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Abstract

This paper studies probabilistic rates of convergence for consensus+innovations type of algorithms
in random, generic networks. For each node, we find a lower and also a family of upper bounds on
the large deviations rate function, thus enabling the computation of the exponential convergence rates
for the events of interest on the iterates. Relevant applications include error exponents in distributed
hypothesis testing, rates of convergence of beliefs in social learning, and inaccuracy rates in distributed
estimation. The bounds on the rate function have a very particular form at each node: they are constructed
as the convex envelope between the rate function of the hypothetical fusion center and the rate function
corresponding to a certain topological mode of the node’s presence. We further show tightness of the
discovered bounds for several cases, such as pendant nodes and regular networks, thus establishing the
first proof of the large deviations principle for consensus+innovations and social learning in random

networks.
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I. INTRODUCTION

The theory of large deviations is the most prominent tool for studying rare events that occur with
stochastic processes, offering a principled approach for estimating probabilities of such events. A typical
setup concerns a sequence of probability measures induced by the studied process and parameterized by
one of the process parameters (e.g., time, population size, learning rate etc.), with the goal of computing,
or characterizing, the respective decay rate, for any given event (region) of interest. The practical value
of such rates is in estimating the probability of a rare event of interest as an exponentially decaying
function of the concerned process parameter, while neglecting the terms with slower than exponential
dependence. The rates of rare events can additionally provide a ground for comparison of two statistical
procedures, as originally proposed in the seminal work by Chernoff [2], and can therefore serve as a
useful design criterion [3], [4], [5], [6]. This is of special interest in the cases when other performance
metrics are intractable for optimization, such as probabilities of error with hypothesis testing.

In addition to the rate computation, large deviations analysis often reveals the most likely way through
which the event of interest takes place, providing additional important insights that can guide system
design. Most notable applications of large deviations theory are in statistics [7], communications and
queuing theory [8], statistical mechanics [9], and information theory [10].

For example, in statistical estimation, an event of interest is the event that the estimator does not belong
to a predefined close neighborhood of the parameter being estimated [11]. The decay rates of probabilities
of such events are known in the estimation theory as inaccuracy rates and can, e.g., guide the decision on
how many samples are needed for the estimator to reach the desired accuracy, with high probability [12].
To make the exposition concrete, let X; € R% t = 1,2, ..., be a sequence of estimators of a parameter
0 € R Assuming that X; converges to ¢, an event of interest has the form {||X; — 6|| > €}, where
|| - || denotes the I norm (other vector norms can also be used). An equivalent way to represent this
event is {X; € C.}, where C. is the complement of the /5 ball of diameter € centered at 6, C. = Bg(e).
Provided that X; converges to 6, the probabilities of these events typically vanish exponentially fast with
t. Large deviations analysis then aims at discovering the corresponding rate of decay, i.e., the inaccuracy
rate I(C,):

P(X; € C.) = e HC)+o®) (1)

where o(t) denotes a function growing slower than linear with ¢. The inaccuracy rate I(C,) has a very

particular structure: it is given through the so called rate function I : R — R by

I(C.) = inf I(x). ()
zeCl.
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The rate function [ is itself defined through the statistics of the inference sequence X;. It should be
noted that, in contrast with the set function I, the rate function I does not depend on the inaccuracy
region, i.e., when C, varies, only the domain of minimization on the right-hand side of (2) varies, while
the rate function remains fixed. Also, this relation holds for an arbitrary set C, (e.g., not necessarily a
ball complement). Hence, once the rate function is identified, the associated inaccuracy rate is readily
computable through (2) for a new given region of interest, without the need to redo the large deviations
analysis each time, i.e., for each new region. Large deviations rate for estimation were first studied by
Bahadur in [12].

Another well-known application of large deviations analysis is hypothesis testing [2], where the

sequence X; is typically a decision statistics, e.g., obtained by summing up the log-likelihoods of the

1(Y5).
fo(Yo)?

marginal distributions of the measurements Y under the two hypotheses Hy and H1, respectively. If the

collected measurements up to the current time ¢, X; = 1/t Zi,:l log fo and f1 here are the
acceptance threshold for H; at time ¢ is 74, then rare events of interest are {X; < ;}, when H; is true
(i.e., when Y; follow the distribution f1) — resulting in missed detection, and {X; > ~;}, when Hy is
true (when Y; follow the distribution fp) — causing a false alarm. When C. in (1) is replaced by the
preceding two events, the resulting large deviations rates I(C,) are then the well-known error exponents
that provide decay rates of the corresponding error probabilities.

In this paper we are concerned with large deviations rates of distributed statistical inference, where
observations originate at different locations or different entities. Relevant works include algorithms such
as consensus+innovations [13], [14], [15], [16], diffusion [17], [18], [19], and non-Bayesian or social
learning [20], [21], [22], [23]. The common setup of the above works consists of networked nodes, each
holding a local inference vector (parameter estimates, decision variables, beliefs) that is being updated
over time. The updates are based on incorporating local, private signals that each agent observes over
time, and then exchanging with immediate neighbors and averaging the received information through the
well-known DeGroot averaging [24] (also known as consensus).

Asymptotic performance of distributed detection was studied in [13], for Gaussian observations, [14],
for generic observations, and in [15], for networks with noisy communication links. In each of the named
works, a randomly switching network topology is assumed and conditions for asymptotic equivalence of
an arbitrary network node and a fusion center (with access to all observations) are studied. Reference [16]
considers directed networks, both static and randomly varying, and studies the rate function for the vector
of states, deriving the exact rate function for the case of static networks, and providing bounds on the
exponential rates for randomly switching networks. The rate function for static networks is given as the

weighted combination of the local rate functions, with weights being equal to the eigenvector centralities

January 14, 2023 DRAFT



(i.e., the left Perron vector of the consensus matrix). Reference [17] studies distributed detection for static
and symmetric networks and constant step size. For the limiting distribution of the local states, it proves
the large deviations principle when the step size parameter decreases and shows that the rate function is
equivalent to the centralized detector. These results are refined and extended in [18] by studying non-
exponential terms and directed (static) networks. Reference [19] further considers distributed detection
with 1-bit messages, while recent reference [6] addresses optimal aggregation strategies for social learning.

References [20], [21], [22], [23] study distributed M-ary hypothesis testing, where local updates are
formed by applying Bayesian update on the vector of prior beliefs, based on the newly acquired local
measurements. Assuming static, directed network, in [20] and [21], beliefs across immediate neighbor-
hoods are merged through arithmetic average [20], while [22] adopts geometric average (or, equivalently,
arithmetic average on the log-beliefs). A different merging rule is proposed and analyzed in [23], where
instead of averaging, beliefs are updated by computing the minimum across the neighbors beliefs and
the nodes’ locally generated beliefs, showing improvement in the learning rate. Large deviations of the
beliefs are addressed in [22], where it was proven that the log-ratios of beliefs with respect to the
belief in the true distribution, satisfy the large deviations principle, with the rate function being equal
to the eigenvector-centralities convex combination of the nodes’ local rate functions, similarly as in [16]
and [18]. Through the contraction principle, [22] also shows that the (log)-beliefs themselves satisfy the

large deviations principle.

Contributions. In contrast with the works in [17]-[23], in this paper, we address computation of the rate
function for distributed inference on random networks. This model shift from static to random networks
has fundamental implications on the large deviations performance. To explain this at an intuitive level:
when the underlying network is random, consensus mixing of local inference vectors might be disabled
for an arbitrary long period of time due to the lack of communications. In general, the topology can then
break down into several connected components of the original network!. When in this regime, neither
of the nodes can “see” the observations beyond the connected component they belong to, and hence the
resulting rate function will be strictly lower than that of the full network?. Figure 1 illustrates this effect
with a toy example of a 3-node chain where each node produces scalar observations of standard Gaussian

distribution.

"Note that this is very different from time-varying networks that are typically modelled by the assumption of the so called
bounded intercommunication interval, which guarantees that the union graph formed of all communication links occurring in
this interval is connected, after a strictly finite time, e.g., [23], [25]

“This is a consequence of the non-negativity of the rate function and the fact that it (roughly) scales linearly with the number

of observation sources, as detailed in the paper.
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(b) Randomly varying topology

Fig. 1: Decay of the log-probabilities in (1) for a fixed set C for static (top) and random (bottom) 3 node

chain network.
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In the top figure, we plot the logarithm of the probability in (1) for a ball complement inaccuracy
set C, when the chain topology is fixed (static). In the bottom figure we plot the same probability, but
when the two links of the chain graph alternate at random over time. We label the middle node as node
2, and we let the communication frequency between nodes 1 and 2 be higher (equal to 0.8) than the
one between higher than the one between nodes 2 and 3 (equal to 0.2). It is clear from the figure that
the static topology achieves much steeper decay, and, moreover, this decay is equal at each of the three
nodes (and also equal to the decay of the hypothetical fusion center, cf. Section IV, as predicted by the
theory). In contrast, in the random case, the difference between the nodes’ decays is evident: node 2
achieves the steepest decay, followed by node 1, while node 3 has the worst performance.

In this work, we are interested in understanding the rate function of each node in the network and
analytically expressing its dependence on the system parameters. For each node, we find a lower and a
family of upper bounds on the rate function. This is achieved by carrying out node-specific large deviations
analyses. We show that the two bounds match in several cases, such as for pendant nodes and also for
nodes in a regular network. The family of upper bounds is indexed by different induced components of
the given node, and each function in this family has the form of the convex envelope between the rate
function of the full network and the rate function of the respective component, lifted up by the probability
of the event that induces the component. The lower bound is given as the convex envelope between the
rate function of the full network and the node’s local rate function lifted up by the large deviations
rate of consensus, whose existence was shown in [26]. With respect to references [13], [14], [15], there
are several important novelties. First, we extend the results of [14] to the case of vector observations
and vector inference state. Second, while [13]-[15] only provide a lower bound on the rate function,
this work, as described in the above, finds also a family of upper bounds. This is achieved by carefully
devising events that impact the rate function, and for which we develop novel large deviations techniques.
The discovered upper bounds enable to establish, to the best of our knowledge, the first proof of the
large deviations principle for nodes performing DeGroot-based distributed inference in randomly varying
networks.

As an application of particular interest to this study, we consider social learning, specifically the form
with the geometric average update [22]. We show that, with appropriate transformation of the belief iterates
— namely, considering their log-ratios with respect to the belief in the true distribution, the algorithm
studied in [22] exhibits full equivalence to the consensus+innovations algorithm that we analyze here.
Building on this equivalence, we characterize the rate function of the beliefs in social learning and provide
the first proof of the large deviations principle for social learning run over random networks.

