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1. Introduction

Processes of contact between deformable bodies are very frequent in industry and daily life. A few
simple examples are brake pads in contact with wheels, pistons with skirts, shoes with floor. Because
of their importance in mechanical systems, industrial process and various real word application, a large
effort has been put into the modeling, analysis and numerical simulations of contact processes. The
literature on this field is extensive, both the engineering and the mathematical one. The publications in
mathematical literature deal with the variational analysis of various models of contact, which are expressed
in terms of strongly elliptic, time dependent or evolutionary nonlinear boundary value problems. References
in the field include [1-5]. There, various existence and uniqueness results have been proved, by using the
tools of variational and hemivariational inequalities which have been studied extensively in recent years
(see, for example, [6-11]). Once existence, uniqueness or nonuniqueness, and stability of solutions have
been established, related important questions arise, such as the optimal control of contact problems, the
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numerical analysis of the solutions and how to construct reliable and efficient algorithms for their numerical
approximations with guaranteed convergence. Results on optimal control for various contact problems with
elastic materials could be found in [6,12-21]. References on numerical analysis of contact problems within
the framework of linearized strain theory include [22-26].

The optimal shape design of contact processes represents a topic of considerable theoretical and applied
interest. Indeed, in most applications this is the main interest of the design engineer. Related issues are the
observability properties of the contact models and parameter identification. The need to study the continuous
dependence of the solution to contact problems with respect to the data and parameters is currently widely
recognized, since it plays a crucial role in solving control and optimal design problems related to various
mechanical structures. Unfortunately, there are quite few results in the literature related to this topic.
The reason arises from the intrinsic structure of the contact models, which usually involve both nonlinear
operators, unilateral constraints and nondifferentiable functionals which depend on those parameters.

Our aim in this paper is to study some optimization problems related to a quasistatic frictional contact
model with viscoelastic materials. The model describes the contact with a rigid-deformable foundation and
takes into account its memory effects, which represents the first trait of novelty of this paper. Besides
the densities of body forces and tractions, denoted by fy and f5, the model is governed by two positive
parameters, g and p, which represent the thickness of the deformable layer of the foundation and the
coefficient of friction, respectively. We state the contact problem and provide its variational formulation,
which is in a form of a history-dependent variational inequality for the displacement field. Then we prove
its unique weak solvability. Next, we state and prove a convergence result of the solution with respect to
the data fy, fo and parameters g and p, which represents the second trait of novelty of this paper. Finally,
we use this convergence result in order to prove the solvability of some optimization problems related to
our contact model, which represents the third novelty of our paper. The theoretical results we present here
illustrate the cross fertilization between models and applications, on one hand, and the nonlinear functional
analysis, on the other hand. Moreover, they could be used in the optimal design for contact processes in real
word, as well as in the study of their optimal control.

The rest of the paper is structured as follows. In Section 2 we introduce the contact model. Then, in
Section 3 we list the assumptions on the data, derive its variational formulation and prove its unique weak
solvability. The proof is based on arguments of history-dependent variational inequalities presented in [27].
In Section 4 we study the continuous dependence of the solution with respect to the data and prove a
convergence result. The proof is based on arguments of monotonicity, pseudomonotonicity and compactness.
Finally, in Section 5 we introduce two classes of optimization problems related to the contact model and
provide their solvability. The proofs are based on the convergence result in Section 4, combined with a

Weierstrass-type argument.
2. The contact model

We consider a viscoelastic body which occupies the domain 2 ¢ R? (d = 2,3), with smooth boundary
I'. The boundary I" is divided into three measurable disjoint parts I'1, I'> and I's such that meas (I'1) > 0.
The body is fixed on I7, is acted upon by time-dependent surface traction on I's and is in frictional contact
on I3 with a rigid-deformable obstacle, the so-called foundation. The contact process is quasistatic and the
time interval of interest is R, = [0, +00). We denote by S the space of second order symmetric tensors on
R? or, equivalently, the space of symmetric matrices of order d. The inner product, norm and zero element

of the spaces R? and S? will be denoted by “-”, || - || and 0, respectively. Moreover, we use the index v and



88 M. Sofonea, Y.-b. Xiao and M. Couderc / Nonlinear Analysis: Real World Applications 50 (2019) 86-103

7 for the normal and tangential components of vectors and tensors, respectively. Then, the mathematical
model we use to describe the equilibrium of the body in this physical setting is the following.

Problem P. Find a displacement field u = (u;): 2 x Ry — R%, a stress field o = (0y5): 2 x Ry — S? and
two interface functions 7, : I's x Ry — R, £,: I's x Ry — R such that, for all ¢t € Ry,

t

o(t) = Ae(u(t))+ | Bt — s)e(u(s))ds in {2, (2.1)
Dive(t) + fo(t) = in 2, (2.2)
u(t)=0 on I, (2.3)

tiv = fo(t) on Iy, (2.4)

on [, (2.5)

& (t) = p(uy(t))
o ()] < pp(u(t)), on I’
—o.(t) = up(uy(t)) HZIEQH if u-(t)#0 )

We now provide a description of the equations and boundary conditions in Problem P where, for

(2.6)

simplicity, we do not mention the dependence of various functions with respect to the spatial variable
reNUI.

