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Abstract
We introduce analogues of Weyl’s circumferences and circles for the system of equations [1] with two pa-
rameters.

It is proved that the deficiency index of the two-parameter system (1) in the singular end b= (bl, b2) is
not less than one.

If one of two-parametric equations (1) has the case of limit circumference, then the deficiency index of the
problem (1) is not less than two. But if both of the equations of the two-parameter system (1) has the case of limit
circumferences, then the deficiency index of the problem (1) equals four.

Keywords: Circle and point, two —parameter equations, deficiency index, limit circumference, problem (1),
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Introduction:
We consider a two —parameter system of Sturm-Liouville equations

-y (Xl) +0, (Xl)yl (Xl) + [/liail(xl) + /‘iéaiz(xl)]yl(xl) =0 }
=Y () + 02 (%) Y2 (%) + [A81(X,) + 4,855 (X,)1Y,(X;) =0 1)
—0<g <X <b <o (1=12).
Assume that a,,(X%;),a,,(X,), 8,,(X,), a,,(X,) and 0,(X,;),d,(X,) are arbitrary complex-valued func-
tions, continuous on the interval (a;,b,), and P =Req,,r; =Imgq, (i=12).

We introduce analogues of G. Weyl’s circumferences and circles for the system of equations (1) with two
parameters.

G. Weyl’s theory on limit circumference for Sturm-Liouville operators with real potentials (see [1], [2]) is
extended also for the case of complex potentials as was noted by V.B. Lidsky [3] when constructing theory of not
self-adjoint Sturm-Lioville operators with discrete spectrum.

We will use the denotations and reasonings of the works ([3],[4]).

Let us introduce the following function

5,06, 4) = > Im(4,a, (4) + (). (1 =12
k=1
and consider the following two subsets of C2 :
A ={1eC%5,(x,2) > 0,x €(a,.h)},
A ={1eC?8,(x,4) <0,x (a,,b,)}
Introduce the basis ¢ (Xi ,ﬂ), 6’| (Xi ,ﬂ) of the space of solutions of the equation (1) satisfying the fol-
lowing initial conditions at the fixed point &¢; € (ai ’bi) :
(o, A) =1, ¢(a;,4) =0,
6,(,2) =0, 6(x,4)=1.
Let A e ATUAT
Then there exists the sequence (bi(m)) mC>l(ai , bi) converging to bi as M —> o0 and posing the proper-

ties:
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The solution of the form
wi (X, 4) =6 (X, 4) + g (%, 1)
of the equation (1) at the point bi(m) satisfies the boundary condition
Imy; (%, 4, 1)w, 06, 4,1)

(where Ii is still an arbitrary parameter) if and only if Ii lies on the circumference Cbi(mD (ﬂ) .

=0, 2

ki=b; (m) B

(m)
bII S, (%, Alw, (%, 4, Ii)|2dxi =Iml, ®)
centered at the point "’ .
(m) -
Obi(”‘) (A) = A[Q. ) C_Di ]xi:bfm) 2ibl_[ Si (%, j“)|¢)i (%, 4,1, )|2dxi (4)
and with a radius equal to )
b -1
Rblun) = % _[Si (X 2’)|¢i (X, ﬂ,)|2 dx; | . ®)

With increasing m circumference, the circumferences C ,, (A1) are contracted and as m — oo refract either

bi(m)
to the limit point M, () (A), or to the limit circumference Ch(”“ 1).
i

The point bi(m) lies on a closed limit circle

Kb, (A) = Kb, (ﬂv)LJCbi @)
or coincides with the limit point mbi (Z,) if and if the following relation is fulfilled:

b
15 (%, 26,0, 2) +1y (D (%, D) b, < [im1,, () ©)
It is easy to see that theiWronskian
Alp,6) =, (aiﬂ)gil (1) -6, (aiﬁ')(oil (1) =1
and
A(E)Mf’i)‘xz _ =0,A(0 + g, 0, + Ii(”i)‘x_: _ ==2iIml;.

Now, multiplying the equation (1) by yi , integrating the obtained relation in the interval (O(i ,bi(m) ) and
isolating the imaginary part, we obtain:
(m)
(— (— .b' 2
AV Yi) o =AY Y|+ 2i ISi(Xi1/1)|yi (%) dx;. @

We now note that the condition

|m‘//;‘,;i‘ =0

% =b{™
is equivalent to such a selection of the values of Ii for which the values of the linear fractional mapping
7= g +lig
0+l

x=b(™

is real.

And this is also equivalent to the fact that the point Ii belongs to the image of the real line under the linear-
fractional mapping
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6z-6
-pz+o,

in other words, to the belonging of the point Ii of the circumference

Cb|<m> (1) = Ii (bi(m) A R).

z—1,(b™,A,2) = ®

x=b(™

and this circumference has the equation

MG Ly +6 4Ly =0

% =b{™

The center of the circumference Cb(m) (ﬂ,) is the image of the point with the pole of the function
|

626,

(o™, 2,2)= iy

¥;=b{™

Therefore,

A6, -9,
Ob.(m) (/1) = M
' Ao, o) b
The length of the radius R () (A) of the circumference Cb<m) (A) is found by the formula
i i

Rym () =] (6™, 2,000, ()| = |A(, )

Let us find the equation of the circle K, (1) .

