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inherent characteristics of different problems.

1. Introduction

In this paper,we study the following fractional p-Laplacian elliptic variational-
hemivariational inequality. Find u € C such that Vv € C

(L —fv—uyw, + 1w,y —u) = ¢(u) — ¢(v), (1)

where J%(u, v) stands for the generalized directional derivative of J at the point
u in the direction v for a locally Lipschitz functional J(-) (cf. [1,2]) and ¢ (-)
denotes a convex functional, C a nonempty,closed and convex subset of a frac-
tional Sobolev space Wy (see below for the definition) and f € W (the dual space
of W()).
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Throughout the paper, without further mention, we always assume that
0O<s<land1 < p < N/s. Lk stands for a nonlocal operator defined as follows:

Liu(x) := lim 2/ lu(x) — uIP 2 (u(x) — u(y)K(x — y) dy,
RN\B (x)

e—0t

Vx € RN,

where K : RN \ {0} — (0, 400) is a function satisfying the following assumption
(K):

(i) yK e LIY(RYN), where y (x) = min{|x|?, 1};
(ii) there exists A > 0 such that K(x) > A|x|"N*P9) vx € RN\ {0};
(iii) K(x) = K(—x),Vx € RN\ {0}.

A typical example for K is given by K(x) = x|~ NP9 for s € (0,1)(N > ps). In
this case L is the fractional p-Laplace operator (—A,)*,which (up to normal-
ization factor) is defined as

(—Ap)’u(x) :== lim 2

— u(y) P2 _
f lu(x) — u@) P~ (ulx) — u@) dy.
€=>0F  JRN\B(v)

x — y|N+P

See [3] for more details.

When p = 2, this definition coincides (up to normalization constant depend-
ing on N and s, see [4]) with the linear fractional Laplace operator (—A)*, defined
by,

(=AY =F oM;oF,

where F is the Fourier transform operator and M is the multiplication by |£|%.

Partial differential equations involving nonlocal operators have attracted a lot
of attention, because nonlocal operators can accurately describe the complex sys-
tems in our real life, for example, anomalous diffusion phenomenon, dynamical
networks behaviours, and geophysical flows etc., see [4-15].

Many efforts have been devoted to the study of problems involving the frac-
tional p-Laplacian operator, among which we mention existence of solutions
within the framework of Morse theory and the mountain pass theorem [16-18].
For the motivations that lead to the study of such operators, we refer the reader
to the contribution [6] of Caffarelli.

The theory of hemivariational inequalities as generalization of variational
inequalities is based on properties of the Clarke subgradient for locally Lipschitz
functions. Recently, the study of hemivatiaional inequalities involving nonlo-
cal operators has drawn a wide range of interest, for instance, Teng [19] and
Xi-Huang-Zhou [20] applied the nonsmooth critical theory and nonsmooth ver-
sion the three-critical-points theorem to prove the multiplicity of weak solution
to nonlocal elliptic hemivariational inequalities evolved the fractional Laplace
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operator (—A)*. But, it is worth mentioning that in some certain situations, the
formulated problems have not variational structure. This results in that the non-
smooth critical point theory and the nonsmooth variational approaches cannot
be carried out. Motivated by this reason, more recently, Liu-Tan [10] consid-
ered the nonlocal elliptic hemivariational inequality (1) with the linear fractional
Laplace operator and ¢ = 0 by using the surjectivity result for pseudomonotone
and coercive operators.

The research work in this paper is the continuation of our paper [10]. Specifi-
cally, our aim in this study is to establish the existence of solutions for problem (1)
without any coercivity condition. To the best of our knowledge, the mathematical
literature dedicated to the existence of solutions for nonlocal elliptic hemivaria-
tional inequalities (1) without any coercivity assumptions is still untreated topics
and this fact is the motivation of the present work. Even for local problems with-
out any coercivity assumptions, the theory of existence of solution that we have
obtained is new. The absence of such assumptions will make the existence of solu-
tions very complicated. We have to proceed from the specific problem itself and
seek specific methods based on the inherent characteristics of different problems.
Our approach is based on the theory of pseudomonotone operators in the sense
of Brézis, recession analysis and the properties of nonlocal fractional p-Laplace
operators recently established.

