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1. Introduction

Variational and hemivariational inequalities are important tools for studying nonlinear problems.
While the family of variational inequalities is concerned with convex functionals, the theory of hemi-
variational inequalities was introduced in the 1980s [20] to deal with nonsmooth problems with a
nonconvex structure. Hemivariational inequalities are shown to be useful in many subjects, especially
in contact mechanics. We refer to the book [19] and references therein for the mathematical mod-
elling and unique solvability result. The numerical analysis and simulations can be found in [12,13]
for a static contact, [2,22] for a quasistatic contact, and [1] for a dynamic contact, among others. We
also refer to the comprehensive book [11].

In applications, it is also important to consider the viscoplastic materials like rubbers, metals, rocks
and so on. The constitutive law of such materials is in the form of

t
o(t) = Ae (/' (1)) + Ee(u(t)) +/ G(o(s) — Ae('(5)), e(u(s))) ds, (1)
0

where u, 0, &(u) denote the displacement field, the stress tensor and the linearized strain tensor,
respectively. Operator A describes the purely viscous properties of the material. Operator £ is an
elasticity operator. Operator G, which is always nonlinear, describes the viscoplastic behaviour. For
simplicity, the dependence on the spatial variable x is not indicated. From (1.1), we can observe that
the constitutive law is history-dependent and has an implicit expression of the stress field 0. It means
that we need to consider a coupled system which is a history-dependent hemivariational inequality
combined with an integral equation. When deriving error estimates, we have to handle o, u and #’ at
the same time, rather than only u and #'. As a result, analysis and numerical simulations of viscoplastic
models are more complicated than those of viscoelastic models.
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In the past decades, various viscoplastic contact models in the framework of variational inequali-
ties have been studied extensively and thoroughly, see, e.g. [9,10,18]. However, studies on viscoplastic
contact in the framework of hemivariational inequalities are still in the development, and we list them
in the following. Existence and uniqueness result is obtained for the quasistatic viscoplastic contact
problem in [5], in [14] with an internal state term and a memory term, in [15] with an internal state
term, a memory term and a damage term. The unique solvability for a dynamic contact problem is
the topic of [17], and [16] with a damage term. Numerical analysis and simulations are only studied
for quasistatic viscoplastic contact models, see [4] and [23] recently. This paper is firstly devoted to
the numerical analysis and simulations of a dynamic viscoplastic contact problem in the framework
of hemivariational inequalities.

The paper is organized as follows. In Section 2, we present necessary notation and basic results. In
Section 3, we describe the contact problem and the corresponding weak formulation, and state the
existence and uniqueness result. In Section 4, we consider a fully discrete approximation scheme and
derive the optimal-order error estimates under solution regularity assumptions. Finally, in Section 5,
we report a numerical example and illustrate the theoretically predicted convergence orders.

2. Preliminaries

In this section, we present some necessary preliminary material.
Let X be a Banach space. Let ¢ : X — R be a locally Lipschitz function. From [7], the generalized
directional derivative of ¢ at x € X in the direction v € X is defined by

) —
(pO(X; v) = lim sup M
y—>xt0 t

The generalized gradient of ¢ at x is a subset of a dual space X*, given by dp(x) = {¢ € X* |
@%(x;v) > (¢, V) xx«x forall v € X}. Two useful properties are provided

(55 v) = max{(¢, v)xexx | ¢ € dp(x)}, 2)
0061+ v2) < @@ v1) + ¢ (6 2). (3)
Let d be a positive integer. Let S¥ be the linear space of second-order symmetric tensors on R?. The
inner products and the corresponding norms on R and S¢ are
u-v=uwj, |vlga= - W2 for allu,v € RY,
0:7T=0;Tj |tllge = (7: )2 for allg, 7 € S
The convention of summation over repeated indices is used in this paper.

Let @ C R¥ (d = 2,3) be a bounded domain with Lipschitz continuous boundary I'. We split the
boundary into three mutually disjoint measurable parts Iy, I'; and I'3 such that meas(I";) > 0. The
unit outward normal vector on I" is denoted by v = (v;) € R, For a vector field v, the normal and
tangential components of v are denoted by v, = v- v and v; = v — v, v. For a tensor field o, the

normal and tangential components are denoted by o, = (ov) -vand o, = ov — o,v.
We introduce two Hilbert spaces with their inner products

V={v=(vi)EHI(Q;Rd):v=00nI’1}, (u,v)V=/ e(u) : e(v)dyx,
Q

Q={r=( e XS : =1}, (r.0)q= / 7:0dx,
Q
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where & : H' (;RY) — L*(2;S%) is the deformation operator defined by
e(w) = (W), (W) = 3(uij+ uj,).

The index following comma indicates a partial derivative. We denote the associated norms in V and Q
by || - |lv and || - ||, respectively. From assumption meas(I';) > 0 and Korn’s inequality, we have the
completeness of the space (V, || - ||v). Let H = L*(£; R?). The embedding of (V, || - ||v) into (H, || -
|lz) is continuous and dense. The dual of V' is denoted by V*, and the duality pairing of V and V* is
denoted by (-, -). Then (u,v) = (u,v)g Yu € H,v € V . By the Sobolev trace theorem, we have

IVl 2y < Iy lvlv VveV,

where ||y || represents the norm of the trace operator y : V — L*(I's; RY).
We also recall the following Green’s formula:

/a:e(v)dx+fDiva-vdxzfav-vdF VveV,o€Q,
Q Q r

with the divergence operator defined by Divo = (o).

