#A4 INTEGERS 23 (2023)

SUMS OF THREE FIBONACCI NUMBERS
CLOSE TO A POWER OF 2

Bibhu Prasad Tripathy
School of Applied Sciences, KIIT University, Bhubaneswar, Odisha, India
bptbibhu@gmail.com

Bijan Kumar Patel
School of Applied Sciences, KIIT University, Bhubaneswar, Odisha, India
bijan.patelfma@kiit.ac.in

Received: 7/28/22, Accepted: 12/31/22, Published: 1/13/23

Abstract
In this paper, we find all the sums of three Fibonacci numbers which are close to a
power of 2. This paper continues and extends previous work of Hasanalizade.

1. Introduction

The Fibonacci sequence {F), },>¢ is the binary recurrence sequence given by
Fn+2 = Fn+1 + Fn for n Z 0

with the initial conditions Fy = 0 and F; = 1. The Fibonacci numbers are famous
for possessing wonderful and amazing properties. The problem of determining all
integer solutions to Diophantine equations with Fibonacci numbers has piqued the
curiosity of mathematicians and there is a wide literature on this subject. For
instance, Bugeaud et al. [4] studied the Fibonacci numbers, that is, perfect powers
and found that 1, 2 and 8 are the only powers of 2 in the Fibonacci sequence. Later,
Bravo and Luca [3] solved the Diophantine equation F,, + F,,, = 2% in non-negative
integers n,m and a with n > m. Following that, Bravo and Bravo [1] found all
solutions of the Diophantine equation F,, 4+ F,,, + F; = 2% in non-negative integers
n,m,l and a with n > m > [. Subsequently, Chim and Ziegler [6] determined all
solutions of the Diophantine equations

Foy + Fp, = 2% 4292 4 208

and
F7n1 + sz + Fm3 = Qtl + 2t2
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in non-negative integers ni,ns,my, ms, M3, a1, a3, a3,t1,to with ny > no,my >
mg > m3,a1 > az > az and {1 > ta.
An integer n is said to be close to a positive integer m if it satisfies

In —m| < v/m.

By using the above concept Chern and Cui [5] found all the Fibonacci numbers
which are close to a power of 2. More precisely they found all solutions of the
inequality

|E, — 2™ < 2™/2,

Later, Bravo et al. [2] extended the previous work of [5] by taking into consideration
the k-generalized Fibonacci sequence {F,Sk)} and solved the Diophantine equation

|ER) —gm| < gm/2

in non-negative integers n, k, m with £ > 2 and n > 1.

Recently, Hasanlizade [8] extended the previous work of [5] by considering the
sum of Fibonacci numbers and studied the sum of two Fibonacci numbers close to
a power of 2. In particular, he solved

|E, + F,, — 2% < 29/2,

in positive integers n, m and a with n > m.

Motivated by the above literature, we extend the work of [5] and [8], and search
for the sum of three Fibonacci numbers which are close to a power of 2. More
specifically, we study the Diophantine inequality

|, + Fp, + Fy — 2% < 292, (1)

in positive integers n,m,l and a with n > m > [.
In particular, our main result concerning (1) is the following. A list of solutions
of (1) is given in Table 1.

Theorem 1. There are exactly 280 solutions (n,m,l,a) € N* to Diophantine In-
equality (1). All the solutions satisfy n < 42 and a < 28.

2. Auxiliary Results

In this section, we will review several well-known results which will be used later.
The Binet formula for the Fibonacci sequence is

_an_ﬁn

Fo=t e o), @
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where o = HT‘/E and 8 = == are the roots of the characteristic equation x*—z—1 =
0.
Lemma 1. For every positive integer n > 1, we have

an—2 S Fn S an—l. (3)

Lemma 2 ([10, Equation (5)]). For every positive integer n > 1, we have

0.38a™ < F,, <0.48a".

To prove our main result, we use a few applications of a Baker-type lower bound
for non-zero linear forms in logarithms of algebraic numbers. We state a result of
Matveev [9] about the general lower bound for linear forms in logarithms. Applying
a version of the Baker-Davenport reduction method we reduce the large bound. We
first recall some basic notations from algebraic number theory.

