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Abstract. In this paper, an alternative approach is provided in the well-posedness analysis of elliptic variational-hemivariational
inequalities in real Hilbert spaces. This includes the unique solvability and continuous dependence of the solution on the
data. In most of the existing literature on elliptic variational-hemivariational inequalities, well-posedness results are ob-
tained by using arguments of surjectivity for pseudomonotone multivalued operators, combined with additional compactness
and pseudomonotonicity properties. In contrast, following (Han in Nonlinear Anal B Real World Appl 54:103114, 2020; Han
in Numer Funct Anal Optim 42:371-395, 2021), the approach adopted in this paper is based on the fixed point structure
of the problems, combined with minimization principles for elliptic variational-hemivariational inequalities. Consequently,
only elementary results of functional analysis are needed in the approach, which makes the theory of elliptic variational—
hemivariational inequalities more accessible to applied mathematicians and engineers. The theoretical results are illustrated
on a representative example from contact mechanics.
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1. Introduction

Variational-hemivariational inequalities represent a special class of inequalities which arise in the study
of nonsmooth boundary value problems. They are governed by two real-valued functions, say ¢ and
7, such that ¢ is convex, whereas j is locally Lipschitz and is generally nonconvex. The case with a
vanishing j corresponds to a pure variational inequality, and the case with a vanishing ¢ corresponds to
a pure hemivariational inequality. For this reason, the study of variational inequalities is carried out by
using arguments of nonlinear and convex analysis, while the analysis of hemivariational and variational—
hemivariational inequalities requires additional knowledge on nonsmooth analysis.

Hemivariational inequalities were introduced by Panagiotopoulous in early eighties in the context of
applications to engineering problems. The mathematical literature in the field concerns well-posedness,
regularity, convergence and error analysis of numerical approximations, among others. The area has grown
rapidly in the past few decades, motivated by a wide variety of applications in Physics, Mechanics and
Engineering Sciences. Representative books in the field include [14,19,21]. Detailed mathematical analysis
of variational-hemivariational inequalities, together with relevant applications in contact mechanics, can
be found in [24]. Numerical analysis of various classes of variational-hemivariational inequalities was
carried out in a number of papers, including [6,11,12] and the survey work [10].

The mathematical theory of contact mechanics deals with the study of systems of partial differential
equations which describe processes of contact with different constitutive laws, different loadings and dif-
ferent interface laws. Such kind of processes is commonly seen in industry and daily life, and, therefore,
a lot of effort has been observed in their modeling, analysis and numerical simulations. The literature
in this field is extensive. It deals with analysis of various models of contact, which are expressed in
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terms of strongly nonlinear elliptic, time-dependent or evolutionary boundary value problems. Some ref-
erences in the field include [3,4,9,15,20,21] and, more recently, [2,16,23,24]. There, various existence and
uniqueness results have been proved, by using arguments of variational, hemivariational and variational—
hemivariational inequalities. Once existence and uniqueness of solutions have been established, related
important questions arise, such as the behavior of the solution, which provides the continuous dependence
of the solution with respect to the data and the link between the solutions of different contact models.

As is shown in [11,12,24], a number of relevant mathematical models of contact mechanics lead, in a
weak formulation, to variational-hemivariational inequalities of the form

ue K, (Au,v—u)+ou,v) —o(u,u)+ j%(uv—u) > (fiv—u) VovekK. (1.1)

Here, K C X, X is a real reflexive Banach space, (-, ) represents the duality pairing between X and its
dual X*, A: X - X* p: X x X - R, j: X — Ris alocally Lipschitz function and f € X*. Moreover,
7%(u;v) denotes the Clarke directional derivative of j at the point u in the direction v. Existence and
uniqueness result in the study of inequality problems of the form (1.1) has been obtained in [17,24], under
several assumptions on the data, including that the operator A is strongly monotone and pseudomonotone.
The proof in these references was based on an application of a surjectivity result for pseudomonotone
multivalued operators followed by the Banach fixed point argument. Stability of the solution of (1.1) with

respect to the data is shown in [25,26].

In the case when X is a real Hilbert space, thanks to the Riesz representation theorem, the inequality
(1.1) can be written in an equivalent form as

we K, (Au,v—u)x + o(u,v) — ou,u) + j%(u;v —u) > (f,v —u)x VYveKkK. (1.2)

Here, (-, ) x represents the inner product on X, A: X — X and f € X. Solution existence and uniqueness
of the problem (1.2) are shown in [8] through the use of elementary knowledge in functional analysis,
namely, convex minimization and Banach fixed-point argument. Compared to the solution existence and
uniqueness result in [17,24], the operator A is assumed to be strongly monotone and Lipschitz continuous;
meanwhile, a linear growth assumption on the generalized gradient of j is removed. The starting point of
the new approach adopted in [8] is a minimization principle established in [7] for a special case of (1.2)
where A is a potential operator and the function ¢ depends on only one argument, i.e., ¢(u, v) = ¢(v). This
new approach of analysis of variational-hemivariational inequalities eliminates the need of the notion of
pseudomonotonicity and the application of an abstract surjectivity result for a pseudomonotone operator,
and is thus more accessible to applied mathematicians, numerical analysts and engineers.

The current paper represents a continuation of [8] and deals with the analysis of the variational—
hemivariational inequality (1.2). First, a new proof is provided on the existence and uniqueness result
presented in [8]. The novelty of the proof is that in contrast to [8], the Banach fixed point argument is
used only once, in a different space and with different operators. The idea of this proof is useful also in
the stability study of the problem (1.2). Finally, the theoretical results are illustrated in the study of a
mathematical model of contact mechanics.

