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This analysis shows that divergence issues in QFT can be resolved without mass and charge
renormalization by postulating a two-component theory of the vacuum whose net energy and charge
are zero. For the free fields, the quantum vacuum is uniformly homogeneous and isotropic, but
interacting fields break the uniformity as vacuum energy is redistributed. For an irreducible self-
interaction amplitude 2, infinite field actions divide the vacuum into positive and negative self-
energy components such that the net vacuum energy correction to a scattering process is finite in
the presence of external fields, but vanishes for free particles. For each particle mass in a loop,
two mass states dressed with vacuum energy, are constructed for fermion and boson self-energy
processes. For electroweak interactions, the stabilized amplitude £ = £ — 0 includes a correction
for a vacuum energy deficit within an infinitesimal near-field (INF) region, where {2 is given by an
average of (2 over dressed mass levels. For QCD, strong interactions redistribute vacuum energy so
that there is a surplus in the INF with a corresponding deficit in the surrounding far-field resulting
in a sign reversal of {2 relative to QED and asymptotic freedom. Stabilized amplitudes are shown
to agree with renormalization for radiative corrections in Abelian and non-Abelian gauge theories.

I. INTRODUCTION

A long-standing enigma in particle physics is how an elementary charged particle such as an electron can be stable in
the presence of its own electromagnetic field [1, 2]. Critical accounting for system stability is essential since radiative
corrections in quantum field theory (QFT) involve self-interactions that appear to change the mass and charge of a
particle. In this analysis we propose a physical mechanism that stabilizes a particle such that its mass and charge
retain their physically observed values in radiative processes.

The agreement between renormalization theory and experiment confirms the effect of vacuum fluctuations on
the dynamics of elementary particles to astounding accuracy. For example, electron anomalous magnetic moment
calculations currently agree with experiment to about 1 part in a trillion [3, 4]. This achievement is the result of
more than seven decades of effort since the relativistically invariant form of the theory took shape in the works of
Feynman, Schwinger, and Tomonaga; see Dyson’s unified account [5, 6]. The agreement leaves little doubt that QFT
predictions are correct; however, the renormalization technique [7-9] used to overcome divergence issues in radiative
corrections offers little insight into the underlying physics behind charge stability in the high-energy regime. Recall
that divergent integrals occur in scattering amplitudes for self-energy processes and arise in sums over intermediate
states of arbitrarily high-energy virtual particles. This stymied progress until theoretical improvements were melded
with renormalization to isolate the physically significant parts of radiative corrections by absorbing infinities into the
electron mass and charge.

Although the renormalization method used to eliminate ultraviolet divergences yields predictions in remarkable
agreement with experiments, early investigators including developers of the theory: Dirac, Feynman, and Schwinger
[10-13] expressed concerns about the method. Largely due to elegant and persuasive renormalization group arguments
[14-16], many workers in the field no longer believe that the divergences in QFT and the renormalization procedure
used to overcome them are issues requiring further consideration.

The basic flaw in the theory that is fixed up by renormalization is simply this: Standard QFT does not specify a
source for the energy required to create ultrahigh-energy virtual particles in radiative corrections, and the scattering
amplitude does not account for the change in that source. Renormalization eliminates the infinities, but it can hardly
be regarded as a fundamental solution since it did not identify and address this flaw.

The purpose of this analysis is to develop an alternative to renormalization in QFT for the free and interacting
fields. A minimal requirement for this proposal is that it reproduce the successes of the accepted theory: These include
the successful higher-order multiloop calculations of quantum electrodynamics (QED), and the modern understanding
of QED as a part of non-Abelian electroweak theory [17-19], and asymptotic freedom predictions [20, 21] in quantum
chromodynamics (QCD). We define an energetically stable system (charge plus vacuum) and develop a stabilized am-
plitude applicable to all radiative processes and particles of the Standard Model. Our primary results for electroweak
and QCD scattering amplitudes are presented in Sections III C and IIID: Scattering matrix corrections for stability
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are simply constructed using unrenormalized (core) amplitudes from the literature. General arguments are given to
demonstrate that net S-matrix corrections in QFT for vacuum polarization, fermion self-energy, and vertex processes
are finite and agree with renormalization theory.

II. VACUUM ASSUMPTIONS AND SYNOPSIS

Ordinarily, the vacuum |0) is defined to be the lowest energy state having no observable particles; however, as
is well known, it’s not empty. From a classical point of view, it’s natural to assume that the vacuum is a ground
state having zero energy since observed particles have positive energy. Physically, one expects the fermion vacuum
|0f) to be electrically neutral; however, according to Dirac’s relativistic electron theory [22], the existence of a stable
positive energy electron implies an infinite sea of negative energy electrons, for example. Similarly, the quantized
radiation field exhibits an infinite zero-point energy [23] since the field consists of an infinite number of quantum
mechanical oscillators, each having a positive ground state energy. At the submicron level, zero-point fluctuations
of the radiation field result in an attractive force between closely spaced parallel conducting plates first predicted
by Casimir [24, 25], and subsequently confirmed by experiments [26-28]. Although ground state energies are not
unexpected in quantum mechanics, an infinite vacuum energy strongly suggests that the theory is missing something.
In QFT only energy differences are considered significant, and one can just shift the energy. However, gravity accounts
for all mass-energy contributions, and vacuum energy impacts the accelerated expansion of the universe through the
cosmological constant. In contrast to calculations for a typical quantum field, astronomical measurements suggest a
vacuum energy density of only 4.8 GeV/m? in the space between galaxies: This is the cosmological constant paradox
discussed by Weinberg [29].

Standard QFT eliminates divergent ground state energies by introducing infinite renormalization constants [30, 31].
For the free fields, this is equivalent to a subtraction or a normal ordering of operators in the Hamiltonian and current
density [32]: This uniquely defines a vacuum whose net energy and charge vanish. If we suppose that the infinity
arising from field quantization and the renormalization constant have physical significance, then the vacuum must
include two components for each particle of the Standard Model that oppose one another such that its net energy
and charge are zero. For the fermion field this suggests that |0¢) includes positive energy antifermions in addition to
Dirac’s negative energy sea; similarly for bosons, we have a dual sea of positive energy bosons and negative energy
antibosons comprising the boson vacuum |0,). Since the amplitude to create a negative energy state is zero for both
fermions and bosons, negative energy particles are confined to the vacuum and unobservable; see Equations (A10)
and (A22) in Appendix A. Ordinary matter exclusive of dark matter and |0;) form a stable system; for example,
a positive energy electron can not annihilate a positron in the vacuum since that would expose (create) a negative
energy electron in the Dirac sea for which no observable state exists. While individual vacuum components are
infinitely uncertain, the ground state energy of the complete vacuum is certain — it is zero in this physical model in
agreement with renormalization of the free fields. In the absence of interactions, the quantum vacuum is assumed to
be homogeneous, isotropic, and unique.

The physical resolution of these infinities follows simply from conservation laws. From classical mechanics, any
agent or process that does work or creates particles requires a source of energy: Uncompensated infinities in QFT
are a direct result of neglecting this basic principle that ensures conservation of energy. Quantization is a process
that effectively does work to create a sea of vacuum particles in QFT. For bosons, a positive energy sea is created
during quantization of the free fields. The question that must be answered is this: Where did the energy to create this
positive energy sea of oscillators come from? Since it is a vacuum energy, and the only known source of an infinite
amount of energy is the vacuum, we are compelled to conclude that its source is the vacuum, and there must exist a
deficit consisting of negative energy antibosons such that the net energy and charge (for W-bosons) of |0;) are zero.
Similarly, Dirac’s sea of charged negative energy fermions is created during quantization, so if we assume that the
source of the energy required to create Dirac’s sea is the vacuum itself, then there must exist a sea of positive energy
antifermions if energy and charge conservation hold. Antifermions are locked up in the vacuum; consequently, they
are rare in the observed universe. Therefore, we have a two-component vacuum for both bosons and fermions that
has a well-defined physical significance since it is comprised of known particles in the Standard Model (SM). The
complete vacuum including all SM particles is defined in Equation (A37).

According to QFT, boundary conditions in the Casimir experiment reduce the number of positive energy radiation
modes between the plates. From a mechanical point of view, negative work is done to bring the plates together
from infinity, so there must be an opposing positive energy in the region exterior to the plates; therefore, energy is
redistributed. The singularity that occurs in the Casimir calculation arises from field quantization, and its subtraction
to obtain the finite result of physical interest accounts for the negative energy modes and ensures that the net energy
of the vacuum remains zero.

For radiative corrections in QFT, an unrenormalized (core) scattering amplitude corresponding to an irreducible



Feynman diagram contains a finite part of physical interest and a divergent self-energy (SE) part [6, 33, 34]. To
isolate the finite part of the amplitude, renormalization introduces counter-terms that eliminate the SE part in the
core amplitude such that the net amplitude is finite in the presence of external fields, but vanishes for free particles.
The method of counter-terms [35, 36] is equivalent to ultra-near-field mass or charge corrections for fermion and boson
self-energy diagrams, respectively.

For an irreducible radiative correction, the desired finite scattering amplitude may be obtained without renormaliza-
tion by including a correction to the amplitude which represents a self-energy deficit (SED). To create ultrahigh-energy
virtual particles in electroweak interactions, for example, charges in radiative corrections borrow energy locally from
the vacuum leaving a self-energy deficit (SED). Again, we have two physically significant vacuum components, the
borrowed SE and the SED. Vacuum energy is redistributed, but its net energy and charge remain zero.

In summary, quantization of the free fields and radiative corrections are singular processes that create infinite
amounts of vacuum energy/charge for which we make the following assumptions:

Assumption 1. The net energy and charge of the vacuum are zero.

Assumption 2. Singular processes in QFT borrow energy/charge from the vacuum leaving a deficit.

III. FORMULATION - INTERACTING FIELDS

Stability conditions, a complete set of mass states including vacuum energy, and stabilized scattering amplitudes
are derived for fermions and bosons.

A. Physical model for fermions

Regarding an electron as a point particle [37], the classical electrostatic self-energy e?/2a = aA, diverges linearly
as the shell radius a — 0, or energy cutoff A, — oo, where —e is the charge and o = e2/4r is the fine-structure
constant. However, Weisskopf [38, 39] showed using Dirac’s theory [22] that charge is effectively dispersed over a
region comparable in size to the Compton wavelength of the electron, A. (m) = 1/m in natural units, due to pair
creation in the vacuum, and the self-energy only diverges logarithmically. Feynman’s calculation [33] in covariant
QED yields an electromagnetic mass
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where m = g.v/v/2 is the observed mechanical mass generated via interaction between the fermion and Higgs fields
in electroweak theory, g. is a coupling constant, and v is the ground state vacuum energy. In the absence of a
compensating negative energy, equation (1) signals an energetically unstable electron. This is the fermion self-energy
(FSE) problem, whose general resolution will suggest a solution for boson self-energy (BSE) processes as well resulting
in finite amplitudes for all radiative corrections. In this section we derive a vacuum stability condition and a complete
set of mass states for an electron.

Renormalization theory posits that a negatively infinite “bare” mass m, must exist to counterbalance mJ,, such
that the mass infinity is eliminated

me +mi, =m. (2)

For lack of physical evidence, negative matter is naturally met with some skepticism; see Dirac’s discussion [40] of the
classical problem, for example. Nevertheless, energies that stabilize a charge must be negative to conserve energy, and
we can understand their origin by first considering the source for the electrical energy required to assemble a classical
charge from infinitesimal parts in the rest frame. Since the agents that do the work must draw energy £ from an
external energy source (well), the well’s energy is depleted and the total energy

g:m+5:m+gw (3)

of the system including matter, electromagnetic field £

o, and energy well £, is constant.



Assume that the depleted energy well is part of the vacuum, elementary charges are inherently stable, and consider
an electron and its neighboring vacuum as two distinct systems that can act on one another. In particular, we suppose
that an electron borrows energy locally from the vacuum to create its electrostatic field with a vacuum energy deficit

5w - 5e_rn = _g:m (4)

located in an infinitesimal near-field (INF) region. This corresponds to a redistribution of vacuum energy into positive
and negative energy parts such that equation (3) is satisfied for a free particle; therefore, we have a stability condition

+

me’fﬂ + m;’m = 0 I (5)

where €& = mZ  in natural units. Thus, an electrically charged particle effectively acts as a sink for negative energy,

and the deficit must be taken into account to uphold energy conservation.