Let n be an algebraic number of degree d with minimal primitive polynomial

d
f(X)=apX'+ a1 X+ +ag=ao H(X -n") € Z[X],

=1

where the a;’s are relatively prime integers, ag > 0, and the 1(?)’s are conjugates of
7. Then

d
) = <1og a0+ log (max{ln | 1})) (4)

is called the logarithmic height of n. In particular, if n = p/q is a rational number
with ged(p,¢) =1 and ¢ > 0, then h(n) = log max{|p|, ¢}.

With these established notations, Matveev (see [9] or [4, Theorem 9.4]), proved
the ensuing result.

Theorem 2. Let K be a number field of degree D over Q, v1,72,...,7:t be positive
real numbers of K, and by, ..., by rational integers. Put

B > maz{|b1], |b2], . . ., |be]},

and

Let Aq, ..., A; be real numbers such that
A; > max{Dh(vy;),|logv;|,0.16}, i=1,... ¢t
Then, assuming that A # 0, we have
|A| > exp (—1.4 x 30'3 x t*5 x D?(1 + log D)(1 + logB)A; -+ Ay) .
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The following criterion of Legendre, a well-known result from the theory of Dio-
phantine approximation, is used to reduce the upper bounds on variables that are
too large.

Lemma 3. Let 7 be an irrational number, ’q’—g, %7 Z—z, ... be all the convergents of
the continued fraction of 7, and M be a positive integer. Let N be a non-negative
integer such that gy > M. Then putting a(M) := max{a; : i = 0,1,2,..., N}, the

inequality
r 1

— > .
s ‘ (a(M)+2)s?’
holds for all pairs (r,s) of positive integers with 0 < s < M.

‘7—_

Another result which will play an important role in our proof is due to Dujella
and Pethé [7, Lemma 5 (a)].

Lemma 4. Let M be a positive integer, let p/q be a convergent of the continued
fraction of the irrational v such that ¢ > 6M, and let A, B, i be some real numbers
with A > 0 and B > 1. Let € := ||ug|| — M||vq||, where || - || denotes the distance
from the nearest integer. If € > 0, then there exists no solution to the inequality

0<|uy—v+pl <AB™Y,

i positive integers u, v and w with

log(A
u<M and w> M.
log B
Lemma 5. For any non-zero real number x, we have the following:
(a) 0 <z <|e* —1].
(b) If £ <0 and |e® — 1| < 1/2, then |z| < 2]e” — 1].

3. Proof of Theorem 1

3.1. Upper Bound for n

First of all, observe that (n,m,, a) is a solution of (1) form=I=1andm=1=2.
So from now on, we assume that m > 2 and | > 2. Since F,, + Fj,_1 = Fj,41, we
can assume that n >m + 1 and n > [ + 1. In particular, n —m > 2 and n —1 > 2.

Proposition 1. There are exactly 280 solutions (n,m,l,a) € N* to (1) with n <
550. All solutions satisfy n < 42 and a < 28. The list of solutions is given in Table
1.

Proof. The solutions were found by a brute force search with Mathematica. O
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|F; + Fy+ F— 2] <V/2,i=1,2

|Fio+ Fu+ F; — 2| < 2%i=1,2,3,4

|Fo + Fo + F; — 2| </2,i=1,2

|Fio+ Fs + F; —2°] < 2%, =1,2,3,4,5

|Fi+ i+ P, — 2% <2,i=1,2

[Fio+ Fs+ F, — 25| <2%i=1,2,---,6

[Fo+ P+ F -2 <2,i=1,2

[Fio+ Fr + F; — 25 < 2%,i=1,2,3,4

|Fs+ Fy 4+ Fy — 2% < 2

|Fio + Fo + Fo — 27| < 27/?