First, Eq. (2.1) represents the viscoelastic constitutive law of the material in which A is the elasticity
operator and B is the relaxation tensor. Eq. (2.2) is the equation of equilibrium in which f; denotes the
density of body forces, assumed to be time-dependent. We use it here since we neglect the inertial term in
the equation of motion. Conditions (2.3), (2.4) represent the displacement and traction boundary conditions,
respectively, where v denotes the unit outward normal to I" and f> represents the density of surface tractions
which, again, are assumed to be time-dependent.

Next, condition (2.5) represents the contact condition in which g > 0, p and F" are given positive functions
which will be described below and r+ represents the positive part of 7, i.e., 7™ = max {r,0}. This condition
was introduced in [9, p. 247] and used in the study of a time-dependent frictionless contact problem with
elastic materials. There, various mechanical interpretations can be found and, for this reason, we do not
provide here the physical assumptions which lead to this boundary condition. We restrict ourselves to
mention that it models the contact with a foundation made of a rigid body covered by a rigid-deformable
layer of thickness g which involves memory effects. The function p represents the normal compliance function
(which depends on the current penetration) and F' represents the yield limit (assumed to depend on the
accumulated penetration).

Finally, condition (2.6) represents a version of the Coulomb’s law of dry friction, in which u > 0 denotes
the coefficient of friction. Details and mechanical interpretation concerning this law can be found in [5,28]
and the references therein. Here we restrict ourselves to mention that this law describes a transition between
the classical version of Coulomb’s law (which governs the contact with the rigid-deformable layer) and the
Tresca friction law (which governs the contact with the rigid body).
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In the analysis of Problem P, besides the standard Lebesgue and Sobolev spaces associated to {2 and I,
we use the spaces

V={v=mw)eH ) v=0 on I},
Q:{O':(O'ij)Z Oij = Oji €L2(.Q)}

These are real Hilbert spaces endowed with the canonical inner products given by

(u,v)y = /9 e(u) - e(v) dz, (o, T)g = /Q o - Tdx, (2.7)

and the associated norms |||y and ||-||g, respectively. Here, € : V' — @ represents the linearized deformation
operator, that is

e(v) = %(V'v + VTv) YoveV.

For an element v € V' we still write v for the trace of v to I'. Moreover, the normal and tangential components
of v on I' are given by v, = v- v and v, = v — v, v, respectively. In addition, we denote by ||| the norm
of the trace operator v : V — L2(I'3)? and recall that the following inequality holds:

I0llL2(rye < Illllollv - VoeV. (2.8)

For a regular function o : £2 — S? we have 0, = (ov)-v and 0, = ov — 0,V and, moreover, the following
Green’s formula holds:

/ o-e(v) dx—i—/ Dive - vdx = / ov-vda forall ve H'(2)% (2.9)
Q Q r
Finally, we need the space of fourth order symmetric tensors Qe given by

Qo ={& = (eijr) | €ijrur = €jirt = exiij € L(02), 1 <4,5,k,1<d}. (2.10)

It is easy to see that Q. is a real Banach space with the norm

[€llQe = o<inax leijrillLoo(2)
and, moreover,
1E7llQ < dli€llQulITlle forall €€ Qu, 7€ Q. (2.11)

Inequalities (2.8) and (2.11) will be used in various places in the next sections.

3. Existence and uniqueness

We start this section with an abstract existence and uniqueness result that we need in the study of
Problem P. For each normed space X we use the notation ||-||x and Ox for the norm and the zero element of
X, respectively. Also, C(R; X) will represent the space of continuous functions defined on Ry with values
in X. For a subset K C X we still use the symbol C(R; K) for the set of continuous functions defined on
R, with values in K. It is well known that, if X is a Banach space, then C(R;; X) can be organized in
a canonical way as a Fréchet space, i.e. as a complete metric space in which the corresponding topology is
induced by a countable family of seminorms. We also recall that the convergence of a sequence {x,} to the
element z, in the space C(Ry; X), can be described as follows:

xn > 2 in C(Ry; X) as n— oo if and only if
max llzn(r) — z(r)|[[x =0 asn — oo, forall m € N. (3.1)
€

)
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Consider now a real Hilbert space X with inner product (-,-)x and associated norm || - ||x and let Z be
a normed space. Also, let K be a subset of X, let A: X — X, S: C(R4; X) = C(Ry; Z) be two operators,
and let j : Zx X x X — R, f: Ry — X be two functions. With these data we consider the following
problem.

Problem Q. Find a function u : Ry — X such that, for all t € R, the inequality below holds:

u(t) € K, (Au(t),v — u(t)) x + j(Su(t), u(t),v) (3.2)
_j(Su(t)’u(t)7u(t)) 2 (f(t)/l) —u(t))x VveK.

In the study of Problem P we consider the following assumptions.