2. Preliminaries and mathematical framework

In this section, we first recall some basic results, which will be used in the
next section. Let s € (0,1),1 < p < 0o and the fractional critical exponent p
be defined as

N .
o = NTPSP if sp <N,
: 00 if sp > N.

Let Q2 C RY be an open bounded set with Lipschitz boundary. Denote Q =
R2N\ O, where O = (RN \ Q) x (RN \ Q) ¢ R?M. In the sequel, we always
assume that K : RN \ {0} — (0, +00) satisfies hypothesis (K). W is a linear space
of Lebesgue measurable functions from RY to R such that the restriction to € of
any function u in W belongs to LP($2) and

[ 1) — wP = ) ey < .
Q
The space W is equipped with the norm

1/p
lullw = llullr@) + (/Q |u(x) — u(IPK(x — y) dXd}’) ~ (2)

We shall work in the closed linear subspace

Wo={ueW:u=0ae inR¥\ Q}.



488 (&) Y.LIUETAL

In Wy, we may also use the norm

1/p
lullw, = (/Q lu(x) — u()IPK(x — y) dxdy) : 3)

We collect the useful facts on the space Wy (see [18,21], for more details) as
follows.

Proposition 2.1: C{°(R2) is dense in Wy and Wy is a uniformly convex Banach
space. Furthermore, for q € [1, p{],there exists a positive constant c(q) such that

lullLaryy < c(@llullwg,  Yu € Wo. (4)

Furthermore, the embedding is compact if q € [1, py).

Now we are in the position to define the nonlocal operator Lx : Wy — W
(the dual space of W) as follows

(Lxu, v)w, =: /Q lux) — u() P> (u(x) — u(y)) (v(x) — v(y))K(x — y) dx dy
Yu,v e Wy.

We recall some preliminary material of operators of type (S) and pseudomono-
tone operators. Let V be a reflexive Banach space and V* be its dual space with
the dual paring (-, -)v.

Definition 2.2: We say that the multivalued operator A : V — 2" is pseu-
domonotone in the sense of Brézis iff the following conditions hold:

(a) foreachu € V, the set Au is nonempty, bounded, closed and convex in V*.

(b) A is upper semicontinuous from each finite-dimensional subspace of V to
V* endowed with the weak topology.

(c) if {ux} C V with ux — uweakly in V, and u} € Auy is such that

lim sup (uj, ux —u)y <0,
n—oo

then for every v € V, there exists u*(v) € Au such that

lim inf (uf, ur —v)v = (U (v),u — v)y.
k— 00

We say that the multivalued operator A: V — 2V" is of type (S4) if the
above assumptions (a) and (b) are satisfied as well as
(d) if {ux} C V with uy — u weakly in V, and u} € Auy is such that

lim sup (uj, ux — u)y <0,
n—oo

then ux — wuin V and there exists a subsequence {u] } of {u}} such that {u] }
) )

converges weakly to u* € A(u).
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Obviously, an operator A : V — 2" of type (S, ) is also a pseudomonotone
operator in the sense of Brézis.

Let us recall h°(u, v) the Clarke generalized directional derivative of a locally
Lipschitz functional h : V'— R at u € V in the directionv € V

h(w + Av) — h(w)
A

W (u,v) = lim sup
A—=>0Tw—u

and the generalized Clarke subdifferential of hat u € V'
ach(u) == {u* € V* | K(u,v) > (u*,v)y forallv e V).

The next proposition provides basic properties of the generalized directional
derivative and the generalized gradient.

Proposition 2.3 ([1,2]): Let V be a Banach space. If h: U — R is a locally
Lipschitz functional on a subset U of V, then

(i) Foreveryu e U the gradient d.:h(u) is a nonempty, convex, and weakly* com-

pact subset of V* which is bounded by the Lipschitz constant K,, > 0 of h near
u.

(ii) The graph of the generalized gradient d.h is closed in V x (w* — V*) topol-
ogy, i.e. if {ux} C U and {{x} C V* are sequences such that ¢ € 0:h(uy) and
ux — uin'V, & — ¢ weakly* in V*, then ¢ € do:h(u) where, recall, w* — V*
denotes the space V* equipped with weak™ topology.