A closely related work to ours is [27] that studies convergence properties of social learning over

January 14, 2023 DRAFT



random networks. This reference shows that, almost surely, each node is able to correctly identify the
true hypothesis. We similarly focus on the case of random networks, but we are additionally concerned
with characterizing the rates of probabilistic convergence of the iterates in the sense of large deviations.
Finally, we show that almost sure convergence of the beliefs follows from the obtained large deviations
rates.

From the technical perspective, this paper contributes with a novel set of techniques and approaches
that could be of interest for further studies of social learning, and more generally, distributed inference

in random networks.

Notation. For arbitrary d € N we denote by 0, the d-dimensional vector of all zeros; by 14 the d-
dimensional vector of all ones; by e; the i-th canonical vector of R? (that has value one on the i-th entry
and the remaining entries are zero); by I; the d-dimensional identity matrix; by Jy the d x d matrix whose
all entries equal to 1/d. For a matrix A, we let [A];; and A;; denote its i, j entry and for a vector a € R,
we denote its i-th entry by a;, 4,7 = 1,...,d. For the set of indices C C {1,2,..., N}, we let [A]c (or
A¢) denote the submatrix of A that corresponds to indices in C. For a function f : R? — R, we denote
its domain by Dy = {z € R?: —00 < f(x) < 4+00}; for a set D C R, f~!(D) is defined as f~!(D) =
{z € R%: f(2) € D}. log denotes the natural logarithm. For N € N, we denote by Ay _; the probability
simplex in RY and by « the generic element of this set: Ay_1 = {a eRN o > 0, Zfil o = 1}. We
let Amax and Ao, respectively, denote the maximal and the second largest (in modulus) eigenvalue of a
square matrix; || - || denotes the spectral norm. For a matrix S € RV*V we let R(S) denote the range of
S, R(S) = {Sx : 2 € RN}. An open Euclidean ball in R? of radius p and centered at z is denoted by
B, (p); the closure, the interior, and the complement of an arbitrary set D C R? are respectively denoted
by D, D°, and D¢ B(R?) denotes the Borel sigma algebra on R?; P and E denote the probability and
the expectation operator; N (m,S) denotes Gaussian distribution with mean vector m and covariance
matrix S. For a given graph H, E(H) denotes the set of edges of H.

Paper organization. Section II describes the system model and the algorithm and Section III introduces
the large deviations metric and defines the relevant large deviations quantities. Section IV states the
main result of the paper, important corollaries and provides illustration examples. Section V provides
applications of the results to social learning. Proofs of the main result are given in Section VI. Section VII

concludes the paper.

II. SYSTEM MODEL

This section explains the system model and the consensus+innovations distributed inference algorithm

accompanied by different application examples. Section II-A details the connection to social learning,
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while Section II-B provides certain preliminaries.

Communication model. We consider a network of N identical agents connected by an arbitrary communi-
cation topology. The topology is represented by an undirected graph G = (V, E), where V = {1,2,..., N}
is the set of agents, and £ C (g) is the set of possible communication links between agents. We assume
that during operation of the network each link {4, j} € E may fail, and that correlations between failures
of different links are possible. Realization (i.e., a snapshot) of the communication topology at time slot ¢
is denoted by Gy = (V, E}), fort = 1,2,. .., where E, is the set of links that are online at time ¢; note that

E, C E. For an agent i, we let O; ; denote the set of neighbors of i at time ¢, O;; = {j € V : {i,j} € E;}.

Consensus based distributed estimation. At each time ¢, each sensor i acquires a d-dimensional vector
of measurements Z;; € R?. We assume that the measurements Z;+ are independent and identically
distributed across sensors and over time. The goal of each sensor is to estimate the state of nature 6,
which is the expected value of sensor observations Z; ;, 6 = E[Z;]. To achieve this, an agent ¢ holds a
local estimate, called also the state, X;; and iteratively updates it over time slots ¢. At each slot ¢, agent
1 performs two steps: 1) the innovation step; and 2) the consensus step. In the innovation step, ¢ acquires
Z;+ and incorporates it into the current state X;;_1, by computing the following convex combination,
forming an intermediate state:

~ t—1 1
Xit = TXi,tfl + EZi,t- 3)

It then subsequently transmits Xi,t to (possibly, a subset of) its neighbors in G, and, at the same time,
receives the intermediate states X;;, j € O;;, from its current neighbors. In the second, consensus,
step, agent ¢ computes the convex combination (DeGroot averaging) between its own and the neighbors

estimates:

Xig= > WX 4)
J€0;,:U{3}

where W;;; is the weight that agent 7 at time ¢ assigns to the estimate of agent j. For neat exposition,
the weights of all nodes are collected in an N by /N matrix W,, such that the ¢, j entry of W} equals
Wijt, when j € O; 4 U {i}, and equals zero otherwise. Thus, W; respects the sparsity pattern of G: if
{i,7} ¢ Ey, then [Wy];; = [W4]j; = 0. Also, since the weights at each node form a convex combination,
matrix W is stochastic. In addition, we assume that, at any time ¢, for any i, j, the weights are symmetric
at each link, i.e., Wj;; = Wj; 4, implying that W; is symmetric.

Denoting by ®(¢t,s) = Wy --- Wy for 1 < s < ¢, algorithm (3)-(4) can be written as:

1 t N
Xip =~ > N 1@t )iy Zise (5)

s=1 j=1

We analyse algorithm (3)-(4) under the following assumptions on the matrices I¥; and observations Z; ;.
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Assumption 1 (Network and observations random model).
1) Observations Z;4, i =1,...,N, t =1,2,... are independent, identically distributed (i.i.d.) across
nodes and over time;
2) The sequence of matrices Wy, t = 1,2,... is i.i.d. and for each t, every realization of Wy is
stochastic, symmetric and has positive diagonals;
3) Ao (E[Wy]) < 1, or, equivalently, the induced graph G of E[W,] is connected.

4) Weight matrices Wy are independent from the nodes’ observations Z; s for all i, s, t.
We now present different application examples of algorithm (3)-(4).

Example 2 (Estimating the distribution of opinions by social sampling). Consider the scenario where a
group of N agents wishes to discover the distribution of opinions (e.g., about an event or phenomenon)
across a certain, large population. To achieve this, agents continuously poll the population and register
responses of individuals. We assume that the respondents’ opinions are quantized to d preset opinion
summaries: {r1,...,rq}. We let R; denote the opinion (summary) of the person that agent i interviewed
at time t. Also, let p; be the probability that the response of a person chosen uniformly at random is
r;. Consider now algorithm (3)-(4) and define the innovation vector Z;; to be the vector of opinion
indicators, Z;; = (1{Ri,t:r1}7'~v1{Ri,t=rd})T" again, let the Wy’s be arbitrary stochastic matrices.
Then, the states of all agents converge to the true opinion distribution, (p1,...,pq), as we show in
Section 1V, i.e., algorithm (3)-(4) is able to correctly identify the distribution of opinions across a given
population, while the rates of this convergence will prove to be highly dependent on the frequency of

agents’ interactions and interaction patterns.

Example 3 (Distributed event detection). Suppose that a wireless sensor network is deployed in a certain
area to detect in which of the two possible states the environment is. This problem can be modeled
as a binary hypothesis testing problem, where under the state of nature (hypothesis) H1, the sensors
measurements follow the distribution f1, and similarly for fy, where f1 and fo are assumed known. We
let Y;; denote the measurement of sensor i at time t. We assume that Y;;’s are independent both over
time and across different sensors. This hypothesis testing problem can be solved by algorithm (3)-(4) as
follows. For each i and t, define the innovation Z; ; as the log-likelihood ratio of the node i’s measurement
at time t: Z;; = log % Then, any sensor in the system can, at any given time, make a decision

simply by comparing its state X;; against a prescribed threshold ~y:

?;1
Xi,t =7 (6)
Ho
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For further details on distributed detection application, see also [14].

A generalization of the preceding example to M-ary hypothesis testing and an application to social

learning is given in the next subsection.

A. Social learning

The idea of social learning is for a group of people to distinguish between M different hypotheses,
potentially indistinguishable by any given individual, through local Bayesian updates and collaborative
information exchange. Each node 7 over time draws observations Y;; from (the true) distribution f; ps
(hypothesis Hjy); the remaining M —1 candidate distributions that compete at node ¢ in hypothesis testing
are f; , (hypothesis H,,), m = 1,..., M — 1. It is assumed that, conditioned on the true hypothesis Hj,,
observations at each node are independent over time, and they are also independent from the observations
that are generated at any different node.

We consider here the algorithm for social learning proposed in [22]. Each node ¢ maintains over time
two sets of values (vectors), ¢;; € RM and bi: € RM | called, respectively, private and public belief
vectors, quantifying node i’s beliefs in each of the M hypotheses. The m-th entry of g;;, denoted by
q;; € R, corresponds to the private belief of node ¢ in the m-th hypothesis; similarly, the m-th entry of
bi,t, denoted by b}y € R, corresponds to the public belief of node ¢ in the m-th hypothesis. The values
of both public and private belief vectors are between 0 and 1: the closer an entry of a belief vector is to
1 (0), the stronger (weaker) is the confidence of the respective node that the corresponding hypothesis is
true; e.g., if for some m, b} equals 1, this means that node ¢ is fully confident that hypothesis H,, is
true.

The algorithm starts at each node with initial private beliefs ¢’y > 0, m =1, ..., M —1. Upon receiving

new local observation Y; ¢, each node ¢ updates its m-th public belief as follows:
(Y g™
b::-bt — ﬁ}m( lyt)ql,t;1 , (7)
2=t fi,l(Yi,t)qi,t—l

for each m = 1, ..., M. The node then sends its updated public belief vector b;; = (b, . bMHT to all

Bty Vit

of its neighbors O; ;. Upon receiving the neighbors’ (public) beliefs, the node updates its private beliefs

as follows: N

. ezj€oi.t Wij, log b7,

mo_ (8)
N ljwl ezjeoi,t Wij’tbév‘ ’

q

foreach m=1,..., M.

It is easy to verify that both g;; and b;; represent valid probability vectors, i.e., g; ¢, bit € Apr—1.
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Connection with algorithm (3)-(4). Consider the update for the private belief q{"; in (8). Computing the

log-ratios of ¢;’; with q% (belief in the true hypothesis H ), the recursion in (8) transforms into:

qzt Z W

Z’t ]601 t

b
”. )

Similarly, it is easy to see that the log-ratios of the public beliefs bm with b ;¢ can be expressed as:

bm qzt 1 fzm( it )
= log + log
bM qM fz ( it )

7/7

(10)

log —=

Dividing both sides in (9) and (10) by ¢, we recognize the form in (3)-(4). Further, denoting, for each
m=1,..,.M-—1,

f1m< it )
L™ = log (11)
,t T fz (
~ 1 m
R = - log bt (12)
7 t q;:
1, b
Xt = ;log o, (13)

and stacking the per-hypothesis quantities in vector form: L;; = (Lz{t, e L%_l) € RM=1 and )A(Lt =
(X}t, W XM *1) € RM-1, and X;, = (X}t, e XM *1) € RM~1 the exact form in (3)-(4) is obtained,
where the innovation vectors Z; ; that algorithm (3)-(4) is fed with are the log-likelihood ratio vectors
L;+; note also that, in this application instance, d = M — 1. Thus, the generic algorithmic form (3)-(4)
subsumes also the social learning algorithm from (7)-(8) through the described variable transformation.
Section V shows how results of this paper can be used to characterize convergence of beliefs and large
deviations rates of social learning, specifically for the case when the weights W;; ; (neighborhoods O; +)

in (8) are random.