In addition to the experimental (core) mass m, equation (5) suggests that a stable electron includes two electro-
magnetic masses mZ  that are assumed large in magnitude, but finite, until the final step of the development. We
can think of mZ  as components of an electromagnetic vacuum (zero net energy) which are tightly bound to the core
mass and inseparable from the core and each other, at least for finite field actions. From equation (3), either mass can
be associated with m. Considering all non-vanishing masses constructed from the set {m, mJ,,, m, .}, we define a
complete set of mass levels m + AM, where A = {0, 1} and M = |mZ, |. For A = £1, an electromagnetically dressed
core mass (DCM) refers to a composite particle with mass levels

mg=m+ M . (6)

For a particle of four-momentum p, the dressed momentum is pg = p + AP)s, where Py, is the momentum of M.

Dressed mass states are important for radiative corrections because they provide additional degrees of freedom
needed to compute INF corrections to scattering amplitudes which stabilize the system. Introduction of a bare mass
or charge in renormalization theory does not account for all possible mass states in radiative processes; consequently,
the underlying physics is concealed, and the theory is rendered more complicated: For example, introducing a bare
mass only results in an asymmetry which requires wave field renormalization in the electron self-energy problem.

Consider a free particle state |p, m) satisfying p?> = m?2. Spin is omitted in |p, m) since it is inessential to the
subsequent development, and the rest mass is included because it is the fundamental particle characteristic which
becomes dressed with vacuum energy in stability corrections to the S-matrix discussed in Section III C. For radiative
corrections, assume that dressed states |pg, mq) may be created with equal probability in intermediate states with
infinitesimally small lifetimes At ~ i/ (mdcz) in accordance with Heisenberg’s uncertainty principle [41]. Scattering
amplitudes for low-energy processes are unaffected because the energies are insufficient to excite dressed states in
|pa, mq). In fact, we will see that finite parts of radiative corrections vanish in the limit n = M/m — oo.

B. General dressed mass states

This section generalizes DCM rules to all elementary particles and radiative processes of the electroweak Standard
Model; in particular, we derive a rule for dressing particles in BSE processes with vacuum energy.

External lines for processes in Fig. 1 involve (a) gauge bosons b € {v, W, Z, H}, and (b,c) fermions f. Blobs in
Fig. 1 contain irreducible insertions, which in general, may involve photons and other particles in the Standard Model
mass set

M= {mf, mw, mz, mH} .

On the mass shell, scattering amplitudes £/ (p) and X° (k:2) define fermion and boson self-energy functions [42, 43|

My = 5 0]y, ™)
ME =Re [S0)] 0, ®)
where g = v#p,,, and y* are Dirac matrices. Masses My and M), are assumed to represent energy borrowed from the

vacuum to create a configuration of ultrahigh-energy virtual particles. To account for vacuum depletion and thereby
ensure energy and charge conservation, a general correction to the scattering amplitude valid for all three processes in
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Figure 1. Generic self-energy and vertex diagrams: (a) BSE, (b) FSE, and (c) vertex.

Fig. 1 is required. To define this correction, we notice that equations (7) and (8) suggest additional mass states and
Feynman diagrams, where physical particle masses are dressed with vacuum energy as in equation (6) for fermions.
In general, DCM levels for fermions in FSE processes and massive bosons b € {W, Z, H} in BSE processes are
defined by requiring that averages of free field Lagrangian densities over dressed mass levels for each particle class give
the undressed value. Since Yukawa and Higgs densities, LX™ ¥ (my) and Ly (m}) in equations (C17) and (C11),

involve sums of terms linear in m; and m7, we have

1
5 30 LE (g AMy) = LFU () ©)
A==+1
1
5 D L (mi + M) = Ly (m7) - (10)
A==+1

Defining a common scaling factor n such that My = nm; and My = nmy,, dressed masses are generated by

myg — my (L4 An) (11)
mi = mjp (14 An?) . (12)
For the purpose of defining general stability corrections for radiative processes, we can focus on the mass dependence
of core amplitudes.
To ensure consistency when fermions and bosons mix in FSE and BSE processes, DCM levels for all m € M in the
blobs of Fig. 1 are defined by the replacement
m" —my =m"(1+ "), (13)

where m = my|my, and

(14)

_ )1 FSE/vertex
]2 BSE

for irreducible FSE, vertex, and BSE diagrams in electroweak theory. The regulation of infrared singularities for soft
photon emissions [33] provides a simple example: For FSE and vertex processes, a fermion my and a small photon
mass p mix in terms of form In %; for consistency, we require

p— (14 ), (15)
then In “*f is invariant under (11) and (15). External momenta g = m + 0p,s and k* = m? 4 dk7, in Fig. 1 become
dressed in the blobs

P = Pa=md + 0pos , (16)
k* — k3 = m3 + 0k2 (17)
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where op,s and dk2, are off-shell terms which are arbitrary but stationary under (13), and they are zero for free
particles. With A = +1 in equation (13), (16) and (17) define a complete set of dressed momentum states.

From Appendix C1, vertex factors in equations (C19)-(C21) including the weak mixing angle (C10), charge (C23),
and neutral current coupling constants (C24) are all stationary under (13). However, propagators (C25)-(C27) in-
volving massive particles are not stationary under DCM transforms, and dressed amplitudes (20) constructed from
them are either driven to zero or a stabilizing correction for finite tree or divergent loop processes, respectively.

Since m « v in Higgs mass formulae, dressed mass levels correspond to vacuum displacements:

Av = Ao, (18)
Av? = PP (19)

for FSE and BSE processes; see Appendix C 1 equations (C12)-(C14) and (C18). Averaging over A, the mean vacuum
displacement is zero.

C. Electroweak scattering amplitude

Generally, if an irreducible radiative process represented by {2 borrows energy or charge from the vacuum creating
a deficit, then an opposing amplitude is required to account for the deficit. For the moment, assume dimensional
regularization is used to tame improper integrals. The total amplitude is defined by

2=0M)-2(M), (20)

where (2 accounts for self-interaction effects involving physical masses in M, and

Sl

() = 5 tim S Qg = M) (21)
A==%1

is a subtrahend for vacuum depletion that includes all intermediate mass states dressed with vacuum energy; from
equations (13) and (14), we have

_ { 1+ Anp  FSE/vertex

MEVUVITME BSE (22)

From equation (8), the depletion amplitude —{2 represents a squared mass deficit in (2 for BSE processes. In addition
to my, or my, {2 depends on external momenta {k, p} for Feynman diagrams in Fig. 1 which may be on- or off-shell.
For notational simplicity, any dependence on external momentum parameters has been suppressed during construction
of 2 because {k, p, ¢} are implicitly dependent on associated core masses.

In dimensional regularization we have a singular function [44, 45]

D(A0) = l—lnA—y, (23)
o]

where o = 2 — d/2 with spacetime dimension d < 4; A depends on M, momentum parameters external to the loop,
and integration variables. v = 0.577--- is the Euler-Mascheroni constant. Divergent terms involving 1/0 cancel in
equation (20), and the net amplitude is well defined since it involves a factor —In|A/A,|, where

T =2
Ao = lim 7" A(1M) (24)

from equation (D4). Four-momenta in A go on-shell upon taking the limit in (24); see equation (D10).
If an energy cutoff A, is assumed in lieu of dimensional regularization, then we must include A, in the arguments
of 2. If a particle of mass m probes energies up to A, in the core amplitude {2, then a dressed particle with mass

Mmq = 1AM (25)
probes energies with cutoff

Ag=mAo; (26)



that is, the cutoff scales in the same way as (25). For FSE/vertex and BSE processes, dressed momenta (pg, k3) with
cutoffs (Ad, Az) sample all mass states (A = £1) in equation (13), and go on on-shell in {2 such that the net amplitude

(2 contains only physical masses and finite terms of physical interest for all processes. Cutoff scaling is required for
a consistent definition of integrals in 2 and (2: it synchronizes the cutoff to A,, and yields a well defined limit as
n — oo in equation (21). Divergent integrals occurring in {2 and {2 are invariant under equations (25) and (26); for
electron self-energy, this is evident from the argument of the logarithm in equation (1), and again, divergent terms in
equation (20) cancel.

To obtain physical distances probed in high energy processes, assume 7 > 1, and take the magnitude

[Aal ~ nho, (27)
then (2 and {2 probe infinitesimal far-field (IFF) and infinitesimal near-field (INF) distances

ro ~ Aj' IFF, (28)
rq (n) ro/n INF. (29)

Q

Therefore, vacuum energy is redistributed with a surplus in the far-field region r > r, and a deficit at the origin
ra(n—o00)=0.

In contrast to the regulator technique of Pauli and Villars [46], the above method employs physically meaningful
dressed mass levels, albeit virtual only, and it applies to all radiative processes in QFT without introduction of
auxiliary constraints.

From the functional form in equation (21), {2 represents the same basic physical process as {2, but it is distinguished
by sticky collisions between core masses and vacuum energy components. Since —{2 opposes {2, it represents a negative
probability amplitude correction; thus, Feynman’s conjecture [11] that negative probabilities might be used “ --- to
solve the original problem of infinities in quantum field theory” appears well founded.

D. QCD scattering amplitude

The foregoing DCM rules apply to QCD as well since its Lagrangian is invariant under an average over dressed mass
states. As with electroweak, all vertex factors are independent of mass and are therefore DCM invariant. However,
two modifications are required:

First, the sign of {2 must be reversed. Since the Callan-Symanzik [47, 48] beta function depends on coefficients of
divergent terms only [49], the sign reversal is expected from opposing signs in the first two terms of equation (23).
However, the sign reversal admits a much more enlightening physical interpretation if one assumes, in contrast to an
electrical charge, that a color charge redistributes vacuum energy so there is a far-field deficit which is balanced by
an INF surplus as depicted in Fig. 2: For an electric or color charge, we have a generalized stability condition

(Er+&7),,.=0. (30)
Resulting colored quarks and gluons are enveloped in a negative energy color field which suggests that the quasi-
probability of observing them is likewise negative, at least for low energy probes. Since positive and negative energy
regions in Fig. 2 for color charges are interchanged relative to electrical charges, the stabilized amplitude in QCD is

QQCD = )\SQ , (31)

where ) from equation (20) employs the usual Feynman rules, and

Ao =1 (32)

is a switching factor. For a physically meaningful interpretation of amplitudes, unobservable quark and gluon states
must have negative norm and spacelike momenta.

Second, for gluon self-energy diagrams in the pure gauge sector, we lack a mass reference; a solution is to introduce
a small gluon mass y, via k% — k% — /,Lg in gluon propagators when constructing amplitudes. Define

mg = py +AMG], ) (Mg = npo) . (33)
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Figure 2. Intrinsically stable electrical and color charges {e, gs} effectively draw {negative, positive} energy from the vacuum

¢ leaving an energy {surplus, deficit} in surrounding (far-field) regions {A, B}.

where M, is an INF energy surplus, and p, is an arbitrary unit of mass measure: u, can be related to a standard
reference mass My, usually chosen to be the Z-boson mass myz, such that the polarization function vanishes on the
mass shell. An analytic expression

(34)

is derived in Appendix F; see equation (F31). Evaluating equation (34) for ny = 6 quarks gives My = 70.65 GeV /c?;
compare with mz = 91.1876 GeV /c?. Introduction of mass terms of the form (33) does not break gauge invariance
since the sum over mass levels in the Yang-Mills Lagrangian is zero.

IV. VERIFICATION

This section briefly justifies rules (20) and (31) for computing stabilized amplitudes. The method given below
simplifies the determination of finite scattering amplitudes, and it is to be compared with renormalization approaches;
see Dyson [6], for example. Refer to Appendix B for a more detailed verification.

A. Electroweak Interactions

For three classes of diagrams in Fig. 1, equation (20) is verified for electroweak processes focusing on mass and
momentum external to the loop. An extensive set of Feynman diagrams and expressions for unrenormalized amplitudes
is given in [43] and cited references. Results below agree with [43, 50] as shown by a more detailed analysis in Appendix
G.

Depletion amplitudes —€ for diagrams in Fig. 1 meet basic requirements for a vacuum energy deficit: they have
negative energy localized at a point (in the limit 7 — 00), and account for additional mass states (13).