The rest of the paper is organized as follows. In Sect. 2, we introduce some preliminary material
and recall results in [7] needed later in the paper. In Sect. 3, we provide a new proof of the solution
existence and uniqueness result for the variational-hemivariational inequality (1.2). The proof is based
on the minimization principle established in [7] and a new fixed point argument. In Sect. 4, we use the
fixed point structure of the inequality (1.2) to show the stability of the solution of (1.2) with respect to
perturbations in the data. Section 5 is devoted to discussion of specializing the general results in previous
sections to some particular cases useful in applications. Finally, in Sect. 6 we illustrate applications of
the theoretical results in the study of a mathematical model of contact.
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2. Preliminaries

We will use X to stand for a real Hilbert space, unless stated otherwise. We denote by (+,-)x and || - ||x
the inner product and the associated norm on X. Moreover, we will use the product space X x X endowed
with the inner product

(1) xxx = (M, &) x + (M2, 82)x Y= (n,m2), £=(&1,&) € X x X

and the associated norm || - || xxx. We denote by “—” and “—” the strong and weak convergence in X

and in X x X. For a sequence indexed by n, all the limits, upper limits and lower limits are understood
to be when n — oo, even if this is not stated explicitly.
We start by recalling some basic definitions.

Definition 1. A function j : X — R is said to be locally Lipschitz if for any x € X there exist a
neighborhood U, of x and a constant L, such that
§(w) =) < Leflu—vllx  Vu,v €U,

The Clarke directional derivative of the locally Lipschitz function j : X — R at the point u € X in the

direction v € X is defined by
. o) — i
3%(u; v) = limsup i(w+Av) ](w).

w—u,A |0 A

Definition 2. A function J : X — R is said to be strongly convex if there exists § > 0 such that
(1—t)J(u) +tJ() — J(1 —t)u+tv) > Bt(1—t)|lu—v|% VYuveX,tel01]. (2.1)

Definition 3. A function J : X — R is said to be coercive if J(v,) — oo for any sequence {v,} C X such
that ||vp||x — oo.

A sufficient and necessary condition for the local Lipschitz continuity of a convex function is stated
in the following result [5, Corollary 2.4, p. 12].

Lemma 4. Let ¢ : X — R be a convex function over a normed space X. Then, 1 is locally Lipschitz
continuous on X if and only if ¢ is bounded above on a nonempty open set in X.

Let us recall definitions for properties of nonlinear operators.

Definition 5. An operator A : X — X is said to be strongly monotone if there exists m4 > 0 such that

(Au— Av,u —v)x > malu—v|% VYu,v e X. (2.2)
The operator A is Lipschitz continuous if there exists L4 > 0 such that
[Au — Av||x < La|lu—v|x VYu,veX. (2.3)

Remark 6. Note that if A: X — X is a strongly monotone Lipschitz continuous operator, then inequali-
ties (2.2) and (2.3) imply that ma < La.

The following result is proved in [23, p. 22] and will be applied in Sect. 3.

Lemma 7. Let A: X — X be a strongly monotone and Lipschitz continuous operator with constants m
and L 4, respectively, and let p > 0. Then, for the operator B, : X — X defined by

Bou=u—pAu, u€X, (2.4)
we have the inequality
IByu—Byvlx < kp)llu—vlx, k(p) = (1 —2pma+p’LH)"* Vu,veX. (2.5)
Consequently, for p € (O,QmA/Li), 0 < k(p) <1 and B, is a contraction on X.
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Next, we recall the notion of set convergence in the sense of Mosco [18] that will be needed for stability
analysis in Sect. 4.

Definition 8. Let X be a normed space, {K,} a sequence of nonempty subsets of X and K a nonempty

subset of X. The sequence {K,} is said to converge to K in the sense of Mosco, written K, M Kin
X, if the following conditions hold.
(a) For each u € K, there exists a sequence {u, } such that u,, € K,, for any n € N and u,, — v in X.
(b) For each sequence {uy} such that u, € K, for any n € N and u,, — v in X, we have u € K.

We introduce a particular variational-hemivariational inequality of the form (1.2).
Problem P°. Find an element u € K such that

(u,v —u)x + () — P(u) + (w0 —u) > (f,v —u)x VoveK. (2.6)

In the study of this problem, we consider the following assumptions.
H(K) K is a nonempty, closed and convex subset of X.

=
E

1 : X — R is convex and bounded above on a nonempty open set in X.

=

(h) h: X — R is locally Lipschitz continuous and there exists ay, € [0,1) such that

RO (vy;ve —v1) + W (va; 01 — va) < aplvr —v2||%  Yor,v2 € X. (2.7)

H(f) feX.

Moreover, define an energy functional
1
J() = 5 IPlx + ¢ () +h(v) = (f,v)x VveX (2.8)

and a minimization problem:
Problem PM. Find an element u € K such that

J(u) < Jw) VveK. (2.9)
The following existence, uniqueness and equivalence results have been proved in [7].

Theorem 9. Assume H(K), H(v)), H(h) and H(f). Then, Problem P has a unique solution, which is
also the unique solution of Problem P°.

Note that this theorem shows the equivalence between Problems P? and PM as well as their unique
solvability. Its proof is based on an elementary result for convex minimization (e.g., [1, Theorem 3.3.12])
and properties of the subdifferential in the sense of Clarke. We now quote the following lemma from [7]
that is used in proving Theorem 9.

Lemma 10. Assume H(K), H(+), H(h) and H(f). Then, the function J is locally Lipschitz and satisfies
condition (2.1) with = (1 — ayp)/2, i.e., it is strongly conver on X.