(iii) The multifunction U > u — 9:h(u) C V* is upper semicontinuous from U
into w* — V*.

(iv) foreachv €V, there exists z, € d:h(u) such that

ho(u,v) = max{(z,V)v, | z € :h(u)} = (), V) y.

(v) The functionv — h°(u,v) is finite, positively homogeneous, and subadditive
on V, and satisfies |h°(u, v)| < K,||v|lv.
(vi) hO(u,v) is upper semicontinuous as a function of (u,v) and a function of v
alone, is Lipschitz of rank K,, on U.
(vii) KO(u, —v) = (—=h)°(u, v).

We deal with the functional J : LP(2) — R of type
= [ jxutoydn ue @, 5)
Q
For the integrand j : 2 x R — R, we make the following hypothesis (H):

(1) j(-,t) is measurable on €2 for all t € R and there exists e € LP(2) such that
jCse() € LY().
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(2) j(x,-) islocally Lipschitz on R for a.e. x € 2. .
(3) |&] < a+bjt)P~1, VE € 3j(x,t),Vt € R,ae. x € Qwitha, b > 0.

Proposition 2.4 ([2]): Assume that assumption (H) holds. Then the functional |
defined by (5) has the following properties:

(a) Jis well defined and finite on LP (S2).

(b) Jis Lipschitz continuous on bounded subsets of LP (2) and, therefore, it is also
locally Lipschitz on LP(S2).

(c) Forallu,v € LP(2), we have

/ P ux);v() dx = 2w, v),  Vu,v e IP(Q). (6)
Q

(d) For all v € Wy, we have [T lwy < a+ blIvIII‘J/\;O1 with a = ac(p)/2|L2]
and b = B(c(p))Pﬁ, where c(p) denotes the embedding constant in (4).

Furthermore, if there exists Cj > 0 such that for all t1,t, € R, a.e.x € Q
0 P -0 PR Aty — #4|P
Jj ot —t) +j (st — h) < Gl — .
Then, Yu,v € Wy, one has
P iv2 = v) + 10 (vas vt — v2) < Crllvy — vy (7)
with C; = Ci(c(p))F.
Remark 2.5: It is obvious that (7) is equivalent to the following inequaliy
(w1 —wa,vi —v2)w, = —Cyllvy — V2||€/v0’ (8)

for all v; € Wy, w; € 9.J(v;), i = 1, 2. The latter is the so-called relaxed mono-
tonicity condition (see [2,22]).

The following proposition will be useful (see for instance, [23]) in the sequel.

Proposition 2.6: Let T : V — 2V be a pseudomonotone operator in the sense of
Brézis, C C V be nonempty, bounded,closed and convex and ¢ : V. — R U {+00}
be proper, convex and l.s.c.. Then, for a given f € V*, there exist u € C and u* €
T(u) such that

(W —fov—u) > o) —e(); VYveCl.

Now we also introduce some concepts we will need in what follows, along
with their main properties. Let C be a nonempty convex subset of the topological
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vector space X. The recession cone of C is defined by
Coo={ueXVvel,Vt>0:v+tueC} (9)

When C is a closed convex set we have that

C —
coo=ﬂ[ t“°], (10)

t>0

where uy is arbitrary chosen in C. Equivalently,this amounts to say that u belongs
to Coo if and only if there exist sequences {t,},en and {u,},en € C such that
lim, o0ty =00 and u =lim, o0 t,, Lu,,. In this case it is obvious that Cso is a
closed convex cone.

Let¢ : X — R|J{+o00} be a proper, convex and L.s.c. the behaviour at infinity
of ¢ can be described by the recession function ¢, of ¢ which is defined by the
formula

Poo(x) := tlim M

>

where x( is any element of Dom¢ = {x € X : ¢ (x) < +o00}. Equivalently, in
terms of epigraph, it amounts to say that

epipoo = (epih)oco-

The functional ¢, turns out to be proper, convex, L.s.c and positively homoge-
neous of degree 1, say

Goo(AX) = Apoo(x), Vxe X, A > 0.
It is known that

¢(x+y) <P(x) +¢oo(y), Vx € Dome,y € X, (11)
[¢ < Moo = {u € X|¢poo(u) =0}, VA €Rwith[p <A]#0, (12)

and

$oo(x) <lim inf ¢(tt”x”), (13)

where {x,} is any sequence in X converging weakly to x and ¢, — o0 for more
details, one can see [24].