For BSE processes in Fig. 1 (a), equation (20) gives

2 (s) =2 (5) =T (s) | (35)
where the dependence on s = k? in included, and M is omitted to simplify notation. Applying equation (21), the
dressed amplitude

b
3’ (s) =2 (m}) + aais o (s —m7) (36)

S=my,

includes only the first two terms of a Taylor series expansion of £° (s) after averaging over dressed mass states. In
the expansion of X° (s), factors involving mass ratios are invariant under equation (13), s — m? is invariant under
(17), and dressed higher order derivatives vanish in the limit 17 — co. Since equation (35) satisfies expected mass shell

conditions [51]

2 (m) =0, (37)



and

=0, (38)

it is finite and agrees with renormalization.
For FSE processes in Fig. 1 (b), we have

S ) =% () - () . (39)

Similarly to (36), the series expansion of ¥/ (p) yields a dressed amplitude

oxs
3

if

(p) = 27 (p)vsz + @ —my) - (40)

In the expansion of X/ (p), #—my is invariant under equation (16), and dressed higher order derivatives again vanish
in the limit  — oco. For a free particle

>f =0, 41
() ‘ y— (41)
and
d (p) N
i =0 (42)

/d:m,»

ensures that ¢ = y/—1 is the residue of the propagator pole. The second term in equation (40) eliminates any need
for wave field renormalization, and equation (39) is indeed the desired finite amplitude.

Equation (20) is easily verified for vertex diagrams in Fig. 1 (c): From Ward’s identity [52], the vertex function A* (q)
is dimensionless; consequently, the dressed amplitude A (¢) involves only the first (divergent) term in an expansion
of A" (q) about the origin since gq = ¢, and dressed derivatives vanish as 1 — co. Therefore, A" (q) = A* (0), and

Mg =0 (43)

in agreement with renormalization.

Equations (37)-(38) for bosons and (41)-(43) for fermions represent free particle vacuum stability conditions for all
primitively divergent diagrams.

B. Strong Interactions

For non-Abelian QCD, Appendix F applies equation (31) to one-loop diagrams in Fig. 3. The arguments in
Section IV A are general: stabilized QCD amplitudes are finite and agree with asymptotic freedom predictions [49, 53].

Gluon loops (B) and (C) of Fig. 3 generate a clustering of like-gluons; consequently, as one probes a charged
gluon cloud, the effective color coupling decreases as expected from QCD anti-screening effects only if A; = —1; from
equation (F27),

_ Qg
a = Ag = —1 44
2
where o, = Z—; is the strong coupling constant, n is the number of quarks, and p, = _z\% with spacelike momentum

k.
Gluon loop insertions (B) into the quark/3-gluon vertex (C) of Fig. 3 enhances clustering of like-gluons.
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Figure 3. Feynman diagrams for strong interaction processes in QCD: (A) BSE, FSE, and vertex; (B) BSE for gluons in
pure gauge sector; and (C) quark/3-gluon vertex. For accretion amplitude (2, particle lines between dots become dressed with
vacuum energy.

V. CONCLUSIONS

Evidence presented for QFT supports the hypothesis that singularities redistribute vacuum energy. For the free
fields in QFT, renormalization itself together with simple conservation of energy arguments strongly suggest that the
quantum vacuum has two opposing components each consisting of known particles in the Standard Model. Quantum
field theoretic computations which claim that the zero-point energy of the entire vacuum is non-zero or infinite do not
account for the energy of the opposing vacuum component. Antimatter only appears to be rare since it is normally
confined to the vacuum along with negative energy matter modes.

Generally, infinite field actions split the vacuum into negative and positive energy components. For radiative
corrections involving electroweak or strong interactions, vacuum energy is redistributed such that the sum of the
self-energy and self-energy deficit of a free particle is zero. The model was generalized to apply to all Standard Model
interactions by defining mass states dressed with both positive and negative vacuum energy for fermion and boson
self-energy processes: These new intermediate mass states have infinitesimally short duration and are the key to
computing vacuum energy corrections which stabilize the theory. Concise rules for constructing stabilized S-matrix
corrections were developed and applied to resolve divergence issues in Abelian QED and non-Abelian QCD and
electroweak theories without renormalization.

In strong interactions, the dressed amplitude {2 corresponds to an accretion of vacuum energy in a pointlike near-
field interaction region of radius r < A5?!, and the physical masses are cloaked in the depletion part — of the
stabilized amplitude. Compared to an electrical charge, a color charge acts on the vacuum to create a field of negative
energy surrounding quarks at distances r > AZ!. This suggests that particle observability may be a consequence
of how charges redistribute vacuum energy. Since negative energy particles are confined to the vacuum and have
no observable state, a positive energy quark surrounded by negative vacuum energy may be exceedingly difficult to
isolate from its environment which is tantamount to confinement.

For Abelian and non-Abelian theories, the stability method is expected to yield finite results to all orders in
perturbation theory since it is applied repeatedly in any complex Feynman diagram to each irreducible radiative
correction working from the innermost loop outward; a detailed proof for Abelian QED is given in Appendix E4.

Infinite mass, charge, and wave-field renormalizations are required in the standard (unstabilized) theory because
core amplitudes do not account for the source of energy required to create a configuration of ultrahigh-energy virtual
particles; this violates conservation of energy. The infinity in the core amplitude for an irreducible radiative correction
represents energy or charge borrowed from the vacuum within limits imposed by Heisenberg’s uncertainty principle
[41]. In each case, there exists two physically significant vacuum components, the borrowed energy and a deficit, such
that the net vacuum energy and charge remain zero. Finite stabilized amplitudes account for the self-energy deficit,
agree with renormalized QFT, and are uniquely determined in contrast to multiple renormalization schemes.

Assumptions almost identical to those in Section II have been successfully applied to the gravitational singularity
of a black hole to explain the origin of dark matter and dark energy [54]. In this theory, a black hole redistributes
vacuum energy by polarizing the vacuum creating a dark matter halo with a uniform background of dark energy.
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Appendix A: Two Component Quantum Vacuum

From physical assumptions in Section II, the vacuum consists of two components, a borrowed energy and an energy
deficit, that oppose one another such that its net energy vanishes. This appendix defines the vacuum in QFT for the
free boson and fermion fields without appealing to renormalization, and it addresses the matter-antimatter asymmetry
problem [55]. In a nutshell, any process that creates something out of nothing without an opposing process violates
conservation laws for energy, charge, or both.

1. Bosons

To achieve the desired physical result simply, we neglect polarizations and begin with the Klein-Gordon field. For
scalar bosons having mass i, the Hamiltonian for the free field is [23]

H =" hweN (k) + &, (A1)
—
k

= (1 7) (=)

is a four-wave-vector for a real particle with energy

where

hwy, = (h?)Z + (uc?)?, (A2)

N (k) =a' (k) a (k)

is the number operator, a (k) and a' (k) are annihilation and creation operators, and
1
Er. ==Y hw A3
vac 2 Z}: k ( )
K

is the zero-point energy; here after, natural units are assumed: h = ¢ = 1. Upon quantizing the theory, positive
energy vacuum modes in Equation (A3) are created leaving a vacuum energy deficit

Erae = —Eac (A4)
according to Assumption 2. The total Hamiltonian
Hy, = Hf +6&,,. (A5)
is finite, and its vacuum expectation satisfies
(0| Hy |0) =0. (A6)

For the complex Klein-Gordon field [56], we have a conserved charge associated with the field and particle-
antiparticle pairs. Again we have a ground state energy (A3) and vacuum deficit (A4). However, in this case if
the &, component has negative charge, the &,,. component must have positive charge. For vector bosons, suppose
we generate a sea of negatively charged positive energy W~ bosons from quantization; at a minimum, we need a
positively charged negative energy sea W to satisfy Equation (A6) and conserve charge when the field is quantized.

Therefore, assume that the general boson vacuum
|0y) = [b4,0-) (A7)

includes two components: positive energy bosons b, and negative energy antibosons b_. Negative energy antibosons
are not observed and must remain hidden in the vacuum; in consequence, the vacuum is conventionally defined by

a(k)|0y) =0. (A8)
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Assuming that the destruction of a particle with momentum £k is equivalent to the creation of a negative energy
antiparticle with momentum —k

a(k) <ra' (k) , (A9)
the amplitude
at (=k) [05) = 0 (A10)

to create an observable negative energy antiparticle is zero. Conversely, the creation of a particle with momentum k
is equivalent to the destruction of an antiparticle of opposing momentum —k in b_

a' (k) < a(—k) ; (A11)

therefore, we can construct an observable boson state in two ways

k) = at (k) [05) (A12)
— (k) [05) - (A13)
Substituting Equations (A9) and (A11) in the commutation relation
la(k),a® (K')] = 6k (A14)
and setting the discrete k' = k, we have
(0o] [@" (—k),@(—k)] [0s) = 1. (A15)

Taking into account Equation (A10), we see that all the negative energy antiboson states are occupied in agreement
with Equation (A7) since Equation (A15) reduces to

(06| N (k) [0p) =1, (A16)

where

is the number operator for negative energy antiparticles.

2. Fermions

Upon quantization the Hamiltonian [57-59]

Hf = ; E, [Ny (p) + Ny (p) — 1] (A17)

for the free Dirac field ¢, including the ground state energy, is given by a sum over field excitations with four-
momentum p = (E,, ?) and spin index s = %1, where

By = VP2 +m?,
m is the particle mass,
N; (p) = 0L (p) bs (1) ,
N, (p) = b, (1) s (p)

are number operators for charged fermions and antifermions, and the particle operators obey anticommutation rela-
tions

} = 5pq67‘sy (A18)
{57- (p) 0! (Q)} = Opglrs - (A19)
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To preclude observable negative energy states, the fermion vacuum |0f) must satisfy

bs (p)[0f) =0 (A20)
for antifermions, we have
5. (p)0;) = 0 (A21)
and the equivalent constraint
bl (=p)[05) =0. (A22)

Since negative energy fermion states are forbidden by (A22), but present in the observable (A17), we conclude that
H ;s incomplete.

Standard Dirac theory is symmetric in real particles and antiparticles, and laboratory experiments seem to sub-
stantiate this symmetry since particles and antiparticles are always created and annihilated in pairs. However, if
one defines the fermion vacuum as an assembly of equal numbers of negative energy fermions and positive energy
antifermions, then the symmetry is broken: We have

07y = |/, f4) (A23)

where f_ is the usual Dirac sea, and f is a sea of positive energy antifermions. The fermion vacuum |0y) is assumed

stable and unique at least for electrons and positrons, for example. In Dirac’s theory, N, (p) counts holes in f_, but
neglects the bulk of antiparticles in f .

To account for the energy of the companion sea f 1, we supplement H I3 with a Hamiltonian for the antifermion sea
1= [0 @ (<7 F 4m) v (@) &, (A24)

where ¥} (z) and v, () are the positive and negative frequency parts of charge conjugate field v, ¥, = ¥}, and
v = (B,7) is a four-vector of Dirac matrices. Utilizing the expansion

Vi (@)=Y s (p) us (F) 7" (A25)
= VE,

involving spinors us ('), Equation (A24) reduces to

H{, =Y E,N¢(p) , (A26)
7,s

where the occupation number

and the complete Hamiltonian
Hy = H; + HY, (A27)

is finite and counts observable particles only. For example, when a negative energy electron in f_ is excited into
a positive energy state, the hole in f_ exposes an already existing positron in f 4. The negative vacuum energy
in (A17) arises from field quantization, and the positive energy vacuum modes in Equation (A26) are required to
conserve energy and charge.

To complete the argument, we note that the absence of an antifermion in |0y) would expose a negative energy
fermion of opposite spin, but that is precluded by Equation (A22). However, upon substituting

Br (p) — b“;s (_p) ’
() = by (~p)

into anticommutation relation (A19) and taking into account (A22), the vacuum expectation

07 {bt s (=p) bs (=p) o) = 1. (A28)
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reduces to
(0| N_o (—p) [0y =1; (A29)
where
N_y(=p) =bL, (=p) . b—s (-p) (A30)

is the number operator. Therefore, all the negative energy fermion states are occupied in agreement with (A23), but
unobservable.