K is a nonempty closed convex subset of X, (3.3)

(a) There exists m4 > 0 such that
(Auy — Aug,ug — ug)x > may |lur —us%
Yuq, us € X. (3.4)
(b) There exists L4 > 0 such that
[[Au; — Augllx < Lallur —usl|x Vui, ug € X.

(a) Forall z € Z,u € X, j(z,u,-): X — Ris convex
and lower semicontinuous.
(b) There exist a;; > 0 and ; > 0 such that
J(z1,u1,v2) — (21, u1,v1) + j(22, u2,v1) — j(22, ug, v2)
< ajllzr — 22l zllor — vellx + B lur — uallx [lvr — vellx
V21, 290 € Z, Yuq, ug, v1, v2 € X.

For every m € N there exists d,,, > 0 such that
t

[Sus(t) = Suz(t)]|z < dm/o [[u(s) — ua(s)|x ds (3.6)
Yuy, ug € C(Ry; X), Vt € [0,m].

ma > fj. (3.7)
feCRy; X). (3.8)

On these assumptions we have the following comments. First, condition (3.4) shows that the operator A
is a strongly monotone and Lipschitz continuous operator (see, [29-31]). Next, following the terminology
introduced in [32,33], condition (3.6) shows that the operator S is a history-dependent operator and,
therefore, we refer to (3.2) as a history-dependent variational inequality. Finally, we note that (3.7) represents
a smallness assumption where, recall, m4 and §; are the constants in (3.4) and (3.5), respectively.

We now recall the following existence and uniqueness result in the study of the history-dependent
variational inequality (3.2).

Theorem 3.1. Assume that (3.3)—(3.8) hold. Then, Problem Q has a unique solution u € C(Ry; K).

A proof of Theorem 3.1 can be found in [27], based on arguments of time-dependent variational
inequalities, monotonicity and fixed-point.
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We now turn to the analysis of Problem P and, to this end, we introduce the assumptions on the data.
We assume that the elasticity operator and the relaxation tensor satisfy the following conditions.

A: 2 xS — S? is such that
(a) there exists mz > 0 such that
(A(z,e1) — A(z,€2)) - (€1 — €2) > maler — &2
for all e1,e2 € S%, ae. x € 2,
(b) there exists L4 > 0 such that (3.9)
[ A(2,€1) — Az, €2)[| < Laller — e
for all e1,e5 € S%, ae. € 2,
(c) A(-,€) is measurable on {2 for all € € S,
(d) A(x,0) =0 for a.e. z € {2.

Be (R, Qux). (3.10)

We also assume the densities of body forces and surface tractions have the regularity
fo € CR LA ()Y, fo € ORy; LA(1)Y). (3.11)
The yield function and the normal compliance function are such that

F: I's x R — Ry is such that
(a) there exists Ly > 0 such that
|F(x,r1) — F(z,72)| < Lp|ri — ro| (3.12)
for all ri,73 € R, a.e. ¢ € I3,
(b) F'(-,r) is measurable on I for all r € R,
(¢) F(x,0) =0, a.e. z € I5.
p: I's x R = R, is such that
(a) there exists L, > 0 such that
Ip(@, 1) — p(®,72)| < Lyp|r1 — 1o
for allry, ro € R, a.e. ¢ € I3,
(b) (p(@, 1) —p(®,72)) (11 —712) 2 0
for all 71,170 € R, ae. ¢ € I3,

(3.13)

(d) p(-,7) is measurable on I'5 for all r € R,
(c) p(x,r) =0 forall r <0, ae. x € I3.

We also recall that
g >0, w>0 (3.14)

and, finally, we assume that the following condition holds:
nLyllyI2 < ma. (3.15)
We now introduce the set of admissible displacement fields U defined by
U={veV]|v, <g ae onls} (3.16)

Then, following a standard approach based on the Green formula (2.9), we can derive the following
variational formulation of Problem P, in terms of displacements.
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Problem PV. Find a displacement field w: R, — U such that, for all ¢ € R, the inequality below holds:
/QAE(u(t)) - (e(v) — e(u(t))) dx +/ p(u, (1)) (v, — uy(t)) da (3.17)
I's
t
+/ (/ B(t — s) e(ul(s)) ds) (e(w) — e(u(t))) dz
2o
t
[ F([ i)l - o) dat [ mplu0)(fo] - ur0)]) da
I's 0 I's
> / ) - (w—u®)de+ [ Ft)-(v—ut)da Yvel
7] I’
In the study of this problem, we have the following existence and uniqueness result.
Theorem 3.2. Assume (3.9)—(3.15). Then, Problem P" has a unique solution with reqularity w € C(Ry;U).
The proof of Theorem 3.2 will be done in several steps, based on the abstract existence and uniqueness
provided by Theorem 3.1. To present it, we assume in what follows that (3.9)—(3.15) hold. We introduce the
space Z = Q x L?(I'3) together with the norm
1zllz = llollo + &2y  Vz=1(0,8) € Z. (3.18)

Moreover, we consider the operators A: V. — V,S§: C(Ry; V) — C(R4; Z) and the functions j: ZxV xV —
R, f: Ry — V defined by

(Au,v)V:/Q.Ae(u)f(v)der/F p(uy)vy,da Yu,v eV, (3.19)
u = t — S uls S tu+ S S u 5 .
Su(t) (/O B(t — s)e( ())d,F(/O S(5)ds)) Ve CRLY), (3.20)
] = o- T vl da uy)||v-|| da .
few = [ oe@irs [ etdat [ e (3:21)

Vz=(0,8)€Z, u,veV,
(f(t),v)vz/ fot) - vdxe+ | fot) - vda VoeV, teR;. (3.22)
o Iy

With these notation, it is easy to obtain the following preliminary result.

