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Summary 
 

The parametric representation of rocking fragilities is statistically investigated. Initially, the potential normalization of 

the rocking parameters to reduce the problem’s dimensionality is tackled by undertaking comparisons both on a single-

record and a sample-of-records basis. It is found that the slenderness angle can be normalized out when probabilistically 

considering the rocking response of simple rocking blocks with the same semi-diagonal length. Then, the robustness of 

the lognormal distribution for characterizing the rocking motion is investigated. Sets of pulse-like and ordinary ground 

motions are employed to test the lognormal fit for the full range of rocking response when the peak ground acceleration 

or the peak ground velocity are employed as intensity measures. In both cases, the lognormal distribution offers an 

adequate, but often imperfect, baseline model of the rocking fragility curves. Instead, a shifted lognormal that accounts 

for the absence of response below the rocking initiation intensity is an enhanced solution that can form the basis for 

offering simplified response model surrogates. 
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1 INTRODUCTION 

 

Rocking is a common pattern of seismic response for unanchored rigid bodies subjected to earthquake excitation. 

In general, sliding, bouncing or a mixed response may occur. Yet, when the coefficient of friction between block’s 

base and its support surface is high enough to prevent sliding, and the block is sufficiently slender to prevent 

bouncing [1], it undergoes pure rocking during an earthquake motion. Housner in 1963 [2] proposed the rocking 

equation of motion. Numerous studies followed on the analytical investigation of the rocking response under 

single-pulses or earthquake ground motion excitations [e.g. 3–16]. This interest in the field of rocking stems from 

its wide application in structures. The rocking block has been employed for the determination of the seismic 

response for a wide range of structural types starting from ancient temples or monuments [e.g. 9, 17–20] to the 

design of modern and resilient structures [e.g., 21–24].  Most of the aforementioned studies investigate the rocking 

problem via analytical treatments aiming to determine the correlation between the excitation’s waveform 

characteristics and the block’s geometric and dynamic characteristics. Such efforts are motivated by, but are also 

hampered by, the extreme nonlinearity of the rocking motion, which is strongly dependent on the initial conditions 

[3]. This naturally leads to the consideration of the probabilistic assessment as an efficient approach. Yim et al. 

[3] and recently Voyagaki and Vamvatsikos [25] undertook the probabilistic treatment of the uncertainties that are 

associated with the rocking problem in a similar way with the treatment of the uncertainty sources that are involved 

in the seismic response of yielding systems. A statistical approach to the rocking response is also presented by 

Bachmann et al. [16] where a validation of Housner’s simple rocking model [2] for the efficient prediction of the 

response statistics is provided. Moreover, recent shake table testing campaigns [26] targeted the statistical 

characteristics of the response instead of the response under single ground motions since rocking response cannot 

be efficiently predicted by virtue of being strongly dependent on the modeling details [27]. 

 

The probabilistic treatment is also the common tool for producing predictive equations for the seismic response of 

structural systems [28–31]. These empirically-derived expressions are used for the rapid estimation of the 

(distribution of the) seismic demand and are produced by regressing the results of thousands or millions of dynamic 

analyses of simplified models, typically equivalent single-degree-of-freedom systems. Reducing the size of (i) the 

input parameter space and (ii) of the output statistical metrics is an obvious bonus to such endeavors. The first can 

be achieved by normalizing out the system parameters and reducing them to the absolute minimum number 

required by the dimensionality of the problem. The second is best managed by adopting a parametric probability 

distribution that efficiently fits the system response or, equivalently, captures the system fragility function(s) [32]. 

A widely accepted solution has already been reached on how to tackle such issues for elastoplastic hysteretic 

oscillators by adopting the triptych of strength-ratio/ductility/period to characterize the system [28,33], together 

with a lognormal distribution to capture the response [29, 30]. Such consensus is still lacking for the simple rocking 

block.   
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In an attempt to propose a comprehensive resolution, a detailed discussion is provided on the parameterization of 

rocking response and on the use of a common distribution model for fitting the rocking fragilities. Dimensional 

analysis has already made strong contributions to the first issue, although mostly confined to pure-pulse excitation 

[10]. Whether such normalized parameters are also applicable for recorded (pulse-like or non-pulse-like) ground 

motions remains a question. There is even less information for selecting a response distribution model. The 

lognormal is a typical, albeit imperfect, assumption for yielding systems. For example, Romão et al. [34] 

recommend a lognormal distribution for the distribution of most engineering demand parameters (EDPs) given the 

intensity measure (IM) level, at least where non-collapsing response is concerned. On the other hand, Goda et al. 

[35] recommend either the lognormal or the Frechet distribution for different cases of non-collapsing systems with 

Bouc-Wen hysteresis. Where collapse (or block overturning) starts appearing, at least two distributions are needed 

for the EDP given IM data [13]. Instead, characterization of response via a single common distribution model is 

still feasible for the fragilities, or equivalently, for the IM given EDP data. For example, Shinozuka et al. [36] 

suggest the lognormal distribution for yielding system fragilities. The question is whether this is also fine for 

rocking response, or a different distribution model is needed.  

 

The present work is part of a series of papers [31, 37–40] that aim to investigate in detail the seismic response 

standardization for the case of rigid rocking blocks via state-of-the-art probabilistic approaches in order to offer 

practical tools to predict the (distribution of) rocking response for the seismic design and assessment of on-ground 

or floor-supported rocking blocks. All these tools can be applied for cases of individual blocks or in modern 

decision support systems [e.g., 41] for treating multiple assets of rocking response.  

 

2 THE SIMPLE ROCKING BLOCK AND ITS PROPERTIES 

 

Rocking fundamentals 

 

The classic rocking block problem refers to a planar rigid block (Figure 1), rocking without sliding or bouncing 

on a rigid base subjected to horizontal excitation. Customarily, the block is rectangular with  2b  base width and  

2h  total height. Rocking motion starts once the overturning moment of the seismic force overcomes the restoring 

moment of gravity. The corresponding horizontal acceleration condition is  𝑢̈𝑔 > g tan𝛼.  