492 (&) Y.LIUETAL

3. Main results

Since C3°(£2) is dense in Wy, so Wy is dense in L9(£2), q € (1, p*]. Applying the
corollary in [1, p .47], we have

AU lwy (W) = 0clra@) (W), Yu € Wy, (14)

in the sense that every element w € 9.(J|w, (1)) admits a unique extension to an
element w € d.(J|ra(q) (1)) such that

W, Viw, = W, V)La@), Vv e Wo. (15)

First, we show the following Lemma:

Lemma 3.1: Under the assumption (H), the multivalued operator Lx + d.]|w, :
Wo — 20 is bounded and of type (S..).

Proof: Note that, by the Holder inequality, Yu, v € Wy, we get that

[(Lxw, V) w,l

/Q lu(x) — u P~ (ux) — u() (v(x) — v(y))K(x — y) dxdy

p—1
=< llullyy, Ivliw,.

Therefore, we easily obtain that Lk is continuous and bounded.
Yu € Wo,Vw € 8.J|w,(u), we denote the extension of w in LP(2) by w. One
has from Proposition 2.3(iv) and 2.4(d)

(W) wo < J°(u,v)
= sup{(w, V)w,, w € 9/J(u))}

—1
< @+ bllulfy ) Ivliwe,

which implies the boundedness of the multivalued operator 9./ |w,.

Since W) is a reflexive Banach space, by Proposition 2.3(i) we obtain that
for any u € Wy, 9.J|w,(u) is a nonempty, convex, weak-compact subset of W{.
Therefore, the sum operator Lxu + d.J|w, () is a nonempty, convex, bounded,
closed subset of W{;. i. e. condition (a) in Definition 2.2 is true.

In virtue of the continuity of Lx and Proposition 2.3(iii), the sum operator
Lk + 9.J|w, is upper semicontinuous from Wy into W endowed with the weak
topology. So condition (b) holds.

To complete the assertion that the sum operator Lx + 9.J|w, is of type (S4),
let {u,} be a sequence in Wy converging weakly to u, and w,, € d.J|w, (4,) such
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that
lim sup(Lxun + Wy, tuy — u)w, < 0,
n—oo
which implies
lim sup(Lxun, un — u)w, + liminf(wy,, u, — u)w, < 0. (16)

n— 00 n— o0

Let w,, € 9.(J|ra(e)(un)) be the extension of w,, € :(J|w, (4x)).
By (15), one has

(Wn» uy — “)Wo = (Wp, Up — u)LP(Q)-

The weak convergence of {u,} in Wy and the compactness of the embedding
Wy C LP(2) imply the convergence of {u,} in LP(2) i.e.

u, — u strongly in L?(2).

Hence, we may assume that {1, } are in a neighbourhood of . While J|;» islocally
Lipschitz, by Proposition 2.3(i), one deduces that {w,} is a bounded sequence in
17 (Q). Therefore, we have

lim (wy, uy — u)w, = lim (wy, u, — u)pQ) = 0. (17)
n— 00 n—00

By (16) and (17), one has

lim sup(Lxuy, up — u)w, < 0.
n— oo

Since u, — u weakly in Wy, we get from the above inequality

lim sup(Lxu, — Lxu, uy — u)w, < 0. (18)
n— oo

By use of the well-known Simon inequality (cf. [18]): for all £, € R, there exists
Ap > 0 such that

L Al —nl, ifp>2,
(IEP5E =P m(E —m) = Aple — nl? . (19)
4 ifl<p<?2
(€ + [Py’ P==

It follows from the above inequalities that the operator L is strictly monotone.
By (3.5) one has
lim (Lxu, — Lxu, uy — u)w, = 0. (20)

n—oo

For p > 2, we have from (19) and (20)

lim Jlu, — ullfy, < Ay lim (Lxuy — Lty thy — u)w, = 0.
n— 00 0 P o
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For 1 <p <2, we get from (19) and (20)

lim ||u, — u|?
Tim [luy — ullfy,

< 4" lim [{Lxun = Lt tn = w7y, + Nl )CP2

n—oo

=0.