From physical consideration of Equation (A23), we expect that infinite vacuum currents will cancel as well: Defining
the antifermion vacuum current by

j (@) = ed0gl B, (@)t (@) o) (A31)
= e{d @),y @)

and using the anticommutation relations [45, 60]

{vf @0 W} =is"(z=a-y), (A32)
{o= @3 W} =is (), (A33)
the net current
7 @) = 3t (@) = e (@) 74 () (A34)
= —eN (8 (@) 7" (2) + e tr [75D) (0)]
= —eN (& () 70 ())

reduces to Wick’s normal product [32], where S* (x) are singular functions for the Dirac field v,
S () =1 [S+ (2) =S~ (z)] ,

and the second term in line 2 of (A34) vanishes since S™) (0) o< I (the identity matrix), and the Dirac matrix is
traceless. Therefore, vacuum expectations for the net energy

(0f[Hp|0g) =0 (A35)
and current density
(0f[ 5" (x)|0f) =0 (A36)

vanish without ad hoc renormalizations. Schwinger [60] also obtained Equation (A36) using Heisenberg’s commutator
[61, 62] for the current

" =—e [ (z) 2" (2)] /2,

but that definition does not pin point the asymmetry between matter and antimatter as do Equations (A23) and
(A34).

The two-component fermion vacuum is consistent with the absence of significant antimatter in the known universe;
normally, positive energy antimatter is locked up in the vacuum in this model. Antimatter is only observed in
significant quantities when high energy processes create particle-antiparticle pairs; for example, in the hot plasma of
the early universe [63, 64], where the vacuum may be completely ionized. If we suppose that the amount of matter
exceeds that of antimatter in the hot plasma; then when the plasma cooled, antimatter relaxed into the stable vacuum
leaving the original excess of matter over antimatter. The Alpha Magnetic Spectrometer (AMS) experiment [65] is
being used to determine the abundance of antimatter in the universe; so far, significant antimatter has not been
detected.
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3. Conclusions

From current experimental results and the foregoing vacuum models, we conclude that vacua (A7) and (A23) are
necessary conditions that conserve energy and charge. The density of negative energy is assumed spatially uniform
since negative energy particles in the vacuum can not form stationary modes, but positive energy modes may be
excluded from a region by boundary conditions in the Casimir experimental setup, for example. The net energy and
charge of the complete vacuum

0) = [T 10w l0) (A37)

b,f

including all particles of the Standard Model, vanishes. With respect to energy, the state of the vacuum takes the
simple form

10) = |&fer Erac) (A38)

vac) “vac

where the net vacuum energy

Epac = Ef .+ E

vac vac

(A39)

vanishes.

Vacuum energy may be spatially redistributed via several mechanisms including elementary electrical and color
charges plus Casimir effects: &,,. = 0 is assumed to hold for all cases. No contribution to the cosmological constant
is expected from elementary charges or Casimir effects since vacuum energy is only redistributed locally.

Appendix B: Detailed Verification

The main purpose of this appendix is to show that the stability method agrees with renormalization theory and
therefore with experiment for specific radiative corrections in QFT; in particular, rules (20) and (31) for computing
stabilized amplitudes in QED, QCD, and electroweak theories are verified. Standard Model nomenclature is defined
in Appendix C.

In Appendix D, we evaluate divergent integrals in {2 for dressed mass states in Feynman diagrams, and show how
they reduce to mass shell renormalization conditions.

For Abelian QED in Appendix E, stabilized amplitudes agree with renormalization theory for vacuum polarization,
fermion self-energy, and vertex processes to all orders in perturbation theory. Accounting for vacuum depletion
eliminates all divergences: In particular, opposing currents associated with dressed fermion states stabilize the photon
self-energy without charge renormalization, and neither mass nor wave field renormalization is required for the fermion
self-energy.

For non-Abelian QCD in Appendix F, we apply the stability method to a collection of one-loop diagrams using
a modified renormalization formula to derive an effective color charge (F14) and running coupling constant (F27)
with an energy scale signature consistent with QCD’s prediction of asymptotic freedom [49, 53] and its agreement
with experimental results [66]. However, the crucial difference is that finite stabilization parameters replace infinite
renormalization constants. The results show that the switching factor Ay = —1 in (F14) is essential; physically, this
means that dressed particles in {2 are associated with positive energy in the infinitesimal near-field, and physical
masses in the depletion part — are cloaked in negative energy in the infinitesimal far-field. Also, an analytical
expression for the reference mass M in QCD is derived which gives M, = 70.65 GeV/c?; see (F31).

Generally, fundamental couplings are well defined only on the mass shell, where bosons mediating the interaction
are free, and stabilized boson self-energy functions vanish; therefore, the elementary charge used in the Feynman
rules is a rock-solid constant. An effective running coupling includes energy dependent vacuum polarization effects for
screening or anti-screening, which can otherwise can be associated with modifications to field propagation functions.

For one-loop electroweak corrections in Appendix G, we verify that stabilized boson self-energy corrections including
Ar, fermion self-energies, and vertex processes are finite and agree with renormalization [43, 50]. Electroweak depletion
amplitudes for boson and fermion self-energy processes are reduced by expanding core amplitudes in a Taylor series
and applying (21): The resulting stabilized amplitudes (G14) and (G39) are unique and yield stability conditions
that agree with only one renormalization scheme. While the electrical charge (C23) is invariable according to (G29),
couplings {g‘%v, g%} and Oy can vary due to finite on-shell mass shifts {5m%v, SmQZ} derived from stabilized W— and
Z-boson self-energy corrections; see (G53) and (G54). Therefore, resulting Ar corrections (G30) to BSE amplitudes
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for W— and Z-bosons are a simple consequence of the constancy of the electrical charge, a stability result. Finally,
we verify that muon decay with Ar corrections yields expected results without renormalization.
For non-Abelian electroweak and QCD theories, the stability method is expected to yield finite results to all orders
in perturbation theory since it is applied to each irreducible radiative correction in any complex Feynman diagram.
Numerical results are presented in Appendix G 6 for electroweak boson and fermion self-energy profiles. Stabilized
results for v — Z mixing, Z-boson, and W—boson polarization profiles differ from and update those given in [43, 67].

Appendix C: Standard Model nomenclature

This appendix summarizes required machinery of the Standard Model utilizing references [43, 51]. Natural units
are assumed; that is, h =c = 1.

1. Electroweak theory

The electroweak Lagrangian
Lpw = Lc + Lu + Lr (C1)

for the physical particles includes gauge, Higgs, and fermion parts. Gauge fixing and ghost terms are omitted in (C1)
since it is only necessary to consider physical particles for this development. The gauge part, based on a Yang-Mills
prototype (C29), is given by

1 a a v 1 1%
‘CG = _EWNVW MY ZBMVB# s (02)
where the field strength tensors
Wi, = 0,W —0,Wi+ gweacWiIWY (C3)
B,uu = a,uBl/ - auB/L

are expressed in terms of derivatives of the gauge fields: a triplet W, a = 1,2,3 of vector bosons and a singlet B,

which transform according to SU (2) and U (1) symmetry groups [17], respectively. In (C3), gw is the non-Abelian

SU(2) gauge coupling constant, and e, is the Levi-Civita tensor representing the structure constants of SU (2).
The Higgs part is given by

Ly = (D,®)" (D"D) -V (@), (C4)

where

®(2) = % <u +%(x) ) (©3)

2
is an isospin doublet in a unitary gauge, h (x) is the real Higgs field which fluctuates about a vacuum v = \/—’;—‘I’

o’
V(®) = 12010 + A (BT0)° (C6)

is the Higgs potential, that with Ae > 0 and p2, < 0 for symmetry breaking, leads to the stable ground state (C5).
The Higgs doublet @ is coupled to the gauge fields via the covariant derivative

) o . Y
D, =0, —igwT W, — lgBEB“ , (CT)

where T = 7 /2 are weak isospin generators, & are Pauli matrices satisfying the SU(2) algebra [0, 0] = 2ie;jx0%,
and gp is the Abelian coupling constant. @ carries hypercharge ¥ = Y = 1 and a third component of isospin
T30 = —%(I). In terms of the gauge fields, the physical fields for charged W-bosons, neutral Z, and photon A,, are

Wil

P = Wy W3, (C8)



Zy\ cosby sinfy w3
(Au) o <—sin9w 0089W> (BZ) ’ (C9)

where the weak mixing angle 0y is defined by

cosby = w (C10)
9z
mw

’ITLZ7

where g7 = \/g%, + g%. Omitting higher-order non-mass terms, the Higgs part expressed in terms of the physical
fields is given by

1 1 1
L~ 50,h0"h + miy W, WH 4 imQZZ#Z“ - gm%{hQ , (C11)
where
1
1
mz = 592V (C13)

are vector boson masses generated via the Higgs mechanism [18, 19, 68]. The scalar boson mass (Higgs) is
my = 2\g0? (C14)
where the quartic self-interaction parameter A¢ may be determined using the identity

2 52
9 miy sin® Oy
=_W-_ "7 C15
v Jra (C15)

and experimental values [69] for myy, sin® Oy, and my.
Suppressing the color attribute for quarks, the fermion part of the Lagrangian is given by

o = SR D]+ ST D i
J jo

for each lepton or quark doublet (j), where v* are Dirac matrices,

()
L Q;Z)Li

is a left-handed fermion doublet with component index o = +, and 1!11?7 is a right-handed singlet for a fermion f
indexed by jo. The Yukawa interaction part of L is given by a sum of terms

X (ms) = gy | (910) 08 + 07 (0701)] (C17)
= —mjo {@i_ % +@f§o¢£_} :

where g;, are coupling constants, and masses generated from the interaction between the fermion and Higgs fields are

1
Mjoc = —=gjo (V+ h) (C18)

V2

We will also need vertex factors and propagators below for later reference; these, along with propagators for the
Higgs, ghost fields, and vertex factors for SU(N) theories may be found in the literature and [51]. For fermions
coupling to the W, Z, and ~; vertex factors are

h=0



)

)

= ieQy",

where (f = jo,oc =+, f' = jo’', o’ = F), charge operator @ is defined by the Gell-Mann-Nishijima relation

Y
Q:T3+§

with third component of isospin 73 and hypercharge Y specific to the fermion, electrical charge e satisfies
e = gw sin by = gp cos by

and the vector and axial vector coefficients

Lo T 2500
! 28wCw
T

a =
/ 284 Cuw

are neutral current (NC) coupling constants with {s,, = sinfy , ¢, = cos by }.
The fermion propagator [70] is

p )
—>—:S ,m = -,
f w (p.my) P—my+ie

where y = v#p,,, and anti-fermions are denoted by f. The vector boson propagator is
k —ig®B

A= DY (k) =

a3 w (k) k% —m? +ic

in the Feynman-t Hooft gauge [71], where the metric tensor gos = ¢“? has non-zero components

goo = —g11 = —g22 = —g33 =1,
and b € {W, Z, v}. For the Higgs, we have

k )

k2 —m3 +ie

20

(C19)

(C20)

(C21)

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

Finally, unphysical particles including gauge fixing Higgs {¢*, x} and unitarity preserving Faddeev-Popov ghosts

{u*,u?,u7} occur in loop corrections discussed in Appendix G.