B. Probabilistic rate of consensus J

We next define certain concepts and quantities pertinent to the underlying graph process that are needed
for later analyses.
Components in union graphs. Since the sequence of matrices W; is i.i.d., the sequence G of their
underlying topologies is i.i.d. as well. We let G denote the set of all topologies on V' that have non-zero
probability of occurrence at a given time ¢, i.e., G = {(V, E) : P(G¢ = (V, E)) > 0}. For convenience,
for any undirected, simple graph H on the set of vertices V' we denote pyy = P (G, = H). Thus, for
any H € G, pg > 0. It will also be of interest to consider different subsets of the set of feasible graphs
G. For a collection of undirected simple graphs H on V' we let I'yy = (V, E) denote the corresponding

union graph, that is, I'y; is the graph with the set of vertices V' and whose edge set Fy; is the union of
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edge sets of all the graphs in H, Fy = Ugen E(H). We let py denote the probability that G belongs
to H,

PH=Y_ DH.

HeH

We also introduce — what we refer to as — the component of a node in .

Definition 4 (Node component in union graph). Let H be a given collection of undirected simple graphs
on'V and let Cy,...,C, be the components of the union graph T'(H). Then, the component of node i in

H, denoted by C; 3, is the component of I'(H) that contains i: i.e., if i € Cj, then C;y = C.

Probabilistic rate of consensus 7. We recall here the rate of consensus, associated with a sequence
of random stochastic symmetric matrices, introduced in [13] and subsequently analyzed in [26]. In [13]
and [14] we showed that the quantity 7 below, termed the rate of consensus>, captures well how the
weight matrices W; affect performance of the estimates X; ; when one is concerned with large deviations
metrics:

1 1
j::—limsuptlogP(||Wt---W1—J|>t). (14)

t——+o0

Rate of consensus J is computed exactly in [26].

Theorem 5 ([26]). Let Assumption 1, part 2 hold. Then the limsup in (14) is in fact a limit and the

rate of consensus J is found by

J = |log py-

)

where pynax is the probability of the most likely collection of feasible graphs whose union graph is
disconnected,

* = . 15
H are Hggrznf‘%{xdisc. PH ( )

In the next example we consider an important special case when links in G fail independently at

random.

3The rate of consensus 7 (in (14)) is defined slightly differently than the corresponding quantity from [13] and [14]. In [13]
and [14], in the event ||W - -- W1 — Jn|| > 1/t, the probability of which we wish to compute, there is a constant ¢ € (0, 1] in
the place of 1/t . However, as we show in [26], the two rate quantities coincide when the weight matrices are i.i.d., which is

the case that we consider here.
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Example 6 (Random topologies with i.i.d. link failures). Consider the random model for Wy defined by
Assumption 1.2 where each link in G fails independently from other links with probability 1 —p. Applying

Theorem 5, it can be shown that
J = mincut (G)|log(1 — p)|, (16)

where min cut (G) is the minimum edge cut of the graph G, for example, if G is a chain, then min cut (G) =

1. The details of this derivation can be found in [26].

For finite time analyses, of relevance is the following variant of (14): for any € > 0, there exists a

positive constant K. such that for all ¢,

1
P (‘Wt - Ws — JIN|| > t> < K€ef(tfs) (T—e) (17)

ITII. PROBLEM FORMULATION: THE METRIC OF LARGE DEVIATIONS

Section II illustrate uses of algorithm (3)-(4) for several applications: multi-agent polling with coopera-
tion, in Example 2, fully distributed hypothesis testing, in Example 3, and social learning, in Section II-A.
We now introduce the rates of large deviations that we adopt as performance metric for applications of
algorithm (3)-(4).

Rate function / and the large deviations principle.

Definition 7 (Rate function I [28]). Function I : R — [0, 400] is called a rate function if it is lower
semicontinuous, ot, equivalently, if its level sets are closed. If, in addition, the level sets of I are compact

(i.e., closed and bounded), then I is called a good rate function.

Definition 8 (The large deviations principle [28]). Suppose that I : R% — [0, +o0] is lower semicontin-
uous. A sequence of measures [i; on (Rd, B (Rd)), t > 1, is said to satisfy the large deviations principle

(LDP) with rate function I if. for any measurable set D C RY, the following two conditions hold:

1
1) limsup n log (D) < — inf I(x);

t—+o00 1 z€D
N N
P iyl g loes(D) 2 = i, 1)

Differently than with the case of static topologies, when topologies and/or weight matrices W; are

random, finding the rate function of an arbitrary node performing distributed inference is a very difficult
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problem [14], [29]. (In fact, even the existence of the LDP is not known a priori.) Our approach is to

find functions I; and I ;o R? — R, such that, for any measurable set D:

1
limsup — log P (X;; € D) < — inf I,(z), (18)
t—4o00 T z€D
1 _
ool ' N ()
i log P (X, €0) 2 ~ i Tio) a

At a high level, this is analytically achieved by carefully constructing events the probabilities of which
upper and lower bound the probability of the event of interest in (18) and (19). We remark that functions
I, and I; that we seek should satisfy (18) and (19) for any given set D, i.e., similarly as with the rate
function I;, to find bounds on the exponential rates for a given rare event { X;; € D}, it suffices to perform
minimizations of I; and I; over D. This property is very important, as once I, and I; are discovered, any
inaccuracy rate can be easily estimated without the need to do any (further) large deviations analyses.
As we show in Appendix A, if for some node ¢ the LDP holds and (18) and (19) are satisfied for any
D, then
I(x) < Ii(z) < Ti(x), = € RY, (20)

T

i.e., the graph of the LDP rate function I; lies between the graphs of I; and I,.

Log-moment generating function of observations Z;; and its conjugate. We proceed standardly by
introducing the log-moment generating function of the observation vectors Z; ;, which we denote by A.

The log-moment generating function A : RY — R U {+o0} corresponding to Z;; is defined by:
A = logE [e/\TZ“} for AeRY Q1)
We make the assumption that A is finite at all points.

Assumption 9. Dy = R, i.e., A(\) < +oo for all X € R

Besides the log-moment generating function A, the second key object in large deviations analysis is

the Fenchel-Legendre transform, or the conjugate, of A, defined by

I(x) = sup ' A —A()), for z € R% (22)
AER4

Log-moment generating function and its conjugate enjoy many nice properties, such as convexity and
differentiability in the interior of the function’s domain [28], [30]. We list the properties that are relevant

for the current analysis in the next lemma. Recall that 6 = E[Z; 4].

Lemma 10 (Properties of A and ).

1) A is convex and differentiable on R4
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2) A(0) =0 and VA(0) =0;

3) 1 is strictly convex;

4) if x = VA(N) for some \ € RY, then I(z) = \Tx — A(N);
5) I(x) > 0 with equality if and only if x = 0.

Proofs of 1-5 (with a weaker form of the claim in part 3 — with strict convexity replaced by convexity,
and with non-negativity only in part 5) can be found in [28]. The proof of strict convexity of [
under Assumption 9 can be found in [31]. We briefly comment on properties 2 and 5, to give some
(mathematical) intuition as to why these properties hold, where we note that of particular, practical
relevance is 5. Plugging in A = 0 in the defining equation of A, (21), it is easy to see that A(0) = 0.
Similarly, it can be shown that, for any \, VA(\) = E[Z; ;e*' %] /E[e* " Zi+]. Evaluating at A = 0, the
property VA(0) = 6 follows. Property 5 has a very intuitive meaning: the rate function is non-negative
and also equals zero at the mean value. To see why the latter holds, it suffices to invoke properties from
part 2 in 4; note also that, since I is non-negative,  is a minimizer of /. The if and only if part then
follows from strict convexity of I, which implies uniqueness of its minimizer §. We will show practical
implications of this property when considering large deviations rate of the sequence X ;.

The following result, proven in [16], gives fundamental large deviations upper and lower bound for the
inference sequence X; ;. The result holds for arbitrary stochastic weight matrices W; and, in particular,
for directed topologies as well. This result will be invoked when proving tightness and optimality of our

rate function bounds for certain classes of networks, in Section IV-B.

Lemma 11 (Fundamental distributed inference bounds). Consider algorithm (3)-(4) under Assumptions 1

and 9. Then (18) and (19) hold with I; = NI and I, =1, for all i.

Closed convex hull of a function. We recall the definitions of the epigraph and closed convex hull of

a function.

Definition 12 (Epigraph and closed convex hull of a function, [32]). Let f : R? —+ R U {400} be a
given function.

1) The epigraph of f, denoted by epif, is defined by

epif:{(a;,r):rzf(x),xeRd}. (23)

2) Consider the closed convex hull o epi f* of the epigraph of f. The closed convex hull of f, denoted

*The convex hull of a set A, where A is a subset of some Euclidean space, is defined as the set of all convex combinations

of points in A [32].
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by cof, is defined by:
cof(x) :=inf{r: (z,r) € coepi f}. (24)

Hence, for a given function f, epigraph of f is the area above the graph of f. Closed convex hull of f
is then constructed from epif by first finding the closed convex hull of the epigraph, ¢oepi f. Then, ¢of
is defined as the function the epigraph of which matches coepi f. Intuitively, cof is the best convex and
lower semi-continuous (closed) approximation of f, as its epigraph contains (besides epi f) only those
points that are needed for “convexification” and closure. Figure 2 further ahead gives an illustration of

cof, while construction of cof is explained in Section IV-A.

IV. MAIN RESULT

The main result of this section, Theorem 13, finds functions I; and I; from (18) and (19). These
functions enable computation of bounds on the exponential decay rate of an arbitrary rare event and, in
the case of the existence of the LDP, by (20), provide approximations to the rate function /;. A number of
important corollaries of Theorem 13 is then presented in Subsection I'V-B, including the large deviations
principle for regular networks and for pendant nodes. Section V then studies application of the derived

results to distributed hypothesis testing and social learning.

Theorem 13. Consider distributed inference algorithm (3)-(4) under Assumptions 1 and 9. Then, for
each node 1, for any measurable set D:

1
1) limsup - logP (X;: € D) < — inf I*(x), (25)
t—+too T x€D

where I*(z) =¢o inf {I(z) + J,NI(x)};
2) for any collection H of graphs on V:

1
lim inf n logP (X, € D) > — in[f) I (), (26)
xel°

t—-+o0

where I; 3(z) = co inf {|C; |1 (x) + [logpu|, NI(x)}.