 

After uplifting, the block rocks between its pivot points O and O’. The rocking motion between impacts can be 

described by the single degree of freedom equation [11]: 

𝜃̈ = −𝑝2 [sin(𝛼sgn(𝜃) − 𝜃) +
𝑢̈𝑔

g
cos⁡(𝛼sgn(𝜃) − 𝜃)] 

(1) 

 

where θ is the rocking angle, 𝛼 = tan−1(𝑏/ℎ)  the slenderness (or stability) angle, and p  is the characteristic 

frequency parameter of the block, which for a rectangular block is  𝑝 = √(3g)/(4R), with   𝑅 = √𝑏2 + ℎ2  being 

the half diagonal of the block.  Equation (1) is valid for large  𝜃  rotations and slenderness angles  𝛼. For small  𝜃⁡ 
and 𝛼, Equation (1), simplifies to [14]: 

𝜃̈(𝑡)

𝑝2𝛼
−
𝜃(𝑡)

𝛼
+ sgn(𝜃) = −

𝑢̈𝑔

g𝛼
 

(2) 

 

In Equations (1) and (2) note the negative sign in front of θ, which implies negative stiffness, and that there is no 

damping term. Energy dissipation occurs mainly during the impact of the block to its support base during rocking 

response. Impacts take place at the pivot points (θ = 0), when the rocking rotation  𝜃  switches sign  

(sgn(𝜃) = ±1). A common way to capture this energy loss is with a coefficient of restitution  𝜂. Typically,  𝜂  is 

defined as the ratio of post  𝜃̇+ and pre-impact  𝜃̇− angular velocity: 

𝜂 =
𝜃̇+

𝜃̇−
 

(3) 
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Figure 1. Planar rectangular rocking block on a rigid base. 

 

Housner [2] proposed an approximation for the coefficient of restitution based on the conservation of angular 

moment before and after the impact: 𝜂 = 1 − (3/2) sin2(𝛼). However, this estimate associates the energy 

dissipation at impact only with the block shape (slenderness angle  α) and disregards all remaining factors that are 

involved in the impact itself such as the material properties, the foundation etc. Typically, the value of the 

coefficient of restitution  η  ranges within 0.7–1.0 [e.g., 42–46]. 

 

Ultimately, rocking motion terminates with the block either returning to rest or with overturning. Mathematically, 

overturning occurs if the (absolute) rocking rotation diverges to infinity  |𝜃| → ∞. Numerically, overturning is 

assumed once the rocking rotation exceeds an arbitrarily large value, e.g., |𝜃| > 𝜋/2 or |𝜃| > 𝛼, both options 

providing statistically identical results.  

 

Parameters and variables of the rocking problem 

 

Despite the structural simplicity of the rocking block, its dynamic behavior is nonlinear and very sensitive to the 

waveform of the ground motion. The parameters governing the motion of the rocking block are three: 

1. A geometrical characteristic of the block related to its shape: the slenderness angle  𝛼.  

2. The frequency parameter  p, which is associated with the size of the block through the value of the diagonal 

2R. Recall that the “equivalent” oscillation frequency of rocking response depends both on p and on the 

rocking amplitude [1] and hence cannot be directly compared to the natural frequency of the yielding 

oscillators [8].  

3. The coefficient of restitution  η, which refers to the energy loss mechanism during the rocking motion. The 

energy dissipation mechanism is a fundamental difference between rocking and the typical yielding single-

degree-of-freedom (SDOF) system (see [8] and references therein). There are three common ways of 

approaching the value of  η. The first and relatively impractical option is the case-specific experimental 

determination of  η. The second and most commonly employed is the slenderness-dependent equation of 

Housner [2]. In that case, the slenderness angle  α  is involved in the  𝜂  calculation. The third option is to 

employ a constant value for  𝜂 that is independent of  α [47, 48]; this is the approach of the present analysis. 

This constant value assumption is based on the moderate effect that  η  is found to have, in a statistical sense, 

in comparison with the other system parameters [3, 16, 48], as well as, on the aforementioned issues regarding 

an effective direct estimation. 

 

Note that the mass of the block is not a governing parameter of the classical rocking block problem. Instead, there 

are two parameters referring to the geometrical characteristics of the block (α  and  p) while the third (η) refers to 

the energy loss during the impact. Crucially, despite the superficial differences, the same three parameters govern 

the response of any single-degree of freedom (SDOF) (rigid) rocking mechanisms, as there is a direct equivalence 

between different SDOF rocking structures [49]. 

 

In addition to the three block-specific parameters, to achieve full characterization one must also introduce two 

analysis-specific variables: The ground motion intensity, represented by the scalar intensity measure (IM), and the 

engineering demand parameter (EDP) capturing the structural response. Typical IMs for rocking blocks are the 

peak ground acceleration (𝑃𝐺𝐴), and the peak ground velocity (𝑃𝐺𝑉) [13, 50, 51]. As the EDP, one usually 

employs the peak absolute rocking angle recorded, 𝜃𝑚𝑎𝑥.  
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Having a total of five (three plus two) quantities that need to be accounted for, one wonders what can be normalized 

out. The assumption of a constant coefficient of restitution  η  already removes one. Dimensional analysis offers 

further options via the normalization of the IM and the EDP, at least for pure-pulse excitations and slender blocks 

(e.g., 𝛼 < 0.20 rad) [10]. For this particular case, one can remove the effect of 𝛼 by adopting as EDP the 

dimensionless peak rocking angle  𝜃̃ = 𝜃𝑚𝑎𝑥/𝛼, and as dimensionless IM either 𝑃𝐺𝐴/(g tan 𝛼), denoted here as 