¥;=h(™

Obviously, the imaginary part of the pole of the linear fractional mapping (8) equals the expression

1 —
EA(%’%)

% =b{™

‘¢i (bi(m) , ﬂ)‘z .

If e UA_i , then from formula (7)
A(a’ gpi)‘x-:b»(m) # 0’
therefore ¢ (b™, 1) =0 and ¢, (b™, 1) = 0.

By means of formula (7) we deduce that
bi(m)
Imz = ; J-Si (Xi ’/1)|(0i (Xi !/1)|2dxi'

2
‘(Di (bi(m)ﬂl)‘ a
Hence it is seen that if A € AJir, then the point Ii belongs to the circle Kbi('“) (/1) if and only if
Imz<0,ie.

1 (—
-ZA@+Lm+Q+Lmk#m<O
and this in its turn is equivalent to the inequality
bi(m)

3106, 2)6,(x,2) + i, (%, A)|dx; < ImL. ©

aj

If 1 € A, we obtain the inequality
b{™

[8,(x, /6, (6. 2) + 19, (%, A lx, > Iml;. (10)

]

From formulas (9) and (10) we obtain the circle Kb,““) (A) foral A€ A?UA_i in the form of
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bi(m)
S (x.,A)|60.(X,A) + Lo (x.,4)| dx. <{Iml]. (12)
” i\ " i |¢| i |2 i | ||

Hence, if is obvious that if 4 € A} then Iml, >0 i.e. for all the circles K ,, (A)m=1,2,... are on the

bi(m)
upper (1) half-plane . And if A€ A; then i.e. for al the circles Ky (A)m=1,2,... are on the lower (1) half-

plane. ???

From the inequality (11) it is seen that the circles K . (A)are and therefore refract to the limit point

bi(m)
M, (A), ortothe limit circle K, (4) (with limit circumference C,, (4).)

If C,, (4) =m, (4), then the relation (11) holds.
We now note that there exists the solution to the equation (1) of the form
i (%, 4) =0,(%, ) + g (%, 1)
that for each values of A € A} LJA_i belongs to the space L*([ez;,b,1,|'S, | dX, ) of complex valued func-
tions Y; (Xi ), summed with a square with respect to the weight ‘Si (Xi , /1)‘ in the vicinity of the point bi .

by

18,0, Ay () dx; < 0.

In the case of limit circumference, for each value of A € ATUA} all the solutions of the equation (1)
belong to the space
2
L (ai’bi]’|si |dXi)'
Indeed, on one hand
2
i (X, 4)=0.(x 'l)—"lbi (Do (%, 4) el ( o, 0 ]| S; | dx; )
on the other hand, in the case of limit circumference we have
lim R, (1) # 0.
m—o0 i
Therefore, from formula (5) we deduce that the solution ¢ (Xi ,ﬂ) of the equation (1) belongs to the space
2
L (ai’bi]!lsi |dxi)
In the case of limit point, for each value of A € AY UAﬁi there exists only one linearly independent solution
of the equation (1) belonging to the space L2( a;,b.1,|S; | dx; )
Thus, we have: either all the solutions of the equation (1) lie in the space
L2( o, b1 |S; |dXi>
(the case of limit circumference), or only one linearly independent solution of (1) belongs to this space (the

case of limit point)
We can show that (see V.B Lidsky [2] and G.A. lIsayev [4], that for the constructed solution

wi (%, A) =6,(x, 4) +1, D (%, 4), (1, =1, (1) €C, (2) or Ibi =m, (A) ) the following limit re-
lation is valid:
xl,"ll, Im{wi (X, ), v (%, A)}z 0, AeA;lJA.
We now study all-possible cases of belonging and not belonging of he products yl(Xl, l) Yo (X2 , l) to
the space L*(1,, B(X)dX) i.e. determination of the condition
[BOOIY: (%, 2), ¥, (%o, A dx <0, %, €[, b1, 1, =[dy, by ][, b, ].