Lemma 3.3. A displacement field u € C(Ry;U) is a solution of Problem PV if any only if, for allt € R,
the inequality below holds:

u(t) e U, (Au(t), v — u(t))v + j(Su(t), u(t), v) (3.23)
—j(Su(t),u(t),u(t)) > (f(t),v—u(t))y VYvel.

The next step is provided by the following intermediate result.

Lemma 3.4. There exists a unique displacement field uw € C(Ry;U) which satisfies inequality (3.23), for
a/llt € RJ’_.

Proof. We use Theorem 3.1 with X =V, Z = Q x L?(I3), K = U, the operators A, S, the functional j
and the function f defined by (3.19)—(3.22). To this end, we check in what follows the validity of conditions



M. Sofonea, Y.-b. Xiao and M. Couderc / Nonlinear Analysis: Real World Applications 50 (2019) 86-103 93

(3.3)—(3.8). First, definition (3.16) shows that condition (3.3) is obviously satisfied. Next, we use assumptions
(3.9) and (3.13) and inequality (2.8) to see that

(Auy — Aug, ug — )y > ma ||lug — ugH%/, (3.24)
[Awy — Augly < (La+ Ly [7*) w1 — wallv

for all uy, up € V. It follows from here that the operator A satisfies condition (3.4) with m4 = m4 and
La = La+ Ly, ||7|% It is easy to see that condition (3.5)(a) is satisfied, too, and an elementary calculus
based on assumption (3.13) and inequality (2.8) shows that

J(z1, w1, v2) — j(21, w1, v1) + j(22, up, v1) — j(22, u2, v2) (3.25)
<A+ vz — zllzllve — vallv + pLp V1P [lua = uallv [[vr — valv

for all 21,20 € Z, w1, us,v1,v2 € V. This shows that condition (3.5)(b) holds with o; = 1 + ||| and
Bj = nLy||vII*.

We now use assumptions (3.10) and (3.12) and inequality (2.11) to see that for each m € N the following
inequality holds:

I1Sw(t) = Sw(®)]z < (d max [B(r)lax +LF||W||)/ lur(s) — uz(s)] x ds (3.26)
rel0,m 0

for all uy, us € C(R4; V), t € [0, m]. This inequality shows that condition (3.6) is satisfied. Finally, inequality
(3.15) shows that condition (3.7) holds and assumption (3.11) on the external forces guarantees that the
function f defined by (3.22) has the regularity (3.8).

It follows from above that assumptions (3.3)—(3.8) hold and, therefore, we are in a position to use
Theorem 3.1 in order to conclude the proof. [J

We end this section with the remark that Theorem 3.2 is now a direct consequence of Lemmas 3.3 and
3.4. Moreover, the solution of Problem PV, provided by this theorem, represents a weak solution of the
viscoelastic contact Problem P.

4. Convergence results

In this section we study the dependence of the solution to Problem P with respect the body forces fj,
the tractions f;, the thickness g and the coefficient of friction u. To this end, we assume in what follows that
(3.9)-(3.15) hold and we denote by u the solution of Problem PV obtained in Theorem 3.1. Next, for each
n € N we consider a perturbation fo,, fon, gn, . of the data fy, fo, g, u, respectively, such that

Jon € CR LAY, fon € C(Ry; L2(1)%), (4.1)
gn >0, >0, (4.2)
Lyl < ma (13)

Now, with the set of admissible displacement fields U,, defined by
U,={veV|v <g, aec onls}, (4.4)

we introduce the perturbation of Problem PV as follows:

Problem P . Find a displacement field u, : Ry — U, such that, for all t € R, the inequality below holds:

/Ad%w»@w—d%m»M+/pmmmwfwmwMa (4.5)
7] I3
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N /9 ( / Bt — 5) e(un(s)) ds) - (=(v) — e(uwn (1)) dx

P )0 o) dact [ a1 = a0 o

Z/fon(t)~(v—un(t))dx+ fon(t) - (v —u,(t))da VveU,.
o

It follows from Theorem 3.2 Problem P) has a unique solution u,, € C(R,;U,). Moreover, for all t € R,
the solution satisfies the inequality

Un(t) €Un,  (Atn(t), 0 = wn(8))v + jn(Sun(t), un(t), v) (4.6)
= Jn(Sun(t), un(t), un(t)) = (fu(t), v — un(t))v Vv € Up.