3. Aviscoplastic contact model

In this section, we describe the dynamic viscoplastic contact and the corresponding weak formulation,
and present the existence and uniqueness theorem.

Let a viscoplastic body occupy a bounded domain €2 described in Section 2. The body is clamped
on I'1 and may come in contact with an obstacle on I's. A volume force of density f, acts on Q and
a surface traction of density f, acts on I';. Assume that the contact process is dynamic. We study the
following classical formulation of the contact problem in the time interval [0, T].

Problem P: Find a displacement field u : Q x [0, T] — R4, a stress field o : 2 x [0, T] — S9 such
that

t
o(t) = Ae(/ (1)) + Ee(u(t)) +f G (s) — Ae(u/(9),e(m(s))ds inQx(0,T), (4
0

W'(t) — Diva(t) = fo(t) in S x (0, T), (5)
u()=0 only x(0,7T), (6)
o (v = fo(t) onTy x (0,T), @)
—oy(t) € 3j(u,(1)), o) =0 onl3x(0,7), (8)
u(0) =uy, ©(0)=vy inQ. 9)

|

Equation (4) represents the constitutive law of viscoplastic material introduced in Section 1.
Equation (5) is the normalized equilibrium equation for the dynamic process. The general equilib-
rium equation is in the form of

pu’ (t) — Dive (t) = f, (1),

where p denotes the density of mass. However, here we assume p is the constant 1 after the scaling of
the equation for simplicity. We have the clamped boundary condition (6) and the traction boundary
condition (7). Boundary condition (8) is used to model the frictionless contact with normal damped
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response. The initial conditions are given by (9). Further interpretations of the model can be found
in [17].
We need the following assumptions on the data:

H(A): A: Q x S? — S9 satisfies
(i) A(-, &) is measurable on 2 for all & € $%;
(ii) A(x, -) is continuous on S for a.e. x € ;
(iii) | A(x, )llge < c1(h(x) + |le|lga) foralle € S9 ae x € Qwith h € L2(),
h>0andc¢; > 0;
(W)uaxeo-—/uneﬁ):@1—32)zfmuwl—eﬂ@dﬁnausbezeS%af.
x € Qwithmy > 0;

v) A(x,e) : & > a||e||§d foralle € S%, ae.x € Qwitha > 0.

HE): £:Q x S — $9 satisfies
() [IE(x,e1) — E(x, €2) st < Leller — e2]lga forall ey, &5 € S%, ae.x € Qwith
Le > 05
(ii) £(-, &) is measurable on 2 for all & € S%
(iii) £, 0) € L*(22,S9).

H(G): G:Q x S9 x §4 — S$9 satisfies
() 1G(x,01,€1) — G(x,02,82)|ls¢ < Lg(llo1 — 02llgd + lle1 — &2]lga) forall oy,
02,61,62 €S ae x € Qwith Lg > 0;
(ii) G(-, 0, €) is measurable on 2 for all o, & € S%
(iii) G(-, 0,0) € L2(2;SY).

H(j):j: T3 x R — Rsatisfies
(i) j(-, r) is measurable for all r € R and j(-,0) € L' (I'3);
(ii) j(x, -) is locally Lipschitz for a.e. x € I's;
(iii) [9j(x, )| < ¢j(1 + |r]) for a.e. x € T3, all r € R with ¢; > 0;
(iv) 2 (x, 13 —1) < dj(1+ |r|) fora.e.x € I's, all r € R with d; > 0;
V) (m — M) (r1 — 12) = —mj|ry — 2| for all y € dj(x, 1), M2 € 3j(x,72),
r, 2 € R, ae x € I's with m; > 0;
(vi) either j(x,-) or — j(x,-) is regular for a.e. x € I's.

H(f): The densities of body forces and surface traction satisty
fo € L*(0, T;H), f, € L*(0, T; L*(I'y; RY)).

H(0) : The initial data have the regularity up, vo € V.
We note that the relaxed monotonicity condition of subdifferential H(j)(v) is equivalent to the
following H(j) (v)

jo(x, r;ry —11) +j0(x,72;r1 —ry) < mj|r; — r|%, forall ri,r, € Randae. x € I's.

Further define the function f : (0, T) — V* by

f),v) = /fo(t) cvdx + / fo®)-vdl' forallve V, ae.t € (0,T). (10)
Q I
Through a standard derivation, we obtain the following weak formulation of Problem P.