Therefore, u,, — uin Wy. By use of Proposition 2.3(ii), there exists a subsequence
of {wy}, still denoted by {w},} such that

Wy — w € 3:J|w, (1), weaklyin W;. (21)
Hence, (21) and the continuity of Lx imply that Lxu, + w, converges weakly

to Lxu + w € Wy, which proves that the condition (d) is satisfied. So the sum
operator Lx + 9. |w, is of type (S4). [ |

A direct application of Lemma 3.1 and Proposition 2.6 leads to the following
basic existence result:

Theorem 3.2: Let C be a nonempty, bounded, closed, convex subset of Wy, f €
Wi, ¢ : Wo — RIUJ{+00} a proper, convex, Ls.c. functional. Then under the
assumption (H), problem (1) has at least one solution.

Proof: By Lemma 3.1, the sum operator Lx + 9 /| w, is of type (S4). So the sum
operator Lk + 9.J|w, is a pseudomonotone operator in the sense of Brézis. Since
C € Wy is nonempty, bounded, closed and convex. Therefore, from Proposition
2.6, for any f € W, there exist u € C and w € 9.J(u) such that

(Lxu—fv—uhwy + W, v —w)wy 2 ¢(w) —¢(v), Vvel,
which implies that from Proposition 2.3(iv)
(Lxu—fov—uyw, +]°wy—w) = ¢w) —p(), VYveCl.

Hence, problem (1) has at least one solution. This ends the proof of the theorem.
|

Similar to [25,26], we introduce the recession function, denoted by rg, j,
associated with the nonlocal operator Lx : Wy — W{ and the locally Lipschitz
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functional ] : Wy — R, that is,

1y (W) = iminf{(Lx (tv), V)w, — J°(tv, =) |t > 00,v — u}

= inf{liminf[(Lx (t,vn), Vn)Wo - ]O(tnvn) —v)llty — 00, vy — u}.
n—00

SetC, := {v € C|||vllw, < n}in the sequel. We introduce the set R(Lk, f,], ¢,C)
of asymptotic directions:

R(ﬁK)f)]’ ¢’C) .

= {w € CoolTuy, € C, llunllwy, = 00, Wy := uyn/llunllw, — w weakly and

Vv € Cp, (Lxun f V= Un)w, +] (tn, v — up) = P (uy) — ()}

Theorem 3.3: Let C be a nonempty, closed, convex subset of Wo,f € Wi, ¢ :
Wo — RU {400} a proper convex, Ls.c. functional. Suppose in addition that
assumption (H) holds and the set R(Lx.,f,], ®,C) is empty. Then problem (1) has
at least one solution.

Proof: The idea of the proof comes from the one in [26, Theorem 2]. In virtue
of Theorem 3.2, there exists u, € C, such that

(Lxun —f,v — un)wo + T2, v — ) > Q(u) —p(v), Vv eCp (22)

Claim 1. There exists ny € N such that ||u,, || < no.

Indeed, suppose the contrary: ||u,|| = n for each solution u, of (22). On rela-
belling if necessary, we may assume that wy, := u,/||u,llw, = w € Co weakly
in Wy. Therefore w € R(Lk,f,],¢,C), which contradicts the assumptions of
Theorem 3.3.

Claim 2. uy,, solves problem (1).