2. QCD theory

Quantum Chromodynamics is a Yang-Mills theory involving ny = 6 quarks interacting with ny = 8 massless gluons.
Quarks carry color charge and belong to the fundamental representation of the color group G = SU(3), and the gluons
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are in the adjoint representation r = G. Omitting gauge fixing and Faddeev-Popov ghost terms, the QCD Lagrangian
is

nyg
Loop = Y V) (i’YﬂD?k - mf5jk) i+ Lyw (C28)
F=1
=
Dy, = 5jk5"*lgs(t 'z“)jk ,
1 a ouv
‘CYM = 71F,u.l/Fa ’ (C29)

a a a abc Ab pc
Fl, = 8,A% — 0,A% + g, fALAC

where z/J’]i is a Dirac spinor for the quark field with flavor f and color state k¥ € {R, G, B}, gs is the color charge,
t* = X*/2,a = 1,...,ny are generators represented by 3 x 3 Gell-Mann matrices A%, Aj, are color-charged gluon
fields, and f ?*¢ are structure constants of G. The t-matrices, which occur in a quark/gluon vertex

= igs Mt (C30)
1,

rotate the quark in color space and generate the Lie algebra for G
[t tP] = if abete. (C31)
The structure constants occur in three- and four-gauge-boson vertices and satisfy
Facd pbed — oy (@) 69 (C32)
where C5 (G) = N is an eigenvalue of the quadratic Casimir operator. The gluon propagator is

k _igul/(;ab
= ——— C33
ap by kQ + ie ( )

Appendix D: Divergent integrals

Here we develop integration formulae required for evaluation of stability corrections using cutoff and dimensional
regularization. In the p-representation, loop diagrams involve four-dimensional integrals over momentum space, and
the real parts of scattering amplitudes contain integrals of the form [34]

_ 1 d4p _ (71)71 d4pe
P& -5 [ rar - e Y

where A depends on the core mass m, momentum parameters external to the loop, and integration variables. On the
right side of (D1), a Wick rotation has been performed via a change of variables p = (ip2, p.), so that the integration
can be performed in Euclidean space where p? = p°p2 + p. - p.. Integrals for the divergent case (n = 2) must be
regulated such that they are consistently defined for core and dressed core masses. For m, D is regularized using a
cutoff A, on s = |pe|. In four-dimensional polar coordinates, we have

1 Ao 53
l)(A,fxo):ﬁ/vdgl/ov dSm (DQ)

For dressed masses, A depends on mg, and the domain of integration in equation (D2) must be scaled according to
(26); consequently, we need to evaluate

Dd = D[A (md), Ad] .
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With a change of variables s = 7t and taking the limit  — oo, we obtain

Dys=D (A, A) , (D3)
where
— T =2
A, = nli}ngo Ny “A(nam) . (D4)

For example, the standard divergent integral [34]

Do =D (A =m?A,) (D5)

A? m?
:lnm2_1+O<A2)

o

is manifestly invariant under scaling rules (25) and (26); that is,
Do =D (mj,Aq) . (D6)

Note that the average of equation (1) over dressed masses is stationary due to (D6); this ensures that the FSE in
QED is finite as shown in detail in Appendix E 2.

In contrast to the cutoff method, dimensional regularization evaluates a Feynman diagram as an analytic function
of spacetime dimension d. For n = 2 and d*p — d%p in (D1), D may be evaluated using [44, 45]

D(A,o0) = 7T (0)A™° (D7)

1
——InA-~44+0(0),
o

where 0 = 2 — d/2, and v = 0.577 - - - is the Euler-Mascheroni constant. For ¢ # 0, the limit A, — oo may be taken
since o regulates the integral. For dressed particles, Dy must yield consistent results for both cutoff and dimensional
regularization methods. Considering the requirements used to derive (D3) and employing appendix formulae in [44],
we conclude

Dy =D (A,0) . (DS)
For the processes in Fig. 1, the argument A in (D7) has the form
A (m, ) = am? + bl% + cp? (D9)
where m = my|my, (2 = k?| p?| ¢, {a, b, ¢} depend on Feynman parameters, and ¢ = 0 for BSE processes. Applying
equation (D4) to (D9) taking into account (16) and (17), the momenta go on-shell upon computing nlin;o ny 202; that
is,
k2 > m? BSE

p? — m?c FSE |, (D10)
¢> =0 Vertex

which we recognize as on-shell renormalization conditions. For the vertex, the dressed momentum transfer is
qa=q+A(Py — Pu) (D11)
=4q,
where Py; is momentum of M, and #y; = M; therefore, lim n;zqfl = 0. The case where particle masses internal and
n—o00

external to the blob in Fig. 1 (a) are both zero occurs for BSE processes in the pure-gauge sector of QCD. For this
case, where A = bk?, choose a = 1 and introduce a small gluon mass m — ftg, then using (F9), evaluate

Ao = lim 73 2A (qape) = p3 (D12)
n—00
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with 17y = v/An. Thus for all m > 0, the net S-matrix amplitude computed from (20) is well defined since it involves
a factor

A

A

I'(o) I'(o)
A7 TAg

=—In

(D13)

The second term on the left side of (D13) is associated with an opposing vacuum energy required for system stability.
In addition to a divergent part, {2 in (21) may include a finite part, a constant, that cancels a like term in (2.

Appendix E: QED verification

Let us apply the foregoing theory with integration formulae given above to verify that net amplitudes for second
order radiative corrections in Abelian QED are convergent and agree with results obtained via renormalization. Cutoff
and dimensional regularization approaches are used to illustrate the method.

1. Vacuum polarization

The photon self-energy associated with Fig. 4 (a) results in a propagator modification [6]
Di? = D3+ D (iflw) DY (E1)
where
I o =1, — ﬁ;w
is a polarization tensor generalized to include the stability correction, and
ie?
(2m)*

follows from the Feynman-Dyson rules [5, 33]. In consequence of Lorentz and gauge invariance [8] or by direct
calculation, it factors into

I (K, m) = —

[ ot S, Se(p k) (E2)

W (k, m) = L (K2, m?) (guk® — kuky) - (E3)

As is well known, the contribution from terms k,k, vanishes due to current conservation upon connection to an
external fermion line. For a massless photon, k? is invariant under a DCM transform, and we need only focus on the
scalar function II (k2, m2).

Since the scattering amplitude is in general a complex analytic function, it follows from Cauchy’s formula that the
real and imaginary parts are related by a dispersion relation [72]. The imaginary part is divergence free and may be
obtained by replacing Feynman propagators with cut propagators on the mass shell according to Cutkosky’s cutting
rule [73] or, alternatively, via calculation in the Heisenberg representation as shown in [74]. In particular for vacuum
polarization, the real part is given by

1 4A2 g (4m2)
2 2 s
with imaginary part

¢

g(w)=-gv1i-wl+w/2).

Applying (21) using (25) and (26) and performing a change of variables s = (1 4+ An?) ¢ in (E4), we have

T — - N 2 2 2,2
M= 5 lim Y I(K, m® + xm?) (E5)

-1 > /4Agdt g<%)
4

m2 b= (142 k2
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P p'

o——o (3) m> —m’ (1+i/7:)
(b,e) m—o>m(l+A4n)
A=0,%1; np>1

Figure 4. Baseline radiative corrections in QED: (a) photon self-energy, (b) fermion self-energy, and (c) vertex involve the core
mass only in internal fermion lines. Two additional diagrams, obtained by replacing the core mass with electromagnetically
dressed mass levels, are required for each radiative process to account for vacuum depletion and ensure stability.

Letting n — oo, we see that (E5) is equivalent to a core amplitude evaluated on the light cone

M =1(k* =0, m?). (E6)

Combining (E4) and (E5), we obtain a once-subtracted dispersion relation

I (k?) = I (k% m?) —11(0, m?) (E7)

k—z - ds 79 (47:2)

T Jamz  S(s—k?)

in agreement with renormalized QED. For massless photons, IT(0) = 0 represents a stability condition for vacuum
polarization.
For an infinite sum of 1PI insertions, the generalized photon propagator is

mﬁ\@'vw AVAVER VeV @ VAV RV V @ o VaV @) sVAVE RS (E8)

190 A
= ké Z3(k2)’

where the finite stabilization parameter

7 () = le) (E9)

modifies the free photon propagator. Alternatively, one can define a running coupling constant

a(k?) = Z3 (k*) ao ; (E10)
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in this interpretation, the measured (ao = %) and effective couplings are equivalent on the light cone

Z5(0)=1. (E11)

Since a stationary state for a photon only exists on the light cone, the fundamental coupling is well defined there, and
the stabilized photon self-energy vanishes.
In terms of an external current jfft (x), the observable current is given by

g (@) = G (@) + 0 () (E12)

where

5y (2) = / d'k e jert (k) [TI(k?) — T1(0)] (B13)

1
(2m)"
is the induced current. In standard renormalization theory (SRT), the last term in brackets is associated with a

correction to a divergent bare charge (e, ), but here, we assert that the correction is a stability requirement associated
with opposing vacuum currents involving dressed fermions in the loop. Physical and bare charges in SRT are related

by

1
2 _ _ 2
- (ZS ~1-T11(0, m2)> Cor (E14)

where \/Z3 is the charge renormalization constant. Charge renormalization in SRT is a consequence of neglecting
vacuum depletion in violation of the law of conservation of energy.

2. Fermion self-energy

The fermion self-energy operator corresponding to the Feynman diagram in Fig. 4 (b) is

P ST — S (pm) (E15)

where

(2m)’

After standard reduction and dimensional regularization, ¥ simplifies to

1

E(p,m) = — /d4k Vu SF (p— k,m) ”Y“m : (E16)

«

X (p,m) = .

{51 —I—/Oldx [2m — px + o (pr — m)] D(A,a)} , (E17)

where D (A, o) is given by equation (D7) with
A=(1-2)(m®—ap®) +ap’.
The integral expression in equation (E17) is equivalent to a form given in [51], while the term

1—0
S| = — 1 JZ

follows from appendix formulae in [34] and represents a surface contribution arising from a term linear in k& during
reduction of equation (E16).

Evaluation of X using (21) reduces to negating equation (E17) and replacing A — A, according to equation (D8);
we obtain

T (p,m) = ;{Sl—k/oldx 2m — p + o (g — m)] D(Ao,a)} , (E18)
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where
Ao =m? (1 — ) + ap?

follows from equation (D10). Terms involving [(APy, AM) ; M = nm] have canceled in the average over DCM levels
yielding a function of the observable mass and momentum only. The net correction, including all three mass levels in
Fig. 4 (b), is given by (cf. [33])

X(p) = 2-% (E19)

a [ m2(1—2) + xp?
5/0 dz (2m — pr)In =) (—2) + a2 |

where the limit ¢ — 0 has been taken to recover four-dimensional spacetime. With a change of variables x = 1 — z,
equation (E19) is seen to be identical to the renormalized result given in [75].
The processes in Fig. 4 (b), including iterations in the series

27 U it MU - S -l S (E20)

yields a modified propagator [5, 6]

S = Sp+ Sp (—ii (p)) S (E21)
p—m—f](p)—t-ia’

which has the desired pole at y = m since equation (E19) vanishes on the mass shell

=0. (E22)

p2=m?2

X (p)

Using the general expression for the stabilized fermion self-energy

. 0x
£() = 5() - <m>—a¢|ﬁ G-m) (B23)
which is derived in Appendix G 2, we see that
d> (p) =0, (E24)
dyp

/]/:m

and the residue of the propagator pole is ¢ = y/—1. For later use, we write equation (E21) in the form

—2 _y,_niﬂjz(%) : (E25)

where
. -1
P <1 . ﬁi’%) (i20)

is a finite stabilization parameter modifying the free field fermion propagator, and is analogous to the renormalization
constant Z, in SRT relating the bare and renormalized fields via 1, = v/ Z2%.
Upon identifying

3

i = X@P=m, p=0), (E27)

em

m,,, = —f(}ﬁ:m, w=0), (E28)

em
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we see that equation (E22) is equivalent to the FSE stability condition (5). Reverting to cutoff A, using equation
(D1), it follows that (E27) reduces to Feynman’s result (1).
In the language of renormalization theory, the bare mass m, in the propagator [45]

1

S ST (129
must be renormalized using (2) with (E27); moreover, wave-field renormalization is required.
3. Vertex
A second-order correction to a corner (C21) involves a replacement
teyH — el (E30)
where
I =t 4 AF (E31)

v
a’q,
2m

=F (%) + 2R (),

and o"” = % [v*,~"] are spin matrices. Complete expressions for the form factors F; and F, can be found in [51].
For small ¢2, the vertex function A* for A = 0 in Fig. 4 (c) is given by the approximation [33]

e
A* — L@ E32
(g,m)=~"L+a o ~ + 2 (E32)
where
11
L=2(Do+— —4m™ (E33)
4 2 W
is a divergent constant. Note that L = £, where r is given by equation (23) in [33]. The coefficient a(? =

is the second-order contribution to the anomalous magnetic moment first derived by Schwinger [76] and verified
experimentally by [77].
Inserting equation (E32) into (21), using

p— (1 +An) (E34)
and accounting for the invariance of D, (D6) under scaling rules (25) and (26), the depletion correction is
AN =A+L, (E35)
where finite terms in equation (E32) of order O (%) involving replacements
m—m(1+ An)
vanish in the limit 7 — oo as we argued in Appendix Dj; therefore, the total vertex function
A (q) = A* — A" (E36)

is convergent, and A* satisfies the usual renormalization condition for a vertex

A* o yyim =0. (E37)

This completes verification that lowest-order S-matrix corrections are finite without renormalization.
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4. Generalization to higher orders

Our next task is to show that stabilized higher-order radiative corrections in QED are finite and agree with renor-
malization. The proof closely follows arguments in references cited below and [34]; therefore, we keep our remarks
brief highlighting required modifications and differences of interpretation.

