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Abstract
Let As(n), o(n) and p(n) be the nth Hecke eigenvalue of normalized cuspidal Hecke
eigenform, the sum-of-divisors function and the Euler totient function, respectively.
In this paper, we investigate the asymptotic behavior of the summatory function

S N (n)ot (n)¢ ()

as r — 0o, where j > 9 is any fixed integer. This generalizes the previous work in
this direction.

1. Introduction

The Fourier coefficients of automorphic forms are interesting and important re-
search objects in modern number theory. Let Hj be the set of normalized primi-
tive holomorphic cusp forms of even integral weight k£ for the full modular group
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I' = SL(2,Z), which consists of the eigenfunctions for all the Hecke operators T,.
The Fourier coefficients of f € Hy, at the cusp oo admits the Fourier expansion

Z)\f n)n'7 e (nz), e(z) i= e*™,

where Af(n) € R are the normalized Fourier coefficients (Hecke eigenvalues) of f,
and Ap(1) = 1. It is well-known that the Hecke eigenvalues A s(n) satisfy the Hecke
relation

M = 3 ().

where m and n are positive integers. In 1974, P. Deligne [7] proved the celebrated
Ramanujan—Petersson conjecture which asserts that

[Ar(n)| < d(n), (1)

where d(n) denotes the classical divisor function.
The Inequality (1) implies that for any prime number p, there exist two complex
numbers oy (p), B7(p) such that

Ar(p) = ar(p) + Bs(p),  les(P)| = 1Br(p)| = ar(p)Bs(p) = 1. (2)

The average behavior of Hecke eigenvalues of normalized cuspidal Hecke eigen-
forms is an important topic in modern number theory. In 1927, Hecke [11] proved
that

> Ap(n) < @t (3)

n<z

Later, the upper bound in Inequality (3) was improved by several authors (see, for
example, [7, 12, 25]). In particular, Wu [27] has shown that

Z)\f < xdlog x,

n<x

where

B 102+7¢2T<6—¢2T>5+102—7¢27<6+¢27>é 33

— 22 = 0118
210 5 210 5 35

In the 1930s, Rankin [24] and Selberg [26] independently proved the asymptotic
formula

S Xi(n) = sz + O(*?) (4)

n<x
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for any € > 0, where ¢; > 0 is a positive constant depending on f. Very recently,
the exponent in Equation (4) was improved to % — ¢ in place of % by Huang [13],
where ¢ < 1/560. This remains the best possible result to date.

In 2015, Manski, Mayle and Zbacnik [20] considered the average behavior of a
hybrid arithmetic function and proved that

Z d*(n)o® (n)¢(n) = 2" Pya_; (log z) + O (27 19)

n<lz

where a,b,c € R and § < r, < 1, here P,(t) denotes the polynomial of ¢ with degree
I. Later, Li [19] and Cui [6] investigated the average behavior of the sum

> M(m)at(n)et(n) ()
n<x
for 1 < 7 < 6. Very recently, Wei and Lao [28] refined the results for j = 2,4,6 and
gave the asymptotic behavior of Equation (5) for j =7, 8.

Inspired by the above results, in this paper we consider the asymptotic behavior
of Equation (5) for j > 9 by invoking the recent work of Newton and Thorne
[21, 22] which asserts that sym”f is an automorphic cuspidal representation of
GL(r+1) for all » > 1. The well-known analytic properties, such as the individual
and averaged convexity or subconvexity bounds for the associated L-functions, also
play an important role in the proof of the main result. More precisely, we prove the
following theorem.