Problem P(‘),: Find a displacement field u : [0, T] — V, a stress field o : [0, T] — Q such that u(0) =
ug, u'(0) = vg and

t
o(t) = Ae( () + Ee(u(t)) + / G(o(s) — Ae( (s)), e (u(s))) ds, (11)
0
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(W' (), w) + (o (1), e(W)q + /r P @, ;wy) dT = (1), w) (12)
3
hold for allw € V and a.e. t € (0, T). |
The unique solvability of Problem PY, is proved in [17].
Theorem 3.1: Assume H(A), H(E), H(G), H(j), H(f), H(0) and
ma > mjlly|*. (13)
Then Problem PY, has a unique solution with the following regularity:

ue W0, T, V)N CL O, T3 H), o € L2(0,T; V™), (14)
o € ’(0,T;Q), Dive € L*(0,T; V¥). (49

Introduce the velocity variable v = #/, then u(t) = u(0) + fot v(s) ds. It follows from Theorem 3.1
that v € L2(0, T; V) N C(0, T; H), v/ € L*(0, T; V*). We consider the following equivalent problem
in terms of the velocity.

Problem Py: Find a velocity fieldv : [0, T] — V, astress fieldo : [0, T] — Qsuch that v(0) = v and

u(t) = ug + /O t v(s) ds, (16)
o(t) = Ae(v(t)) + Ee(u(t)) + fot G(o(s) — Ae(¥(5)), e(u(s))) ds, (17)
(V' (), w) + (0 (t),e(W)q + /F3j°(vu(t);wu)dl“ > (f(t),w) (18)
hold for allw € V and a.e. t € (0, T). |

4. A fully discrete scheme and error estimate

In this section, we construct a fully discrete approximation of Problem Py and provide a result on
error estimates.

We use a uniform partition of the time interval [0, T]. For a positive integer N, define the time step
sizeby k = T/N. We have a uniform partition: 0 =ty < t; < t; < --- < ty = T with thenodest, =
nk,n=0,1,...,N. For a continuous function g = g(t), we write g, = g(t,). Backward difference
approximation is used for the time derivative

ty) — g(ty—
g/(tn) %M’ 1<n<N.
We assume that €2 is a polygonal or polyhedral domain. Let 7° " be a regular family of finite element
triangulations of € into triangles or tetrahedrons. Here, h > 0 is a spatial discretization parameter.
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We use piecewise linear finite element space to approximate the velocity field:
V= e Q)4 |V e P(T)AVT eT" vV =00nTy}, (19)
and piecewise constant finite element space to approximate the stress field
Q' =(z"eQ|threR™vVT e Th. (20)
Define the orthogonal projection Pgn : Q — Q" by
(PQhr,rh)Q = (r,th)Q VteqQ, e Qh. (21)
It has nonexpansive property: [Py t|q < [ 7]l for all T € Q and the estimate
IT — Pyitllg < chltlmqss VT € H'(SY. (22)

With additional assumptions f, € C(0, T; H), f, € C(0, T; L*(I'3;R)), we have feCO,T;V*)
from definition (10). Choose vf)’, uf)’ € V" to approximate the initial values vy and uy. We construct

the following fully discrete approximation scheme for Problem Py .

Problem P’{,k: Find vk = {vﬁk}szo c V" and oMk = {aﬁk}fzo c Q" such that v’O“k = vé‘, aé‘k =
PQhAe(vg) + Pth‘fe(ué’),

uﬁk=u8+k2vf’k, 0<n<N (23)
j=1
and
n—1
o =P Ae(W) + Pye(uy ) + kY PyuGla]* — Ae(v]"), e ")), (24)
j=0
hk hk
VIR gy
Lk ) 4 (o e(wh))g + / P whdr > (fn, wh> (25)
k u IS
hold forn =1,2,...,N, andforallwh e vh, [ |

Note that for Problem P/¥, with {v;’k}jfn_l known, /¥ is determined by

1 1
%(vﬁk,wh)H + (Ae(V*), e(w')q +/ LK why dr > (fn,wh> + E(vﬁk_l,wh)H
I3

n—1
— (et ), eW)q — kY (G — Ae(V),e(u™),e(W)q VW' e V.
j=0

This is an elliptic hemivariational inequality and has a unique solution. Thus, combined with (24),
the unique solvability of our Problem P}",k is implied.

We first explore the boundedness of the discrete solutions. Note that ¢, whose value may change in
different inequalities, will denote a general positive constant independent of discretization parameters
hand k.
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Theorem 4.1: Let {v/¥}N_ and {¢"K}N_ be the unique solution of Problem P¥. Then, there exists a

constant ¢ > 0 such that

N
max v, + Z IV = VR K AV + 15 + o 1)) <c. (26)
i=1 i=1

Proof: From (23),

n
¥l < lugllv + 5> 19 v, 27)
j=1
then we have
n
15 < e+ ck Y IV (28)
j=1

Multiply this inequality by k, change # to i, and sum over i = 1 to n, we obtain

n n i
K> I} < e+ ek DOk IV (29)
i=1 i=1  j=1
Combine (24) and (25), and take w" = —vZk, we have

vhk _ vhk
S nmL k) L (Ae (VR e (vF)) g
H

k
= [ Sl ar +{f,v)
— (Ee(ul* )+kZQ(ahk Ae(v*), e )), e (V). (30)
j=0

From H(A),
(Ae (%), e (V%)) q = (Ae (V) — A0, (V%) — 0)q + (A0, e(v/F))q

malle(V) G — 40l glle (V) g
hk hk
13— clviilv.

v

v

mAallv, cllvy

From H(j) and (2),
/](vm,,—v 5)dlh = /](vm,,—v )+] (Ov )dF / (Ov )dF
I3
5/ mj|v2’§|2dr+f ci|vik|dr
I's I's