Iy

Here yl(xl, i) and Y, (Xz,ﬂ,) one the solutions of the system (1)
B(x) = det{ay (x)

ik=1
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We call the amount of products Y; (X, 4) Y5 (X5, 4) belongsto L*(1,, B(X)dx) a deficiency index of

two-parameter problem (1) in the singular end b (corresponding to the point ﬂ,)
Let A ¢ R? and ImA, # 0. Then

J. B(X)| yl(X]_ ' ﬂv); y2 (X2 y Z«)|2 dX -
[ab™]
b{™ g™

=|— j S, (% A Y (. )| dlx, J 8, (%,)|Y, (%, )| lx, -

1 bém) bl(m)
_m J.SZ(Xz1/1)|y2()(2’/1)|2d)(2 Iaig(X1)|y1(Xl,ﬁ,)|2dX1_

b by

—i 7 Jrounx. ' d j 8, ()Y, (%, A) e, +

(12)
+|—bj 6, (%)|Y, (%, )| lx, jau(x )|y (%, )| ;.
and
[ BLOONY: (4, 2), ¥, (%, ) lx =
[a, bm](m) "
= IS(xl,ﬁ)lyl(xl,/l)l dx, - j 8, (%,)|Y2 (Xp0 A)| dsz (13)

b4 B
| 800, Ay, (%, ) lx, | au(xl)|y1(x1,ﬂ)|2dx1}

Now, in the equality (12) assuming yl(Xl,ﬂ) = %(Xl,i), Y, (Xz,ﬂ) =y, (Xl,ﬂ) and taking
into account formulas (3) and (5), we obtain (considering I' = 1):
[ BOOlp: (4, 2), 17, (%5, 2)] lx =

[a.b"]
b(m)

= +l2im AR, () a0y, 06 ) i, -

a3

b , 21mIM (4
_( J‘a12(X1)|qol(xl, A) XmJTm—ﬂl()_

b(™ by

—m— j 00O A - () (e, 2 +

ap

(m) (m)

i Iaiz(xl)|gpl(xl,ﬂ,)| dx, - J.I’ (X2)|‘//2(X2’ﬂ“)| dx,.

(14)

Here |§m) (ﬂ,) S Cb(m) (/1), and the sign '+ "("— ) corresponds to the case A € AL U( ) In all
2

the addends of the right hand side of the equality (13), the second factors have finite limits as Tl —> o0 if only
the following conditions are fulfilled:

A=A A) e (A JADNALUAL),  ImA, =0,

and



30 German International Journal of Modern Science Ne51, 2023

855(%,) L (%)
S,(%;,4) S, (%, 4)

Assume that for the first equation in two-parameter problem (1) we have the case a of limit circle, and fur-
thermore, let

lim sup

X —>b,

< oo, lim sup

Xo—>by

< o0,

ay,(X,) r(x,)
S, (X, 4) S, (%, 4)
Then all first factors of all addends of the right hand side of the equality (13) have finite limits as [Tl —> 00
. Thus, subject to the mentioned conditions, the function ¢, (X, A)w,(X,,A) € L*(1,,B(X)dX), i.e. deficiency

index of two-parameter problem (1) is not less than two.
In a similar way we can show that

@, (%, Dy (%, 4) € L (1, B(X)dx),

if for the second equation in two-parameter problem (1) we have the case of a limit circle and the coefficients
of equations satisfy the same conditions, only the order in which there terms are presented, changes.
Thus, in the case of a limit circle for both equations the products

v (%, AW (%, A), 1 (%, D (%5, 2) and (X, A) 3 (X, 4)
belong to the space L(l,,, B(X)dX) . It is easy to see that on this case, the products also belong to the space

lim sup

X b

< oo,lim sup

X b

< 00,

L?(1,, B(X)dX) i.e. the deficiency index of the problem (1) is precisely four ¢, (X,, ), (X,, A) .

Thus follows from the equality (12) for Y; (X, 4) =@, (X, 4),i =1,2. On the other hand, it is easy to see

that if only for one of the two-parameter system of equations (1) we have the case of a limit point, then the defi-
ciency index of the problem (1) can be equal to two or four, as a result of dominating near the singular end

b= (bl, bz) of the addend in the right hand side of formula (12), or as a result of mutual paying if features of

separate addends.
For example if for the first equation from the two-parameter system (1) we have the case of a limit point,
circle, and for the second one we have the case of a limit point, then it is easy to see that the product

l//l(Xl, ﬂ)goz (X2 ) i) does not belong to the space
L*(1,, B(x)dx)

subject to the conditions

Ilm Sup |a12(xl)| + |r1 (Xl)| <o
X |Sl(Xl, i)|

[ maca, (%, A1, 06 s O D, <0

a

Summarizing all the arguments related to the system of equations (1) we arrive at the following statement

Theorem. Let
e UmNmsUay), 2eR2

Assume that if A & R? . the following condition is fulfilled:
la, ()] + 1 (%) o

lim sup , 1=12
X |S| (Xi,ﬂ)|
butit A & R, then
jim PaCOLHROO o

X—by |S| (Xi ) l)|
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Then the deficiency index of two-parameter prob-
lem (1) in the singular end b= (bl,bz) is not less

than a unit.

If for one of two-parameter equations (1) we have
the case of a limit circumference, then the deficiency
index of the problem (1) is not than two.

But if for the both equations of two-parameter sys-
tem (1) we have the case of limit circumferencesm then
the deficiency index of problem (1) is equal to four.
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