Theorem 1.1. Let b,c € R, and let f € Hy be a Hecke eigenform. Let j > 9 be
any given positive integer. Then:
(i) For j = 2l an even integer, we have

_ 420
btetl— s g —80A;—63C; +63 +6)

Z /\gc (n)ab(n)gc(n) = xb+c+1PAj_1(log z) + Oy (x

n<z

for any € > 0, where P)(t) denotes a polynomial in t with degree [, and A; and C,
are given by

(20)! 3-(20)!
A= 2 M COLI
TSk G (=)l +2)!
(i1) For j =2l + 1 an odd integer, we have
i c btetl——s2—+e
Z )\}(n)ab(n)go‘(n) =Oy(z 327517

n<zx
for any € > 0, where By is given by

2+ 1)
TN+ 2
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Throughout the paper, we always assume that f € Hj is a Hecke eigenform.
Also, let € > 0 be an arbitrarily small positive constant that may vary in different
contexts. The symbol p always denotes a prime number.

2. Preliminaries

In this section, we review some relevant facts about the symmetric power L-functions
and collect some important lemmas which play an important role in the proof of
the main result in this paper.

Let f € Hy be a Hecke eigenform. The Hecke L-function associated with f(z) is
defined by

L(f,s) i Agf) -1I (1 W>_1<1W)_1, R(s) > 1,

S S
. p p

where the local parameters a(p) and S7(p) are defined as in Equation (2).
We can also define the jth symmetric power L-function attached to f by

=

Lsym’f,s) =[] [] (1 _ af(p)jmﬂf(p)’”) 6

s
p m=0 P

for R(s) > 1. We can rewrite it as a Dirichlet series

i )‘smj >‘sm-7 k
L(sym’ f,s) = H(l—l—ysf(m—l—...—&—ylj;(p)—f—...)
" p p
3\ .
= Zynif(”) R(s) > 1. (7)
n=1

It is well-known that Ay, ¢(n) is a real multiplicative function. And from Equations
(2),(6), (7) and Hecke operator theory, we infer that

Af(pj) = Z O‘f(p)j_Qm = )‘symff(p)v Jj=z1 (8)

m=0

Let 77 be an automorphic cuspidal automorphic representation of GL2(Ag). It is
well-known that an automorphic cuspidal representation m of GLy(Ag) is associated
with a primitive form f, and hence an automorphic function L(mf,s) coincides
with L(f,s). Denote by sym’m; the jth symmetric power lift of mf. For 2 <
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j < 8, the automorphy of sym? 7y were proved by a series of important work of
Gelbart and Jacquet [9], Kim and Shahidi [15, 16, 17], Dieulefait [8], and Clozel
and Thorne [3, 4, 5]. Very recently, Newton and Thorne [21, 22] showed that there
exists a cuspidal automorphy representation of GL;1(Ag) whose L-function equals
L(sym/ f, s) for all j > 1. Hence for j > 1, the L-function L(sym/f, s) is an entire
function and satisfies a functional equation of certain Riemann-type with degree
Jj+1

In the next lemma, we introduce the truncated Perron’s formula, which is given
in Karatsuba and Voronin by [14, pp. 334-336].

Lemma 2.1. Suppose that the series f(s) = >, -, ann™° converges absolutely in
R(s) > 1, and |a(n)] < A(n), where A(n) is a positive monotonously increasing
function and

Z lan|n=7 = O((U — 1)*'1)

n>1

for some a>1 as o — 1%. Then

1T x® b xA(2z)logx
S =g [ 10 0 ) + o ()
n<lzx

holds for any 1 < b < by, T > 2,2 = N + % (the constants in O-terms depend on
bo).

Next, we introduce a series of helpful lemmas which are important in the proof
of the main results in this paper. First of all, we give the decompositions of the
generating L-functions into some lower degree L-functions, which is significant in
the computations via Perron’s formula. Next, we invoke the subconvexity bounds
for some associated L-functions, which gives better results.