< MV 1L ey + GV meas(T) Vil 2y ey
< milly 1> VI3 + vy
From H(E),

—(Ee™ ), e(VF)) g < 1€ Hllglle V) Iq
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IA

(I€e @™ ) — Eollq + 1€01Q) eV Mg

< c(lu™ 11y 4+ 1) vy

A

Similarly, from H(G) and H(A),

n—1
— [ 66]* - A1), e*)), e(viF)
j=0 Q

n—1
< [kD 1G] — Ae (), e@)lq | le™Dllo

j=0

n—1
<k ol + IV v + 1w llv + 1) 1vifilv.
j=0

For any € > 0, by applying the modified Cauchy-Schwarz inequality and combining (29) and the
above inequalities to (30), we have

hk hk
v -y
(—” = l,vﬁk) +mllVI3
H

< milly IPIViEI + cllviflly + ¢ 1l v 1Vl

n—1
hk hk hk hk
+ck Yl g + IV Il + e lv) IVl
j=0
n—1
hk |2 21,0k 12 hk 12 hk 2 hk 2 hk 2
< €llVHIP + e+ milly IPIVEEIS + cllul 115 + ek Y o IG + 1V + s 17).
j=0
Since
hk hk
Vi = Va1 nk hk Sk 2
(Tn’vn <|| VNI — VRS LI+ IV = Vil 1),
H
combined with (28), we have
1
hk 2 hk 12 hk hk
S VIR = I+ W = Vi 2D + ma = milly I = Ol

n—1
hk 2 hk 2 hk 2
<c+cky (o1 + V15 + 1 13).
j=0

Lete = %(m A — mij|ly||*). Multiply the above inequality by 2k, change 7 to i, and sum over i = 1 to
n, we have

I1vikIIg + Z IV — v 3+ ckZ VP13,

n i—1

<ct+ck Y kY (ot IG + VI + 1u*13). (31)
i=1 j=0
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It directly leads to
n n i—1
Y IS < e ok Y kY (ol g + VIR + 113, (32)
i=1 i=1 j=0
From (24) and (27),
n—1
loh¥llq < IAe)llq + 1€ Dllg + kY 1G] — Ae (), e ™) llq
j=0
n—1
< eVl + cllui v + ek >l g + IVl + lulv) + ¢
j=0
n—1
< vy + ek Yo o+ v/ llv + lufllv) +e.
j=0
Take the squares of both sides
n—1
o4, < clIVEAI + ok Y (o I1g + IV + 1 1) + c.
j=0

Multiply the above inequality by k, change 7 to i, and sum over i = 1 to n, we have

n n n i—1
kY lloflg < ok Y IV 4 ek D kY o g + 115 + 1 15) + ¢
i=1 i=1 i=1 j=0
Apply (32), we have
n n i—1
kY ot g < ck Y k> Al g + IV + 1 13) + c. (33)
i=1 i=1 j=0
Combine (29), (32) and (33),
n n i
Y AV + 1513 + e 1) <k Y kY o g + IV + 1k 13) + c.
i=1 i=1 j=1

Lete, :=k Z:’:l(llvf‘kll%, + ||uf’k||%/ + IIU?k||é). Then, the above inequality can be rewritten as

n
e, < ck E e+ c.
i=1

From the Gronwall inequality, we have

N
en =k (V™I + 115 + llo <18 < c. (34)
i=1
Use (34) in (31) to obtain
N
hk 2 hk hk 12
ma v+ 3 v = v < e (35)

i=1

Hence, the proof ends with (34) and (35). [ |
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To derive error estimates, we additionally assume the Lipschitz continuity of the operator .4
A(x, 1) — A(x, €2)llge < Laller — ezllga. (36)

Additional regularities of the solution are also assumed

v e WH(0, T; V) N H2(0, T; V*) N C(0, T; HA(S; RY)), (37)
vlr, € C(0, T; H* ('3 RY), (38)
o € WHL0, T; Q) N C(0, T; H' (2 S9)). (39)

Then, the first term (v’(t), w) in (18) can be replaced by (v/(t), w)rr. We set t = ¢, in (16)—(18) and
deduce that

tn
u, = up + / v(s) ds, (40)
0
tn
o, =Ae(v,) + Ee(u,) + G(o(s) — Ae(v(s)), € (u(s))) ds, (41)
0
(Vs W)t + (0 £(W)g + / P msw) dT > (f,, w). (42)
I3

Let IT"v(t) € V" be the finite element interpolant of v(¢) in V. Since v(t) € H2(S;RY) N V, we have
the interpolation error estimate

lv(t) — ")l + kv — TV |1 ey < P21V |2 urd)- (43)

The initial values uf)’ € Vland vg € V" are chosen to be the finite element interpolants of uy and vy.
Then,

h h h
luo — uglly < ch, lvo —vyllv <ch, |Ivo—vylla < ch. (44)