In words, Theorem 13 asserts that, for a fixed set D, for any node 7, the probabilities P (X, € D)
decay exponentially fast over iterations ¢ and it also finds bounds on the rate of this decay. We now
make a couple of additional remarks and such that aim at gaining further insights and intuition about

this result and the relevant quantities.

Remark 14. Consider an arbitrary disconnected collection H. By the construction of C; y, for any node

i, there holds {i} C C; 4 and, by non-negativity of I, it follows that I < |C;y|I (point-wise). Further,

from Theorem 5 we know that J = |log py-+| < |log py|. Therefore, we have that for any disconnected
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collection H, I + T < |Cinll + |logpyl|. The latter obviously implies I* < I; 3, serving as a first
feasibility check for (20) (and also (18) and (19)).

Comparing the upper bound from Theorem 13 with (18), we see that (18) is satisfied for
I, =1, for allie V. (27)

That is, we have a uniform (lower) bound I* on each of the nodes’ rate functions I;, i € V.

With respect to the lower bound from Theorem 13, there is in fact a whole family of functions I;,
one per each collection of graphs H, that validate (19). To find the best bound for a given D, we might
optimize the right hand side of (26) over all collections . This, however, might be computationally
infeasible. Instead, we can focus only on those collections P C G that have a certain property, e.g.,
P = {H :|C;n| = n}, for some n, 1 <n < N. Then, I; from (19) can be found by finding H € P that

yields uniformly lowest (i.e., closest to I;) I; 3:
I, = 7_1{15) Iy, forie V. (28)
The following corollary follows directly from (20) and the definition of LDP.

Corollary 15. 1) If, for a given i, the sequence X;;, t = 1,2, ... satisfies the LDP with rate function

1;, then, for any collection of graphs H,
I* < I < L. (29)

2) If, for a given i, for some P (possibly, a single element set P = {H}), I* = infycp I; 3, then the

sequence X;y, t = 1,2, ... satisfies the LDP with rate function I; = I* = infycp I; 3.

In the next remark, through simple convex analyses, we make a connection between Corollary 15
(Theorem 13) and Lemma 11, completing the established bounds in (29) with the general bounds from

Lemma 11, hence establishing a coherent view of the derived results.

Remark 16 (Recovery of fundamental bounds in Lemma 11). From the point-wise non-negativity of I
and non-negativity of 7, it is easy to see that I < NI and I < I+ J. Thus, epiinf{NI, I+ J} C epil.
Since I is closed and convex, coepil = epil, thus implying coepiinf{NI,I + J} C epil. The latter

directly implies I < I*. Similarly, we have NI > inf{NI,|C; |l + |logpy|}, where the latter holds

for any disconnected collection H. Thus epiNI C epiinf{NI, |C; 5|l + |log py

Y, which in turn implies

coepiNI C coepiinf{ NI, |C; |l + |log py|}. Since NI is convex and closed (the properties inherited
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from I), coepiNI = epiNI, and therefore epiNI = coepiNI C coepiinf{NI, |C;»|I + |logpx|}.
The latter implies NI > I; 3;. Combining with (29) establishes:

I<I*"<IL;<ILy<NI (30)

The above chain of inequalities is a capture of the so far established bounds in the literature on the large
deviations rate function for consensus+innovations distributed inference iterates on random networks.
As a byproduct, we note in passing that (30) verifies Lemma 11 for the special case of stochastic

symmetric weight matrices.

Remark 17 (Zero rate at ). Since I is non-negative, both NI and |C;x|I(0) + |logpm| are also
non-negative, implying I3, > 0. Further, from Lemma 10, we have I(6) = 0, and noting now that
NI(9) =0 < |ConlI(9) +] log pu

, it follows that I; 3,(0) = 0. It can be similarly shown that I*(6) = 0.

From the preceding properties it follows that for any set C containing the mean value 0

inf I*(x) = inf I; =0. 31
RETE) = g i) =0 oy

It follows that I;(C) = 0, i.e., the inaccuracy rate for any C containing 0 equals zero. This means that
probabilities of events that X;; belong to C do not exhibit an exponential decay — specifically, for any

norm ball centered at 0, and of an arbitrary radius p > 0, By(p) > 0, there holds

1
lim - logP (X, € By(p)) = 0. 32)

=00
Observing the form of the algorithm, eq. (3)-(4), where innovations Z;; — the mean vector of which is
0, are incorporated and mixed via weighted averaging (both over time and across nodes), it is intuitive
to expect that X;; will converge to 0 (consider the ideal averaging case — Wy = Jg, for which X;; =
% Zzzl Zé\le %Zj, s» Which converges to 0 by the law of large numbers). Hence, the zero decay in (32)

is intuitive, i.e., the probabilities that X;; belongs to a neighborhood of 0 should not vanish with t.

We use the result of Theorem 13, together with the uniqueness of the minimizer of I, property 5 from
Lemma 10, to establish a sort of a converse to (32) - i.e., whenever we seek the inaccuracy rate I;(C') for
a set C' not containing 6, this rate will be strictly positive. Practical relevance of this (technical) property

is given in Theorem 19 below, where almost sure convergence of X;; to 6 is formally established.

Remark 18 (Strictly non-zero rate at x £ ). Consider an arbitrary point x # 0. From Lemma 10, part 5
we know that I(x) > 0 for any x # 6.
Consider now an arbitrary set C' such that 0 ¢ C. By strict convexity of I and uniqueness of the

minimizer of I, it follows that I is coercive [33]. Pick an arbitrary point xo € C and let o« = I(x).
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Define S, = {x € R?: I(z) < a}, ie., S, is the a-level set of I. By coercivity of 1, it follows that S,
is compact. We now note

;ggl(az) = xEICI’lFf;SQ I(z) =: a. (33)

Compactness of S, implies compactness of C NSy and since I is continuous and strictly greater than
0, it follows by the Weierstrass theorem that the infimum of I over C' is strictly greater than zero,
a = infyecns, I(x) > 0. Finally, By the fact that I* > I (the left-hand side inequality in (30)), we in
turn obtain:

inf I*(z) > inf I(x) = . 4
1) > jnf Io) = >0 S

Therefore, for any set C such that 6 ¢ C, we have

1
lim sup n logP (X;+ € C) < —a <0, (35)

t—+00

where the constant a bounding the exponential decay rate depends on the chosen set C.

With preceding considerations at hand, almost sure convergence of nodes’ iterates X;; follows by

standard arguments.

Theorem 19 (Almost sure convergence of X; ;). Consider distributed inference algorithm (3)-(4) under

Assumptions 1 and 9. Then, for each node i, the state vectors X, converge almost surely to 0 = E[Z; ].

Proof. Fix node i € V. Pick an arbitrary € > 0 and consider C' = B (¢). We start by noting that inequality
in (35) implies existence of a finite ty = to(C) such that, for all t > to, P(X;; € C) < e~ t. Then, for

all t > ty, we have

P(| Xt — 0] >¢) <e 'z (36)
Thus,
P(|Xie— 0|l > € i0) <> e’ < oo, (37)
t=1

where the last inequality follows from strict positivity of a. Applying the Borel-Cantelli lemma [34], the

claim of the theorem follows. UJ

A. A closer look at functions I* and I; »

This subsection finds closed form expressions for the functions I* and I; 3, for the case when Z;; is

a Gaussian vector, and provides a graphical interpretation of the obtained result.
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Lemma 20. Let Z;; be Gaussian with mean vector m and covariance matrix S. Then

NI(z), x € RY
I*(r) = § Ny2ci H(x) — Nei, z€RS (38)
I(x)+ J, r € R3

where RY = {z: NI(z) <c1}, R = {x:c1 <I(z) < Ner}, and R5 = {z: I(x) > Nc1}, I(x) =
Hz—=m)TS Nz —m), Hz) = /(@—m)TS Yz —m), and ¢; = m Also, for any fixed

collection of graphs H

NI(z), ze R
Lin(z)={ Ny2c H(z) — Nea, ze€RE™ (39)

Cin| I(z) + |logpy|, =€ RE"

where RZIH = {:U N I(z) < 02}, 7?,12% = {x ceo < I(x) < CN ‘62}, RQH = {a: I (x) > ﬁ@},

|Ci

Proof of Lemma 20 is given in Appendix B.

Three regions of I*. We provide a graphical illustration for /* in Figure 2. We consider an instance
of algorithm (3)-(4) running on a N = 3-node chain, with i.i.d. link failures of probability (1 — p) =
e~®, and where the observations Z; ¢ are standard Gaussian (zero mean and variance equal to one).
For standard Gaussian, [(z) = %xQ, and we obtain from Example 6 that the rate of consensus equals
J = |log(1 — p)| = 5. The more curved blue dotted line plots the function NI(z) = 3Nz the
less curved blue dotted line plots the function I(z) + J = 32% + 5, and the solid red line plots I*.
Observing the figure and the corresponding formula (38), we see that I* is defined by three regions. In
the region around the zero mean, R}, I* matches the optimal rate function NI. On the other hand, in
the outer region, Rj3, where values of = are sufficiently large, I* follows the slower growing function,
I+ 7. Finally, in the middle region, R3, I* is linear (more generally, when d > 1, I* will exhibit linear
intervals over any direction that crosses the mean value). This linear part is the tangent line that touches

both the epigraph of NI(-) and the epigraph of I + 7 and is responsible for the convexification of the

point-wise infimum inf {I + 7, NI}. Function I; 7, has similar properties.

B. lllustrations and LDP for special cases

In this subsection, we use Theorem 13 to establish the LDP for certain classes of random models. As
explained in the remarks after Theorem 13, to prove the LDP at some node i, it is sufficient to show

that I* and I; 3, coincide for some collection H.
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Fig. 2: llustration of I* for a chain network of size N = 3, with 7 = 5, and Z; ; ~ N(0, 1). The more
curved blue dotted line plots NI(z) = 3 Nz?, the less curved blue dotted line plots I(z)+.J = 2% +J.
The solid red line plots I* = co (NI, I+ J).

The first corollary of Theorem 13 asserts that if every realization of the network topology is connected,
then, for any node i, the sequence of states X;; satisfies the LDP with rate function NVI. In our recent
work [16], we prove that NI is the best (highest) possible rate function for any distributed inference
algorithms of the form (3)-(4) with N nodes. It is also the rate function of a hypothetical fusion node
that has access to all the observations. Thus, when every instance of the network topology is connected,
then each node in the network is, in the asymptotic sense, effectively acts as a fusion center. Corollary 21

was, for the special case of Gaussian observations, previously proved in [35].

Corollary 21. Let, for each t, G be connected. Then, for any 1 € V, X, satisfies the large deviations

principle with rate function N 1.