Lemma 2.2. Let b,c € R and j > 9 be a fized integer, and let f € Hy be a Hecke
eigenform. Let j = 2l be an even integer, and define

> M.(n)a?(n)ec(n
Lj,b,c(S):Z)\f( ) ( )80( )

n=1 n®
Then
Live(s) = ((s—b— )M L(sym? f, s —b— c)
X H L(sym* f,s —b— C)Cl(r)Uj,byc(s),
1<r<i—1
where A; and Ci(r) are given by
20)! 201(2r + 1
g UL eneren

NES
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The L-function Ly (s) is of degree 27 and all coefficients are nonnegative, and
Uj.b.c(8) is a Dirichlet series which converges absolutely and uniformly in the half-
plane R(s) > b+c+ 3.

Proof. Since /\;}(n)ob(n)gac(n) is a multiplicative function, then for R(s) > 1 we
have the Euler product

A ()b (0%) o€ (pF
Lipe(s) = H(1+Z (") p(’i )e (p)>

p k>1
B N (p)o D) (p) Ny (0" (?)
= 1;[(1+ e + o +>

In the half-plane R(s) > b+ c+ 1, the p-th coefficient of the L-function determines
the analytic properties of L; c(s).
By Equation (8) and [18, Lemma 7.1}, we get

N (p)a®(P)e°(p) = Ar(p) (p+1)"(p—1)°
_ (Al+ > cl<r>Asym2rf<p>+Asymmf(p>)<p+1>b<p—1>c
1<r<i—1

since in this case j = 2[ is an even integer.
Let s = o + it. By following an argument similar to that of Wei and Lao [28,
Lemma 2.4], we get

Ljpe(s) = H <1 + M

- + O(pQ(thcfo') + p(bJrclU)))
ps—b—c

p

= ((s—=b—c)ML(sym® f,s —b—c)
X H L(sym? f,s — b —¢)" MU, 4 o (5),

1<r<i—1

where the Dirichlet series Uj .(s) converges absolutely and uniformly in the half-
plane R(s) > b+ c+ 1 +e and Ujpc(s) # 0 with R(s) =b+c+ 1. O

Lemma 2.3. Let b,c € R and j > 9 be a fixed integer, and let f € Hy be a Hecke
eigenform. Let j =21+ 1 be an odd integer, and define

> N.(n)a?(n)e(n
) = 52 )

Then
L;,b,c(s) = L(f7 s—b— C)BZL(SymZIJrlfa s—b— C)
X H L(sym®™ Tl f, s —b— C)D’(T)U;f’bjc(s),

1<r<i—1
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where By and Dy(r) are given by

@+ 1)
PN+ 2)r

(20 +1)1(2r +2)
A=)l +r+2)0

Dl (7”) =

The L-function Ljyp.c(s) is of degree 27, and Ulpe

converges absolutely and uniformly in the half-plane R(s) > b+ c+ %

(8) is a Dirichlet series which

Proof. This follows essentially the same argument as in Wei et al. [28] and note
Lau and Li [18, Lemma 7.1]. O

Lemma 2.4. For any ¢ > 0, we have

max{13(1-0),
Clotit) < (14 ))mtaztmnote

)max{%(lfa),O}wLe

9

L(f,o+it) < (1+]¢
L(sym*f,o+it) < (1+ )" 000t
uniformly for % <o<2andlt| >1.
Proof. The first result is the new breakthrough of Bourgain [2], the second is due
to Good [10], and the third result follows from the work of Aggarwal [1]. O

Now, we state some basic definitions and analytic properties about general L-
functions. A general L-function L(¢,s) is a Dirichlet series (associated with the
object ¢) that admits an Euler product of degree m > 1, namely

Mo =20 =TT (-3

n=1 p<oo j=1

where ay(p,j),j = 1,2,--- ,m are the local parameters of L(¢, s) at a finite prime
p. Suppose that this series and its Euler product are absolutely convergent for
R(s) > 1. We denote the gamma factor by

Loo(,5) = Hw‘ﬁuf(j)l“(s * g¢(j))

Jj=1

with local parameters py(j),j = 1,2,---,m of L(¢,s) at co. The complete L-
function A(¢, s) is defined by