Irreducible (skeleton) diagrams include second-order self-energy (SE) and vertex (V) parts discussed above plus
infinitely many higher-order primitively divergent V-parts. Using Dyson’s expansion method [6], second-order SE-
and V-part operators for the core mass are

Y =mA-(p-m)B+X, (E38)
o= C+II, (E39)
AP = AL AP (E40)

where {A, B,C, L} are logarithmically divergent coefficients depending on D,. Higher-order primitively divergent
V-parts are also of the form (E40) since the degree of divergence [6, 78]

3
K:47§fefbe

is zero (logarithmic), where f. (b.) are the number of external fermion (boson) lines; in this case, L (D,) is a power
series in a.
Applying equation (21) with (D6), we have

Y = mA-(p-m)B, (E41)
II = C,and (E42)
A" = AL, (E43)

then stabilized second-order amplitudes (E7), (E19), and (E36)

2 (p*=m?) =0, (E44)
II(k*=0)=0, (E45)
A" (¢# =0) = (E46)

vanish on the mass shell. In renormalization theory, the term involving B in equation (E38) is eliminated by wave
field renormalization. Higher-order primitively divergent V-parts also satisfy equation (E46) since dressed stabilized
amplitudes vanish for on-shell conditions. In this way, equation (20) yields unique finite results

Y =x-3, (E47)
o =1m-T, (E48)
A = A — A" (E49)

for all irreducible diagrams; therefore, SE-part insertions
Sr — Sp+ Sg (—’Li) SE, (E50)
DY = DY+ D (iguk* M) DY (E51)

into lines, and V-part insertions

AP AP AR (E52)

into corners of a skeleton diagram yield no additional divergences.

For reducible vertex diagrams, the V-part resolves into a skeleton along with stabilized SE- and V-part insertions.
With replacements (E50), (E51), and (E52) in the skeleton, the vertex operator again reduces to the form (E40), where
L — L is the skeleton divergence. In general, L depends on multiple functions D, corresponding to all possible
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Figure 5. Gluon/quark self-energies and vertex diagrams

charged fermion masses arising from photon self-energy insertions which may in turn contain SE- and V-parts. Since
each D, is invariant under equation (D6), (E46) holds, and (21) yields

A =4I, (E53)

similarly to equation (E43); therefore, the complete reducible V-part given by equation (E49) is convergent.

For reducible self-energy diagrams, a skeleton with SE insertions is handled in the same way as reducible vertex
diagrams. However, vertex insertions into fermion and photon SE skeletons involve overlapping divergences that
require further analysis [52, 79]. Integration of Ward’s identities yields expressions of the same form as equations
(E38) and (E39); in this case, the coefficients {A, B,C} are all power series in « depending on D,, and vertex
insertions in SE-parts are convergent upon including stability corrections (E41) and (E42). We conclude that infinite
field actions excite dressed mass levels uniformly in all connected fermion lines internal to overlapping loops; for a
specific example, apply (20) to calculate the real part of the fourth-order vacuum polarization kernel [80] using the
dispersion method given in Appendix E 1. Therefore, a diagram with overlapping divergences is not a special case for
implementation of stability corrections.

The complete propagators, replacing fermion and photon lines in a skeleton diagram, follow from equations (63)
and (64) of [6]; one obtains

S = #, E54
e (E54)
_ 0B
D’ (k) = i , (E35)
k2 {1 . H*} +ie

where {ﬁ’ *, I *} are given by sums over all proper SE-parts. Similarly, the most general vertex replacing a corner in

a skeleton diagram is given by a sum over all proper V-parts. Since both core and stability corrections are included
in each sub-diagram, the complete propagators and vertices are well defined (convergent).

Appendix F: QCD verification

In the examples below, we focus on a key subset of one-loop diagrams [49, 53| that occur in the SU(3) Yang-Mills
theory; see Appendix C 2 for nomenclature.
For diagrams in Fig. 5, core amplitudes differ from QED only by group factors and switching factor s from (32);
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therefore, finite S-matrix amplitudes (31), including stability corrections, are

Y = Atr (t°t°) 1 [QED] , (F1)
2 = \t%°S[QED] , and (F2)
APt = Attt A* [QED] . (F3)
Group factors are given by
tr (t°t?) = C(r)s™,
tata = CQ (T) 5

1
torett = 02(7’)—502((;) te,

where C(N) = 1 and C; (N) = N; ~+ = % are normalization and quark color charge factors, respectively.

In addition to the fermion (quark) loop diagram in Fig. 5 (a), gluon self-energy corrections in Fig. 6 yield [51]

[Fig. 6] = iT)., (k) 0°°II5 (K?) , (F4)

Ty (K*) = gunk® — kuky

a,Cs (G) /1 I (o) 2
oy (k) = ——— [ do —— { -1)(1-2 2 F
2 (k%) g ; T (c—1)( x)” + 2|, (F5)
where oy = g2 /4 is the strong coupling constant, A = —k?z (1 — z), and x is a Feynman parameter. While individual

gluons are massless to ensure gauge invariance of Ly s, systems of gluons depicted in Fig. 6 are expected to have a
non-zero mass defined by (8) with self-energy function

Y9~ k2, . (F6)

The generation of such systems redistributes vacuum energy as indicated in Fig. 2. Consequently, we need to include
a stability correction involving DCM states, but for this we need a mass term in A. If we appeal to massive Yang-
Mills theories [81], we get unwanted particles and ghosts, and it might seem that we have an impasse. While gauge
invariance demands that mass be acquired via a Higgs mechanism, introduction of dressed masses in (C29) yielding

1
Loy — Ly — 3 Z (12 + AMZ] - (Az)Q (F7)
A==+1

does not break gauge invariance of Ly s since its sum is zero. Therefore, let us temporarily assign a small mass 1,4
to the gluon, then propagators in the loops are modified

1 1 ! d
2 _ 2 2 5 / 5 = 3 (F8)
p* =g (p+ k) — Hg o [P?—A(ug)]
where the usual change of variables P = p + xk has been made for loop integration parameter p, and
A (pg) :uﬁ — Kz (1 —-x).
To evaluate the stability contribution, let M, = nu., where p, is an arbitrary unit of mass measure. Substituting
T Ry T B (F9)

in A (1) and using equation (D12), we have A, = u2. Negating equation (F5), replacing
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Figure 6. Gluon self-energy corrections in pure-gauge sector: (a) gluon loop, (b) four-gluon vertex, and (c) ghost loop.

and using (31), the net amplitude

I (k2) = ), 22 (@) /1 dz In [M] [2 —(1- 2:5)2} (F10)
0

2
47 2

is finite. If we define a reference mass Mg by

Zln<1\lf2) E/Oldx nfe(1-2)) [2- (1 -20)7] ,

S

then
- k2 asCy (G) 5
11 =——|=-A—=1 F11
2 (ps MSQ) A5 A 3 1 Ps ( )
vanishes at spacelike k? = —M?2. For physically meaningful interpretation of the amplitudes, unobservable quark and

gluon states must have negative norm and spacelike momenta.

In the stabilized theory, it is invalid to neglect quark masses m ¢ in the calculations since they are required for defining
dressed amplitudes, but QCD calculations in the usual theory often omit m in processes where the momentum
transfer ¢ is presumed much larger than physical masses involved in the problem. Therefore, following [51], but
assuming m = my # 0, the stabilized integral for the quark/three-gluon vertex shown in Fig. 7 is

AAU”/J‘ =i\ ngQ (G) 1
? T2t

where (z,y, z) are Feynman parameters; keeping only leading logarithmic terms,

/dzdydz§(:l:+y+z—l)AI“, (F12)

AIF ~ v —T"

A
= 3imiyHln —
1y In ,

(o)

) I (o)
" = =3imyh——~
T

A=m?z+ (pr+p'y)’ —pr—pPy+p2(1-2),

T" = —3ig2yr—L
1Ty g N
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and

Ao =m?22 + 12 (1 —2)
follows from equation (D4). Assuming p is on mass shell and —¢? > m? > p?, A ~ —¢®y (1 —y) and A, ~ m?2?;

therefore,

A" ~ 3ig?yH In — —|—HOT
m?

Higher order terms in AI* integrate to O (1) in (F12), and we have

Avt = —2, 223 00 (@) oy i (F13)
2T Ty T e
It remains to show that the stabilized theory agrees with standard renormalization theory and experimental data
[66] ; in particular, an effective weakening of the strong coupling for high energies consistent with asymptotic freedom
predictions [20, 21]. Well known formulae from SRT are used, where renormalization constants are replaced with
stabilized amplitude parameters

Zi—Z;,i=1,2,3.

Leading terms of stabilized amplitudes for the asymptotic case of high energy yield an effective color charge

7. (00 Z
9s\Ps) = Gs— =
7o\ 7
~ g, {1 +As— (11 — ?))nf) lnps} , (F14)
where
27t =1+ A1 (ps) + A2 (ps) (F15)
. by
S i=1- (fl% , and (F16)
P=Ps
27" =1= [ (o) + T2 ()] (F17)

are finite running stabilization parameters that modify the vertex (C30), fermion field propagator (C25), and gluon
field propagator (C33), respectively. For loops including quarks, asymptotic amplitudes involve spacelike momenta ¢
in quadratic energy ratios

€2
p=——>1;0c{k? p° ¢}, (F18)
My

where we have reinstated ms = m. Setting p? = ¢> = k? across diagrams and neglecting O (1) terms in

Inp=Inp, +0(1) (F19)
~Inps,
where p, = —k?/M?2, the sum over fermions in Fig. 5 (a) becomes trivial, and we have
S L 2\ sab [ Qs
Z { Fig. 5(a amy} ~ T, (k%) [Hl (ps) = )\sgnf C(r) lnps} , (F20)
. . [e Qg

[Fig. 5(b)] ~ —i [z (. ps) = A Ca (1) (p = 4my) In ps} , (F21)

. o ) 1
Fig. 50 = intr (A o) = A [ - ja@]me) . @)
[Fig. 6] = iT}, (k*) 6 [ﬁg (ps) = —)\S%Cg (@) g In ps] , and (F23)

7

As

i ~ jg.t%" | A =_)\.—=
Fie. 7) = igut's" [ da () = -3, 52

Cy (G) g In ps] . (F24)
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———e m—>m(l+An)
A=0,£1:n>1

Figure 7. Quark/three-gluon vertex.

With the approximation —k? >> mfc, I1, in equation (F20) follows from (F1) using (E7). Similarly, S in equation
(F21) is obtained from (F2) using (E19), and A, in equation (F22) is derived usmg (F3) with (E36). The stabilization

parameters Z1, Zg, and Z3 are defined similarly to their SRT counterparts. Z1 is the coefficient of igsy*t* for the
sum of proper vertex diagrams in equation (C30), Fig. 5 (c), and Fig. 7:

g
}\\- (1 vA /12) = gyt 2oL . (F25)
s

Using equation (E26) or (F16) and assuming —p? > mfc, we have
Zyt=1- )\SZ—SCQ (") [lnp=1Inp,+0(1)] . (F26)
7r

For Z3, equation (E9) is used with IT = IIy + II,, (F20), and (F23).
Finally, using (F'14), the effective coupling constant is reduces to

o

as (ps) = . F27

(6:) = 1— X2 (11— 2ng) Inp, + O (In® p,) (F27)

Neglecting terms of O (ln2 ps) for ps near one and requiring As = —1, (F27) reduces to the expected result for
asymptotic freedom. The corresponding [47, 48] beta function is

0 a? 2
=2 =A== (11-= . F28
Pacp = 251" ™ ( 3”f> (F28)

The foregoing results are consistent with Fig. 2 and in complete agreement with standard QFT. The effective color
charge in equation (F14) is defined relative to a stable value g; defined at p; = 1, where the gluon polarization
function (F11) vanishes; for ps > 1, I, (ps) goes positive. In contrast, low energy electron scattering processes probe
the far-field (positive energy) region, and a stable value for the electric charge is defined in the free particle limit:
k? = 0, where the polarization function IT (k?) vanishes; refer to equations (E7)-(E11).