Moreover, from definition of agk, we have

loo — affllq < lloo — Phoollo + 1Paoo — o4t

< chlool sty + |Por(Ae(vo) — Ae(vg))llq + | Por (Ee(up) — Ee(uf’)) | o

< ch. (45)
From [21],

n
i — w13, < c(B® + 1) + ck Y llv; = v*I13, (46)

j=1

n—1
lln — w113 < c(h + %) + ck Y llvy — V¥ (47)

j=1

Denote 8, = [y" G(0'(s) — Ae(v(5)), £(u(5))) ds — k Y15 G(a* — Ae (W), (ul)). Then

nloetin
10.allq < CZ/t (o (s) = ajllg + [v(s) — vjllv + lu(s) — wjllv) ds
j=0 %



1188 (&) X.WANG AND X. CHENG

n—1
ok Lk L hk
+ck Y (loj— o o+ vy = v/*llv + lluj — u*|lv)
j=0

< ck(lo'llz1 0 + VL 0.1v) + 141110, 727)

n—1
hk hk hk
+ck Y (loj— o g+ vy = v/ llv + lluj — u*|lv)
j=0
n—1
hk hk hk
<ck+cky (loj— o g+ v — v lv + s — w*|Iv).
j=0

Here, as an intermediate step of the derivation, we used
n—1 .t n—1 ¢ B
Lji+1 j+1 d
> [T iew-alo=3 [ 1 [ @ drlods
=0 "4 j=0 "% G 9T

n—1 tj+l T
< kZ/ o’ (v)llqdr = k/ lo’ ()]l dz.
j:O tj 0

Similar arguments can be applied to [|v(s) — vjllyv and ||u(s) — u;||v. Take the squares of ||0, o and
use (46), we obtain

n—1

10,413 < ck* + ck Y (lloj — o IG + llv; — /™15 + llw; — w15
j=0
n—1
< +K) +ck Y (loj— ol g+ v — v/¥I}). (48)
j=0

Write o, — 0% = (67, — Pgpon) + (Pguoy — aﬁk). Then, we have

n

low— 0™ llq < llow — Pepoallo + HPQh (Ae(vy) — Ae (V%) + Ee(uy) — Eeu™ )
ty n—1
+ / G0 () — Ae(v(s)),eu©) ds + kY Gl — Ae ), e )|
0 =0

< ch+ cllvn = Villv + el — v + 102llo-
Take the squares of both sides and use (47) and (48),

n—1

low — oG < el + k) + clvn — VIEIS, + ck Y _lloj — o511 + llv; — vI*I13
j=0
over i from 1 to n,
n n n i—1
h
Y i — oG < et + k) +ck Y llvi = VMG 4+ ck Y kY (lloj — o7 l1G + vy — VI
i=1 i=1 i=1 j=0

(49)

mAllve — V[FI3 < (Ae(v, — V5, e (v, — v[F))g
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= (Ae(vy — V%), e(vy — W) + (Ae (), e(W' — v1))q
+ (As(v), e(vy — V6 g + (Ae(VF), e (V5 — wh))q (50)
hold for any wh e vh. By (41) and (42),
(Ae(vy), e(vy — V%))

hk 0 hk hk
< (Vi Vy = va)u +/ 7 Vnys vy — VYmy) dI — (fn,v,1 - vn>
I3

ty
+ (Eeun), e(V* —v,))q + ( G(0(s) — Ae(v(s)), &(u(s))) ds, e (V* — vn)) :
0

Q
By (24) and (25),
(Ae(vZk),s(vZk — wh))Q
Wk Bk
S(%,wh—vﬁk) / PO Wl — Ry dr — (f w —vhk>
H
n—1
+ Ee@™ ), e(wWh —vVF)) g + (k Z g (a]hk — Ae(v}‘k),e(u;’k)) ,e(w — vlflk)) .
j:O Q
Then (50) can be rewritten as
mAllve — VI3 < (Ae(vy — V%), vy — W) + ReW! —v,) + I + L + I3, (51)
where
yik ik
I =, vk —whyy + (Tnl wh — vﬁk) , (52)
H
= (Ee(uy), e (Vi — W) g — (Ee) ), e(V)F —wh)q
tu
+ ( / G(o(s) — Ae(v(s)), e (u(s))) ds, e (v — wh)>
0 Q
n—1
— (kz g(a]hk — Ae(v;'k),e(uj‘k)),e(vﬁk — wh)) , (53)
j=0 Q
I =/ PV — ) + PO Wl — Ky O Wl — ) dT, (54)
I3
and the residual R, (w) is defined by
Ru(w) = (v, whit + / S s w) AT = (f, w)
)
+ (Ae(vn),eW)q + (Ee(un), e(w)q
tn
+ ( / (6 () — Ae(v(s)), e(u(s))) ds,es(w)) . (55)
0 Q
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Firstly,
(Ae(vy, — vI5), e (v — W) g < Lalle(vn — V[l gllen — w"llo
< €llvi — VI + cllve — w3 (56)

Secondly, we have the following bound for I;.