|Fs+Fo+F; —2%] <2,i=1,2

|Fio+ Fio+ F, — 27| < 27%,i=6,7,8

|Fs 4+ By + F; — 2% < 2,i=1,2

|Fiu+ Fs+F, —27| <27%,i=6,7,8

|F5 + Fs + Fy — 27| < 2°/2

|[Fu+Fo+F —27| <272 i=1,2,...,7

|Fy+Fi+ Fy —2°] <2

[Fi1 + Fi + Fii — 25 < 27

|[Fa+ Fo+ F, —2°[<2,i=1,2

|[Fiz + Fio + Fio — 2°[ < 2°

|Fu+ Fs+ F; —2°] <2320 =1,2,3

|Fio + Fii+ F; —2°] <2%i=6,7,8,9

|Fa+ Fy+ F; — 23] < 2%/2 1 =1,2,3,4

|Fizs +Fs + F; — 2% < 2% i =4,5

|F5 + Fy + Fy — 2°] < 2°/?

|Fis+ Fs+F, —25|<2Y,i=1,2,---,6

|Fs + Fo+ F; — 2% < 232 i = 1,2

|Fis+ Fr+F,—28|<2Y,i=1,2,---,7

|Fs + F3 +F; — 23] < 232§ =1,2,3

|Fis+ Fs+F, — 28| <2Yi=1,2,...,7

|Fs 4+ Fy+ F; — 2% < 232, =1,2,3

|Fis +Fo +F, — 2% < 2i=1,2,3,4

|F5 + Fs + F; — 2% < 22,i = 4,5

|[Fiz 4+ Fia + Fig — 2°| <27

|Fs + Fy + Fy — 27| < 2°/?