A(¢7 8) = Q(¢)%Lm(¢7 S)L((b, 8),

where ¢(¢) is the conductor of L(¢, s). We assume that A(¢, s) admits an analytic
continuation to the the whole complex plane C and is holomorphic everywhere
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except for possible poles of finite order at s = 0,1. Furthermore, it satisfies a
functional equation of the Riemann-type

A(¢a S) = €¢A(Q§, 1- S)

where ¢, is the root number with |es| = 1 and ¢ is dual of ¢ such that Ag(n) =
W, Loo(cz;, $) = Loo(¢, s) and q(q;) = q(¢). We say that L-function L(¢, s) satis-
fies the Ramanujan conjecture if Ay(n) < n° for any e.

From above we observe that the L-functions L(sym’f,s),j > 1 are general L-
functions in the sense of Perelli [7]. For the general L-functions, we have the fol-
lowing averaged or individual convexity bounds.

Lemma 2.5. Assume that £(s) is a general L-function of degree m. Then
2T )
/ |S(o +it)|"dt < TMUO)FE,
T
uniformly for % <o<landT >1, and

,Q(o’ 4 Zt) < (1 n |t|)max{%(l—n),()}-i—s7

uniformly for% <o<1l4c¢eandlt| >1.

Proof. This follows from the results of Perelli’s mean value theorem and convexity
bounds for general L-functions [7]. O

3. Proof of Theorem 1.1

We firstly consider the case that the j = 2¢ is an even integer. By applying Lemma
2.1, we obtain

) 1 b+c+1l+e+iT s xb+c+1+6
> M) = o | Lol s + O =),
b

<u 20 Jyqeq1qe—iT

where s = o0+ it and 1 < T < x is some parameter to be chosen later. For the sake
of simplicity, by Lemma 2.2 we will write

Lipe(s) = Hjpe(s —b—c)Ujpe(s),

where
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By shifting the line of integration to the parallel segment with R(s) =b+c+ % +e
and invoking Cauchy’s residue theorem, by Lemma 2.2 we have

Z )\gc (n)o®(n)¢®(n) = Ress—ppet1 {Lj7b7c($) :is }

n<z

1 b+c+i4e+iT b+ct+i+e—iT b+ct1+e+iT o
+.{ / +/ +/ }Lj’bw(s)ds
210 Jotet i re—iT btet1te—iT bteti+etiT 5

xb+c+1+s
o ——
o)

) xb+c+1+5
= xb+°+1PAl,1(log x)+J1+Jo+ Js+ O()a

T

where the term 27t P4, (logx) comes from the residue of the function

S

X
Lj.,b,c(S)?

at s = 1, and P;(¢) denotes a polynomial of ¢ with degree .
Let

Hjpe(s) = C()"Gjpo(s)L(sym® f, 5)1 ),
where

Gjp.e(s) := L(sym? f, s) H L(sym?" f, 5)C1(r),

It is not hard to find that G;.(s) is an L-function of degree 2% — A; — 3C4(1).
Now we need to handle the three terms Jq, Jo and Js. For the integrals over the
horizontal segments J, and J3, we have

1+e
St s < / |Hjpolo+iT)|a" 7T do
3+e

1+€
< atc / |Hjp,c(0 +iT) |27 T do.
1lie

2

By Lemmas 2.4-2.5, we have

JotJs < zbte max xaT(gAl—&-%Cl(1)—&-%(221—AZ—BCl(l)))(1—0)+5T—1
3+e<o<l+e
b+c+l4e
x 1 20-2_ 2 A _ 3 _
< ?+"Eb+c+2+€T2 st Al—55C1(1) 1+£' (10)
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For Ji, by Lemmas 2.4 and 2.5 and the Cauchy-Schwarz inequality, we have

T
S < xb+c+%+f/ ‘H47b,c<;+it)‘t‘1dt+xb+c+é+s
1
1
-+t
1<T <T/2 C<2 +Z>
1 Ci(1)-1 27 1 2 1
Lsym2f, L 4t / I Symzﬁ_'_z.t) dt)
2 T 2
2T, 1 ' 2 % brord e
x Gipel - +it)| dt 4 ghtets
T 2