Since ||un, |lw, < no, we have, for each v € C, the existence of an € > 0 such
that ve = uy,, + €(v — uy,) € Cp,. It suffices to take

€ < (no — llung N/ 11V — ung Il if v  up,

€ =1if v = uy,.
We obtain
(Liting = Ve = ting) Wy + T (thngs Ve — thng) = b (tny) — P (ve),
which implies that

(LKuno —f,G(V - ”no)>W0 + ]O(un()’e(v - uno))
= ¢ (uny) — P (uny + €(v — ).
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Since J%(u,v) is positively homogeneous in v by Proposition 2.3(v) and ¢ is
convex, we derive

€(Litng — oV — tng) Wy + €] (thngs v — thng) > €(@ (ting)) — d(v)).  (23)

Dividing (23) by € > 0, we finally obtain

£Kul’l0 f V- ul’lo Wo +] (MnO,V uno) = ¢(ul’lo) - ¢(V)) Vv eC.

This completes the proof. |

In the sequel, in order to simplify some computations, we shall assume that
0 € C and ¢(0) = 0. Let us introduce the set Ro(Lk.,f,],$,C) of asymptotic
directions:

Ro(Lk.f,],$,C) :
= {w € Coo|Tun € C, lunllw, = 00, Wy := uy/||un|lw, — w weakly and

(Lxcun — f ) wy — T (thny —thn) + ¢ (uy) < 0}

Obviously, R(Lk, f, ], ¢,C) € Ro(Lk,f,], ¢,C). Therefore, we have

Corollary 3.4: Let C be a nonempty, closed, convex subset of Wo,f € W, ¢ :
Wo — RU {400} a proper convex, Ls.c. functional. Suppose in addition that
assumption (H) holds and the set Ry(Lx.f,], ¢,C) is empty. Then problem (1) has
at least one solution.

We say that Ro(Lk.f,],¢,C) is asymptotically compact if the sequence
{wn}nen which appears in the definition of this set converges strongly to w, that
is, ifup, € C, |lunllw, = 00, Wy := /|l tn|lw, — w weakly, and

(Lxctin — frunywy — T (Uny —tin) + ¢ (1) < 0
imply that w, — w.

Corollary 3.5: Let C be a nonempty, closed, convex subset of Wy, the assump-
tion (H) holds, f € W§,¢ : Wy — R U {400} a proper convex, Ls.c. functional.
Assume that:

(i) R(Lk.f,],¢,C) is asymptotically compact,
(ii) there is subset X of Wy — {0} such that R(Lk.f,],¢,C) € X and

riy(w) + P (W) > (f,w)w,, weX.

Then problem (1) has at least one solution.
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Proof: Following Corollary 3.4, it is enough to show that Ry(Lk.f,],¢,C) is
empty. Suppose by contradiction that Ro(Lk, f, ], ¢,C) # @. Then we may find
a sequence {u,}nen C C such that ||u,| — oo, wy, := u,/||lu,|| — w weakly and

(Lxtn, tn)wy — T (Un, —thn) + ¢ () < (f, tn) wo- (24)

By assumption (i), one has that w,, — w. Dividing ( 24) by ||u,||, we obtain

¢ (llunllwn)

w)x. (25
o = (wmxe(29)

(L llunllwas wn) wy = lttnl|Wa —wn) +
Passing to the liminf in (25), we derive from (13)
T'L‘,K,](W) + ¢OO (W) S (f’ W) WO’

which contradicts assumption (ii) and the proof follows. |

Moreover, if we denote B := {w € Wy | |[w|lw, < 1} and

_0(y,
Ry == liminf {(Lx ), wyw, —J" (1, ”),
llullwy— 00 el w,

then we easily have

Corollary 3.6: Let C be a nonempty, closed, convex subset of Wy, the assump-
tion (H) holds, f € W§,¢ : Wy — R U {400} a proper convex, Ls.c. functional.
Assume that the following inequality holds

R,CK,] + (f)oo(W) > (f’ W) Wo» Vw € B. (26)

Then problem (1) has at least one solution.

Proof: Similar to the proof of Corollary 3.5, we suppose by contradiction that
Ro(Lk.f,],¢,K,C) # @. Then we may find a sequence {u,},eny C K such that
lunll = 00, wy := u,/|luy|| = w € B weakly (note that since Wy is an infinite-
dimensional normed space,then B is the weak closure of S = {w € X| |w|lw, =
1}) and

('CKun’ un)Wo - ]O(jurb _jl’ln) + ¢(un) = (f) un)W()’

which implies

— 0; —q
(EKun: un)Wo J (]u”’ Ju”) 4 d)(un) < (f, Wn)Wo' (27)
4l luanll

Passing to the liminf in (27), we derive

R,CKJ + d)OO(W) =< (fa W)W()’

which contradicts assumption (26) and the proof follows. |
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We call an operator A : Wy — 2Ws , Up-coercive, if there exists c: Ry — R
with lim,_, o ¢(r) = 00 such that

(W u — uo)wy = c(llul))[lull (28)

forall u € D(A) and all w € A(u) with |u|| large enough.