Under the assumptions H(K), H(v), H(h), Theorem 9 allows us to define an operator O(K, ¢, h) :
X — K as follows: for f € X,

u=0(K,,h)f <= uis a solution to Problem P°. (2.10)

Properties of this operator will be explored and will be used in the analysis of Problem P in the next
two sections.
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3. A new proof of existence and uniqueness result

In this section, we provide a new proof of a unique solvability result on the variational-hemivariational
inequality (1.2). For convenience, we restate the problem as follows.
Problem P. Find an element u € K such that

(Au,v —u)x + p(u,v) — p(u,u) + j%(w;v —u) > (f,v—u)x VveK. (3.1)

In the study of this problem, besides the assumptions H(K) and H(f) already introduced in Sect. 2,
we consider the following assumptions on the operator A, the function ¢ and the function j.
H(A) A is a strongly monotone Lipschitz continuous operator with constants m4 and L > 0, i.e., it
satisfies inequalities (2.2) and (2.3).
H(p) ¢:X xX — R, for any u € X the function ¢(u,-) : X — R is convex and bounded above on a
nonempty open set, and there exists o, > 0 such that

©(n1,v2) — (M1, v1) + (2, v1) — @(n2,v2) (3.2)
< 04@”’71 —Mollx [Jv1 —vallx  Ym1,m2, 01,02 € X.

H(j) j: X — Ris locally Lipschitz continuous and there exists a;; > 0 such that
§%(v1; 00 — v1) +j0(’02;’l}1 —v2) < ajfjv — v2||§( Vi, ve € X. (3.3)

Moreover, we consider the following smallness condition involving the constants c,, o; and my4 in
assumptions H (), H(j), and H(A), respectively.
H(s) o, +a; <ma.

An existence and uniqueness result on Problem P was proved in [17,24] in the framework of a reflexive
Banach space X, under the more general assumption on the operator A that it is strongly monotone and
pseudomonotone, and under an additional linear growth assumption on the generalized gradient of j.
There, the proof was carried out by using an abstract surjectivity result for pseudomonotone operators
and the Banach fixed-point theorem. The result in the form below (Theorem 11) is proved in [8], using
existence of a minimizer of a convex minimization problem and the Banach fixed-point theorem. The
main purpose of this section is to provide a new proof of the result. The proof method will be also useful
in the stability analysis of Problem P in Sect. 4.

Theorem 11. Assume H(K), H(A), H(p), H(j), H(s) and H(f). Then, Problem P has a unique solu-
tion.

Proof. Let p € (0,1/a;) be a positive parameter, to be determined later. Note that the function h = pj
satisfies condition H(h) with aj, = pa;. For any fixed w € X, the function ¢ : X — R defined by
P(v) = pp(w,v) for v € X satisfies condition H(¢)). These properties allow us to define three operators
R, S and A as follows; recall the definition of B, in (2.4).

R: X xK— K, R{=O(K, pp(&,),pi)é1 VE=(,6) € X x K; (3.4)
S:K—-XxK, Su=(Su,u), Sru=Bu+pf Vuek, (3.5)
A:K—K, Au=RSu YVueK. (3.6)

Note that the operator S depends on p and the operators R and A depend on K, ¢, j and p. Nevertheless,
for simplicity, in this section we do not mention this dependence.

We now proceed in three steps, as follows.
(i) We prove that for alln = (n1,1n2) and § = (&1,&2) € X x K, the following bound holds:

po
22— &l (37)
J

Ry — Ré||x < _
|[Rn — RE||x < o) I = &xllx + 5
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Indeed, from the definition (3.4) of the operator R and (2.10) of the operator ©, we know that Ry, R € K,
and

(Rn,v — Rn)x + pp(n2,v) — pp(n2, Rn) + pj°(Ry;v — Rn) > (m1,v — Rn)x,
(R&, v — RE) x + pp(&2,v) — po(&a, RE) + pj°(RE v — RE) > (€1,v — RE)x

for all v € K. Take v = R in the first inequality, v = Rn in the second one, and add the two resulting
inequalities to find that

1Ry — RE|% < pl(ne, RE) — (2, Rn) + (&2, R) — (62, RE)]
+p [1°(Rn; RE — Rn) + j°(R&; Ry — RE)] + (m — &1, Ry — RE) x.
Then, we use assumptions H(p) and H(j) on the functions ¢ and j to deduce that
IRy — REIIS < pagllne — &al xRy — RE||x + payl| Ry — REN% + m — &l x || Rn — RE[|x .

Hence, (3.7) holds.
(ii) We prove that for p > 0 sufficiently small, the operator A : K — K is a contraction. Indeed, for
u,v € K, by the definition (3.6),

Au— Av = R(Su) — R(Sv).
Applying (3.7),

!
|Au = Avllx < ———]|S1u— Siwllx + T2 u = v|x,
pa; pa;
ie.,
POy
Au— Avl|x < B,u— B,v||x + u— vl x.
A= Avilx < g By = Byl + 20—
We now use assumption H(A) and Lemma 7 to deduce that
k(p) + pa
[Au — Av||x < M||u—v||x, (3.8)
J
where k(p) = (1 — 2pma + p2L%)Y/2.
Consider the real-valued function
F(p) = k(p) + pay, + paj = (1= 2pma + p*LH)"* + pay, + pay (3.9)

for p in a neighborhood of 0 and p < 1/«a;. Then, F'(0) = a, + a; — ma < 0 thanks to the smallness
assumption H(s). Thus, F is strictly decreasing in a neighborhood of the origin. Note that F'(0) = 1. So
for p > 0 sufficiently small, we have F(p) < 1 and the inequality (3.8) indicates that the operator A is a
contraction.