Here and below in this section the functions j,: Z XV xV — R and f,,: Ry — V are defined by equalities

in(z ) :/ S R da+/ 1np ()05 da (4.7)
7] I3 I'3
Vz=(0,)€Z, u,veV,
(fa(t) v—/fon cvdr+ [ fon(t)-vda  YveV, teR,. (4.8)
I’y

Moreover, we denote by “—” and “—” the weak and strong convergence in various normed spaces to be
specified and we recall that all the limit, upper limit and lower limit are considered when n — oo, even if
we do not mention it explicitly.

Our main result in this section is the following.

Theorem 4.1. Assume that (3.9)—(3.15) and (4.1)-(4.3) hold. Moreover, assume that

{fOn(t)éfO(t) in L*(2)%,  fon(t) = folt) in L2(I%)4, (4.9)

asn — 0o, Vt € Ry,

For each m € N there exists Nm € N and 6,, > 0 such that (4.10)
[forn (Dl L2(2ya < ms [ fon(®)llL2(ryya < 0m VEE€[0,m], n > Ni, '
In — 9, Hn — g in R (4.11)
Then,
u,(t) > u(t) in V as n— oo, (4.12)
forallt e R.

The proof of Theorem 4.1 will be carried out in several steps that we present in what follows. Everywhere
in the rest of this section we assume that (3.9)—(3.15), (4.1)—(4.3) and (4.9)—(4.11) hold. Let n € N. We start
by considering the intermediate problem of finding a function w,, : R — V such that, for each t € R, the
inequality below holds:

Un(t) € Un,  (ATn(1), v = Tn(t))v + jn(Su(t), Un(t), v) (4.13)
= Jn(Su(t), Un(t), Un(t)) = (fu(t), v —un(t))y Vv € Un.
Note that the operator v — S(u) : C(Ry;V) — C(Ry; Z) satisfies condition (3.6). Therefore, it follows

from Theorem 3.1 that this problem has a unique solution with regularity @, € C(R4;U,).
We proceed with the following result.
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Lemma 4.2. For each m € N there exists A\, > 0 and N,, € N such that

[Ty < Am Ve [0,m], n> Np. (4.14)

Proof. Let m € N be fixed and let ¢ € [0, m]. We test in (4.13) with v = Oy to obtain

(AT (8), Un(t))v < (fu ) @n () v = Jn(Su(t), n (1), wn(t)),
and then we use the strong monotonicity of the operator A and equality A0y = Oy to see that

mall@ (O < Oy [ @)l = jn(Sut), T (), Tn (1)) (4.15)
On the other hand, using (4.7) we write

—in(Su(t), Un(t), Un(t)) = jn(Su(t), Un(t), 0v) — jn(Su(t), un(t), un(t))
+jn(0v, Ov, Uy, (t)) — jn(0v, Oy, 0v),

and then we use inequality (3.25) for the function j, to obtain

< (L4 [ IDIS @)zl (0) v + s Lp IV 1T ()5

We now combine the inequalities (4.15) and (4.16) to see that

(ma = pn Ly V)@ Bl < Ifa®llv + @+ 1D ISu®)] 2. (4.17)

Note that assumptions (4.11) and (3.15) imply that there exists N,, € N such that

1 —
ma— i Lyll? 2 3 (ma—pLylpl?)  Yn = N, (4.18)
Therefore, (4.17) allows us to write
[y < collfa®)llv + ISu®)llz)  Yn =N, (4.19)

where ¢ is a positive constant which does not depend on n and t. We now use assumption (4.10) and define
Ny = max {N,, Ny, }. Then, (4.19) implies that

[@n(®)llv < co(m + [Sul®)]z)  Vn = Np, (4.20)

where, again, ¢y is a positive constant which does not depend on n and ¢. Thus, the inequality (4.14) holds
with
Am = €0 (0 + max ||Su(t)]z),
te[0,m]

which concludes the proof. O
We proceed with the following weak convergence result.

Lemma 4.3. For allt € Ry the following convergence holds:

Tp(t) — u(t) in V. (4.21)
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Proof. We fix t € Ry and let m € N be such that ¢ € [0, m]. It follows from Lemma 4.2 that the sequence
{@,(t)} is bounded in V and, therefore, there exists an element w(t) € V such that, passing to a subsequence
still denoted {@,,(¢)},

uy(t) = wu(t) in V. (4.22)

Note that this convergence implies that @, (t) — @(t) a.e. on I's and, therefore, definitions (4.4), (3.16) and

the convergence (4.11) yield
u(t) e U. (4.23)

Let v € U. Then %‘v € U, and, using (4.13) we deduce that

(AT (1), T (0) = )y < (0. (1) — L)y

i (Sue), T (1), 5 0) — i (Su(t), T (1), 1))
We now write un(t) — v =un(t) — v+ (1 — 2*)v to find that

(AT (1), T (t) — v)y + (AT (1), (1 — %)v)v (4.24)

< (falt), Balt) — v)v + (Fult), (1 — g;”mv
+in(Su(t), w,(t), g;”v) — Jn(Su(t), w,(t), w,(t)).