Proof. By Theorem 2 from [16], we know that, for any node ¢ and for any set D

1
P ' >
ltlm inf : logP (X;: € D) mlenfo NI(z). (40)

Comparing with the conditions for LDP in Definition 8, we see that we only need to prove that [* = NI.
For the latter identity it suffices to show that 7 = +oc0, because then inf{NI,I + J} = NI, and since
N1 is closed and convex, we obtain [* = ¢o6(/NI) = NI. Suppose for the sake of contradiction that
there exists a disconnected collection of graphs H such that py; > 0. Then, there must be a graph H € ‘H

such that both H is disconnected and py > 0. But this contradicts the assumption that every possible
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(i.e., non-zero probability) topology is connected. Thus, it must be that for every disconnected collection

py = 0 implying J = 400, and proving the claim. O

In particular, Corollary 21 implies that if the nodes’ interactions are deterministic, i.e., W; = A, for
some stochastic symmetric A, and A is such that [A\y(A)| < 1, then, for each i, X;; satisfy the LDP with
the optimal rate function NI. This recovers the large deviations principle for deterministic networks,

established in [16], for the special case of symmetric networks (cf. Theorem 1 in [16]).

LDP for critical nodes. Consider now a situation when there exists a node ¢ such that J = |log p; isol|,
where p; ;501 denotes the probability that ¢ operates in isolation due to network randomness, p;isol =
P (O;+ = ). Comparing with Theorem 5, this means that the most likely way to disconnect G is to

isolate 1, i.e.,

Pmax = > DPH, (41)

HEHi,isol

where H; ol = {H :pg >0, C; g = {i}}. Since C;4,,., = {i}, we have ‘Ci,%,isol = 1. Consider

now the lower bound in (26) for H = H, jso1. Noting that

DPH, .| = J» We see that the two functions

I* and I; 3, ., coincide, thus implying the LDP for node . This is formally stated in the next corollary.

Corollary 22 (LDP for critical nodes). Suppose that for some i, J = |log p; isol|. Then, the sequence of
states X, satisfies the LDP with the rate function 6 {NI(x),I(z) + |log pi isol|}-

In the next two corollaries we assume the random model from Assumption 1.2 where each link in the

graph G fails independently with the same probability 1 — p, p € [0, 1].

Corollary 23 (LDP for pendant nodes). Suppose that the random model for Wy is such that all links in E
fail independently from each other with probability 1 —p. Then, for any node i whose degree in G is equal
to one, its sequence of states X; ; satisfies the LDP with the rate function €6 {N1(x), I(x) + |log(1 — p)|}.

Proof. Suppose that i is a degree one node. By Corollary 22, it suffices to show that 7 = |log(1 — p)]|.
From Example 6, we know that 7 equals |log(1 — p)| times the minimum edge cut of G. In this case,
minimum edge cut equals one (and is achieved, for instance, when the edge adjacent to 7 is removed

from the network), which proves the result. O

Corollary 24 (LDP for regular networks). Suppose that G is a circulant network in which each node is
connected to d/2 nodes on the left and d/2 nodes on the right, where d < N —1 is even. We assume that
each link, independently of all other links, fails with probability 1 — p. Then, for any node i its sequence
of states X;; satisfies the LDP with the rate function €6 {N1,I + dlog|1 — p|}.
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Proof. Note that p; o1 = (1 — p)¢ for any i. Hence, by Corollary 22, it suffices to show that J =

d|log(1 — p)|. Observing that the minimum cut in this case equals d, the result follows. O

V. APPLICATION TO DISTRIBUTED HYPOTHESIS TESTING AND SOCIAL LEARNING

In this subsection we show how results from Section IV can be used to characterize large deviations
rates of distributed hypothesis testing and social learning that are run over random networks. We recall the
algorithm and relevant quantities defined in Section II-A. We assume that the measurement distributions
corresponding to the same hypothesis are equal across all nodes, i.e., when hypothesis H,, is true, the
measurements at all nodes are drawn from the same distribution f,,: Y ¢ ~ fi my = fps, for all .

Following the identified role of the vector of log-likelihood ratios L;; as the innovation vector Z; ;
in (3)-(4), we introduce the log-moment generating function A; of L;; at node ¢, when the measurements

are drawn from f); (hypothesis Hj; is true):

An(N) = E [} Fox

) HM} 42)

M—1 f7YL<Y'L,t>
Zm:l Am 1Og Far (Y5 ¢)

ke

H = HM] ; (43)

for A = (A1, ..., A M,l)—r € RM-1. we note that index M in A,y indicates the dependence on the assumed
true distribution fj;. Similarly as in Section III, the conjugate of Aj; is denoted by I;;. We assume that

Ay satisfies Assumption 9.

A. Large deviations rates of the belief log-ratios

The following result follows as a direct application of Theorem 13 to the log-ratios X;; of public

beliefs, defined in Section II-A, eq. (13), Xﬁ = %log - 1,...,M — 1.

M >
bi,t

Theorem 25. Consider the social learning algorithm (7)-(8) under Assumptions 1 and 9, for A = Ayy.

Then, when H = H ), for each node 1, for any measurable set D,
1
D limsup — logP (X;: € D) < — inf Iy (x), (44)
where Iy, (x) =co inf {Ip(x) + T, NIn(2)};
2) for any collection ‘H of graphs on V:
1
oo 1 ' S o
lim inf ; logP (X;; € D) > xlengo Li v (), (45)
where I; 3.0 (x) = €0 inf {|C; 3| () + |log p|, NIns ()}
Consequently, all considerations, corollaries and results from Section IV also carry over without any
changes for the log-ratios X;; of beliefs in social learning. In particular, the LDP results for regular

networks and pendant nodes also carry over to the social learning setup.
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Theorem 26 (Almost sure convergence of X;; in social learning). Consider the social learning algo-

rithm (7)-(8) under Assumptions 1 and 9, for A = Ay, Then, for each node i, for each m =1,.... M —1,
m (Yi,t) ]

M (Y
The result follows as a direct application of Theorem 19 for the case when the innovations Z; ; in (3)-(4)

zt

1 + log 7% gy converges almost surely to —Dgr.(fur|fm) = —E [log 7

are instantiated by the log-likelihood ratios L;; defined in (11), L7 = log ! ((Y ) ,form=1,...,. M —1,
and by recognizing that the expected value of log % under distribution f3; is the negative of the
KL divergence between f,, and fj;.

To illustrate the setup and the relevant quantities, we consider the example of M scalar Gaussian

distributions of different mean values and equal variances.

Example 27 (Gaussian case: different mean values and equal variances). Let Y;; be Gaussian scalars,
with mean value w,, under hypothesis m, and (equal) variance . It is easy to show that, for this case,
L; ¢ is computed as:

1
Li;= o (Yit — par) d — Dy, (46)

where d = (dy,...,dy—1) ", and each dp, = pim, — par is the difference between the mean value for the
m-th hypothesis and the mean value for the true hypothesis, and Dx1, = (Dxr 1, ..., DKL, M,l)T, where
Dxi,m = % is the KL divergence between the distribution f,, and the true distribution fy,
m = 1,...M — 1. It is easy to see that, for each i = 1,...,N and each t, L;; is Gaussian with mean

vector —Dx1, and covariance matrix %dd—r. Using the standard formula for the log-moment generating

function of multivariate Gaussian distribution, we get:

Ad
Aar(N) = =\ Dgp, + ( 2) (47)
20
Simple calculus shows that the conjugate function Iy is given by:
—22, if # = 5%d — Dkr, forsome( € R
IM($) _ 20 20 KL C ) (48)

+00, if x + Dg1, ¢ span(d)
Thus, I is essentially a one-dimensional quadratic function that changes only along the direction
—Dgr1 + ad, o € R, while being equal to +oo in the rest of the R® space. This is intuitive as the
log-likelihood ratios for different m are coupled through a common (scalar) variable Y; ¢, and hence the
events that vector L;; lies outside of the line —Dp, + ad must have zero probability (and thus rate
function equal to +oc). The convex conjugates of Iy from Theorem 13, Iy, and I; 31,1, can be found

similarly as in Section IV-A.
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B. Large deviations rates for beliefs in social learning
For each m = 1,..,M — 1, define g,, : RM~! s R as g,,(z) = z,,, — max{0,z1,...,x37_1}, for

z € R4,

Theorem 28. Consider the social learning algorithm (7)-(8) under Assumptions 1 and 9, for A = Ayy.

Then, for each node i € V and hypothesis m = 1,..., M — 1, for any given interval F' C R:
1)

1 1
limsup — logP < log b}y € F> < — inf  Iy(x); (49)
t—+4oo U t ’ T:gm(x)EF
2) for any disconnected collection H,
| 1 m .
_ — 4 > — P 9. .
ltlin—&}g ; log P (t log b7 € F> > x:gir(le)eF Ii 3.0 () (50)

The proof is very similar to the proof of Lemma 4 from [22]. The key distinction is that here full LDP
for the log-ratios of the beliefs, X ;, is not available due to the complexity of the network model, and
we have to work instead with the upper and the lower rate function bounds. However, the key arguments
remain unaltered. For completeness, we provide the main steps of the proof in Appendix C.

The result in Theorem 28 is very general, as it holds for arbitrary distributions f,,, m = 1,..., M,
such that the log-moment generating function Aj; satisfies Assumption 9; this is for example the case

for Gaussian distributions from Example 27.

Remark 29. It can be shown by carrying out the same analyses as in the proof of Theorem 28, that, if
for some node i the sequence X;; satisfies the LDP with rate function I;, then, for each m = 1,..., M

the sequence of log beliefs %log by also satisfies the LDP with rate function

Rim(z) = x'gir(li)zz I;(x), (&)

for x € R.

We can see that, to find the large deviations rates of the beliefs, first the rate function I; (or bounds
on this function) for the log-belief ratios X;; are found, and then the contraction principle is applied
with functions g,, acting as the bridge between the two domains. This relation is established in [22] for
static networks, but the same behaviour carries over to the general case, with the difference that the rate
function of log-beliefs can differ across different nodes as a result of network randomness. To shed some

light on function g,,, we revisit Example 27 for which we derive a closed form expression for g,,.
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Example 30 (Computation of g,, for the Gaussian case). Consider the setup from Example 27. Recall
that gm(x) = ©p, — max{0,x1,...,xar—1} and also that Iy (x) = +00 outside of the line —Dgr, + ad,

a € R. Define also

f(¢) = max{0, C% —Dkr1,-m C% — Dgrm—1}- (52)

and note that
gm (@) :C%_DKL,m_f(C)v (53)
forany ( € Rand x € RM-=1Y such that x = (C%—DKLJ, ey diggl —DKL,M—1), form=1,...M-—1.