𝑃𝐺𝐴/g tan𝛼, or (𝑝𝑃𝐺𝑉)/(g tan 𝛼)⁡, denoted here as 𝑝𝑃𝐺𝑉/g tan 𝛼. Unfortunately, the degree to which such 

treatments are effective is a matter of debate. At the highest level, one would require that this double IM and EDP 

normalization would make the full response histories identical under a given excitation. For a simple sinusoidal 

pulse excitation and slender blocks of the same p, this is indeed the case [10]. For realistic pulse-like ground 

motions, the resulting response histories are close but not the same [13, 14], while no data is available for non-

pulse-like ground motions. At a second level, having a matching of just the maximum response,⁡𝜃̃, under a given 

ground motion record would be adequate. Actually, one can lower his/her requirements to a third level by only 

seeking the matching of the distribution statistics of ⁡𝜃̃ given the IM under a suite of ground motions. If any of the 

above matchings is valid, the slenderness (or stability) angle  𝛼  can be effectively removed from the problem, 

especially when undertaking a probabilistic view of rocking as, for example, when seeking the determination of 

fragility curves, as e.g. proposed by Kazantzi et al. [31, 39]. 

  

3 CASE STUDY SETUP 

 

In order to check the effectiveness of normalization by the slenderness (or stability) angle  𝛼, a total number of 15 

blocks are used. They have three different frequency values, p = 1.00, 3.00, 4.00 s-1, and five different  𝛼  ratios, 

ranging from very slender blocks with  𝛼 = 0.05 rad to semi-stocky ones with  𝛼 = 0.25 rad (Table 1). For the 

block slenderness angles employed, Housner’s coefficient of restitution varies within  𝜂 ≅ 0.91 − 1.00. In the 

following, a constant coefficient of restitution value of  𝜂 = 0.92 is employed for all blocks [31, 39, 47, 48] that 

translates into an energy loss of 15.36% per impact. 

 

Table 1. Geometric and dynamic characteristics of the 5×3 studied blocks. 

p (s-1) 1.00 3.00 4.00 

α (rad) 2b (m) 2h (m) R (m) 2b (m) 2h (m) R (m) 2b (m) 2h (m) R (m) 

0.05 0.735 14.697 7.358 0.082 1.633 0.818 0.046 0.919 0.460 

0.10 1.469 14.641 7.358 0.163 1.627 0.818 0.092 0.915 0.460 

0.15 2.199 14.550 7.358 0.244 1.617 0.818 0.137 0.909 0.460 

0.20 2.923 14.422 7.358 0.325 1.602 0.818 0.183 0.901 0.460 

0.25 3.641 14.258 7.358 0.405 1.584 0.818 0.228 0.891 0.460 
 

 

Multiple nonlinear dynamic analyses are performed using the simplified Housner [2] model. Specifically, all the 

analyses integrate numerically Equation (1) using scripts developed by Vassiliou [52]. This simplified approach 

of a planar rigid block undergoing pure rocking response may lack in accuracy in comparison with more 

sophisticated models. However, as proposed by Bachmann et al. [16], it remains a highly efficient approach for 

probabilistically investigating rocking response, which requires hundreds or thousands of nonlinear response 

history analyses. Natural recorded ground motions are used, all taken from the PEER NGA database [53]. Both 

pulse-type [54] and ordinary (no-pulse-like, no-long-duration) ground motions are employed for analyses either 

on a single-record or on sets-of-records basis via incremental dynamic analysis (IDA) [55]. All the records have 

PGA higher than 0.14 g and correspond to seismic events with moment magnitude higher than 6.2. These criteria 

allowed us to find records that can trigger rocking when unscaled even for the less slender blocks, while they 

reduce the scaling factors needed during IDA to capture overturning. 

 

The methodology of rocking IDA proposed by Lachanas and Vamvatsikos [37] is employed. In all cases a constant 

PGA step of 0.01 g is employed for scaling. Incrementing stops at the first sign of overturning (i.e., 𝜃 ≥ 𝛼), 

discarding any possible resurrections. This no-resurrection assumption is adequate for all practical purposes, as 

resurrections only matter for the response of sturdy blocks close to overturning [37]. Two record sets are used: one 

of 86 ordinary ground motions and another of 44 pulse-type ones [54], each with two horizontal components. From 

each pair, only one arbitrary horizontal component is employed. Correspondingly, both IMs of PGA and PGV are 

used in their arbitrary-component form: they are defined on the (arbitrarily selected) single horizontal component 

that is actually applied to the response history analysis of each block. Note that this has no bearing on the 
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conclusions, as similar observations are derived if the geomean IM values are used instead; these results are not 

shown here for brevity. 

 

4 CAN WE NORMALIZE OUT THE SLENDERNESS? 

 

Α four-stage comparison is undertaken to clarify if the seismic response of blocks with the same size (p) but 

different shape (𝛼) yields a unique response under dimensionless IM and EDP. It starts from (i) the single record 

full rocking response history, then progressively escalates to comparing (ii) a single IDA curve, (iii) sample 

statistics of IDA results calculated for entire record sets, and, finally, ends up by comparing (iv) the classic IDA 

approach of scaling the record amplitude versus the alternative of scaling the block slenderness. This staged 

comparison aims to uncover the effect of shape on the dimensionality of rocking response under both ordinary and 

pulse-like ground motions, starting from the deterministic and moving to the sample statistical view. 

 

 
(a)  

 
(b)  

 
(c)  

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 2. Full rocking response history comparison for blocks of different slenderness using ordinary ground 

motions scaled at the same normalized 𝑃𝐺𝐴/g tan 𝛼 level per block: (a)-(c) blocks with p = 1 s-1, (d)-(f) blocks 

with p = 3 s-1, (g)-(i) blocks with p = 4 s-1. Note that dissimilar axes have been used to enhance resolution. 