Next, we use assumptions (4.9)—(4.11), convergence (4.22) and standard compactness arguments to see that
the following convergences hold:

(AT, (1), (1 — g;")v)v -0,

Jn(Su(t), wn(t), ==v) = j(Su(t), u(t), v),
Jn(Sul(t), un(t), wn(t)) — J(Su(t), u(t), u(t)).
Therefore, taking the upper limit in (4.24) and using these convergences we deduce that
lim sup (A, (t), U, (t) — v)v (4.25)
< (F(0), (1) — v}y + §(Sult), @), v) — j(Sult), w@(t), (D).
The regularity (4.23) allows us to take v = @w(¢) in the previous inequality. As a result we deduce that
lim sup (A, (¢), u, (t) — u(t))y <0. (4.26)
We now use (4.22), (4.26) and a standard pseudomonotonicity argument to see that
(Au(t),u(t) — v)y <liminf (AT, (t),Tp(t) —v)y Yove V. (4.27)
We now combine inequalities (4.25) and (4.27) to deduce that
(Au(t),u(t) — v)v (4.28)
< (@), u(t) — v)v + j(Su(t), u(t), v) - j(Su(t), u(t), u(t)) YveV.

Inequality (4.28) combined with regularity (4.23) and the uniqueness of the solution of the variational
inequality (3.23) shows that w(t) = w(t). A careful analysis of the previous results reveals that the sequence
{@,(t)} is bounded in V and every weakly convergent subsequence of this sequence converges to w(t). This
implies the convergence (4.21) and concludes the proof. [
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The next step is given by the following strong convergence result.

Lemma 4.4. For allt € Ry the following convergence holds:

Tn(t) = u(t) in V.

Proof. Let ¢t € R;. We successively test with v = @(t) in (4.25) and (4.27) to deduce that

0 < liminf (Awn (2), un(t) — u(t))v < limsup (A, (t), wa(t) — u(t))v <0,

which implies that lim (Aw,(t), @, (t) — w(t))y = 0. This result combined with equality @(t)

obtained in the proof of Lemma 4.2, yields
(AT, (t), u,(t) — u(t))y — 0.
Next, we use the strong monotonicity of the operator A to see that

ma|w,(t) — w(t)||} < (A, (t) — Au(t), w,(t)
= (Aﬂn(t)vﬂn(t) - ’U,(t))v - (Au(t)aﬂn(t)

—u(t))v

—u(t))v.

This inequality combined with the convergences (4.30) and (4.21) imply that
limsup ||@,(t) — u(t)|3 <0,

which shows that (4.29) holds. O

We now have all the ingredients to provide the proof of Theorem 4.1.

97

(4.29)

Proof. Let n € N, ¢t € Ry and let m € N be such that ¢ € [0, m]. We take v = @, (¢) in (4.6) and v = u,(¢)

in (4.13), then we add the resulting inequalities to obtain that
(A, (t) — AU (t), un(t) — wn(t))v

< Jin(Sun(t), un(t), wn(t)) — Jn(Sun(t), un(t), un(t))
+in(Su(t), wn(t), un(t)) — jn(Su(t), wn(t), wn(t)).

Next, we use the strong monotonicity of the operator A, as well as inequality (3.25) for the function j, to

see that

mal[@a(t) = un I} < 1+ [V DISwn(t) = Sut)llv[Tn () — un(®)lv
Htin Ly V7 [T () = un (D],

which implies that

(ma = pn Lp |7 [P [ (1) = un ()l < 1+ (1Y) [Sun(t) — Su(t)]|v-

Let n > N, where, recall, N,,, € N is defined in (4.18) Then, there exists a constant ¢y > 0 such that,

for n > N,, we have
[ () — wn (D)[|v < col|Sun(t) — Su(t)||v.

Therefore, using inequality (3.26) we find that

[[wn(t) — un(t)]|v < Cm/o [[wn(s) — u(s)lv ds,

(4.31)
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where ¢, > 0 depends on m but does not depend on n and t. It follows from here that

Jun(t) = w(®)[v < [un(t) = (B)llv + [[wn(t) — u()|lv

<cm /Ot l[un(s) = w(s)llv ds + [[@n(t) — u(t)llv

and, therefore, using the Gronwall inequality yields

t
[un (t) — w(t)|ly < Cm/o e[, (s) — u(s)l|v ds + [[@n (1) — u(t)|v- (4.32)
Note that Lemma 4.2 implies that

[t (s) = u(s)llv < [[n(s)llv + [lu(s)llv < Am + Jnax llw(s)llv
and, moreover,
eom(t=8) < gemt < pecm Vs el0,t].

These inequalities show that the integrand in (4.32) is bounded. Then, Lemma 4.4 allows us to use the
Lebesgue theorem in order to see that

t
/ Iy (s) = uls)llvds = 0, [[@a(t) = u(t)llv = 0.
0
We now use these convergences in (4.32) to find that (4.12) holds, which concludes the proof. O

Besides its mathematical interest in the convergence result (4.12), it is important from mechanical point of
view since it shows that, at any moment ¢, the weak solution of the contact problem P depends continuously
on the thickness of rigid-deformable layer, the coefficient of friction, and the densities of body forces and
tractions.