Without loss of generality, assume that g < po < ... < ppr—1, implying also di < dy < ... < dpr—1.
Let m* be the largest m such that i, < pp, m* = max{m € {0,1,.... M — 1} : py, < pps}, wherein
we additionally define g = —oo to account for the case that pp < puy. Then di < ... < dy, < 0 <
41 < ... < dpr—1. By the preceding ordering, and exploiting also that D, y, = %, it can be easily
verified that for any pair | < m, the intersection between the lines ( % — Dk and ¢ Col_—? — Dkrm
occurs at %, with the l-indexed line dominating to the left of this point, for ( < %, while the
m-indexed line dominates to the right. It also clearly follows that the first intersection point occurs for

the first neighboring index, thus, as ( increases, the lines must dominate in the same order as their d,,

values. Summarizing, [ is given in the following form:

(% — Dk, (< it
(% — Dkro, bt < (< s
oy e
0 dm* < C < m*+1
5 = 2
f(Q) = : (54)
m dm_1+dm dm+dm
C%_DKL,m, +§C<%
dar dnt_atdar—
(o — Drrym-1, ¢ > === QJQF =
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From (53) and (54), we can obtain for x = %d — Dgr:

dm—d dp+d di+d
o) (dph) (gl
(% — Dkrp htd < ¢ < s
d Ay * dm* 1
(%% — Drrm 2r <0< g
gm(z) = 7 2 2 . (55)
dm—1+dm Ao +dmy1
0 2 < C < 2
\ (dmfadszl) (C o dm,+2dl\/1—1> C: > d}\/{—Q‘gdA/I—l

The derived closed form expression for gy, is a step towards deriving the closed form expression for the
rate function R; ,,, and, in particular, it suggests an analytical validation for the piece-wise behaviour of
the rate function of beliefs discovered numerically in [22], Figure 9. This is out of scope of the current
paper and is left for future work. To provide an illustration towards characterizing R; ,, we consider the

value of the rate function at —Di , y,. From (55), we see that g (v) = =Dk m} for x = % — Dy,

and ( = 0 (note that, by construction, dp,» < 0 and dp,«11 > 0, and hence { =0 € [dg* , %) ). Thus,
we have

Ri,m(_DKL,m) = inf Iz(ac) S Ii(_DKL)- (56)

z:gm(2)=—Dkr,m
the preceding inequality holds trivially by the fact that —Dgy, € {x : gm(z) = —Dkr,m}. On the other
hand, we have proved that I3;,(—Dgr) = I 3.m(—Dkr) = 0 (see Remark 17). By (29), we thus have
I;(—Dgr) = 0. It follows that R; ,,(—Dkr,m) = 0, i.e., the derived expression for g, reveals that the
value of the rate function R;,, at —Dgy, ., is zero. This is in accordance with almost sure convergence

of % log b}y to =Dk 1,m which follows by combining Theorems 26 and 32.

When the two functions from (44) and (45), namely, I}, and I; 7;.,s match, this implies that the
corresponding limsup and the liminf are equal. Hence, whenever for a given node ¢ its sequence X ;
exhibits LDP, this implies LDP for the sequence of beliefs %log b, for each m = 1,..., M — 1. Here

we give an example for regular networks.

Corollary 31 (LDP for social learning in regular networks). Suppose that G is a circulant network as
in Corollary 24, i.e., each node is connected to d/2 nodes on the left and d/2 nodes on the right, where
d < N — 1 is even. We assume that each link, independently of all other links, fails with probability

1 — p. Then, for any node 1, for each m, %log bZ@ satisfies the LDP with the rate function

Ry (2) = inf Co{NIy, Ip + dlog|l — pl|} (). (57)

r€ERM 1.9, (z)=z
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A similar result holds also for pendant nodes with i.i.d. link failures.

Convergence to the correct hypothesis. The next result establishes, through the use of large deviations
analysis, that the social learning algorithm (7)-(8) correctly identifies the true hypothesis. We remark that

this recovers the result of [27] for the special case of identical distributions across nodes.

Theorem 32. Consider the social learning algorithm (7)-(8) under Assumption 1 and 9, for A = Ayy.

Then, when H = H ), for each node 1, the sequence of beliefs b% converges to one almost surely.

Proof. From the construction of the beliefs b}, for each i, ¢, b% =1- bil’t — .= b% ~!. Combining this

with the relations X"} = %log bM , yields

1
bt = (58)
IRV

By Theorem 26, for each m = 1,..., M — 1, X/} converges almost surely to —Dgr(fmllfm) < 0.

tX ",

Hence, each of the terms e**i: in the sum above vanishes with probability one. Since M is finite, there

txm

exists a set of probability one such that Z%Zl e+ vanishes, proving that b% converges to one almost

surely. 0

The next two sections prove Theorem 13; Section VI-A proves the upper bound (25) and Section VI-B

proves the lower bound (26).

VI. PROOF OF THEOREM 13

This section proves Theorem 13 by proving separately the upper and the lower bound. Before giving
the respective proofs, we first give some important lemmas that are used in both the upper and the lower
bound proof.

Lemma 33 will be used to find the log-moment generating function of the estimate X;; from the
log-moment generating functions of each of the terms in the sum (5). This result follows from convexity

and zero value at the origin property of A.

Lemma 33. For any set of convex multipliers o« € An_1, for each j = 1,....N, the log-moment

generating function A\ satisfies,

(1/NX) < (59)

||Mz

for any \ € R<

The proof of Lemma 33 can be found in [16].
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The claims in Lemma 34 are standard results from convex analysis, the proofs of which can be found,
e.g., in [32]. Let the superscript * denote the conjugacy operation, i.e., for a given function f : R? — R,

fAx)=sups' z— f(s), =eR (60)
sER?

The following relations hold between a function f and its conjugate f*.

Lemma 34. 1) Let f : R® — R be a given a function. Then:
Q) [fO)+r = f()—r
b) for a>0and B #0, [af (B())]" = af* (1/(aB)())-
2) Let f1 and fo be two given functions. Then, the conjugate of the pointwise supremum of f1 and fo

is the convex hull of the pointwise infimum of fi and f5:

[sup{f1, fo}]" = coinf {f], f3} . (61)

A. Proof of the upper bound (25)

In our previous work [16], we have proved that, at any node ¢, the sequence X ; is exponentially tight.
This intuitively means that the probabilities of the tail events of X;; vanish sufficiently fast (i.e., the
exponential rates of the tail probabilities grow unbounded when the tails move to infinity). Lemma 35
uses this result to derive an elegant sufficient condition for a certain function to satisfy the large deviations
upper bound from Definition 8. In our case, this function will be the conjugate of a certain modification
of A that accounts for the effects of intermittent communications. We remark that at the core of the proof
of Lemma 35 is a modification of the finite cover argument from the proof of Cramér’s theorem in R?

(see, e.g., [28]); the detailed proof of Lemma 35 is provided in Appendix D.

Lemma 35. Let X; be an arbitrary sequence of random variables where each X; takes values in R?.

Suppose that for some function f, for any measurable set D there holds
1
limsup — logP(X; € D) < f(\) — inf A, (62)
t——+o0 t xzeD
for any \ € R%. Then, if f is finite for all X € R?, for any compact set F
1
limsup — logP (X; € F) < — inf f*(x), (63)
t—4oo 1t zeF
where f* is the conjugate of f. If in addition X, is exponentially tight, then (63) holds for any closed

set F.
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Fix an arbitrary node 7 € V. Replicating the steps of the proof of Theorem 5 from [14], we obtain

that, for any measurable set D, and any fixed \ € R,

1
limsup —logP (X;; € D)

t—+00

< max {NA <]1VA> LA — j} ~ inf Az (64)

By Lemma 17 from [16], the sequence of estimates X;; is exponentially tight. (We remark that this
result is proven under more general assumptions on the weight matrices than assumed here.) Hence,
to prove the upper bound (25), it only remains to show that I* from Theorem 13 is the conjugate of
f) :=max {NA(1/NX),A(\) — T}, A € RY. From part 2 of Lemma 34, we have that the conjugate
of f is the closed convex hull of the infimum of the conjugates of f1(\) := A — NA(1/N)) and
fa(A) := A= A(N\) — J. Using the conjugacy rules from parts 1b and la of Lemma 34, we obtain that
the respective conjugates of fi and f, are NI(x), z € R?, and I(z) + J, z € R% The upper bound 25

follows by part 2 of Lemma 34.

B. Proof of the lower bound (26)

Fix an arbitrary node ¢ € V. Fix a collection of feasible graphs H. To simplify the notation, we denote
the component of i in H, C; 3, by C. We also let M denote the number of nodes in C, M = |C|. For
each fixed ¢, we define the family of events {&} : 6 € [0,1]}, such that for any 6 € [0,1],

)

%:{QGHJWSSSLHWMWMAMS

| =

1
I (for) 671 ~ o) = Il < 7. (65)

where o, = [logt]; we recall that, for a square matrix A, Ac denotes the block of A corresponding
to the intersection of columns and rows of A the indices of which belong to C. For convenience, we

introduce 7y = {[0¢], ..., t}.

Lemma 36. Let 0 be an arbitrary number in [0, 1]. For any w € &},
1) for any s € T,
[®(t,s)]i; =0, for j¢ C;

2) fort—op > s> [0t],

1 1 .
‘[@(t, s)]ij — i < 7 forall j€C;

3) for [0t] —oy > s> 1,

IN

1 1
‘[@(t, s)ij — NI <P forall j€V.
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Proof. Fix w € 55 and, for s = 1,...,¢, denote Ay = Ws(w). Consider first part 1, and suppose, without
loss of generality, that C' = {1,..., M}. By construction of &, none of the graphs that appear during
To have links that connect C' with the remaining part of the network C° = V' \ C. Hence, each of the

matrices As, s € Ty has the following block diagonal form

A, 0 _
A - [As]e Mx(N-M) | 66)
Onmx(n—nry  [Ashne

and the same structure is therefore preserved in their products ®(t,s) = Ay --- As, s € Ty, i.e.,

B(t,s) = [Adc ... [Ade Onrs(N— M)
Orx(N—M) [Adge - - [As]ee

We next consider part 2. Since for an arbitrary matrix A, for any ¢, j there holds |A;;| < ||AJ], it is
sufficient to show that |[[®(¢,s)]c — Jar|| < 1/t, for any fixed s € Ty such that s < t — o;. By part 1,
we know that for any s1, s2 € Ty, the C block of ®(sy, s2) is computed as the product of blocks [As, ¢
through [A,,]c. Since each of these blocks is a symmetric, stochastic, M by M matrix, we have that
[®(s1, $2)]c is a doubly stochastic (M by M) matrix. Consider now a fixed s € Ty such that s <t — oy.
Factoring out [®(t, s)|c as the product [®(¢,t —o0;)]cP(t—o0:—1, s)]c, and using the double-stochasticity
of the latter two matrices, we obtain [®(t, s)|c — Jayr = ([®(¢,t —or)]c — Ia) (P(t — o0 — 1, 8)|c — Tnr)-
By construction of &}, the spectral norm of the first factor is not greater than 1/¢, while the double-

stochasticity of ®(t — o — 1, s)]¢ yields that the spectral norm of the second factor is not greater than

1. Using submultiplicativity of the spectral norm, the claim in part 2 follows:

[[®(t, s)lc = Ju
< [[[@(tt = on)le = Tull [[[®(t = or = 1, 8)lc = Jml|
<1/t (67)

Part 3 can be proven by factoring out ®(¢, s) as the product ®(¢, [0t])P([0t] — 1, [6t] — o) P([0t] —

ot — 1, s) and applying similar arguments as in the proof of part 2. O

Fix 0 € [0, 1] and consider the probability distribution v : B (R?) — [0, 1] defined by

ye _ P ({Xi,t € D} N 85)

that is, Vf is the probability distribution of X;; conditioned on the event 55 (we note that P (85) >0

(68)

for ¢ sufficiently large, as we show later in the proof, see Lemma 38 further ahead).