|Fiz + Fiz + F; — 2° < 2926 = 9,10

|Fo + Fo+ F; —2°| <232 i =1,2

|Fia+ Fii+ F; — 29| < 292 = 9,10

|Fo + Fy + F; — 2% < 2°,i=3,4

|Fia +Fro+F —2°| <292 i=1,2,---,7

|Fo +Fs + F; — 2% < 2%i=1,2,3,4,5

[Fis + Fia+F -2 <2°i=6,7,8,9,10

|Fos + F +F; — 2% < 2%i=1,2,3,4

|Fig + Fy + Fy, — 2701 < 2°

|Fr+ Fy + Fy — 27 < 2°

|Fig + Fs + F, — 2™ < 25,4 =1,2,3,4,5

|Fr+ P+ F — 27 <2%i=1,2

|F16+F6+F¢7210‘ <25,i:172’... .6

|Fr + F5 +F; — 2% <2%i=1,2,3

|[Fio+ Fr+F, — 20 <2°,i=1,2,---,7

|Fr + Fy+F; — 2% <2%i=1,2,3,4

|Fio+Fs+F,—201<2°i=1,2,...,

|Fr + Fs+ F; — 27 <2%i=1,2

.8
|Fio+ Fo+ F, — 20 <25 i=1,2,...,9

|F7 + Fg + Fs —2°| < 2°/°

|Fig + Fio+ F;, — 2% < 2°i=1,2,---,7

|Fr4+Fr+F,—2° < 2°/2i=1,2,3,4,5,6

|Fi6 + Fie + Fiy — 2'% < 2°,4 = 9,10, 11

|Fs + Fy + Fy —2°| < 2°/7

|Fi7 + Fis + Fis — 2" < 2'1/2

|Fs + F5 + F; —2°] < 2°/24=1,2,3,4,5

|Fiz + Fia + F — 2" < 2'7/24=9,10,11

|Fs+Fo+F,—2°| < 2°/2i=1,2,3,4,5,6

|Foo 4 Fig + Fia — 2'3| < 21372

|Fs + Fr + F; —2°] < 2524 =1,2,3,4

|Fo1 + Fo1 + Fo1 — 215| < 2t8/2

|Fs + Fs + F5 —2°| < 2°

|Foo + Fo1 + Fig — 2'%] < 2'%/2

|Fy + Fy + Fy —2°] < 2°/7

|Fos + Fis + Fir — 2] < 2'%/2

|Fo + Fo+ F; —2°| < 2°/2 i =1,2

|Fos+Fio+Fi—2"% < 21%/2i=1,2,...,11

|Fo + Fs+ F; —2°| < 2°/2 i =1,2

|Foy + Fag + Fi7 — 2'%) < 2%

|Fy + Fr + Fy —2° < 2°

| Fos 4+ Foo 4+ Fig — 2'7| < 21772

|Fo+ Fs + F; — 25| < 23,0 =3,4,5,6,7

| Fog 4+ Fao 4 Fig — 29| < 219/2

[Fo+ Fo +F; —2°] < 2%i=1,2,3,4

|Fu1 + Fao + Fog — 2] < 2™

|F10+F1 + F —26‘ < 23

|Fiz + Fos + For — 2] < 2™

|Fio+ o + F;, — 251 < 2%i=1,2

|Fao+ Foo + F; — 28] < 2™ i =1,2,...,22

[Fio+Fs + F, —2°1<2%,i=1,2,3

Table 1: Solutions of Inequality (1)
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Due to Proposition 1, for the rest of paper, we assume that n > 550. Using
Lemma 2 for n > m > 1 > 1, we have

0.380" < F, < F + Fp, + F; < 0480 4 0.480" ! 4 0.480" "% < 0.97a".  (5)

Let us now get a relationship between n and a. Without affecting generality, we
may now assume a > 2. Combining (1) with the upper bound of (5), we get that

2071 <20 _ 925 <« F, + F,, + F; < 0.97a" < o™. (6)
When we combine (1) with the lower bound of (5), we get

0.38a" < F,, 4+ F, + F} < 2% + 23 < 20F1,

Hhos I log 0.38 1
oga  log0. og
-1 — +1
nlogQ log 2 <a<nlog2Jr ’ (™)
where fég = 0.6942.... Hence, we have a < n. Using (2) in (1), we get
an+am+al 571_’_5771_’_51
————— B+ Fpt = ——r—. 8
7 i NG (8)
Taking the absolute values on both sides in (8), we obtain
- - !
R e s WV B (R e [ A BT
V5 V5 5

for all n > 4 and m,l > 2. Dividing both sides of the above relation by 2%, we get

04"(1 +amn +al—n)
20/5

For the left-hand side, we apply Theorem 2 with the following data. Set

—1] <275, (9)

(1 +am—n _|_al—n)

A :=27%" 7 —1.
Note that Ay # 0. If A; = 0, we would get the relation
2°V5 = a" + o™ + ol (10)
Conjugating the above relation in Q(v/5), we get
—24/5 = " + g™ + 4. (11)

Equations (10) and (11) lead to

a" <o+ a™+al =|B"+ ™+ 8Y < 18" + |8 + |8 < 1,
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which is impossible for positive integers n. Hence A; # 0. We take t := 3,

5 (1 +amn 4 al—n)
= 5 = a’ = s
" 72 3 75

and

Note that K := Q(+/5) contains 71,7v2,v3 and has D := [K : Q] = 2. Since a < n,
we can take B := max{|by|, |b2], |bs|} = n. Since h(y1) = log2 and h(vyz) = log“, it
follows that we can take Ay := 1.4 > Dh(y;) and Ay := 0.5 > Dh(~2). To estimate

h(~3), we begin by observing that

(14 am=" +al=m) 3 1 V5
Y3 \/5 < \/5 and 73 dt+amr ¥ al—n) < \[7

so it follows that |logvs| < 1. Using the properties of logarithmic height, we get

log log
h(’yg)glog\/g+|m—n|( & >+|l—n|(§>+210g2

2
= log(4v/5) + (n — m) (1o§a) +(n—1) (IO§O‘> .

Thus, we can take As := 5+ (2n —m — 1) log o > max{2h(vs), | logy3|,0.16}. Then
by using Theorem 2, we have

log|Aq] > —1.4 x 30% x 3% x 22 x (1 +1og2) x (1+logn) x 1.4 x 0.5x
5+ (2n—m—1)loga)
> —1.4 x 10" x logn x (5+ (2n —m — ) log ) ,

where 1 + logn < 2logn holds for all n > 3. By comparing the above inequality
with (9), we get

(g - 1) log2 < 1.4 x 10'2 x logn x (5 + (2n —m — 1) log ). (12)
Now counsider the second linear form in logarithms by rewriting (8) differently.
Using (2), we get that
an n

\/5—(Fn+Fm+Fl)=\5/5—Fm+Fz.