(iii) We now prove the existence of a unique solution to Problem P. By the definitions (3.4)—(3.6),

Au= R(Su) = R(pf — pAu +u,u) = O(K, pp(u,-), pj)(pf — pAu+ u).
Therefore, from (2.10) for the definition of the operator ©, we know that u = Aw if and only if
we K, (u,v—u)x+po(u,v) — pp(u,u) + pi(u;v —u) > (pf — pAu+u,v —u)x Vv e K,

or if and only if u is a solution to Problem P. By the argument in Step (ii), for p > 0 sufficiently small,
the operator A is a contraction on K and thus admits a unique fixed-point according to the Banach fixed
point theorem. Hence, Problem P has a unique solution. O
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4. A convergence result

The solution of Problem P depends on the data K, A, ¢, j and f. In this section, we study its continuous
dependence with respect to these data. To this end, we start with a convergence result for the auxiliary
problem PY. We assume in what follows that H(K), H(x), H(h) and H(f) hold. Moreover, we consider
sequences {K,}, {n}, {h,} and {f,} such that for each n € N, the following conditions hold.

H(K,) K, isanonempty, closed and convex subset of X.

H(v,) 1 : X — Ris convex and bounded above on a nonempty open set in X.

(hn) hyp: X — Rislocally Lipschitz continuous and there exists ay,, € [0,1) such that

=

h%(vl;vz —v1)+ h%(’l}g;’l)l —vg) < ap, |Jv1 — UQ”%{ Vo, vg € X.

H(fn) fneX.
By Theorem 9, for each n € N there exists a unique solution to the following inequality problem.
Problem 772. Find an element u,, € K, such that

(U, 0 = Up) x + UVn(V) = P (un) + B2 (U3 0 — Up) > (fryv —upn) Vo € K,. (4.10)

For each n € N, we define an energy functional

Tn() = 5 Nollk +¥n0) + halw) — (fu,0)x Vo€ X. (111)

By Theorem 9, u,, is the solution of Problem PY if and only if u, is the solution to the following
optimization problem.
Problem P,Q/[. Find an element u,, € K,, such that

In(un) < Jp(v) Ve K,. (4.12)
For a relation between the solutions of Problem P? and Problem P2, we consider the following con-
ditions.
K, L K in X. (4.13)
Yn(vn) — Y(v,) — 0 for any weakly convergent sequence {v,} C X. (4.14)
hn(vy) — h(v,) — 0 for any weakly convergent sequence {v,} C X. (4.15)
There exist cg, ¢; € R such that (4.16)
Y (V) + hp(v) > cr|lv]|x + ¢ Yve X, neN.
fo— f in X (4.17)

Recall that the symbol M. denotes the set convergence in the sense of Mosco, see Definition 8.
We have the following convergence result.

Theorem 12. Assume H(K), H(vy), H(h) and H(f) and, for each n € N assume H(K,), H(tn), H(hy)
and H(f,). Moreover, assume (4.13)—(4.17). Then, the solution u,, of Problem P converges to the solu-
tion u of Problem P°, i.e.,

Up — u in X. (4.18)

Proof. The proof is split into three steps.
Step (i). We prove that functions J,, and J enjoy the following properties.
In(vn) — J(v,) — 0 for any weakly convergent sequence {v,} C X. (4.19)
Jn(vp) — J(v)  for any {v,} C X such that v,, — v in X. (4.20)
Indeed, assume that {v,} is a sequence of elements of X such that

v, = v in X. (4.21)
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From the definitions of J,, and J, cf. (4.11) and (2.8),

In(vn) = J(vn) = (%(Un) - z/J(Un)) + (hn(vn) - h(”n)) +(f = farvn)x-
By the assumptions (4.14), (4.15), (4.17), each of the three terms on the right side of the above equality
converges to 0; thus, (4.19) holds.
Now, let v,, — v in X. Write
1
T(vn) = T (v) = 5 ([vnll = 0l%) + ($(vn) = () + (A(vn) = ~(v)) = (f,vn = v)x.
By Lemma 4 and assumptions H(v), H(h), we know that both ¢ and h are continuous. Thus,
J(v,) — J(v) — 0.
From (4.19), we also have
In(vy) = J(vy) — 0.
Hence, (4.20) holds:
In(vn) = J(v) = [Jn(vn) = J(vp)] + [J(vn) — J(v)] — 0.
Step (ii). We prove that the sequence {uy} converges weakly to u, that is
Up = u in X. (4.22)

First, we claim that the sequence {u,} is bounded in X. Arguing by contradiction, suppose {u, } is not
bounded in X. Then, we can find a subsequence of the sequence {u, }, again denoted by {u, }, such that
ltn||x — oo. Using now (4.16) and (4.17), we deduce that there exist ¢1, ¢g € R, independent of n, such
that

1 ~
In(un) > > lunll% + Cilltunllx +co ¥Vn €N.

Thus,
In () — 0. (4.23)
Let v be a given element in K and note that condition (4.13) implies that there exists a sequence
{v,} such that v, € K,, for each n € N and v,, — v in X. Since u,, is the solution of Problem P? and
v, € K, by Theorem 9,
Jn(un) < Jp(v,) VneN.
By (4.20),

Jn(vy) — J(v).