Let Y; be the (normalized) logarithmic moment generating function associated with /¢,

1 T
Ti(A) = : log E [et)‘ Xt

55} _ for A e R (69)
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Using the properties of entries of ®(¢, s) for different intervals on s listed in Lemma 36, we establish
in Lemma 37 that the sequence of functions Y; has a point-wise limit for every A € R%. This will allow
to apply the Girtner-FEllis theorem [28] to compute the large deviations rate function for the sequence of

measures . We first state and prove Lemma 37.

Lemma 37. For any A € R? and any 6 € [0,1]:
t—+o00

m Yi(\) = (1-6)MA (LA) +ONA (U) , (70)

where, we recall, M = |C|.

Proof. Fix 0 € [0,1], A € R?. We have:

E |:et>\TX,i,t

S
&) = o E [l Xur]

= 5 E -E |:1g§€t)\TXi"|W1, ceny W{H

= ey e W 7n

where in the last equality we used that the indicator 155 is a function of Wi, ..., W;. Further, as the

summands in (5) are independent given W71, ..., W}, we obtain
E [et)‘TX” Wi, ..., Wt} = X L AR, (72)

Consider now a fixed w € &;. We split the sum in the exponent of (72) according to the intervals used

in the construction of 5('3. With this in mind, we define also

X 1= A (o) 73
X e g (@), (73)

= i A (aX 74
X B g™ O 7

and

(= A (a) 75
Gt ae[l/N—nll/%,}i/N-i-l/t] (@), (75
¢, = min A(al), (76)

a€[l/N—1/t,1/N+1/1]

for A € R% We remark that, by the continuity of A and compactness of the intervals, in each of
the preceding optimization problems there exists a maximizer. Further, as ¢ — 400, the corresponding
intervals shrink to a single point, and by using again continuity of A, we obtain that X, X, — A(1/MN),
and Zt,gt — A(1/NX), as t — +o0. Then, by part 1 of Lemma 36 and the fact that A(0) = 0, we have

> A([®(t,9)]ijA) =0, foreach s € Tp.
j¢C
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Further, by part 2 of Lemma 36

My, <ZA A) < Mx,, fort—o>s>[0t],
jec

and, similarly, by part 3 of Lemma 36

N¢, <ZA A) < N(,, for [0t] —or > s> 1.
As for the summands in the intervals {¢,....t — o;} and {[6¢], ..., [6t] — o, }, we apply Lemma 33 to get
( ) > A([@ ) < AN,
jec

fort > s>t — o,
and

A(1/N)) < ) < A(N),

\\Mz

for [0t] > s > [6t] — oy.

Summing out the upper and lower bounds over all s in the preceding five inequalities yields:

£, (A <ZZA ) <tT (N, (77)
s=1 =1
where
_[6t] - 1
T, (\) = ; NC —|—<NA<N)\)+MA<M)\>>
t—T[6t] —o
¢ "My,
and
- o [QH — Ot .= O¢ 1 1
Ti(A) = TNQ + n <NA <N)\> + MA <M)\>>
il L e W? —% M,

The inequalities in (77) hold for any fixed w € Eg. Thus,
1T <1 [ X W, W] < 1T, (78)

Finally, by monotonicity of the expectation:
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which combined with (71) implies

etIt(A) S E [etATXL\‘ ggi| g et?{,()\). (79)

Now, taking the logarithm and dividing by ¢,
1,00 < TN < TN,
and noting that

lim Ty;(\) = lim Y,(\)

t——+o00 t——+oo

1 1
=(1—-0)MA|-—)\ ONA [ =)\
the claim of Lemma 37 follows. UJ

By the Girtner-Ellis theorem it follows then that the sequence of measures Z/f satisfies the large

deviations principle’, with the rate function equal to the conjugate of
1 1
A)=1—=-0MA|—=X ONA ([ =) 80
f) = (1= M (,3) + o8 (2). 50)
for A € R%. Therefore, for every open set E C R4, there holds
el " : T
1§§ﬁ&f¥bgp (Xiy € B|&) > —;gg {/\Sélﬂgl A x— fa()\)} . (81)

We next turn to computing the probability of the event &
Lemma 38. For any 0 € [0,1], for all t sufficiently large:
1 4 _
<P (E) <™. (82)

Proof. By the disjoint blocks theorem [34] applied to the matrices in Ty and its complement {1, ..., t}\ 7y,

we obtain
P (£5) =7 (oo for) — o) — vl < 1 ) »

1
P (Gs €U, fors € To, 186t — on)lc — Jul| < t) | (83)

SWe use here the variant of the Girtner-Ellis theorem which claims the (full) LDP for the case when the domain of the
limiting function is the whole space R?, as given in [28]; see also Exercise 2.3.20 in [28] for the statement and the sketch of

the proof of this result.
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We show using (17) that the first term in the right-hand side of the preceding equality goes to 1 as

t — +oo. Fix an arbitrary € € (0, 1). Then, for all ¢ sufficiently large,

1
P (Ia(7orl, o o0 - g < 1)
>1—Ke 1979 >1/2. (84)
Clearly, being a probability, this term is also smaller than 1 (for all ¢). Consider now the second factor in
the right-hand side of (83). Conditioning on the event {Gs € H, for s € Ty}, and using the fact that the
probability of this event equals p;_z [6¢] (note that the latter holds by the independence of weight matrices,

Assumption 1.2), we obtain

1
P (Gs € H, for s € Ty, ||[P(t,t — 01)]c — Tl < t) —

1 J—
P (1600t~ el — Jul < 11G. € M, Tors € 75 ) .

Similarly as in (84), it can be shown that the conditional probability term in (85), for all ¢ sufficiently
large, greater than 1/2. On the other hand, it is obviously smaller than 1 for all ¢. Summarizing the

preceding findings, the claim of the lemma follows. O

To bring the two key arguments together — Lemma 38 and the lower bound (81), we start from the

following simple bound
P(X;y € E) >P ({Xi1 € E}NE)
=) (BE)P(&). (85)
From superadditivity of the lim inf, followed by an application of (81) and (82), we obtain
o1
1t131+1£10f : logP (X, € E)
o1 0 .1 t
> ltlglJrlglof 7 logv (E) + t£+moo i log P (&)
> _inf {sup Ao feu)} — (1-0)|logpl.
z€E | \eRd
The preceding inequality holds for each 6 in [0, 1]. Optimizing over all such values yields:

1
Lol ‘ S
ltlgnj&g , logP(X;+ € E) >

= nf q inof Az — b+ a-on
9&%,1]{§2Ef;§{ = foN)} +(1-0)] ogpm}

irelEeeH[%),u{fg@{ z — fol )}+( )| OgPH\}
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Now, fix z € F and consider the function

G(0.0) =Tz — (1-0) <MA (&A) - ]logpq.d)

1
—ONA| =X\]. 86
() (36)
As an affine function of 6, g is convex in 6. Further, by convexity of A, g is concave in A, for any
0 € [0, 1]. Finally, sets [0,1] and R? are convex and set [0, 1] is compact. Thus, conditions for applying

the Minimax theorem [36] are fulfilled and we obtain:

inf sup Az — (1 —6) (MA (1/M)) — |logpx|)
0€[0,1] \cRrd

— ONA(1/N)) =

sup inf Az —(1—0)(MA(1/MN) —|logpyl|)
AeRd 0€[0,1]

—ONA (1/N))

= sup Az — max {MA (1/MX) — |log py|, A (1/NX)}.
AERC

Similarly as in the proof of the upper bound, using the conjugacy rules from Lemma 34,

1 1
Az —min{ MA[ —=X) — |1 Al A
g T {0 () = osm 4 (301
—=coinf (NI, MT + |logpy|) (z),
which finally yields,

|

lgggglof : logP (X, € E)

> — inf oinf {NT, MI +[log pul} ().

Te

This completes the proof of the lower bound and the proof of Theorem 13.

VII. CONCLUSION

We studied large deviations inaccuracy rates for consensus+innovations based distributed inference for
generic random networks. We assume vector measurements with possibly non-i.i.d. entries. Our goal was
to find bounds or exact rate function for each node in the network, accounting for the specificities of
the node’s interactions. For each node, we found a node-specific family of lower bounds, induced by the
family of network subgraphs in which the node participates. Specifically, each bound in the family is
given as the convex envelope of the centralized rate function and the effective rate function corresponding

to a given subgraph, and lifted by the probability that this subgraph remains isolated from the remainder
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of the network. The upper bound is defined as the convex envelope of the centralized rate function and
the rate function corresponding to an isolated node, lifted by the rate of consensus. We show that, for
certain cases such as pendant nodes and d-cyclic graphs, the two bounds match, hence proving the large
deviations principle for these classes of random networks. We illustrate the results with an application to
social learning, providing also the first proof of the large deviations principle for social learning beliefs

with random network models.

APPENDIX A

PROOF OF (20)

Fix ¢ € V and suppose that the inequalities in (18) and (19) hold for any set D. Suppose also that the
sequence of node i’s states, X;;, satisfies the LDP with rate function ;.

We prove (20) by contradiction. Consider first the right hand side of (20) and suppose, for the sake
of contradiction, that there exists a point o such that I;(x¢) > I;(z0). Let € = I;(z0) — I;(xo) and
introduce S = {z € R?: I;(x) > I;(x0) + ¢/2}. By the lower semi-continuity of I;, S is open. Also,
xo € S. Thus, for § > 0 sufficiently small, the closed ball B, (J) entirely belongs to S. Combining the
LDP upper bound (1) for D = B, (§), with the bound (18) for D = B, (), we obtain:

. = !
— acelBlif((S) Ii(z) < liminf - logP (X € By, (6)) (87)
1 _
<limsup —logP (X;; € By, (0)) < — inf (). (88)
t—+oo t z€B.,, (9)

Since inf,cp, () I;(x) < I;(z0), we have that the left hand side in (87) is greater than —1I;(x¢). On the
other hand, for any = € B,,(5), I;(z) > I;(z0) + ¢/2, implying inf, g (5 Li(z) = T;(x0) + €/2. This

finally yields contradiction since the right hand side in (87) cannot be smaller than —Ti(:):o).