hk hk
Vi —vy) — V1 — v, ) Vi — Vn—1
11=—< L nl oy, — VY (v - Ty, — K

k n " . f
(v = Vi) — vt —ViE D) Vi — Vno
+< n le nl,Vn_wh +v;1_nTnl>vn_Wh
1 hk "
< = (v = v = Ivnes = V5L IR + NEllvllve = vy
(V _th)—(v l_v )
+< n n kn Vu wh +||En||V*||Vn—wh||V
1
< —H((an — VRN — ey = V52D + CllEnll + €llva — V513
(Vg — V) — (v — VK )
+6an_Wh”2v+< ” P a—w') (57)
H
with
Vi — Vy—
En = v;l — fl—ﬂl‘ (58)

k
Thirdly, we bound I, by using (47) and (48).

ko h hk hk _ ok
LI < cllvy — willviiun —w,2 llv + cllvy” — whllv [10xllQ
hk 2 h 2 hk 2 2
<e€lvy —vally +ellve —w'lly + clluy — w21 lly + cllfallg

2 2 h 2 hy2
< c(B + 1) + el — v, |13 + €ellv, — w2
n—1

+ck Y (loj— oI5 + vy = vI*I). (59)
j=0

Finally, it follows from (3) that

I3 < / jO(an§ V% — Vuv) +j0(an;an - Wil) +j0(Vnu; Wﬁ — V) dll
I3

/I: ] (Vnwvnv - Vn\)) +] (Vn])’ W VHV) dr - ‘/1; jO(an; Wf’)l - an) dr
3

= / (an VZU Vav) +] (V v Yy — V )dr
I
+/ jO(an§an - h) +] (Vm)’W — V) dI'.
I3
Then, we have the following bound for I5 from (2), H(j)(iii) and assumption (37).

I < mj |y 12 llva — V513 + fcj(2+|vnu|+|v’;’;|>|vnu—wﬁidF
I3
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< mj [y 1% 1va — ViEII + e+ IV I) 19 — Wl rme)-
By applying (56), (57), (59) and (60) in (51),
1
AU VIRIZ — vt — V512D 4 (ma — mjlly 12 = 36)llve — vIFII3,

hy2 h 2
< cllva = willy + [Ra(W" — vp)| 4 [ Enlly-

N <(Vn — Ry — (v, — VR

P ),vn—wh> +c(h?* + k%)
H

n—1

+ck Y (o — o 1G4+ vy — VM) + e+ V) 1vn — WPl ey ma,

j=0

(60)

Choosinge = (m 4 — mj|ly ?)/6, we obtain the following inequality, with wh € V" renamed as wﬁ €

vh,
v — V512 = vt — V12D + kv, — V513
< ck|lvy — w3 4 ck|Ry(W! — v,))| + ckl|Ep 1%
+ (Vg — VY = ey = VE v — Wiy + k(R 4 K)

n—1

+ kY (o — oG + vy = VX1 + k(L + 1) vn = Whil 2 ey

j=0
Replace n with i in the above inequality and make a summation over i from 1 to #,

n
hk 2 hk 2
v — ViElIE + kD v = v*I1%
i=1

n n n
<ck Y llvi— Wil 4+ ck Y IRi(w) — vl + ck Y |IEill}-
i=1 i=1

i=1

n
oY (=) = viey = V5 ), vi = Wha

i=1

n i—1
e+ k) +ck Y kY (loj— o 1g + vy — v*I})
i=1 j=0

n
ok Y A+ I i — WEl 2y ey
i=1

For the term E,, defined by (58), we rewrite it as E, = % ;”71 (t — ty,_1)V'(¢t) dt. Then,
1 [t th k [t
By =g [ -t [ W oRa=3 [ 01k
k2 th—1 th—1 3 th—1

By regularity assumption (37), we obtain

n 5 k n t 5 k
DB <3 Z/ IV 1 de = S1V li20.1v) < ck
i=1 i=1 Vi1

(61)
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For the term Y7 ((v; — V%) — (vi_1 — v/* ), v; — w!) 1, combined with (44), we have

n

hk hk h
E (Vi =) = (vic1i = viZ), vi—w)H
i=1

n—1
hk h hk h h
=Wn— Vv = WH+ Y i =S i —w)) = i — W)
i=1
hk h
— (vo — Vo > V1 — W1)H

—1
k}’l
hk 2 hp2 hk 2
< ellvn = vl + cllv = Wil + 5 3 v = VISl
i=1

-1
1 < 1
o 2= WD) = Wi = wi DIl + S — il + o,
i=1

Also note that kY"1 (1 + [[vK|1)2 < 2k 37, (1 + |[v/%]13) < ¢ from Theorem 4.1. Applying the
above inequalities in (61), we deduce that

n
k2 k12
Ve — vy ||H+k§ lvi —vi"lly

i=1

n n
h 2 h h2
<ok lvi— Wil + ck Y IR — vi)| + cllva — WhilE
i=1 i=1
n—1

n—1

hky2 | € h B2

ek Yl = Vil + 1 D N0 = W) = i = Wi DI
i=1 i=1

+cllve — whIZ 4 e + k)

nooi—l n 1/2
+ckaZ<||aj—a§'k||é+||vj—v}1k||zv>+c[k ||v,-—w§'||iz(rs;w)} . (62)

i=1  j=0 i=1

Combine (49) and (62), we have

n
hk 2 hk 2 hk 2
v = ViElIE + kD (o — o 1 + v = vi*II)
i=1

n n
<ok Y llvi— whIE + ck Y IR(w] — )| + cllva — whi

i=1 i=1

n—1
C
+4 > i = w) = vigr — Wi DI+ cllve — Wil + o + &)
i=1

n 1/2 n—1
+e [kz lvi — wf'niz(rw)} +ck Y llvi — VI,

i=1 i=1
n i—1

+ck Y kY (loj— oG + lvi — VI, (63)

i=1 j=0
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By the Gronwall inequality, we have the following theorem.