Therefore, the sequence {J,(u,)} is bounded in R, which contradicts (4.23).
We conclude from above that the sequence {u,} is bounded in X. Since X is reflexive, there exists a
subsequence of the sequence {u, }, again denoted by {u,}, and an element & € X, such that

U, = u in X. (4.24)
Let us prove that @ is a solution of Problem P™. First, by the assumption (4.13),
ue K. (4.25)
By Lemma 10, J is convex and continuous; hence, J is weakly lower semicontinuous. Consequently,
J(w) < liminf J(up). (4.26)
By the property (4.19),
liminf J(uy,) = liminf J,, (u,). (4.27)

Again, let v € K be an arbitrarily fixed element and let v, € K,, such that v,, — v in X. Then, from
(4.12) and (4.20) we have

Jn(un) < Jn(vn)a Jn(’Un) - J(U),
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and, therefore,
liminf J,, (u,,) < J(v). (4.28)
Combine (4.26)—(4.28) to see that
J(w) < J(v). (4.29)
From (4.25) and (4.29), we see that 4 solves Problem P*. Now, since Problem P has a unique
solution, denoted by wu, it follows that & = u. Thus, the limit @ is the unique solution of Problem P and
it is independent of the subsequence selected. Consequently, the whole sequence {u,} converges weakly
in X to u, i.e., (4.22) holds.
Step (iii). We prove that the sequence {u,} converges strongly to u, i.e., (4.18) holds. By assumption
(4.13), there exists a sequence {u, } such that @, € K, for each n € N and

U, —u in X. (4.30)
Then, using Lemma 10 and inequality (2.1) with ¢ = 1 we find that
8.~ 9 1 ~ Uy + U, 1 Uy + U,
Ella, - <= - - — . .
1l = unlk < 5 [TG0) = (52| + 5 [Tn) = 7 (252 (4.31)
Write
~ Un +u ~
I(in) = I (FEE) = ) = T ()] + [ 1) = T ()]
Uy + Uy,
+ [t = 2 (257
Up, + Up Un, + Un
| (F) ()] (4:32)
Note that the convergences (4.22), (4.30) and the properties of J imply that
limsup [J(uy,) — J(un)] = J(u) — liminf J(u,) < 0. (4.33)
By the convergence relations (4.22), (4.30) and (4.19),
Uy, + U Up + Up,
T (1) — Jn(tn) — 0, Jn( . ) - J( . ) ~0. (4.34)
Finally, since u, is a solution to Problem P
Uy, + Uy,
— <0. .
o () Jn< . ) <0 (4.35)
Therefore, (4.32)-(4.35) imply that
. - Up + U,
— <0. .
lim sup [J(un) J( 5 )} <0 (4.36)

On the other hand,

Tu) = (Y 2 ) )]+ [ (T (R

2 2 2
Uy, + Uy,
+ [ntwn) = (5]
Thus, using (4.34) and (4.35) we find that
lim sup {J(un) - J(“" ; “")} <o0. (4.37)

We now combine inequalities (4.31), (4.36) and (4.37) to deduce that

limsup ||, — un|% =0
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or, equivalently,

U —upy — 0 in X, (4.38)
Finally, we write u,, — u = (u, — Uyp) + (4n, — u) and combine the convergences (4.30) and (4.38) to see
that w, — w in X which concludes the proof. O

Remark 13. We can restate Theorem 12 by using the definition (2.10) of the operator ©. Indeed, assume
H(K), H(¢), H(h), H(f) hold and, for each n € N assume H(K,,), H(y.,), H(hy) and H(f,). Moreover,
assume (4.13)—(4.17). Then, Theorem 12 states that the following convergence holds:

O(Kon; Y, hn) fn = O(K, ¢, h) f - in X, (4.39)

We now move on to a convergence result in the study of Problem P. To this end, we keep in what
follows the assumptions of Theorem 11 and, besides the sequences {K,} and {f,}, we consider the
sequences {A,}, {¢n} and {j,} such that for each n € N, the following conditions hold.

H(A,) A, is a strongly monotone and Lipschitz continuous operator with constants m,, and L, > 0.
H(pn) ¢n: X x X — R, satisfies condition H(y) with constant ca,,,.

H(jn) Jjn:X — R, satisfies condition H(j) with constant «;,,.

H(sp) g, +aj, <my,.

Under these assumptions, it follows from Theorem 11 that for each n € N there exists a unique solution
to the following inequality problem.
Problem P,,. Find an element u, € K, such that
(Antin, v = tn)x + @n(Un; 0) = @n(Uns tn) + o (Uns v — Uy)
> (fn,v—u,) YveK,. (4.40)
We now consider the following additional assumptions.
Ay,v— Av in X, Vv e X. (
on (U, vn) — p(u,vp) = 0 Vue X, {v,} CX weakly convergent. (
Jn(vn) —j(vn) — 0 V{v,} C X weakly convergent. (4.43
There exist cg, ¢; € R such that (
on(u,v) + Jn(v) > a|lvllx +co Vu,ve X, neN.
There exist m > 0, L > 0 and « > 0 such that

(a) m <min{m,,ma}, L>max{L,,La} VYneN.
(b) max{a, + aj,ap, +aj, } <a VneNlN. (4.45)

(c) a<%(1—\/ —’%j)

Remark 14. Tt follows from Remark 6 and the condition (a) in (4.45) that m < L; then the expression in
condition (c) is well-defined.

The main result in this section is the following convergence result.