An estimate of My may be obtained by synchronizing p in equation (F18) across diagrams in Fig. 5 (a) with that
for ps in equation (F11) for Fig. 6: Let k — ¢ in Fig. 5 (a), and require

2 k2

— = —. (F29)
m; Mz

Noting that II [QED] is a function of p only from equation (E7) and using (F29), the sum over fermions is given by

1nfm? e A

fz ap : bl/: ny W =1 nf ) : by (F30)
=1 ’

nrg f=1 s v
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The condition in brackets is obtained by factoring

and comparing with (F20), then we have
M? = S E m2 F31
s f ( )

for the reference mass. Evaluating (F31) for quarks gives M, = 70.65 GeV/c?; compare with Z-boson mass given in
Appendix G 6: Table II.

Appendix G: Electroweak verification

We compute finite electroweak amplitudes using dimensionally regularized radiative corrections for unrenormalized
(core) functions [43, 67, 82]. One-loop self-energy functions include X° for bosons, where

ab € {yy,vZ, ZZ, WW}

defines particles external to the loop, ¥/ for fermions (f = jo for doublet j and component ¢ = +), and vertex Azf.
For repeated indices a = b, we abbreviate X° = %% with b € {, Z, W}; in general formulae applicable to v — Z
mixing, we admit b = vZ as well for brevity. A subscript “sa” is appended to a stabilized amplitude X* = £° when

it is necessary to distinguish it from a corresponding renormalized amplitude ﬁ’fia
In Hollik’s notation [43], the basic singular function

1 2
An:f—v—lnm—;—i—ln@r, (G1)
W

g

involving a mass scale u, differs from (D7) by finite terms. For consistency, the input momentum to a loop is k with
s = k2 for both bosons and fermions. Abbreviations for squared boson masses

z=m%, w=md ,and h=m%

are used. In addition to (G1), core amplitudes involve finite functions

1 2 2 2 2
_ —x(s+m}—md) +m} -
B, (s,m1,msg) = —/ dz In [x s (s 4 mi — mg) +mi —ic , (G2)
0 mimsz
m% +m§ my | =
F(s,mi,mg) = -1+ —S——=In— + B, (s,m1,ma) , (G3)

mi{—ms My

— 1 m3 my  mi3—m3—s
Bl (3,m17m2):—1+mlnm72+TF(S,ml,m2) ; (G4)
and singular expressions
1 —
B, (s,m1,mo) = 3 (A, + Asy) + Bo (s, m1,ma) (G5)
1 1 —
By (s,mq, ma) = —3 (Am2 + 2) + Bi (s,m1,ma) . (G6)

Scalar one-loop integrals, including (G2), are defined in [83].
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1. Boson self-energy corrections

For these corrections, it is useful to expand the boson self-energy

— "X’ n
2 (s) =" (mi) + E¥D . (s—mj)" . (G7)
s=mj

n=1

From core amplitudes, it can be seen by inspection and dimensional analysis that averages of X° (m?) and 382:

2

s:mb
over DCM levels in equation (21) are stationary. For mass set
{mn} g {mf7 mw, mz, mH} )
the DCM transform (12) is
{mi} = {mi}- 1+ %) (G8)
On the mass shell, the self-energy function has the general form
b (mg) = Z aimi , (G9)
where o’ are dimensionless coefficients which may depend on invariant mass ratios. Therefore, under (G8)
2P (mg) = (L4 M%) X0 (mg) | (G10)
and the average
b 1
S (mi) =5 > (1+Mpf) 2 (mi) (G11)
A=+1
= " (m})

. . . . b
over dressed states is stationary. Since the derivative 88%

, is dimensionless, it is invariant under (G8). Finally,

s:mb

higher order derivatives are either zero outright, or

onxb
os™

~(m3) " =0 (nm’”)) (G12)

—a 2
sf’mb

vanishes under (G8) as n — oo for n > 2. Therefore, we have

b
T (s) = £ (md) + 22

s (s—mj) . (G13)

sS=m

Since the off-shell factor s — mj = §k2 is stationary from (17), the entire expression (G13) is stationary under an
average over DCM levels similarly to (G11). The net stabilized amplitude

S (s) =5 (s) — 5 (s) (G14)
satisfies stability conditions
st (m) = o0, (G15)
a3 (s)
= 0. 1
os | " (G16)
s:mb

Taking the real part of (G15) and (G16) yields renormalization conditions [50], which differ from those given in
[43]. For stabilized amplitude (G14), (G15) and (G16) yield a propagator residue of unity so there is no need for
external wave function corrections as in the on-shell renormalization scheme proposed by [84]; however, inclusion of
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Ar corrections [42] discussed in Appendix G 4 leads to finite wave field corrections. Splitting off singular terms (G1),
the boson self-energy can be expressed in the form

Eb (5) = Z [QZSAH + ﬂzmiAli] + El}inite (S) ) (G17)

K

. . . . =Y .
where {a?, 82} are constant coefficients. Singular terms involving {sA,, m2A,} in 3" cancel those in ¥, and (G14)
reduces to

~ 82bznz e
5 (8) = Dinise (8) = Sine (mf) — =57 (s —m) . (G18)
s:mz
For a free boson, the squared mass shift
omi = Re [E?inite (m3)] (G19)

—b
represents the residual boson self-energy of the core amplitude after divergent parts of X (mg) have canceled those
in (G17). For later reference, the polarization function is

ﬁb (8) — ib (3) — Eb(s)_zb (mg) _ aEb ) (G20)

—m?2 )
s —mj s —mj 0s s=m?

Neglecting Ar corrections, mixing angle functions ¢,, = cosfy and s,, = sinfy from equation (C10), and neutral
current constants (C24) are invariant under equation (G8). See equations (G30) and (G31) for inclusion of Ar.
Application of (G14) to photon self-energy corrections shown in Fig. 8 yields

S (s) = X7 (s) =% (s) (G21)

S

a |4
e ng:Q?‘ [(s+2m?)F(s,mf,mf) —3

2
— (Bs+4w) F (s,mw,mw) + gs ,

o
47

S

gZQ? [SAf—&-(s—l—Qm?)F(s,mf,mf)—f (G22)
f

X7 (s) = 3

—3sAw — (3s + 4w) F (s,mw,mw) p ,

, (G23)

where
¥7(0) = 0,

ox"
Os

a )4 9 2
- == Ap—3Aw — =
o 4 32;6’21‘ RN

and the sum over fermions includes color for the case of quarks. Both 37 (s) and IT7 (s) vanish in the Thomson limit
s — 0, and physically meaningful corrections in equation (G21) are due to incomplete cancellation for s = k? # 0.
Singular terms in 5 exactly cancel those in X7 for all s, and there remains a term

{E’Y} i = (éafimte = %) s (G24)
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Figure 8. Photon self-energy and photon-Z mixing diagrams.

in the vacuum response, where da finite is the finite part of renormalization constant §Z; in the usual theory.
For v — Z mixing corrections also represented in Fig. 8, we have

V2 (s) = $Z _§7 (G25)

o 4 5
= e [ F e -]

1 4 5 4
— {(3012” + 6) 5+ <4012ﬂ + 3> w} F(s,mw,mw) — . <4c121, + 3) ,

Y7 (s) = @ {—;l Zvaf |:8Af + (s+2m§) F(s,mg,my) — 5} (G26)
f
1

1 5
+ — {(3012” + 6) s+ <4012U + 3> w} F (s,mw,mw) + e [
=VZ A BZWZ
5 77 (0) + s, (G27)
s s=0

where

52 0) = {2 aw

A7 | CwSw

« 4 1 1 1 4 1
ooy 4 A2+ N aw+ L (42 +2) 4 1

ir 3;Qf”f It s [<0w+6) W+6(c“’+3)+9} ’

and %7 (0) # 0 is due to non-Abelian boson loops in Fig. 8.

oxZ
Os

s=0
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Figure 9. Z-boson self-energy.

Renormalization starts with a bare charge e, and the correction [67]

Se (17, 77) = e, {52; - §5Z4 (G28)
1 w 2VZ
= e {Hv (0) — Sw 2(0)]
2 Cy My
renormalizes the charge e = e, + de, where
w272 (0
527 =~ (o) - 2220

Cw My

§7] = —II" (0)

are the charge and photon field renormalization constants, respectively. In the usual theory, arguments on the left in
equation (G28) are core functions {II7, £7%}; however, in the stabilized theory, we utilize the complete amplitudes
(G21) and (G25) to obtain

se (fn, W) —0. (G29)

Therefore, e = e,, and there is no charge renormalization.

Self-energy diagrams for the Z— and W—bosons are tabulated in Figs. 9 and 10, respectively. Due to their
complexity, analytic expressions for the unrenormalized amplitudes [43] are omitted here, but the stabilized amplitudes
are easily evaluated using (G13) and analytic expressions for partials 68—2:. Plots of these functions are given in
Appendix G 6.

Self-energies for diagrams with b € {yZ, Z, W} require adjustments

20 (s) = 2 (s) + (s —mj) Ar® b=W,Z2) , (G30)

3% (5) = 27 (5) + sAr?? (G31)

for Ar corrections [42] which account for variations of {gw, gz} with respect to my and myz; we have

2 2 2 2 2
(A2 ArZ, AW = {_Cw o P Cw} (57”22 = 5’”2W> : (G32)

Sw. 82 52 m m
w w w Z w
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Figure 10. W-boson self-energy.

wherein finite-on-shell-mass shifts from (G19) are

gmy = Re[Zfie (m%)] (G33)
smiyy = Re[Z{. (miy)] - (G34)

In Appendix G 4, we derive Ar® using stability arguments. Values for squared mass ratios

{(Sm% 5m‘2,v}
2 0 2

my My,

and Ar are given in Table IT in Appendix G 6.
Net amplitudes for boson self-energies are finite and satisfy required mass shell conditions (G15) and (G16) for
be{v,vZ, Z, W}. Amplitude X7 agrees with the result given in [43]; however,

{i}'yZ’ 57 f]W}

including Ar corrections, differ from Hollik’s results in two respects:
a) A small finite charge renormalization & = 3.87 x 10~* from (G24) is absent in {ﬁlz, f)W}, and

b) they include polarization derivative shifts in (G20) — finite parts are given in Appendix G 6: Table II
As regards item a), inclusion of any charge renormalization would be inconsistent with the stability approach and result
(G29) in particular. For item b), finite parts differ depending on the renormalization scheme, and {2”’2, EAJZ7 fJW}

are consistent with the scheme given in [50]; moreover, all four boson self-energies are unified under the same formula
(G14). Numerical results for boson polarization functions are given in Appendix G 6.
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2. Fermion self-energy corrections

For fermion self-energy corrections, we again expand the core amplitude

f
2 (k) = 2 (my) + 85;5 o, (K=mys)+HO.T.. (G35)
From (11), the DCM transform is
{mi} = {mx}- (1+An) , (G36)

where the mass set {m,} C {my, mw, mz, u} corresponds to terms in (G41). Upon applying equation (21) to (G35)
and noting that {Bi (mfc,mhmg) ;1=0, 1} occurring in equation (G41) are invariant under (G36) applied to all

mass arguments, we obtain
3/ k:)‘ = 37 (my) . (G37)
F=ms

From arguments similar to those for boson self-energies above, ¥ — m; is stationary from equation (16), and its
dimensionless coefficient (first partial) in (G35) is invariant under (G36). The first partial involves derivatives of B,
and Bj in equations (G5) and (G6), respectively. Finally, higher-order terms in equation (G35) vanish under (G36),
and we have

X (k) =X (my)+ (K—my) ; (G38)
8}6 W=
compare with (G13). The net amplitude
S (k) = 27 (k) = =7 (k) (G39)
satisfies the expected mass shell condition
k ‘ - (G40)
) .
For the corrections shown in Fig. 11, we have [67]
S (k) = K2, (K2) + K2 (K2) +mySh (%) (G41)
where
«
sl = i {Q§ 2By (K% my, p) + 1] + (v7 +a7) 2By (k% my,mz) +1]

1

Sw

Ei = *% {QUfCLf [281 (kZ;mf,mZ) + 1] — [231 (k2;mf/7mw) + 1}} s and

452

w

2f = — - AQF [4Be (Rimy ) —2] + (v2, — aZ,) [4Bo (Wsmy.mz) — 2]} .