Again, combining the above relation with (1), we get that

<2%+ﬂ+Fm+Fl, (13)

V5

n
L

V5
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where |3]" < 1/2 for all n > 2. Dividing both sides of Inequality (13) by % and

taking into account that o > /2 and n > m > I, we obtain

25V5 V5 V5 VB

|1 o 2“a_n\/5| < am + 2™ + aqn—m anfl

< 2vV5max{a™ ", ol a% "}, (14)

For the left-hand side, we apply Theorem 2 with the following data. Set
Ay =2 ""V5 — 1.

Note that Ay # 0. If A; = 0, then we have that 2% = f‘/—% So a?™ € Z, which is not
possible. Therefore Ay = 0. We take t := 3,

and

Note that K := Q(v/5) contains 71,72,73 and has D := 2. Since a < n, we deduce
that B := max{|b1|, |b2],|b3]} = n. The logarithmic heights for 41, 2 and ~5 are
calculated as follows:

log a
h(n) =log2, hi1) = =5~ and h(y;) =log V5.

Thus, we can take
A1 = 1.4, A2 :=0.5 and A3 = 1.7.
As before, applying Theorem 2, we have

log|Ag| > —1.4 x 30° x 3*® x 22 x (1 +1og2) x (1 +logn) x 1.4 x 0.5 x 1.7
> —2.31 x 10'% x logn.

Comparing the above inequality with (14) implies that

min{(n —m)loga, (n —)loga, (n —a)loga} < 2.4 x 10*?logn.
Now the argument splits into three cases.
Case 1. min{(n —m)loga, (n —1)loga, (n —a)loga} = (n — m)loga.

In this case, we have
(n—m)loga < 2.4 x 10" logn.



INTEGERS: 23 (2023) 9

Case 2. min{(n —m)loga, (n—1)loga, (n —a)loga} = (n—1)loga.
In this case, we have
(n—1)loga < 2.4 x 10**log n.

Now by using Case 1 and Case 2 in (12), we have

(g - 1) log2 < 1.4 x 10" x logn x (5 + (2n —m — 1) log )

< 1.4 x 10" x logn x (5 + 4.8 x 10'*logn)
< 6.86 x 10%* log® n.

Combining the above with the lower bound of (7) and by a calculation in Mathe-
matica, we get
a<9x10*® and n < 1.87 x 10%°.

Case 3. min{(n —m)loga, (n —1)loga, (n —a)loga} = (n — a)log a.
In this case, we have
(n —a)loga < 2.4 x 102 log n. (15)

Note that the upper bound of (7) yields

log
na>n<1log2)1. (16)

From (15) and (16), we obtain
a<384x10" and n<5.53x 10
Thus, in all the three cases, we have
a<9x10*® and n < 1.87x 10%.

Now we need to reduce the bound of n.

3.2. Reducing the Bound on n

Let us assume that n —m > 550, n — [ > 550 and n — a > 550. In order to apply
Lemma 2, we put
z1 :=alog2 — nloga + log V5.

Since we have assumed that min{n —m,n—1,n—a} > 550, we have [e** —1| < 1/2.
Thus, by Lemma 2, we have that |z1| < 2]e** — 1|. Replacing z; by its formula and
by (14), we get that

45

min{n—m,n—Il,n—a}"’

lalog 2 — nlog o + log V5| <
a
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Dividing both sides of the above inequality by log o, we can conclude

log 2 log V5 45
a -n <
log v log v log «v

ca Y, (17)

where w = min{n — m,n — I,n — a}. Putting now

o log 2 o log\/g e 45
T log o’ " loga’ " loga

and B :=aq,

the above Inequality (17) implies
0<l|ay—n+pu| < AB™™.