Theorem 4.1 provides the pointwise convergence of the solution u, to the solution u. It seems that the
assumptions of this theorem are not enough to guarantee this convergence in the space C(R4; V). For this
reason we reinforce in what follows these assumptions to obtain the following result.

Theorem 4.5. In addition to conditions (3.9)—(3.15), (4.2)—(4.3), (4.11), we assume further that fo, = fo
and fon, = fo for alln € N. Then

u, > u in CR4;V) as n— oo, (4.33)
i.e., w, converges uniformly to w on any compact interval I C R..

The proof is based on estimates already obtained in the proof of Theorem 4.1. Thus, we present only its
sketch.

Proof. Let n € N, m € N and let ¢ € [0,m]. We test in (3.23) with v = L, (t) € U, then we multiply the
resulting inequality with # and add it to the inequality obtained from (4.6) with v = 22 u(t) € Uy, In this
way we deduce that

(Auy (t) — Au(?), %u(t) — (D) + i (Sthn (£), un (£), g;"u(t))

(St (1), 0 (), U (1)) + (Su(t), w(t), wa () — G(Sut), u(t), - u(t))
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and, therefore,
(At (1) — Ault), un(t) — u(t))y < (%” — 1) (Aun(t) — Au(t), u(t) v (4.34)
(5 1)dn (S (0) w0 (0), w)) + (St (1), (1), (1)

(S (1), u <> 2(0)) + (Sult), ult), un (1))
—JSu(e), w(t), () + (1= ) j(Su(t), u(r), u(t).

Note that Lemma 4.2 implies the bound

un(®)]lv < ec. (4.35)

Here and below in this proof ¢ denotes a positive constant which could depend on m, on the solution » and
the rest of the problem data, but is independent on n and ¢, and whose value may change from line to line.
We now use the properties of A, S and j as well as inequality (4.35) to see that

(% = 1) () = Au(t). w(®)v < clgn ~ . (4:36)
(% = 1)n(Sun®), wn(6) u(0) < clgn g, (4.37)
(15 )i(Su(), u(t) w(e) < clgn g, (4.38)
(St (1), 1 (£), w(1)) — G (St (1), 0 (), 0 (1)) (4.39)

+3(Su(t), u(t), un(t)) — j(Su(t), u(t), u(t))
< cl|Sun(t) = Sut)l|zllun(t) — w(®)lv + ellun(t) — w@®} + clpn — pl,

where ¢ is a positive constant such that ¢ < m4, if n is large enough. We now combine inequalities (4.34),
(4.36)—(4.39), then use the strongly monotonicity of A to deduce that

lun (t) — w(®)[I5 < cl[Sun(t) = Sul)lz]un(t) — u®)llv + cllgn — gl + |1 — pl)-

Next, the elementary inequality #2 < ax +b = x < a + /b implies that

lwn(t) = w(®)|v < cllSun(t) = Su®)llz +cVlgn — gl + lpn — 4,

and, therefore, inequality (3.26) and the Gronwall argument yield

Tex, () — u(®)llv < cv/lgn — gl + |t — pl),

for n large enough. Finally, assumption (4.11) and (3.1) show that the convergence (4.33) holds, which

concludes the proof. [

5. Optimization problems

Theorems 4.1 and 4.5 can be used to study a large number of optimization problems associated to Problem
P. To provide a first general example, we assume in what follows that (3.9), (3.10), (3.12) and (3.13) hold
and let Koy C L?(2)4, Ky C L?(I;)%. Moreover, let 6y and 65 be such that

Oy € C(R+,R), 0, € C(R+,R), (51)
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and, in addition, consider two reals intervals K3 and K, such that
K3 = [a3,b3] with 0 < a3 <b3, Kyu= [64,44] with 0 <& < (4 < 7L ”2 . (52)
pllY

We denote in what follows by X the Hilbert space X = L?(2)%x L?(I'3)% xR x R endowed with the canonical
inner product and let K = Ky x Ko x K3 x K4 C X. For every element k = (b, b, g, 1) € K we consider the
Problem P with the data fy = 6pbg, fo = 62ba, g and p. Using (5.1) and (5.2) we see that the assumptions
of Theorem 3.2 are satisfied and, therefore, this problem has a unique solution, denoted wuy, with regularity
u; € C(R+, U)

Consider now a cost functional £ : V' — R and an arbitrary time moment ¢ € R;. We formulate the
following optimization problem.

Problem O;. Find k* € K such that

ma
I

L(ug=(t)) = min L£(ug(t)).

kel

In the study of this problem we assume that

Ko is a bounded weakly closed set of L*(£2)%. (5.3)
K is a bounded weakly closed set of L?(I%)%.

L:V — R is a lower semicontinuous function.

We have the following existence result.

Theorem 5.1. Assume that (3.9), (3.10), (3.12), (3.13), (5.1)=(5.5). Then, Problem J; : K — R has at least
one solution.

Proof. Consider the function J; : K — R defined by
Ji(k) = L(uk(t)) for all k€ K.