 

Single response-history comparison 

 

The first stage of comparison refers to the full rocking response history. To this end, by taking the 5×3 blocks of 

Table 1, the full rocking response history under single ground motions is compared. In order to assure rocking 

even for the less slender blocks of Table 1, ground motions are scaled to intensities of 𝑃𝐺𝐴/g tan𝛼 > 1. As an 

example, the results for three ordinary (Figure 2) and three pulse-like (Figure 3) ground motions are shown. 

Different intensity levels per p case in Figures 2, 3 are selected to correspond mainly to 𝑃𝐺𝐴/g tan𝛼 levels where 

all blocks start rocking (and in their majority without reaching overturning) in order to investigate the matching of 

the rocking response waveform in the entire excitation time history. In general, the results are mixed and cannot 

support a definitive conclusion. Considering the ordinary non-pulsive records of Figure 2, normalization fails to 

produce an identical rocking time history for most of the cases. Still, relatively low differences are observed for 
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the peak dimensionless rocking angle in all cases. Even for the seemingly least compliant case of Chi-Chi 1999 

record for p = 4 s-1 (Figure 2i), three blocks agree in overturning and only one diverges by surviving. This 

observation hints at what we expect to see in the next stages of comparison, having a mostly consistent matching 

response with only a few discrete outliers. On the other hand, for the case of pulse-like ground motions (Figure 3) 

normalization of the slenderness seems to work better even if not perfectly. The inherent pulse of the ground 

motion that dominates the response leads to better matching of the response history waveforms. However, there 

are still cases where normalization fails to produce identical response (i.e. Figure 3d).  

 

 
(a)  

 
(b)  

 
(c)  

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 3. Full rocking response history comparison for blocks of different slenderness using pulse-type [54] 

ground motions scaled at the same normalized 𝑃𝐺𝐴/g tan 𝛼 level per block: (a)-(c) blocks with p = 1 s-1, (d)-(f) 

blocks with p = 3 s-1, (g)-(i) blocks with p = 4 s-1. Note that dissimilar axes have been used to enhance resolution. 

 

Single IDA curve comparison 

 

In the second stage, the comparison turns to the single record IDA curves. The difference of this stage with the 

previous is that now only the dimensionless peak rocking angle is considered instead of the full response history. 

The individual IDA curves allow us to efficiently examine this peak response at different levels of intensity. The 

same ordinary and pulse-type ground motions as in the previous section are used. As illustrated in Figure 4, for 

the ordinary ground motions some differences are still captured. These range from marginal, especially at low IM 

levels, to notable for a few instances of higher IMs, where some blocks manage to survive and some do not (see 

Figures 4b, 4d, 4e). On the other hand, when looking at the single IDA curves under pulse-like ground motions in 

Figure 5 the normalization seems to be very effective. As observed, for all the ground motions and the frequency 

cases, the seismic response of the blocks of different  𝛼  yields close to a unique IDA curve in the dimensionless 

IM-EDP space. Only some minor differences are captured in some rare cases (i.e. Figure 5b), but these are well 

within the margin of what could be considered as acceptable, both for the curves of Figure 5 and for those not 

shown for brevity. Thus, when pulse-type ground motions are employed and only the peak response is of interest, 

there is little question that slenderness can be efficiently normalized out. In contrast, for the case of the ordinary 

ground motions, the differences observed necessitate further investigation. 
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(a)  

 
(b)  

 
(c)  

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 4. Single IDA curve comparison for blocks of different slenderness for ordinary ground motions: (a)-(c) 

blocks with p = 1 s-1, (d)-(f) blocks with p = 3 s-1, (g)-(i) blocks with p = 4 s-1. 

 

Full IDA statistics comparison 

 

The third stage of comparison considers the peak response statistics at given levels of intensity. In this section, 

only the set of 86 ordinary ground motions is employed since for the pulse-type ones the efficiency of stability 

angle’s normalization has already been verified at a higher level of compliance.  

 

The comparison is made on two alternative bases for the estimated statistics.  The first and stricter comparison is 

made on a paired-record basis [38]. In the context of medical studies, this corresponds to supplying the tested 

medicine versus a placebo (or two different 𝛼 values) to identical twins (or records). Specifically, after the analysis 

with the full set of 86 ground motions for the 5×3 blocks of Table 1, a paired one-by-one record comparison is 

employed between blocks with the same p but different 𝛼. Specifically, for given levels of the dimensionless IM 

(i.e., horizontal stripes) we calculate the ratio of the response of each block of different slenderness angle (𝛼) over 

the response of the 𝛼 = 0.10 rad block for each of the 86 records: 

𝑟𝛼 =
𝜃̃𝛼

𝜃̃0.10
 

(4) 

 

where 𝜃̃𝛼 is the 𝜃̃ value of the record for the block with slenderness α, and 𝜃̃0.10 the 𝜃̃ value of the same record at 

the same IM-level for the block with  𝛼 = 0.10 rad, both blocks having the same p.  

 

Results via Equation (4) are plotted in the boxplots [56] of Figures 6–7 for various IM-levels. Only the well-

defined ratios of the 86 records per stripe are considered. By this we mean ratios 𝑟𝛼 where none of the two 

compared blocks overturns. As overturning becomes more frequent with higher intensities, this effect manifests 

itself in Figures 6–7 via the decreasing percentage of usable ratios with increasing intensity. Looking at each 

stripe’s boxplot, the central mark denotes the median of 𝑟𝛼, the notches capture the 95% confidence interval for 
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the median, whereas the left and right edges of the block are the 25-75% percentiles of the sample. Whiskers are 

set equal to 1.5 times the 25-75% interquartile range whereas the observations beyond the whiskers are considered 

as outliers and are denoted with cross line symbols.  

 

 
(a)  

 
(b)  

 
(c)  

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 5. Single IDA curve comparison for blocks of different slenderness for pulse-type [54] natural records: (a)-

(c) blocks with p = 1 s-1, (d)-(f) blocks with p = 3 s-1, (g)-(i) blocks with p = 4 s-1.  