Corollary 3.7: Let C be a nonempty, closed, convex subset of Wo,f € W, ¢ :
Wo — RU {400} a convex, Ls.c. functional. Suppose in addition that assump-
tions (H) hold and the operator Lx + 9] : Wy — 2W0, uy-coercive with ug €
C N Dom(¢). Then problem (1) has at least one solution.

Proof: Suppose by contradiction that R(Lk, f, ], ¢, C) is nonempty. Then we may
find a sequence {u,}nen such that |lu,|lw, = 00, w, := u,/||u,| — w weakly
and

(Lxuy f Uy — ]O(una uy — uy) < ¢(up) — ¢ (uy).
By Propositon 2.3(iv), there exists v,, € d.J(u,,) such that
(Lxun + vy — f Uy — Wo < ¢(uo) — ¢ (un).

By dividing the above inequality by ||u, || and uy-coercivity assumption (28), we
obtain

(Lxun + Vi, Uy — uO)Wo

(lunl) <
N
S) & (1linllwn) (F. 10} o
i + , n o - =
= ||un|| DT mwo =
- (f — Poc(W), as |luy| — oo.

Here we have used inequality (13) in the limit. This is a contradiction by the
unboundedness of the left side of the above as || u,|| — oc. The proof follows. W

Remark 3.8: It is known that if the nonlinear nonlocal operator L is the linear
fractional Laplace operator (—A)* and ¢ = 0, then Corollary 3.7 reduces to the
main result in [10, Theorem 3.3], which means that Corollary 3.7 generalizes and
extends [10, Theorem 3.3].

For further studies, we introduce a concept of (J, ¢)-pseudomonotonicity,
which has nothing to do with the concept of pseudomonotonicity in the sense
of Brézis (cf. [27]).
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Definition 3.9: The set-valued mapping F: Wy — 2W5 is said to be (J, p)-
pseudomonotone with respect to f € Wy iff, for all (u, u*), (v,v*) € Gr(F),

W —fov—u) + 1w v—u) + () — ) >0
=
v —fu—v)+ 1 u—v) + W) — p(v) <0.

Remark 3.10: Ifp > 2 and (7) (or equivalently (8)) holds with C; < A, where C;
and A, are the constants in (7) and (3.6),respectively, then Vf € W{ the operator
Lk is (J, ¢)-pseudomonotone with respect to f.

In fact, suppose that

(Lxu—fov—u)+ (v —u) + ¢(v) — p(u) > 0.

From (7), (19), one has

(Lxv—fou—v)+ ] (,u—v) + ¢ W) — p(v)
< —[Lxku—fov—u) + v —1u) + ¢ () — p(w)]
—(Lgv — Lxu,v — u) +]0(v,u —v) +]O(u,v —u)

A

—(Lxv — Lxu,v — u) +]0(v,u —) +]0(u,v —u)
(Cr — Ap)llv — ullly,

<0, Vv e(,

IA

which shows that Lk is (J, ¢)-pseudomonotone with respect to f.

Lemma 3.11: The following statements are true:

(1) wuisasolution of the following variational-hemivariational inequality: find u €
C such that

(Lxv—fru—N 4+ u—v)+ o) —p(») <0, ¥vel;  (29)
(2) u € Cis a solution to problem (1).

Then (1)=>(2). Furthermore, if the operator L is (], $)-pseudomonotone with
respect to f € W, then the two statements are equivalent.