Theorem 15. Assume H(K), H(A), H(y), H(j), H(s) and H(f) and, for each n € N assume H(K,),
H(A,), H(pn), H(jn), H(sy) and H(f,). Moreover, assume (4.13), (4.17) and (4.41)—~(4.45). Then, the
solution u,, of Problem P, converges to the solution u of Problem P, i.e.,

Up — u in X. (4.46)

Proof. The proof is split into three steps.
Step (i) Preliminary results. Let n € N and denote
m

po=15 (4.47)
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where m and L are defined in (4.45). Note that the elementary inequality

m2 _ m?
ey

combined with assumption (4.45)(c) implies that
o < m. (4.48)

Then, using the inequality m < L and assumption (4.45)(b) it follows that m/L? is strictly less than
1/a; and 1/, . Therefore,
Po € (07 i)7 Po € (07 i) (449)
Qj, Qj
Since these inclusions are satisfied, it follows from the proof of Theorem 11 that we are in a position to
define the operators R, S and A by equalities (3.4), (3.5), (3.6), with p = pg. Similarly, for each n € N
we can consider the operators R,,, S,, A, defined by equalities

Ry: X x K — K, R.§=0(K,,popn(&2;),pojn)é1 VE=(£1,62) € X x K, (4.50)
Sp: K — X XK, Syu=(pofn— poAnu+ u,u) Vue K, (4.51)
A,:K— K, Ayu=R,S,u Vue K. (4.52)

Note that the solutions u, and u of the variational-hemivariational inequalities (2.6) and (4.10), respec-
tively, satisfy the equalities

Up = Ny, u = Au. (4.53)
Step (ii) We prove that here exists a constant ko € [0,1) such that for any n € N the following inequality
holds:

[Anu — Apo||x < kollu—v]|x YVu,veX. (4.54)
Let n € N. Define
m?2  am

The smallness assumption (4.45)(c) guarantees that ko € [0, 1).

Assumptions H(A,) and (4.45)(a) imply that the operator A,, is strongly monotone and Lipschitz
continuous with constants m and L. It follows from (3.8) that the operator A,, is Lipschitz continuous
with the constant
k(po) + pocry,,

1 = pocy,
where k(po) = (1 — 2pom + p3L?)*/2. We now use (4.47), inequality ko < 1 and assumption (4.45)(b) to
see that

fn = (4.56)

m? m m?  am
k(po) + pocg, +kopocj, S \[1 = 75 + 75(ap, + ;) < \[1- 75 + 75
Thus, from (4.55),
k(po) + pocry, + kopocyj, < ko;
equivalently,
k
M < ko. (4.57)
L= pocj,
Combine (4.56) and (4.57) to see that k,, < ko. Since A,, is Lipschitz continuous with the constant k,, it
follows that (4.54) holds.
Step (iii) We prove the convergence (4.46). Let n € N. From equalities (4.53),

lun —ullx = [[Apun — Aul|x < |[Apun — Apullx + [|[Apu — Aul x.
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We use inequality (4.54) to find that
lun —ullx < kollun —ullx + [[Anu — Aullx;

equivalently,

ln — ullx < At — Aulx. (4.58)

1
“1—ko
Next,

[Snu = Sullxxx = [[(pfn — pAnu +u,u) — (pf — pAu+u,u)||xxx
= [(p(fn = f) — p(Anu — Au)HX
< pllfn = fllx + pllAnu — Aul|x.

By assumptions (4.41), (4.17), we have
Spu — Su in X x X as n — oo. (4.59)

On the other hand, the inequality (3.7) for the operator R,, yields

1 Poy,
1R = Ballx < 7———IIm = &llx + =22 = &llx (4.60)
— Po%j, L= poa,
for n = (n1,m2), £ = (£1,&) € X x K. From the assumption (4.45),
1 < 1 ’ PO, < Lo '
L —poaj, = 1= pocx 1 —poaj, = 1—poc

Therefore, using (4.60) we deduce that there exists a constant dy > 0 which does not depend on n such
that

R — Rpéllx < dolln—E&llxxx V= (m,nm2), {=(&,&%) € X x K. (4.61)
Write

Apu — Au = R, (Spu) — R(Su) = R, (Spu) — Ry, (Su) + R, (Su) — R(Su).

By (4.61),
[Anu — Aullx < dol|Spu — Sul|xxx + [|[Rn(Su) — R(Su)| x- (4.62)

We use the convergence (4.39) with 1, = pown(u,-), by, = pojn and f, = f = Su to deduce that
R, (Su) — R(Su) in X as n — oc. (4.63)
Therefore, (4.59), (4.63) and (4.62) imply
IApu — Au||x — 0. (4.64)
We now combine inequality (4.58) with (4.64) to see that (4.46) holds, which concludes the proof. O

We end this section with a remark.

Remark 16. From the proof of Theorem 15, it can be seen that the assumptions H(s) and H(s,) are
implied by the assumption (4.45), cf. (4.48). Thus, in the statement of Theorem 15, the assumptions H(s)
and H(s;,) can be formally removed.
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5. Relevant particular cases and applications

In this section, we present some particular cases of the results obtained in Sects. 3 and 4. Our first

particular case is when K, M, K, A, =A, ¢, =, j, =7 and f, = f. In this case, Theorems 11 and
15 lead to the following result.

Corollary 17. Assume H(K), H(A), H(y), H(j), H(s), H(f), H(K,) for each n € N, and K,, 25 K
in X. Then, for each n € N, there exists a unique element u,, € K,, such that

(A, v — Un) x + P(tUn,v) = P(tn, Un) + 70 (Un; v — up) > (fv—un)x Vo€ K,.
Moreover, u,, — u in X, where u represents the solution of Problem P guaranteed by Theorem 11.

When we associate the index n with a discretization parameter, Corollary 17 may be interpreted as
a convergence result for numerical solutions of Problem P. For the setting, we consider a sequence of
subsets {K,,} in finite-dimensional spaces {X,,} such that X,, is a finite element subspace of the space
X, corresponding to a finite element partition of the spatial domain of the variational-hemivariational
inequality (3.1). If we take K,, = X,,NK, then K, C K and Problem P,, represents an internal numerical
approximations of Problem P. We refer the reader to [11,12] for convergence results related to internal
numerical approximations, and [13] for both internal and external numerical approximations of such
inequalities. A comprehensive reference on the numerical analysis of Problem P can be found in the
survey paper [10].