 

Figure 6 captures the boxplots for the case of the blocks with p = 1 s-1. As shown, the median 𝑟𝛼 conforms to 1.0 

with 95% confidence for most of the blocks and IM levels. The only exception regards the block with α = 0.25 rad 

in the lowest IM-stripe. The same tendency is observed for the blocks with p = 3 or 4 s-1 as presented in Figure 7. 

In general, even these small mismatches are of little practical consequence, as they concern small-amplitude 

response values close to uplift. Thus, taking their ratio can easily exaggerate the difference of otherwise relatively 

close values. Overall, at all intensity levels we can observe the existence of outliers where the responses of blocks 

with different α do not match, thus confirming our stage-two observations. Still, these are clearly the exception 

and not the rule. The vast majority conform to a ratio of 1.0. This conclusion seems to stand uniformly for the 

slender blocks, whereas for the less slender (semi-stocky) ones, even the small differences that are observed in the 

low IM levels may question the absolute efficiency of the normalization. Note that the same observations are valid 

if the comparison is employed on a vertical-statistics basis [32], i.e. for given EDP levels [37], the results of which 

are not shown here for reasons of brevity. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. Boxplots of the ratio of response via Equation (4) for blocks with p = 1 s-1. The percentage of non-

infinite ratios from 86 total appears on the right vertical edge for each intensity level. 

 
(a) p = 3 s-1 

 
(b) p = 3 s-1 

 
(c) p = 4 s-1 

 
(d) p = 4 s-1 

Figure 7. Boxplots of the ratio of response via Equation (4). The percentage of non-infinite ratios from 86 total 

appears on the right vertical edge for each intensity level. 
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(a) p = 1 s-1 

 
(b) p = 3 s-1 

 

 
(c) p = 4 s-1 

Figure 8. 16/50/84% EDP|IM IDA quantiles for blocks of different slenderness under 86 ordinary ground motions. 

 

Record scaling versus block slenderness adjustment 

 

The fourth stage is the ultimate test in advocating full normalization of rocking response by 𝛼; it is the 

determination of IDA-like curves without scaling the records, but rather by adjusting  𝛼 itself.  Conceptually, this 

is important as it requires no artificial modification of the as-recorded ground motion, only the aggregation of 

results coming from blocks with different slenderness (and the same  p). It is directly equivalent to the derivation 

of IDAs in elastoplastic oscillators by reducing the yield strength rather than upscaling the ground motions. 

Whereas the latter is a time-honored practice whose validity has been mathematically proven for such simple 

systems [33, 55], the same cannot be said for rocking blocks. Still, our results so far empirically suggest that this 

should be doable. And it is. Figures 9 and 10 show an example comparison between IDA results for the blocks 

with  𝛼 = 0.10 rad derived by scaling the 86 ordinary ground motions versus the alternative IDA-like curves with 

the same records in their unscaled form by adjusting the slenderness  𝛼  at each dimensionless 𝑃𝐺𝐴/g tan 𝛼  level. 

Specifically, in Figure 9 the ratios of 𝜃̃ per Equation (4) of the alternative IDA (unscaled records) versus the 

conventional IDA (scaled records) of the blocks with  𝛼 = 0.10 rad are presented in boxplots. Again, only the 

well-defined ratios are included. As illustrated, for all the values of  p  the two approaches yield practically identical 

results under a paired record-by-record comparison in almost all the IM-levels. This fact is also observed when 

looking at the ensemble statistics (i.e., quantiles) in Figure 10 where the differences between the two methods are 

negligible. To this end, after this final comparison stage, one can say that even for the case of the ordinary ground 

motions, slenderness can be normalized out for rocking blocks when the seismic response is treated on a 

probabilistic basis. However, this conclusion only holds when  η  is constant and independent of the slenderness. 

As mentioned earlier, this would not be the case if one adopts the proposal of Housner [2], where 𝜂 becomes a 

function of α.    
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(a) p = 1 s-1 (b) p = 3 s-1 

 
(c) p = 4 s-1 

Figure 9. Boxplots of the record-per-record ratios of EDP derived via response-history analysis using slenderness-

adjustment (unscaled record) over conventional same-slenderness (scaled record,  𝛼 = 0.10 rad) results. The 

percentage of non-infinite ratios from 86 total appears on the right vertical edge for each intensity level. 

 

   
(a) p = 1 s-1 (b) p = 3 s-1 (c) p = 4 s-1 

Figure 10. 16/50/84% EDP|IM quantiles for IDA of blocks with  𝛼 = 0.10 rad (scaled records) against the 

alternative IDA-like (unscaled records) procedure by adjusting the slenderness instead of scaling the ground 

motions, under 86 ordinary ground motions. 

 

 

5 STATISTICAL CHARACTERIZATION OF ROCKING FRAGILITIES  

Having resolved to our satisfaction the question of slenderness, we are now interested in characterizing the output 

distribution of the IM values corresponding to a given EDP. The respective cumulative distribution function (CDF) 

is essentially the fragility curve associated with the exceedance of the given EDP threshold. Fitting such rocking 

fragilities with a parametric distribution is desirable since it reduces an inherently random quantity to a handful of 

parameters, facilitating the treatment of the problem and the determination of fragilities. For yielding structural 

systems, the two-parameter lognormal distribution is almost universally considered a suitable choice for any EDP 

threshold [34–36, 57]. Thus, this will be our starting point. In addition, a shifted lognormal distribution will also 

be tested, employing a third parameter, IMR, to shift the lognormal to the right (i.e., to higher values), essentially 
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extinguishing the probability of non-zero response for IM < IMR, or in general before uplift occurs [58]. This is 

considered advantageous, as a classic lognormal distribution would predict some probability of non-zero response 

even before the actual initiation of rocking motion. 