500 (&) Y.LIUETAL

Proof: (1)=(2) Let u € C be a solution of problem (29). For Vv € C,Vt € (0, 1],
we have v; = u + t(v — u) € C. From (29) and Proposition 2.3(v), J(v, ) is posi-
tively homogeneous,one has

HLkve — fru—v) + (v u — v) + p(w) — ¢ (vy) < 0.
By virtue of the convexity of ¢ we derive
(Lxve—fov—u) = (Vo =) + () — $(u) = 0.
From Proposition 2.3(iv), there exists w; € dJ(v;) such that
(Lve—fov—u) + (Wpv—u) + () —d(uw) = 0,
which implies that
(Live =fov =) + ] (Vv — 1) + () — dp(u) 2 0.

The continuity of the operator Lk and Proposition 2.3(vi) enables us to pass to
the limit as t — 0. Therefore we get

(Lxu—f,v—u) +°wv—u)+¢W) —pu) >0, VYveCl.

(2)=(1) is obvious if the operator Lk is (J, ¢)-pseudomonotone with respect to
f- This completes the proof. [

Corollary 3.12: The solution set Si(f) of the variational -hemivariational
inequality (29) is convex and closed. Furthermore, if the operator Lx is (J,¢)-
pseudomonotone with respect to f, the solution set S(f) of the variational-
hemivariational inequality (1) is convex and closed.

Proof: For any u, € S;(f) with u, — ug, one has
(Lcvattn —v) + vty — ) + ¢ (un) — () <0, Vv € C}.
From the lower semicontinuity of ¢ and Proposition 2.3(vi), it follows that
(Lxcvotto = v) +]°(vyug — v) + ¢ (u0) — p(v) < 0, Vv € C},

which implies that ug € S;(f) and so S (f) is closed.

By virtue of the convexity and lower semicontinuity of ¢ and Proposi-
tion 2.3(v), we easily conclude S;(f) is closed and convex. If the operator Lx
is (J, ¢)-pseudomonotone with respect to f, Lemma 3.9 ensures the equivalence
between the problems (1) and (29), which completes our proof. [ |

For convenience, we use barr(C) to denote the barrier cone of C which is
defined by barr(C) := {u* € W : sup,,co(u*, u)w, < 0o}
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Theorem 3.13: Let C be a nonempty, closed, convex subset of Wy with barr(C)
having nonempty interior, f € Wi, ¢ : Wo — R U {400} a convex, Ls.c. func-
tional and assumptions (H) hold. In addition suppose that the operator Lk is
(J, ¢)-pseudomonotone with respect to f and

Coo N {w € Wy : (Lxv, Ww, + T (1, ) + dpoo(w) < 0,Vv € C} = {0}.

Then problem (1) has at least one solution.

Proof: In terms of Theorem 3.3, we only need to show that R(Lk,f,],$,C) is
empty. In fact, if there exists w € R(Lk, f, ], ¢,C), then there is a sequence {u,}
such that

un € C, [unllwy = 00, Wy := un/llunllw, = w € Cooc weakly  (30)
and
(Litn — v = tunywy + 1 (s v — tin) = ¢ () — (), ¥v € Cy.
By use of barr(C) having nonempty interior and [28, Lemma 2.2], we have
0# we Cxo. (31)
Since the operator Lk is (J, ¢)-pseudomonotone with respect to f, we have
(Lxv —f up —v) Y+ 0 uy — V) + d(un) —p(v) <0, Vv eCy

Since JO(-, -) is positively homogeneous and subadditive for the second variable,
one has

(Lxv —frtn =) + (v, un — v) +d>(un) o)

0

B llunll lunll - Nunl
(Lxv—foun =) + 0 un) = J°(n,v) | p(un) ¢

> + -
llunll lunll - Nunll
(Lxv—=Ffoun =) = v) | POun) | ¢un) W)

- + + -

llunl [[unl lunll  Nuall

This together with (2.13) implies that

0> (Lgv—f,w)+1lim inf J° (v, tn ) + lim inf AT
n—00 [[un l n—>00  |[uy||
> (Lxv—fw) + ] (W) + poo(W) v EC. (32)
Hence, we have from (29) and (30)
0% w e Coo N {w e Wo: (Lkv—f, Whwy + T W) + oo(w) < 0,¥v € C),

which is a contradiction to the assumption of the theorem. |
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