< xb+c+%+eTﬁAl+%(Cl(1)71)+%+(2217A,73Cl(1))><%71+5+xb+c+%+s

Ay

1 -
< 2PTetETElog T max max T, *
T <t<2Ty

X

« e hac G- e, (1)

Therefore, from Equations (9)-(11), we have

. b+c+1+e
SN et ) = ar R, (oga) + 0T )

n<z

! (mb+c+§+sT22’2—%Al—ﬁ)cl(1)—%+5> . (12)

420
On taking T = g 105-22/% -804, —63c; (1463 in Equation (12), we get

btct1—

420 te
105-221F1 -804, —63C; (1)+63 )

SN e ()t (n) = 2Py (logx) + O(a

n<z

This completes the case that j = 2I.

Now we turn to the case that j = 2] + 1. By applying Lemmas 2.1 and 2.3 and
shifting the line of integration to the parallel segment with R(s) =b+c+ 3 +¢, we
obtain

Y X’ (n)et(n) =

n<zx

1 bt+c+ 3 +e+iT b+ct+i4e—iT b+ct1+e+iT o
{ / +/ +/ }L;b)c(s)ds
270 Jotet+ L +e—iT btctl+e—iT btcti+et+iT s

l‘b+c+1+€
+o(=—)
xb+c+1+e
= I +12+I3+O(T>, (13)

where s = o + it and 1 < T < x is a parameter to be chosen later.
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For the sake of simplicity, by Lemma 2.3 we write

L;b,c(s) - H;,b,c(s —-b— C)U;,b,c(s)a

where
Toe(s) = L(f, )P Lsym® 1 f,s) [ Llsym® ' f,5)P1(")
1<r<i—1
And let
Toe(8) = L(f,8) PGy () L(sym?® f, 5)71 (1),
where

G po(s) = L(sym> 1 £, s) H L(sym?™+1f, )P,

2<r<i—1

It is obvious that G%, .(s) is an L-function of degree 2**1 — 2B, — 4D;(1).

Next we begin to handle the three terms I, Is and I3. For I, using Lemmas 2.4
and 2.5 and the Cauchy-Schwarz inequality, we have

T
L < xb“*%“/ ’H}‘b <;+z‘t)’t—1dt+xb+6+é+s
1 9 )C
(f, +zt)
1<T1 <T/2 Tlgtngl
1 Dy(1)-1 2T, 1 2 %
L(sym fis —Ht) (/ L<Sym3f,+it) dt)
T 2
2T 1 2 % )
X < / },b,C(Q +it> dt) ) 4 ghtetste
T1

< $b+c+§+5T%B,+% X L x4x(Dy(1)—1)+3 x & x4+(22"H1 —2B;—4D; (1)) x 1 —1+¢

B,
<« gbtetste logT max ( max

+xb+c+%+6

< gbtetatep? T -§Bi-lte (14)

For the integrals over the horizontal segments I and I3, by Lemmas 2.4 and 2.5 we
have

1+¢
L+ < / |Hy (0 +4T) 2"t T do

14
< xb+c/ |H7y, (0 +iT)|2" T do
L b,
3TE
< 2Pt max xaT(gBl+%(221+1—2Bl))(1—a)+eT—1
T+e<o<b
b4-c+1+¢
X 1—
< T+mb+c+%+sT22 '—§Bi-lte (15)
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Combining Equations (13)-(15), we obtain

mb+c+1+€

T + xb+c+%+5T22l_lféB171+e. (16)

S X )t ()¢ (n) <

n<x
3
On taking T' = z*2* -5 in Equation (16), we have

' 3
Z /\Jf(n)(fb(n)goc(n) < xb+c+1 3275, +6'

n<lz

This completes the proof of Theorem 1.1.
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