Lognormal versus shifted lognormal distribution 

First, we determine the set of IM values that correspond to each EDP threshold, for multiple 𝜃̃ values ranging from 

0 to 1 and each of the 15 rocking blocks of Table 1. Both the sets of 86 ordinary and 44 pulse-type ground motions 

are employed. Since the investigation is done on an IM|EDP basis and due to the highly weaving behavior of the 

typical rocking IDA curve, there can be multiple IMs that correspond to a single 𝜃̃ on a curve. Therefore, a 

functional inversion is needed to turn the IDA curves into one-to-one functions that provide a single IM for each 

given EDP. Here, the median-point inversion technique is employed, essentially using the median of the multiple 

IM values corresponding to any given EDP, this being a nearly unbiased approach for rocking IDAs [37].   

Figure 11 presents the inverted IDAs for the block with  𝛼 = 0.20 rad, p =1 s-1 under the set of 86 ordinary ground 

motions for the dimensionless PGA (Figure 11a) and PGV (Figure 11b). As illustrated in Figure 11a, the onset of 

rocking is clearly demarcated for the dimensionless PGA. This is due to the uplift condition being exactly 𝑃𝐺𝐴 >
g tan𝛼, or 𝑃𝐺𝐴/g tan 𝛼 > 1. Thus, fitting a lognormal distribution to 𝑃𝐺𝐴/g tan 𝛼 − 𝐼𝑀𝑅 , where 𝐼𝑀𝑅 = 1, is 

only natural. In proper probabilistic terminology, this is equivalent to fitting a lognormal distribution (right-)shifted 

by 𝐼𝑀𝑅. On the other hand, for the case of the dimensionless PGV there is no such clear uplift criterion, leading to 

the hazier view of Figure 11b. For simplicity, we employ as IMR the lowest value of 𝑝𝑃𝐺𝑉/g tan 𝑎 to trigger 

rocking for the given set of records.  

 
(a) 𝑃𝐺𝐴/g tan𝛼 

 
(b) 𝑝𝑃𝐺𝑉/g tan 𝛼⁡ 

Figure 11. Original vis-à-vis shifted sample of the IM|EDP IDA curves (inverted using the median-point-along-

the-vertical technique [37]) under 86 ordinary ground motions. Block with p = 1 s-1,  𝛼 = 0.20 rad. 

 

The Lilliefors [59] test is employed to check for lognormality, both for the unshifted and the shifted distribution. 

Figure 12 presents the results for the case of the dimensionless PGA summarized into the percentage of the⁡𝜃̃ range 

where lognormality is an acceptable assumption at the 5% significance level. As illustrated, lognormality is not an 

adequate model when the original (unshifted) sample of the IM values is used both for the ordinary and the pulse-

type ground motions, especially when the small blocks (i.e., higher p values) are considered. On the other hand, 

shifting enhances the fit of the lognormal distribution in the full range of rocking response, even if not reaching 

100% for some cases. To further investigate some badly performing cases, Figure 13 displays the Lilliefors test 

results for the full range of response for two of the blocks with p = 3 s-1. In Figure 13a, the block with 𝛼 = 0.05 

rad shows non-lognormal behavior for the full range of response, both for the original and the shifted sample. The 

reason is made clearer when comparing the histograms of the original and the shifted sample at a specific⁡𝜃̃ level 

(𝜃̃ = 0.50) in Figures 13b-13c: shifting clearly results to a better approximation of the normal distribution for the 

natural logarithm of the IM values. However, for this slender block there are some records that produce overturning 

for intensities that are very close to uplift, and specifically very close to 𝐼𝑀𝑅. These become outliers to the left of 

the IM sample, precluding any applicability of the lognormal distribution. On the other hand, for the case of the 

less slender block with  𝛼 = 0.20 rad (Figures 13d-f), the absence of these early-overturning cases leads to a better 

fit. Overall, the shifted-lognormal (and to a lesser extent the lognormal), are an acceptable but imperfect 

assumption for the case of the rocking fragilities when PGA or its dimensionless form are employed as the IM.   
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Considering the PGV, the summarized results of the Lilliefors tests are presented in Figure 14. As shown, the 

lognormal distribution is a much better fit now. Even the original sample is fitted successfully for more than 70% 

of the full range of response for most of the blocks. Shifting improves this to over 90%.   

 

 
(a) original sample  

 
(b) shifted sample 

 
(c) original sample  

 
(d) shifted sample 

Figure 12. Summarized Lilliefors test results for the IM|EDP IDAs for 𝑃𝐺𝐴/g tan 𝛼, using  𝛼 = 0.05,…,0.25 rad: 

(a)-(b) 86 ordinary ground motions, (c)-(d) 44 pulse-type ground motions. 

 

 

 
(a) 

 
(b)  

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 13. Lilliefors tests for blocks with p = 3s-1 using a sample of 86 ordinary ground motions. (a)-(c) Block 

with  𝛼 = 0.05 rad, (d)-(f) block with α = 0.20 rad.  
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(a) original sample  

 
(b) shifted sample 

 
(c) original sample  

 
(d) shifted sample 

Figure 14. Summarized Lilliefors test results for the IM|EDP IDA curves for 𝑝𝑃𝐺𝑉/g tan𝛼, using 𝛼 = 

0.05,…,0.25 rad: (a)-(b) 86 ordinary ground motions, (c)-(d) 44 pulse-type ground motions. 

 

Rocking response distribution and fragility estimations 

Based on the above findings, the question is how to take advantage of a shifted (three-parameter) or an unshifted 

(two-parameter) lognormal distribution to achieve a parametric description of rocking fragilities. This pertains to 

the practical problem of optimally fitting rocking response prediction equations [31, 39]. The following three 

options are considered as potential candidates: 

1. Shift the empirical IM capacity data. Estimate their median and dispersion. Provide regression relationships 

for the shift (if it is non-obvious), the median, and the dispersion.  

