfc(−hi)

)+
1

β2N

and finally,

∂2

∂wµ∂w0
Lw(w) =

1

N

∑
σi=−1

( 2√
π

e−h
2
i

erfc(hi)

)2

− 2hi

(
2√
π

e−h
2
i

erfc(hi)

)xiµ
+

1

N

∑
σi=+1

( 2√
π

e−h
2
i

erfc(−hi)

)2

+ 2hi

(
2√
π

e−h
2
i

erfc(−hi)

)xiµ.
Numerical Instability

If h � 0 then e−h
2 ≈ 0 and erfc(h) ≈ 0 and the numerical value of their ratio in the derivatives

above will become inaccurate as the limit of machine precision is reached. In this regime we will
use the asymptotic expansion (Menzel, 1960) of erfc(h) which is given by

erfc(h) =
e−h

2

h
√
π

[
1− 1

2h2
+

2

(2h2)2
− 8

(2h2)3
+ · · ·

]
for h� 0.
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This means that for the σi = −1 class when h� 0 (a cutoff of h ≥ 20 is suitable for matlab)

log
(
1
2erfc(h)

)
= −h2 − log h− log 2

√
π + log

[
1− 1

2h2
+

2

(2h2)2
− 8

(2h2)3
+ · · ·

]
e−h

2

erfc(h)
= h
√
π

[
1− 1

2h2
+

2

(2h2)2
− 8

(2h2)3
+ · · ·

]−1
.

For the σi = +1 class when h ≤ −20 define g = −h and use

log
(
1− 1

2erfc(h)
)

= log
(
1
2erfc(g)

)
= −g2 − log g − log 2

√
π + log

[
1− 1

2g2
+

2

(2g2)2
− · · ·

]
e−g

2

erfc(g)
= g
√
π

[
1− 1

2g2
+

2

(2g2)2
− 8

(2g2)3
+ · · ·

]−1
.
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