Our second particular case is when K,, = K. In this case, Theorems 11, 15 and Remark 16 lead to
the following result.

Corollary 18. Assume H(K), H(A), H(y), H(j) and H(f) and, for each n € N assume H(A,,), H(pn),
H(jn) and H(f,). Moreover, assume (4.17) and (4.41)—~(4.45). Then, for eachn € N, there exists a unique
element u,, € K such that

(Anunav - un)X + @n(unvv) - @n(unaun) +j2(un;v - un) > (fnav - un)X Vv e K.

Moreover, u, — u in X.

This result provides the continuous dependence of the solution to Problem P with respect to the
operator A, the functions ¢, j, and the element f.

When j vanishes and j,, # 0 for each n € N, Corollary 18 provides the convergence of the solution
of a variational-hemivariational inequality to the solution of a pure variational inequality. Similarly, in
the case ¢ vanishes and ¢,, # 0 for each n € N, Corollary 18 provides the convergence of the solution of
a variational-hemivariational inequality to the solution of a pure hemivariational inequality. Moreover,
Corollaries 17 and 18 reduce to corresponding results for pure variational inequalities if j, and j are
removed from consideration, and to that for pure hemivariational inequalities if ¢,, and ¢ are removed
from consideration.

We end this section with examples of sets, operators and functions which satisfy conditions stated
in Theorem 15. We conclude that the convergence result (4.46) holds for the corresponding inequality
problems.

Ezample 19. Assume H(K) and let {a,}, {b,} be two sequence of positive reals such that a,, — 1 and
b, — 0. Let 8 € X and assume that for each n € N the set K, is defined by

Ky = ank + bo{6).
It is easy to see that the sequence { K, } satisfies conditions H(K,) and (4.13).
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Ezample 20. Assume H(A). Let {w,} be a sequence of positive numbers such that w, — 0 and let
T : X — X be a monotone and Lipschitz continuous operator, i.e., an operator which satisfies the
inequalities

(Tu—Tv,u—v)x >0, ||Tu—Tv||x <Lp|lu—v|x VYuveX

with L7 > 0. For all n € N define an operator 4, : X — X by A,v = Av+ w,Tv for all v € X. Then, it
is easy to see that the sequence {A, } satisfies conditions H(A,) and (4.41).

Ezample 21. Assume H(y). Let {w,} be a sequence of positive numbers such that w, — 0 and let
1 : X — R be convex Lipschitz continuous function. For all n € N consider the function ¢, : X x X — R
defined by ¢, (u,v) = ¢(u,v) + w,¥(v) for all u,v € X. Then, it is easy to see that the sequence {y,}
satisfies conditions H (y,) and (4.42). A similar example can be constructed for function j.

6. An elastic contact problem

The theoretical results presented in Sects. 3 and 4 can be applied in analysis of a large number of
static contact problems with elastic materials. Details on modeling and construction of the correspond-
ing boundary value problems can be found in [10,24]; for this reason, we will present the variational
formulation of the contact model directly.

We denote by S¢ (d = 2, 3) the space of second-order symmetric tensors on R?, and by “”, ||-|| and 0
the inner product, the norm and the zero element on the spaces R? and S%. Let © be a bounded domain
in R? with a Lipschitz continuous boundary I' that is divided into three measurable disjoint parts I'y, I'y
and I's such that measI’;y > 0. The unknown displacement will be sought in a subset of the space

V={veH(Q)*: v=0 onT,}.

We denote by v the unit outward normal to I'. For every v € V', we use the notation
1
€(’U):§(V’U+VT’U), Vy =0V 'V, UVr=70V—UV

for the symmetric part of the gradient of v, the normal and tangential components of v, respectively. It
is well known that V is a real Hilbert space with the canonical inner product

(v,u)y = /e(u) -e(v) da,
Q

and the associated norm || - ||ly;. We also use ||| for the norm of the trace operator v: V — L2?(I'3).
Let F, pu, pr, o, o, and 0 be given data, satisfying the following conditions.

F:QxS?— S?is such that
(a) there exists Lz > 0 such that
|F(@.e1) - Fla,e)ll < Lrler — el
for all e1,e5 € S%, ae. x € Q;
(b) there exists mz > 0 such that (6.1)
(F(z,e1) — F(x,€2)) - (€1 — €2) = mr [le1 — ea?
for all e1,e5 € S?, ae. x € Q;
(c) F(-,€) is measurable on  for all € € S¢,
(d) F(x,0) =0 for a.e. x €.

For e = v, 7, the function p.: R — R, is such that
(a) there exists L, > 0 such that

[pe(r1) — Pe(r2)| < Le|ry —ro|  for allry, ro € R;
(b) pe(r) =0 if and only if r < 0.
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(Ly + L) [7]1* < mz. (6.3)
fo € LX), fy e L*(Iy)"

There exist G € H?(Q2) and My, M; € R such that (6.5)
0=~v(G)onTsand 0 < My < G(x) < My for all z € QUT. ’
Introduce the following notation.
K={veV:uv, <0 aeonls}, (6.6)
A:V =V, (Au,v)y = /]—'s(u) -e(v)d, (6.7)
Q
P VXV SR, p(uv) = /pT(uV) o ds, (6.8)
I's
T
G R-R, g0 = [ puls)ds (69)
0
J:V—=R, ](’U) = /gu(vu) ds, (610)
s
fev, (f,v):/fo-vdx+/f2~vds (6.11)
Q o

for u,v € V and r € R. It can be proved that the function j is locally Lipschitz. Therefore, as usual,
we shall use the notation j°(u;v) for the generalized directional derivative of j at w in the direction wv.
Moreover, a standard regularity result based on definition (6.9) and assumption (6.2) shows that

3%(u;v) = /py(uu)v,, ds Vu,velV. (6.12)
s

We now consider the following inequality problem.
Problem Q. Find a displacement field w € K such that

(Au,v — u) + p(u,v) — p(u,u) + °(u;v —u) > (f,v —u) VoK. (6.13)

Problem Q represents the variational formulation of a mathematical model which describes the equi-
librium of an elastic body in frictional contact with a foundation made of a rigid obstacle covered by a
layer of asperities of thickness #, under the action of body forces and surface tractions of densities f, and
o, respectively. Here, F is a nonlinear constitutive function which describes the material’s behavior and
p, and p; are the so-called normal compliance functions.