2. Do not shift the empirical IM capacity data. Estimate their 16/50/84 percentile values. Provide regression 

relationships for the percentile values. Offer a transformation to allow their shifting, if needed. 

3. Do not shift the empirical IM capacity data. Estimate their median and dispersion. Offer a transformation to 

allow their shifting, if needed. 

The first approach seems like the obvious winner. It perfectly follows our findings and uses the shifted lognormal 

as a basis. This is its greatest advantage but at the same time its worst detriment. The reason is that a shifted 

lognormal is not intuitive to many users, while popular risk/loss assessment frameworks, such as FEMA P-58 [60], 

are based on unshifted normal and lognormal distributions by default. In other words, unless one wants to rewrite 

the PACT software [60], Option 1 is a no go. Moreover, it needs three regressions for the dimensionless PGV, 

although only two for the case of the dimensionless PGA having a constant IMR = 1. Option 2 is a potentially much 

better choice. It follows the paradigm of SPO2IDA [29] and by directly fitting quantiles it is fully distribution free. 

If a new study comes out that claims a certain two/three-parameter distribution is better than a shifted lognormal, 

then one can still use the three expressions developed via Option 2 to fit it. The only disadvantage for the present-

day analyst is that three regressions are more difficult than two especially for the case of the rocking block. 

Whereas SPO2IDA could capitalize on the fact that the same parametric expression could be employed for all 

three quantiles of yielding oscillators (with different fitted coefficients naturally), this is not necessarily the case 

for rocking systems. The sizeable record-to-record variability can make the 16/84% quantiles quite temperamental 

and difficult to capture. This is where Option 3 shines: by virtue of ignoring the 16/84% quantiles and going 

directly for the more stable dispersion as a parameter, it makes it easier to achieve a good fit. For this reason, 

Option 3 became the approach of choice for Kazantzi et al. [31, 39]. 
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Still, it would be attractive to be able to combine the best of both worlds. Using Option 2 or 3 allows us to directly 

fit an unshifted lognormal, retaining full compatibility with FEMA P-58. Having the capability to transition to a 

shifted lognormal while reusing the same fitted expressions, would also give us the opportunity to increase fidelity 

without cost. Shifting by IMR the original sample of data is actually a fairly tractable operation. In the case of 

Option 2, the 16/50/84% fractiles of the original sample are directly shifted by IMR as well. Thus, the logarithmic 

mean (μs) and dispersion (βs) of a shifted lognormal distribution can be calculated from the 16/50/84% fractiles 

(𝛪𝛭16
𝑜
, 𝛪𝛭50

𝑜
, 𝛪𝛭84

𝑜
) of the original sample as: 

𝜇𝑠 = ln(𝛪𝛭50
𝜊 −𝐼𝑀𝑅) (5) 

𝛽𝑠 = 0.5(ln 𝛪𝛭84
𝑠 − ln 𝛪𝛭16

𝑠 ) 
= 0.5[ln(𝛪𝛭84

𝜊 − 𝐼𝑀𝑅) − ln(𝛪𝛭16
𝜊 − 𝐼𝑀𝑅)]⁡ 

(6) 

If, on the other hand, we only have the dispersion 𝛽𝜊 of the original unshifted datapoints per Option 2, we need to 

at least assume that the unshifted data “satisfactorily” follows a lognormal distribution. This is not exactly ideal, 

given that it is this particular distribution that we are trying to escape, but it is the only available path. Then, the 

dispersion be approximated in log-space by taking 1/(2c) times the difference of two “reference” points in log-

space at ±c standard deviations from the median:  

𝛽𝑠 =
1

2𝑐
[ln(𝛪𝛭50

𝜊 𝑒𝑐𝛽𝜊 − 𝐼𝑀𝑅) − ln(𝛪𝛭50
𝜊 𝑒−𝑐𝛽𝜊 − 𝐼𝑀𝑅)] 

=
1

2𝑐
[ln (

𝛪𝛭50
𝜊 𝑒𝑐𝛽𝜊 − 𝐼𝑀𝑅

𝛪𝛭50
𝜊 𝑒−𝑐𝛽𝜊 − 𝐼𝑀𝑅

)] 

(7) 

The constant c can theoretically range in (0, +∞). A typical choice could be c = 1, which corresponds to having 

the two “reference” points at standard deviation away from the median, making them equivalent to the 16/84% 

values and yielding back Equation (6). Still, there are two practical issues to consider here. First, it often happens 

that using MLE or moment-fitting on the full original sample can lead to an overestimation of 𝛽𝜊. This is due to a 

propensity of the sample towards having a long right tail, thus pulling the dispersion to large values. Combined 

with a relatively large value of c, this can make the denominator of Equation (7) approach zero (or even become 

negative) adversely impacting (or fully negating) the assessment of the shifted sample dispersion. Thus, it is 

usually better if (i) the right tail of the original (unshifted) sample is trimmed before fitting, and (ii) c stays within 

[0.5, 1]. For example, if using MLE, one may choose to discard observations beyond the 95% value; for moment-

fitting, one can either estimate dispersion 𝛽𝜊 as the half distance between 𝛪𝛭16
𝑜  and 𝛪𝛭84

𝑜 , or take the standard 

deviation of the natural logarithm of the data after similarly discarding observations above the 95% value.    

As an example, the different options are compared in terms of the fragility functions in Figures 15–17. All the 

results refer to the block with p = 3 s-1 and 𝛼 = 0.20 rad. Three different EDP thresholds are defined: 𝜃̃ =
0.15, 0.35, 1.00 [51]. For each case, there are four different fragility candidates to consider 

− Empirical cumulative distribution function (ECDF) fragility: Determined as an empirical CDF on a vertical-

statistics basis using the sample of 86 IM points from the set of ordinary ground motions, as determined via 

the median-point-along-the-vertical inversion technique [37]. This is the unambiguous benchmark against 

which all other options should be compared. 