APPENDIX B

PROOF OF LEMMA 20

We start by noting that epiinf {NI,I + J} = S; U Sy, where S; and Sy are the epigraphs of NI
and [ + 7, S1 = epi(NI) and Sy = epi({ + J). To prove Lemma 20, we need to show that epiF’ =
€0 {51 U Sz}, where F' is the function defined in the right hand side of eq. (38). To do this it suffices to
show that: 1) epiF' is a convex set, and 2) epiF’ C co (S1 U S2). We first prove 1). It suffices to show
that F' is convex, which we do using generalized second order characterizations of convex functions,

e.g. [37]. Note that F' is continuous and that Dp = R?. For each z and d, let F}(z,d) and F/(z,d)
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denote, respectively, the upper directional derivatives of the first and the second order at the point = and
in the direction d,

F(z +ed) — F(x)

F' (z;d) = limsup (89)
€l0 €
F d) — F(x) — F' (x;d
F(z;d) = limsup (z+ed) 5 (f) (s ) (90)
€l0 €

We will show that F' is in fact differentiable. Then, by Theorem 2.1. part (i) from [37], proving
convexity of F' would reduce to proving that F/(z;d) > 0 for any = and d. Note that I and H

are differentiable, with their respective gradients given by VI(z) = S~ '(z — m) and VH(z) =

S~z —m)/\/(x —m)TS~1x — m. Thus, F is differentiable in each of the three open sets (note that
I is continuous and differentiable): {z : I(x) < c¢1}, {z:c1 < I(x) < Nep}, and {z: NI(z) > 1} It
remains to show that F' is differentiable for those x such that I(z) = ¢; and I(x) = N¢;. Fix first =
such that I(x) = c;. It is easy to see that, for any d such that d"S~!(x —m) > 0, I(z + ed) > I()
for all € > 0. Also, for any d such that d' S~ (z —m) < 0, I(x + ed) < I(x) for all sufficiently
small € > 0. Thus, if d"S™'(z —m) >0, F(x + ed) = Nv/2c1H(x + ed) — Ney, for all e sufficiently
small, and hence F' (v;d) = N+/2c1d' VH(z). Using now the fact that I(z) = c¢;, we obtain that
F' (z;d) = Nd"S~!(z —m). Consider now the case when d is such that d" S~!(z —m) < 0. Then, by
the discussion above we have that for all €, F(x + ed) = NI(z + ed). Hence, I/ (z;d) = Nd'VI(z) =
Nd'"S~1(z —m). Since for any z s.t. I(x) = ¢; and for any d we have that F/, (z;d) = Nd' VI(z),
we conclude that F' is differentiable at any such . We can in analogous manner prove differentiability
of F' at any z s.t. I(x) = Nc¢j. Hence, we conclude that F' is differentiable.

We now turn to proving that F?/(z;d) > 0 for any z and d. Note that V2I(z) = S~! > 0 and

V2H(z) =
Ve [ 1 o
N O (S 1_21(:13)5 Yo —m)(x—m)'S 1),

for any . To see that V2H(x) = 0, it suffices to observe that it can be rewritten as V2H(x) =
N\2ei//21(x)S™Y?(I—qq" /(||g]|?))S~/2, for ¢ = S™'/2(z—m). Since the matrix inside the brackets
is positive semidefinite, positive semidefiniteness of V2H (z) follows. Therefore, for any x in the interior
of the three sets in (38), we have that F'}(z;d) > 0. Consider now the case when x satisfies I(z) = ¢1.
Following the same steps as in the preceding paragraph, we obtain that for any d s.t. d' S~ (z —m) > 0,
F!'(x;d) = N?2¢1d" V2H(z)d > 0 and for d s.t. d' S7™1(x —m) < 0, F/(z;d) = Nd'V2I(z)d > 0.
To complete the proof of 1), it only remains to consider those x that satisfy /(z) = Ne¢;. Analogously

to the preceding case, we get that for d s.t. d' St (z —m) > 0, F{/(z;d) = d'V2I(z)d > 0 and for
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d st d'S™Hx —m) <0, F{(z;d) = n*2¢1d" V2H(z)d > 0. Hence, since F is differentiable and
F!(x;d) > 0 for any x and d, we conclude that F is convex.

To prove Lemma 20, it remains to prove part 2). For each unit norm v € R?, ||v = 1, let ¢, : R? +— R?
denote the projection of F' along the direction v, started at point m: ¢,(p) := F(m + pv), p € R. Then,
epif’ = U,cpa |jv||=1€Pi¢y. For each fixed v, let [Si]» denote the projection of .S; along the line m + pv,
[Si]e = Sin{m+pv:peR}, =12 Note that [S1], = {(t,m+pv): t > Np*v S~ 1v/2, p € R},
[Sa]v = {(t,m+ pv) : t > p?v " S71w/24+ J, p € R}. Then, it is easy to see that, for each unit norm
v, epig, = co ([S1]y U [S2]y). Finally, since co ([S1], U [S2]y) C co (S1 U S2), the claim in 2) follows.

This completes the proof of Lemma 20.

APPENDIX C

PROOF OF LEMMA 28

. . . b
Fix an arbitrary node ¢ € V. Foreach m =1,... M — 1, X]"} = %log pir» hence
’ i,t

1 1
Zlog by = X7 + — logby;. C29)

Further, the (private) beliefs by construction sum up to one: Z%zl by = 1. Dividing both sides by b%

and exploiting the functional relation between 0;; and X'}, we obtain

M—1 1
1= (92)
It follows that:
1 m m
Me*tmaxmzl,...,zw X7 < b% < 6*tmaxm:1,,..,M Xi,t’ (93)
where X % = 0. From (91) and (93) we obtain
1 1
gm(Xit) — glogM <5 log b7} < gm(Xiz)- 94)

Consider now an arbitrary one-sided closed interval F' on R. Suppose that F' = [a, +00) (other intervals

in R can be treated analogously). Fix € > 0. From (94), for all ¢ > to = log M /e there holds:
g(Xi) — € < 108} < gn(Xi), 95)
and thus, for all ¢ > ¢
1@(% log b, > a+ €) < P(gn(Xir) > a) = P(Xiy € g5 ([a, +00)). (96)
Taking the lim sup over ¢ — +o0,

1 1 1
lim sup : log IP’(; log by > a +¢) < limsup : log P(X;; € g, ([a, +00)). 97)

t——+o0 t——+o0
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The above inequality holds for all € > 0. Taking the supremum over € > 0 on the left hand side yields:

1 1 1
lim sup - log P(E log b} > a) < limsup . log P(X;; € g, ([a, +00)). (98)

t——+o00 t t—+4o00
Applying now the upper bound in 44, the upper bound in (49) follows. The proof of the lower bound (49)

is analogous.

APPENDIX D

PROOF OF LEMMA 35

Suppose that X; € R? is a sequence of random variables for which (62) holds for some function f.
Fix a compact set ' C R?. For each § > 0, introduce the function f*° : R — R obtained by truncating
frto1/6:

1
f°(x) = inf {6,f*(x) — 5} , for z € R4, (99)
The family of functions f*’5, & > 0, satisfies that, for any set D,
lim inf f*°(z) = inf f*(z). 1
) = S ) (100

To show this, let £ := inf,ep f*(x) and suppose first that £ = o0, i.e., f* at all points z € D
takes the value +oo. Then, for any & > O, f*’5 = 1/6 for all z € D, and therefore, for any § > 0,
inf,ep f*°(z) = 1/6. Computing the limit lims_,o 1/6 = +ooc, identity (100) follows. We next consider
the case £ € R. For arbitrary fixed § > 0, the quantity under the limit in the left hand side of (100)
equals:

inf f*9(z) = inf inf{ A (x) — 5(15}

zeD zeD

_ inf { inf (f*(z) - 0), 1}. (101)

z€D 0
The first argument of the infimum (101) equals £ — ¢ and it is finite by our assumption. Hence, for all §
sufficiently small, the infimum (101) equals £ — J, which after taking the limit 6 — 0 yields the claim.
The case £ = —oo can be proven equivalently.
Having (100), it easy to see that (63) follows if we show that the following inequality holds for any
given §:

1
limsup = logP (X, € F) < 26 — inf f*9(z). (102)
t——+o00 t zeF

Thus, in what follows we focus on proving (102). To this end, fix § > 0. For any point y € F' there

exists a point \, (which depends on ¢) such that

Ay — A () > f0(y). (103)
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Existence of such a point follows directly from the definitions of f* and f*°. First, since for any fixed
point y f*(y) is computed as the supremum of functions A +— hy(A) := ATy — f(}), it follows that
the value f*(y) can be approached arbitrarily close with h,()). Second, since f*9(y) is the infimum
of f*(y) — ¢ and 1/6, it must satisfy f*(y) — 6, 1/6 > f*°(y). For example, if, for some y, f*(y) is
finite, then there must exist a point A such that h,(\) > f*(y) — 0, and since the latter is greater than
*9(y), (103) follows.

Note now that (62) implies that, for any measurable set D, there exists ty = to(d, D) such that
1
“logP(X; € D) <5+ f(\) — inf ATz, (104)
t xeD

for all ¢t > ¢o. For any y € F, let 7, := &/||\,||. Taking D = B, (r,) and A\ = ), in (104) yields for any

t > to(8,y)
% log P (X; € By(ry)) <0+ f(Ay) = nf Ay @ (105)
<S+A(N) — Ay — Ao Ay T (106)
<26 — f(y), (107)

where the last inequality follows from (103) and the definition of r,. Next, from the family of closed
balls {By(r,) : y € F}, a finite cover of F, {By,(ry,) : k=1,...,K}, is extracted, where, we note,
K = K(F,0). Then, by the union bound,

K
1 1 _
~log P(X;eF)< ~log (;_IIP’ (X: € By, (ryk))>

IN

1 1 —
n log K + n log k_maxK]P’ (Xt € By, (ry,))

=1,...,

IN

1 1 —
n log K + kznll?.)fK n logP (X; € By, (ry,)) -

Combining the preceding inequality with (105) applied for every k = 1, ..., K, we have that for every

t > maxy—1,. x to(d, yi)

1 1 5
— < — _ )

-----

1
< Zlog K + 26 — inf f*9(y). (108)
t yeF

Taking the limit ¢ — 400, and noting that K is finite, (102) follows. The last part of the claim, i.e., (102)

for closed sets follows from (102) for compact sets, that we have just proved, and Lemma 1.2.18 in [28].
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