Next, we consider a perturbed version of Problem Q in which, for simplicity, we assume that only the
set K, the operator A and the function ¢ are perturbed. To this end, we consider sequences {0,,}, {w,}
and {e,} with the following properties.

For each n € N there exist G,, € H?(f2) such that
{ 0, =7v(Gyp)onTyand 0 < My < Gp(x) < M for all zx € QUT. (6.14)
G, — G in H*(Q). (6.15)
wn € L7(Q), wp(x)>0ae xzcQ, VneN, [|wype@) — 0. (6.16)
en >0 VneN, g, —0. (6.17)

Define
K,={veV: v, <0,ae onls}, (6.18)
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Ay V=V, (Ayu,v)y = / (Fe(u) + wne(u)) - e(v) da, (6.19)
!

on: VXV SR, on(u,v) = /pT(u,,) Vo P 22 ds (6.20)
Ir's

for u,v € V, together with the following perturbed version of Problem Q.
Problem Q,,. Find a displacement field w, € K, such that

(Anunav - un)X + Son(unvv) - @n(unvun) +j0(un§ v — un)
>(f,v—u,)x VYveK,. (6.21)

Note that Problem @Q,, represents the variational formulation of a contact model similar to that
associated with Problem Q. The difference arises in the fact that the elasticity operator F and the
thickness 6 are perturbed and the friction law is regularized.

Regarding Problems Q and Q,,, we have the following existence, uniqueness and convergence result.

Theorem 22. Assume (6.1)—(6.5), (6.14)~(6.17). Then, the following statements hold.

(a) Problem Q admits a unique solution u € K, and for each n € N, Problem Q,, admits a unique
solution w, € K,.

(b) If, in addition, the smallness condition

(Lo +Lo) 7] < 5 ms (6.22)

N |

holds, then the solution w,, of Problem Q, converges to the solution uw of Problem Q: u, — u in 'V as
n — oo.

Proof. We apply Theorems 11 and 15 on the space V. Since in our case the function j and the element
f are not perturbed, we need to verify only the validity of conditions H(K), H(A), H(y), H(j), H(s),
H(f), H(K,), H(An), H(gn), H(sp), (4.13), (4.41), (4.42), (4.44) and (4.45). Some of the conditions
are obviously satisfied, such as conditions H(K), H(A), H(f), H(K,), H(A,) and (4.41). Therefore, we
focus in what follows on the conditions H (), H(j) H(s), H(pn), H(sn) (4.13), (4.42), (4.44) and (4.45).
Note that the constants m4 and Ly in H(A) are given by ma = mx and Lg = L.

Let uq,ug,v1,v2 € V. By the definition (6.8) and the assumption (6.2),

p(u1,v2) — @(u1,v1) + p(uz, v1) — p(uz, va)
< [ () = p(wa)) oz | = fose]) s
I's
< L[y )P flur — wellv lvr — val|v.

This shows that condition H(¢) holds with o, = L ||v|?>. Next, (6.12) and assumption (6.2) show that

7% (v1,v2 —v1) + % (v1,v2 — V1) = / (pu(vly) — pl/(UQV)) (Ulu —vy,)ds
I's

< Lyl llor = walf5-

This shows that condition H(j) holds with a; = L,||||?. Therefore, using assumption (6.3) we deduce
that condition H(s) is satisfied. In addition, using the elementary inequality

Va2 +e2— b2 +e2|<|la—b| Va,be€cR,

we deduce that condition H(yp,) holds with aw,, = L.||v||* and, therefore, condition H(s,,) is satisfied,
too.
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On the other hand, it was proved in [22] that, under conditions (6.5), (6.14), (6.15) the set sequence
{K,,} defined by (6.18) converge to the set (6.6) in the sense of Mosco, in the space V. Therefore, condition
(4.13) is satisfied.

Next, condition (4.42) follows from the compactness of the trace operator combined with inequality

[Va?+e?2—al<e Va,e € Ry,

while condition (4.44) is a consequence of the positivity of functions ¢, and j, guaranteed by assumptions
(6.2).

Finally, to check condition (4.45) we assume that (6.22) holds. We remark that in our case m,, = ma
and L, = La + ||wn|/zec(q) for all n € N. Therefore, we deduce that condition (4.45)(a) holds with
m = ma = myg and, for n large enough, with any L > Lz. In addition, (6.3) guarantees that (4.45)(b)
holds with a = (L, + L. )||7||?>. Using the elementary inequality

1
m—\/xQ—J;>§ Vo >1

with o = L?/m?, we deduce that
and, therefore,

We conclude from here that if (6.22) holds then o < m/2 which implies that (4.45)(c) holds, too.
It follows from above that we are in a position to use Theorems 11 and 15 which concludes the
proof. O

In addition to the mathematical interest in the convergence result in Theorem 22(b), it is important
from the mechanical point of view, since it shows that the weak solution of the elastic frictional contact
problem depends continuously on the perturbation of the constitutive operator, the thickness of the
deformable layer and the friction law.
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