Theorem 4.2: Let {vﬁk}ﬁ]:o and {aﬁk}ﬁfzo be the unique solution of Problem P}",k . Let v and o be the
unique solution of Problem Py . Then under the additional assumptions (36)-(39), we have

N
L hky2 . hk)2 kg2
max fIv, v, ||H+k2;<||a, ol + v = v
1=

<c(h* + k) + ¢ max E,, (64)
1<n<N

where

n n
Ey= inf qkY llvi— w3 + k> [Ri(w} — v
i=1 i=1

whevh

n—1
1
hp2 h h 2
+ v, — Wn”H + % E | (vi — Wi) — (Vig1 — Wi+1)||H
i=1

n 1/2
+lvi = willF + [kz llvi — wﬁ’nizmw)} : (65)

i=1

We furthermore derive the optimal error estimate. Choose w € V" to be the finite element
interpolation of v;, 1 < i < N. We apply the standard finite element interpolation error estimates

(e),
h
lvi —willy < Ch”vi”HZ(Q;Rd):
h
lvi — willg < chllvillv,
h 2
lvi — w; ||L2(F3;Rd) <ch ||Vi||H2(r3;]Rd)-

Since wf’ — wf’+ | is the finite element interpolation of v; — v; 1, we have

n—1 n—1
h h 2 2 2
D M= wh = iy = Wi DIE < kD v —viplly
i=1 i=1
nzloegin
< chsz/ IV ()13 dt
— t
i=1
< ch’k.

Then
n
Ey<c® + k) IR(W! — v).
i=1
Similar to [11], it can be shown that under the stated regularity assumptions, for a.e. t € (0, T)
v (t) — Dive (t) = f(t) ae. in Q, (66)
a(t)yv =f,(t)a.e.on . (67)
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We multiply Equation (66) by an arbitrary function w € V, integrate over 2 and perform integration
by parts,

(V (1), w) + (Ae(v(1), (W) q + (Ee(u(h)), e(W)q

t
+ (/ G(o(s) — Ae(¥(s)), e (u(s))) ds,a(w)) - / ov-wdl' > (f(1),w).
0 Q I
Then R,,(w) can be rewritten as

R,(w) :/ jo(vnv;wv) dr +/ o,v-wdl. (68)
'3 I3

Note that ¢ € C(0, T; H' (2;S%)) implies av € C(0, T; L*(I'3; R%)). Then,
Ry(w) < clwl2pypay forallwe V.
Thus,

IRiW! = v < W] — Vil pryray < PP IVill ey may- (69)

Corollary 4.3: Let {vhk} _o and {ahk} be the unique solution of Problem P’{,k . Let v and o be the
unique solution of Problem Py . Under the regularity assumptions in Theorem 4.2, we have

max |[v, — VI3 + kZ(Ilaz — oMl + v = vI*I3) < e + ). (70)

1<<
i=1

Finally, we bound the error estimate for the displacement field. From (46), we can deduce that

g — u¥)13 < c(B + K> + ckz llvj = VIS, < c(h® + ).
j=1

The corresponding optimal-order error estimate for the displacement field is as follows.

Corollary 4.4: Let {vhk}N o and {ahk} o be the unique solution of Problem P}",k . Define the corre-

sponding {uhk} o by (23). Letvand o be the unique solution of Problem Py.. Define the corresponding
u by (16). Under the regularity assumptions in Theorem 4.2, we have
max ||, — Wiy < ch+ k). (71)
1<n<

5. Numerical results

In this section, we present some numerical simulations, which are based on the primal-dual active
set method [3].

The physical setting is depicted in Figure 1. The deformable body € = (0,L;) x (0,L3) is a
rectangle with the boundary I divided into three parts

= {0} x [0,L1], "2 = ({L1} x (0,Lz]) U ((0,Ly) x {L2}), I3 = (0, L] x {0}.

It represents the cross-section of a three-dimensional viscoplastic body, and a plane stress hypothesis
is assumed.
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X2

X1

Figure 1. Initial configuration of the two-dimensional example.

The frictionless contact boundary conditions on I'3 are given by

Sy +n) = —n)+dn  ifv, < -, (S1)
—ci(vv +r) + clljrl if —rp<wv, <-r, (S2)

o —clv, if —r<wv, <0, (S3) 72)
Y cll)v,, ifo<wv, <, (S4)
c%(vv —r) + C]1)7’1 ifry <wvy <, (S5)
Sy —r)+Em—r)+cin ifrn<w, (S6)

o =0. (73)

In normal direction, it is a piecewise function with six segments, corresponding to six states of the
velocity value (S1)-(S6). Figure 2 shows the dependence of —o, as a function of the normal velocity
Vo.