Substituting vector (V = %Ef , axial (A=} 5Ef , and scalar (S =m I parts of equation (G41) into (G38),
g 1% V5244 f&s

we obtain

S (k) =V (k) +AK)+ S k), (G42)
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where
= 0%y
Vo= ) vt OV ()
k2:mf¢
A = —m:,}éfo (m?) , and
- 0%y
S mfﬁg (m2) + Qm? 8165 (}6 — mf) .
k2:m?
The identity
o5 a5
=J _9 J 4

has been used to evaluate derivatives for J = {V, A, S}. For the derivative of A, we have replaced —Fys = sk so ko
stands to the right as required by equation (G38); one finds

0A

87]6 = *7521{; ) (G44)
where the symmetrized expression for the derivative
0 10
ar 58] = 5 5p [ 7h+ Shos] (G45)
x4,
= 8T§ (’75/54-%75) =0
has also been employed. Collecting terms, the net amplitude (G39) reduces to
2f (/{:) = %iv (]412) + %752,4 (kQ) + mfi],s (k‘2) s (G46)
where
. ox7
2y _ yvf (1.2 f 2 2 S
Su (k) = 5f () - ) (m}) —2my 2bs|
k2:mft
Sa (k) = £ (k) - 24 (m3) |
S (12 (12 (2 2 0%
S5 (k) = S5 () - 5L (m3) +2m3 B8
k2=m?2
¥
and E\J;s = Z{; + Zé.
Using formulae in [43, 67], the renormalization constants are
o5}
— f 2 2 VS
6zZy = =3y, (m}) —2m3 2 :
k2=m§

§Za = X (m?),
dmy = mypXk(m?)

and it can be seen that the result (G46) agrees precisely with that obtained from renormalization. Numerical results
for fermion self-energy functions for an electron are given in Appendix G 6: Fig. 17.

3. Vertex corrections

Consider the vertex corrections shown in Fig. 12; in the small fermion mass limit [82], only vector and axial vector
terms contribute, and the core amplitude is

A (K2 myp) = 33 (K, my) =y A% (K2 my) (G47)
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Figure 12. Vertex corrections.

where k2 = (p/ — p)®. The functions

k‘2
A4 (K2 my) = A (0,myp) + F, <m?> (G48)

involve singular parts at k> = 0 and finite form factors F&J; which vanish at k2 = 0. Detailed expressions for the

functions are given in [43]. Applying equation (21) with (22), dressed form factors in equation (G48) vanish as 7 — oo
in

my(n) =my(1+An) ;

therefore,

—f
A =5, A7 (0,myp) — 77 A% (0,my) (G49)

and the net vertex amplitude from equation (20) reduces to the expected result from renormalization

A=~ o ki — %wa ﬁ . (G50)
w nEv m? H A m?
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4. Wave field renormalization and Ar corrections

In the stabilized theory, Ar factors for {W, Z} follow easily from the constancy of the electrical charge; squaring
equation (C23) and taking variations, we have

de?

Sgiysu + giv0se, =0, (G51)
= dghcl +ghics, =0. (G52)

Employing equation (C10), the quadratic coupling deltas are

Sgry = —gwar’", (G53)
593 = 69w + g% (G54)
= 79%ATZ3

where

For baseline couplings gy and gz, free field propagators are modified

1 . 1 1
k% —m} k2 —m?  k?—m?

b (k%) b=W, Z) . (G55)

2 _ 2
k mj

to include diagrams in Figs. 9 and 10. Accounting for coupling changes in equations (G53) and (G54) leads to small
departures of the propagator residue from unity according to

2 b
9 o1 —Ar
GoONNAGy = 15 ™2 = 973 = w2 (G56)
which results in a replacement
50 (k) — £ (k2) + (k% —m}) Ar® (G57)
in equation (G55), where small terms of O (Arbf)b) have been omitted.
For v — Z mixing, Sirlin’s variational method [42] yields a squared mass shift factor
1
6m2, = —EmQZAT'YZ (G58)
in a Lagrangian density correction
6Lz =0m2 A Z 1. (G59)
Taking into account equation (C13), (G58) suggests an effective coupling constant change 693 4 = —9%Ar7Z analogous
to equations (G53) and (G54). Similarly to equations (G55) and (G56), the free field propagator is modified
1 1-ArZ 1 . 1 .
= — 5507 (k) G + 0 (Ar750%)
R-mZ K2 -mi k2 ( )kQ—mQZ+ " ’
and the Z-boson propagator
72‘9 ng
D7, (k) ~ m +6D)7 (k) (G60)

includes a correction for v — Z mixing

. 112 1
SDYZ (k) = gy {142 207 (k) + k2207 | s o } (G61)
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in agreement with (G31) and equations (3.11 and 3.23) in [43].
Alternatively, standard renormalization theory (SRT) introduces mass and wave field renormalization constants to
construct finite S-matrix elements and Green’s functions. Renormalized amplitudes are given by [43]

(2 = 27 (k%) + k262, = K (11 (K?) + 62, , (G62)
N 1
2 (K2 207) = SE(R?) + 5 (02427 + 022, (K = mE)] (G63)
52 (k% £7) = 57 (k) — 6M% +6Z7 (k* —m%) , (G64)
SV (K2, 5V) = 5 (k) = M + 62w (K2 — mYy) (G65)
where 077 and 6 Zy, are displacements of field renormalization constants
Zy=1+462, (b=2ZW)
from unity, and {6Zz., 6Z,z} define a correction to the v — Z mixing propagator [85]
1 /67 07 1 1
A _ Z vz Z (1.2
DI (k) = igu {2 ( Lo —m%) + % (1) _m%} . (G66)
From field renormalization relations
1
Wo, = {Z;{f ~1+ 26ZW] W, (G67)
1/2 1
Bow = |24 =1+ 30Z5| By, (G68)
and (C9), the physical fields satisfy
Zop | (144627 1625, 1] 2
{ Ao, ] = { 16Z,; 1+%7, || A, ] (G69)

)

where subscripts ’,” denote bare quantities, and renormalization constants satisfy [84]

5271 [ s2 0 Zw

82, | |8 & 0Zp |’

627, = —8uwCw (62w —6Zp) — Ar?? | and
6207 = —SuwCw (62w — 6Zp) + Ar?Z .

Ordinarily, core amplitudes X° are used in equations (G62)-(G65); however, with the stabilized amplitudes at our
disposal, we are free to replace X° with £°, = 3° from (G18) to more easily determine the constants. Applying mass
shell stability conditions

i, (0,112, )
57 (0, 227)
52, (m3, £2,)
2 (mdy, 2

T, (G70)

only finite wave field stability corrections for Ar shown in Table I are non-zero; values for renormalization constants
from SRT are included for comparison.
Referring to (G66), the stability result §Zz, = 0 means that the photon propagator has no Z-component

22,
k2

consequently, there is no direct coupling between the photon and neutral current Jy¢ for v — Z mixing — not even
an infinite one! On the other hand, an electromagnetic current couples to Jy¢ via the Z with amplitude [85]

=0; (GT1)

%6ZWZ = ArZ. (G72)
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Table I. Stability and renormalization constants

Parameter Stability Renormalization
b 4 b
Mg (b=2Z,W) 0 Re [2° (m})]
67, 0 ~117 (0)
572+ 0 22770
zZ
627 Nk 200 4 op”
zZ
§Z Ar? g 7 4 sy 2577 (0)
z r —II7 (0) + Ar® 4 —o—w 2=
w Cw mZ
572w AW I (0) + ArY 4 e 227000
w mZ

5. Muon decay and Ar corrections

In the Born approximation, the muon decay amplitude corresponds to a Feynman diagram

in the Standard Model. The resulting decay rate [43]

a2 md 8m?
e = P (1—-—=
B 384w simiy, ( ) ’ (G73)

when reconciled with the Fermi contact model prediction

G%ms, 8m?
F_ TF'"u _ e
I, = 10275 (1 m2 ) , (G74)
yields the Fermi constant in lowest order
Gs Ta (G75)

F= 7\@%1”%/ :
With higher-order QED corrections [86, 87],

G2 5 2
! _ P (me> (1+AQED) (G76)

2
m

T, 19273

defines G'r in terms of the precisely measured muon lifetime 7,,, where

f(x) = 1—-8z—122%Inx +82° — 2, and

25
Agep = % <4 —7r2) +0(a?) .

In addition to the one-loop correction shown in Aggp, O (a2) corrections for two-loops are also known [88-90]. These
QED corrections involve several renormalization schemes; however, the corresponding stabilized QED corrections are
finite without renormalization as shown in Appendix E. Stability corrections for vacuum polarization involve a
subtraction of the form (E7) at k? = 0 and are therefore equivalent to the on-shell renormalization scheme. For other
renormalization schemes; for example, the modified minimal subtraction MS, AgEgp involves a coupling constant
renormalization. Ritbergen [88] gives a prescription

a(m,) = a +0 (o) (G77)

2
_ oy M
1 37r1nm§
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Table II. Numerical results for Ar and derivative shifts.
Item ol 4 Z w

my (GeV/c?) 0 {0, mz} 91.1876 80.379

o ~ — -0.1061 -0.0920
b
Ar® 0 0.0258 -0.0329 -0.0470
22 (m3) pog, i 0001165 01142 01252
inite

relating the MS coupling constant c (m,,) to the on-shell (experimental) value o [69]. However, from equations (E11)
and (G29), the stabilized results are unique, and (G77) does not represent an intrinsic renormalization of electrical
charge in the stabilized theory.

Electroweak corrections to the muon lifetime involve Ar corrections to the Fermi constant [42, 43, 91]

Gr = Gy [1+ Ar], (G78)
where after renormalization
om%, v (0
My T (0)

2 2
My My

Ar = —ATW _ + A,,,[vertex, box]

: (G79)

2
AT[Vertex, box] __ o <6 + 7= 4Sw In Ci}) )

- 2 2
s 2s2,

From a stability perspective, the first two terms of equation (G79) are due to finite mass shifts (G33) and (G34);
taking into account equation (G29), variation of (G75) yields
) 2
3G = G5 [ATW + mQW] . (G80)
mw

o

In standard renormalization theory, divergent bare parameters {«., s5,, m2,} replace those in equation (G75), and the
expression for Ar includes a charge renormalization term da, which is subsequently incorporated into a renormalized
coupling.

6. Numerical results

Code for generating the following numerical results is provided in Ref. [92]. Values for Ar are tabulated in Table II
using sin? (Ay) = 0.23122(4) and other physical constants [69].

Real parts of boson polarization functions (G20) are plotted in Figs. 13—-16. Stability profiles use amplitudes (G14)
or, equivalently, (G18) exclusive of Ar. Results in Fig. 13 agree with those in Fig. 8 of [67] notwithstanding updated
physical constants [69]; QED results are added for comparison using an analytic result for equation (E7) given in
[93]. For numerical evaluation of photon self-energy and v — Z mixing profiles shown in Figs. 13-14, the stability

value at s = 0 is not represented; but analytically, IT7 (0) = II"Z (0) = 0 from equation (G20). Differences between
'Stability + Ar’ profiles shown in Figs. 14-16 and Figs. 9-11 of [67] are due to

1. Ar impacts arising from updates to {27, X"} in [43] relative to [67],
2. derivative shifts in Table II, and
3. updated physical constants including a Higgs mass measurement 125.18 4+ 0.16 GeV/c? [69)].

Analytic expressions for F' (s,m1, mz) given in |67| and its partials were verified against numerical integration results
for all mass arguments m; and my over the range 0 < +/|k?| < 200 GeV.

Electron self-energy function profiles {f]v, 4, f]s} shown in Fig. 17 agree with those in Fig. 18a of [67].
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Figure 13. Stabilized electroweak photon polarization is compared with QED for electron, muon, and tau.
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Figure 14. Stabilized photon-Z mixing profiles with/without adjustments for Ar.
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Z-boson Polarization
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Figure 15. Stabilized Z-boson polarization profiles with /without adjustments for Ar.

W-boson Polarization
0.02 T T T r

Stability
""""" Stability + ArY | |

0.01

-0.01 1

HW

-0.02 - 1
-0.03 - 1

-0.04 :_‘_.--“"‘ "i ..........

g

»005 Il Il Il Il Il Il Il
-200 -150 -100 -50 0 50 100 150 200

Vls| x sgn(s) / GeV

Figure 16. Stabilized W-boson polarization profiles with/without adjustments for Ar.
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Figure 17. Electron self-energy coefficients for vector, axial, and scalar contributions.
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