− Unshifted-sample-fitted lognormal (USFL) fragility: The lognormal distribution CDF fitted on the original 

unshifted sample of the 86 IM points employed for the ECDF fragilities. 

− Shifted-sample-fitted lognormal (SSFL) fragility: The lognormal distribution CDF fitted on the shifted sample 

of the 86 IM points. 

− Transformed via Equation (7) USFL (USFL7) fragility:  The result of transforming (shifting) the USFL 

fragility by applying Equation (7), and of course Equation (5). 

Figures 15a-b, present for the dimensionless PGA and PGV, respectively, the ECDF fragilities versus their USFL 

(solid lines) and SSFL (dashed lines) counterparts. The latter are fitted via maximum likelihood estimation (MLE 

[61]) without tail-trimming. The results shown offer unambiguous support to the findings of the previous 

subsection: fitting a lognormal to the shifted PGA data offers a substantially better model (Figures 15a), fully 

capturing the deterministic initiation of rocking uplift, while it is only a marginal improvement for PGV. Of course, 

such results are only attainable if we have the full sample available.  

Let us now see how this situation may change if we only have the sample statistics per the theoretically-weaker 

Option 3. Figures 16a-b compare for PGA and PGV, respectively, the ECDF fragilities against USFL (solid lines) 

and USFL7 (dashed lines) fragilities, both determined using a trimmed-sample moment-fit approach with c = 1. 
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As expected, everything is working well for the PGV in Figure 16b. The original data is already well-represented 

by a lognormal, satisfying the assumptions of Option 3. The transformation of the fitted parameters again 

marginally improves an already good fit, same as in Figure 15b. For the PGA, the USFL remains a bad choice, as 

it misses the uplift threshold of 𝑃𝐺𝐴/(g tan 𝛼) = 1. Despite somewhat violating the need for a “lognormality of 

unshifted data”, Equation (7) manages a good job of transforming the USFL results to USFL7 fragilities. Although 

the latter do not fully match the right tail at overturning (𝜃̃ = 1.0), they do offer a close enough fit. After all, this 

is the part that is of least consequence for the seismic risk, as it concerns rare ground motions and low hazards.  

While the trimmed-sample fit provides good results per Figure 16, this is not necessarily the case for an untrimmed-

sample in Figure 17. Specifically, Figures 17a-b offer for PGA and PGV, respectively, said USFL fragilities fitted 

by MLE together with their corresponding USFL7 curves derived via Equation (7) for c = 1. Once again, the results 

are of no concern for PGV. For PGA, though, shifting an untrimmed-sample fragility by Equation (7) fails to 

produce an effective match.  

The effect of trimming versus no trimming the data sample appears more clearly in Figure 18. Therein, only the 

troublesome PGA results are shown, featuring the SSFL (benchmark) fragilities against 4 different cases of 

USFL7, using untrimmed (Figure 18a) versus trimmed (Figure 18b) sample fitting. As illustrated, a low value of 

c=0.25–0.5 can help improving the USFL7 result even for an untrimmed sample. Still, if trimming is well-

performed, practically any value of c = 0.25–1 will provide more-or-less the same result. 

 

 
(a) 

 
(b) 

Figure 15. Fragility functions for 3 pre-defined 𝜃̃  thresholds and 86 ordinary records. Block with p = 3 s-1, 

𝛼 = 0.20 rad. ECDF fragilities (solid line plus dots) vis-à-vis USFL (untrimmed-sample: solid line) and the 

corresponding SSFL (dashed lines) fragilities.  

 

 
(a) 

 
(b) 

Figure 16. Fragility functions for 3 pre-defined 𝜃̃  thresholds and 86 ordinary records. Block with p = 3 s-1, 

𝛼 = 0.20 rad. (a)-(b) ECDF fragilities (solid line plus dots) vis-à-vis the USFL (trimmed-sample: solid line) and 

corresponding USFL7 (dashed line) fragilities for c = 1. 
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(a) 

 
(b) 

 

Figure 17. Fragility functions for 3 pre-defined 𝜃̃  thresholds and 86 ordinary records. Block with p = 3 s-1, 

𝛼 = 0.20 rad. (a)-(b) USFL (untrimmed-sample: solid line) vis-à-vis the corresponding USFL7 (dashed line) 

fragilities for c = 1. 

 

 

 
(a) 

 
(b) 

Figure 18. Fragility functions for the 𝜃̃ = 0.15  threshold and 86 ordinary records. Block with p = 3 s-1, 𝛼 = 0.20 

rad. SSFL (solid lines) vis-à-vis the corresponding (a) USFL7 (untrimmed-sample: dashed line) fragilities, (b) 

USFL7 (trimmed-sample: dashed line) fragilities. 

 

6 CONCLUSIONS 

A detailed investigation of the influence of the system parameters on the probabilistic treatment of the rocking 

seismic response is presented. It is found that the slenderness (or stability) angle (𝛼) can be normalized out of the 

problem when using dimensionless intensity and response variables and assuming a constant (𝛼-independent) 

value for the coefficient of restitution. This normalization is shown to work efficiently for the relatively slender 

rocking blocks (𝛼 ≤ 0.25 rad) under both pulse-type and ordinary ground motions; extension to stockier blocks 

seems probable, but will need to be explored in future studies. Furthermore, this study has offered a comprehensive 

investigation on the rocking probability distribution. A lognormal assumption can be employed for the case of the 

rocking fragilities when PGA or PGV are used as IMs, despite mostly lacking in statistical significance for the 

former. If a better probabilistic model is sought, a lognormal that is shifted to provide zero probability before the 

initiation of rocking offers an unambiguous improvement. All these findings support the treatment of rocking 

under a statistical view for the purposes of seismic design and assessment.  
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