It is clear that -+ is an irrational number. We also put M := 9 x 10?8 which is an
upper bound for a. We find that the convergent £ = P(%Z is such that ¢ = ¢g9 > 6M.
By using this we have that e = ||ugeo|| — M||vge9|| > 0. Therefore
log ( 4v5q

e loga

n—m< ><157

log o

log ( 4v/5q

e loga

or

n—1[1< ><157

log o

log ( 4v/5q

e loga

or

) < 157.

n—a<
log o

Thus, we have that either n —m < 157 or n < 517. The latter case contradicts our
assumption that n > 550. Inserting the upper bound for n — m into (12), we get
that a < 3.93 x 10'°. Finally, we shall use Inequality (9) to improve the bound on
n, where we put

z9 :=alog2 —nloga +logy(n —m,n —1),

where 1(t, s) := v/5(1 + a~t + a~*)~1. Therefore, (9) implies that

11— e < (18)

9a/2"
Note that zo # 0. Thus, we distinguish the following cases. If z5 > 0, then

2

0<22<622—1SW.

Suppose zz < 0. Then, from (18) we have that |1 —e*?| < 1/2 and therefore e/*2l < 2.
Since z3 < 0, we have

4

0< |2 <ell —1=¢l=le= 1| < 572"
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In any case, we have that

< 4
0<|2’2‘ 2a/2'

Replacing zo in the above inequality and dividing both sides by log «, we conclude
that

log 2 1 — -1 4
o082,  logdln—mn-D| Lg-ar?, (19)
log « log o log o
Here we take M := 3.93 x 10'® which is an upper bound for a. By virtue of Lemma
2 with
log 2 1 — —1 4
_Jog2 ogyp(n —m,n ), e ,
log « log log v

B:=V2

to Inequality (19) for all choices n —m € {1,...,157} and n — 1 € {1,...,157}
except when

(TL —m,n— l) € {(Oa 3)» (17 1)a (17 5)7 (3a 0)’ (374)a (4’3)7 (5a 1)’ (77 8)a (87 7)}

Furthermore, with the help of Mathematica, we find that if (n,m,l, a) is a possible
solution of (1), excluding those cases mentioned previously, then n < 550. This
is false because we have assumed n > 550. Finally, we deal with the special cases
where

(n—m,n—1) € {(0,3),(1,1),(1,5),(3,0),(3,4), (4,3),(5,1),(7,8),(8,7) }.

As can be seen, there are certain symmetric cases and there is no significant
difference in their study. Therefore, we deal with the cases (n — m,n — 1) €
{(1,1),(3,0),(4,3),(5,1),(8,7)}. For these special cases, we have that

loglww _ )y (t, s) (4,3);
oga 2 11352 £ (t;s) =(5,1);
3122 if (t,5)=(8,7)

Note that, when we apply Lemma 2 to the Inequality (19), the parameters v and
1 appearing in Lemma 2 are linearly dependent and the corresponding value of € is
always negative. When n —m =1and n — [ =1 from (19), we have

0<lay—n|< L O ) (20)
log o
We recall that a < 3.93 x 10'°. Let [ag, a1, a2,0a3,a4,...] = [1,2,3,1,2,...] be

the continued fraction of 7. A quick search using Mathematica reveals that

¢34 < 3.93 x 1015 < ¢35.
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Furthermore, aps := max{a; : ¢ = 0,1,...,35} = a;7 = 134. So by Lemma 2 we
have )

ay —n| > ——.

lay —n| (o 1)

Comparing estimates (19) and (20) we get that n < 112. Similarly, one can get
n < 112 in all other cases. This again contradicts our assumption that n > 550.
Hence, the result is proved.

4. The Code

In this section, for the sake of completeness, we present the Mathematica code used
to confirm Proposition 1:

Catch [Do[{n,m,1,a};

If [Abs|[Fibonacci[n] + Fibonacci[m] + Fibonacci[l] — 27 (a)]
< 2°(a/2) & n >>=m>= 1, Print[{n,m,1,a}]],{n,1,550},
{m,1,548},{1,1,548},{a,1,100}]]

Acknowledgement. We would like to express our gratitude to the referee for the
comments which improved the quality of this paper.
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