The viscosity tensor .A and the elasticity tensor £ are characterized by

(A1) = u(Tin + 12)85 + oty 1<4,j<2,
Ex E ..
[~ 2t ¥+, 1<ij=<2

(Sr),-j - 1+«

The coefficients ;11 and i, are viscosity constants, E and « are Young’s modulus and Poisson’s ratio of
the material, respectively. §;; denotes the Kronecker symbol. Assume that the nonlinear viscoplastic
constitutive law G is of the classical Perzyna type [8]

where A > 0 is a constant and Pk is the orthogonal projection operator (with respect to the norm
Izl = (E7,7)1/?) over the convex subset K C S?. The subset K is given by

K={re$S* :|tlvm < oy},
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Figure 2. Dependence of —o, on v,,.

where || - ||y represents the von Mises norm defined by
2 2 2 2
lTllvp = Ti1 + 735 — T2 + 3795,

and oy is the uniaxial yield stress.

(a) (b)

eI, 2

” W, |

R

Figure 3. Deformed meshes, contact velocity and interface forces at T = 1. (a) Contact velocity at T = 1. (b) Interface forces at
T=1
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,
8 %10 :
AE (s6)
>T 4 (Ss)
BE
(s4)
0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
XI
0.04 T
0.03 —
&7 0.02—
0.01 —
0 | | | | | | | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
)(‘
0.04 T
0.03—
57 0.02—
0.01 —
0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4. Normal velocity, interface forces, and normal displacementat T = 1on I's.

Choose the density of mass to be p = lkg/m?. We use the following parameters:

Li=1m, L,=1m, T=1s,
w1 = 25Ns/m?, ;= 50Ns/m?, E = 1000N/m?,
A = 100Ns/m?, oy = 19N/m?,
rp = 0.003m/s, r, = 0.005m/s,
¢l =10Ns/m?, & = —10Ns/m?, ¢ = 10Ns/m?,

fo(® = (0,0)N/m?,

Figure 5. The von Mises norm of the stresso at T = 1in Q.

Kk =04,

40

35
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T T 0.04 !
xy=h x;=h
—— = x=12 0.035 —— = x,=12|4
*x‘:l x‘=1
0.03
0.025 -
50 0.02 R
0.015 F -7
’
/
/
001F [ 7/
/
/
0.005f /,/
/
77777777777777777777777 4
0 :
0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 6. Evolution of normal velocity and normal displacement. (a) Evolution of the normal velocity v,,. (b) Evolution of the normal
displacement u,,.

. (0,—10) N/m on (0,L;) x {L,},
£ = (0,0) N/m on {L1} x (0, L],

uy = 0m, vy =0m/s.

The time step and spatial step are chosen to be h = %, k= é. Our numerical results are presented
in Figures 3-6 and Table 1.

In Figure 3, the deformed configuration, the contact velocity, and the interface forces are plotted
at T = 1s. When x; goes from 0 to 1, the normal velocity is increasing while the interface forces are
not changing monotonically. Note that, since 6; = 0 on I'3, the stress o is decided by the normal
component 0,,. As 0, takes the non-positive value, we introduce the interface forces —o, on I's.

Table 1. Error estimates and convergence order.

h T maxi<n<n [|[vn — vZkI\H Convergence order
1/4 1/8 0.0573 \
1/8 1/16 0.0204 1.4900
1/16 1/32 0.0124 0.7182
1/32 1/64 0.0051 1.2818
N 1/2
h T (k Z lloi — af’k IIé) Convergence order
i=1
1/4 1/8 4.6970 \
1/8 1716 2.6479 0.8269
1/16 1/32 1.3486 0.9734
1/32 1/64 0.5847 1.2057
N 1/2
h T (k Z llvi — vfk ||2v> Convergence order
i=1
1/4 1/8 8.7006 x 104 \
1/8 1/16 1.6826 % 10~* 23704
1/16 1/32 7.6837 % 10> 1.1308
1/32 1/64 3.1544 % 1073 1.2844
h T maxi<n<n llun — ulk|ly Convergence order
1/4 1/8 1.0693 % 104 \
1/8 1/16 56726 % 10> 0.9146
1/16 1/32 3.4261 %1073 0.7274

1/32 1/64 1.7603 % 10~° 0.9607
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In fact, as x; goes from 0 to 1, Figure 4 shows that the normal velocity is firstly in the state of
(S4), then (S5), and finally (S6) on I'3. The interface forces are firstly increasing with respect to the
normal velocity when in the state of (S4), then decreasing in the state of (S5), and finally increasing
in the state of (S6). This agrees with the theory since we have the nonmonotone normal boundary
condition (71). We also plot the normal displacement at T = 1 on contact boundary I'; in Figure 4.

In Figure 5, we show the von Mises norm of the stress at T = 1 in 2. Due to the twisting forces,
when spatial point approaches I'1, the ||o ||vas gradually increases.

In Figure 6, we plot the evolution of normal velocity and normal displacement at three points
x1 = h,0.5,1 on the boundary I';.

We also compute the numerical errors for several values of discretization parameter s and k, see
Table 1. Since the exact solution is unknown, we take the numerical solution corresponding to h =

é, k= ﬁ as the ‘reference’ solution (u, v, o). The theoretically predicted first-order convergence of

the numerical solution can be observed.
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