Assume that {k,} = {(bon, ban, gn, ttn)} is a sequence of elements of K which converges weakly in X to the
element k = {(bo, ba, g 1)} € K. Then, by, — by in L2(2)4, by, — by in L*(I2)%, g — g, ftn — p and,
therefore, denoting fo, = 0obon, forn = O2bon, fo = Oobo, fo = O2bs, we see that conditions (4.9)—(4.11) are
satisfied. We now use Theorem 4.1 to deduce that wuy, (t) — ug(f) in V. Thus, using assumption (5.5) we
obtain that

lim inf £(uy,, (t)) > L(ug(t)),

which shows that the function J; is weakly lower semicontinuous on K. Moreover, assumptions (5.2)—(5.4)
guarantee that K is a bounded weakly closed subset on X. Theorem 5.1 follows now from a version of the
well known Weierstrass theorem (Theorem 7.3.4 in [34], for instance). O

Example 5.2. A first example of Problem O; can be obtained by taking
L(u) = / |u, — @||>da  for all w eV, (5.6)
I's

where ¢ € L?(I3) is a given function such that ¢(z) > 0 for a.e. ¢ € I's. With this choice, the mechanical
interpretation of Problem O, is the following: given set K and a contact process of the form (2.1)-(2.6), we
are looking for a body force fy = 0pbj, a traction fo = 02b5, a bound g* and a friction coefficient p* such
that k* = (b3, b3, g*, u*) € K and the corresponding penetration of the body in the foundation at the given
moment t is as close as possible to the given penetration ¢. Note that the function £ : V' — R defined by
(5.6) is continuous, hence it satisfies condition (5.5). Therefore, Theorem 5.1 guarantees the existence of the
solutions to the corresponding optimization problem.
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Example 5.3. A second example of Problem O; can be obtained by taking
L(u) = / le(w)||*dz  for all uweV. (5.7)
2

With this choice, the mechanical interpretation of Problem O; is the following: given set K and a contact
process of the form (2.1)—(2.6), we are looking for a body force fy = 0obf, a traction fo = 62b3, a bound g*
and a friction coefficient p* such that k* = (b{, b3, g*, 1*) € K and the corresponding deformation in the
body at the given moment ¢ is as small as possible. Note that the function (5.7) satisfies condition (5.5).
Therefore, Theorem 5.1 guarantees the existence of the solutions to the corresponding optimization problem.

We now move to a second kind of optimization problems, based on Theorem 4.5. We assume in what
follows that (3.9)—(3.13) hold and consider two reals intervals K5 and K4 such that (5.2) hold. Let K =
K3 x K, C R?. For every element (g, ;1) € K we consider the Problem P with the data g and p. Using (5.2)
we see that the assumptions of Theorem 3.2 are satisfied and, therefore, this problem has a unique solution,
denoted u(g, i), with regularity u(g, ) € C(R4,U).

Consider now a cost functional and £ : C(R4; V) — R together with the following optimization problem.

Problem O. Find (¢*,u*) € K such that

L(ulg™,u7)) = min L(u(g,w)- (5.8)

Here, for each (g, 1) € K we use the notation wu(g, u) for the solution of inequality (3.17) which is also
the unique solution of the inequality (3.23). In the study of Problem Oy we assume that

(5.9)

L:C(R4; V) — Ris a lower semicontinuous function, i.e.,
u, »u in CRL,V) = linl}infﬁ(un) > L(u).

We have the following existence result.
Theorem 5.4. Assume that (3.9)—(3.13), (5.2) and (5.9) hold. Then, Problem Os has at least one solution.
Proof. Consider the function J :  — R defined by

J(g, 1) = L(u(g,p))  forall (g,p) € K.

Theorem 4.5 guarantees that the map (g,u) — u(g,p) : K — C(R4; V) is continuous. Therefore, using
assumption (5.9) we deduce that the function J is lower semicontinuous on K. Recall also that the set /C is
a compact subset of RZ. Theorem 5.4 follows now from the Weierstrass theorem. O

Example 5.5. An example of Problem Qs can be obtained by taking

L(u) = /OT (/Q low (2, w)Hde) ds forall we C(Ry;V), (5.10)

where T' > 0 is given and, for each u € C(Ry;V), o, € C(Ry;Q) represents the stress function defined
by the viscoelastic constitutive equation (2.1). With this choice, the mechanical interpretation of Problem
O, is the following: given a contact process of the form (2.1)-(2.6) and a compact set K = K3 x K; € R?
described in (5.2), we are looking for a bound g* and a friction coefficient p* such that (¢*, u*) € K and
the corresponding stress in the body during the time interval of interest [0,7] is as small as possible. It
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is easy to see that the function £ defined by (5.10) satisfies condition (5.9). Indeed, consider a sequence
{u,} € C(R4;V) such that u,, — u in C(Ry;V). We use (2.1) to see that

() = Ae(un (1)) + /0 B(t — 5)e(un(s)) ds,

o(t) = Ae(u(t)) + /0 B(t — s)e(u(s)) ds,

for all t € Ry and n € N. Then, assumptions (3.9) and (3.10) imply that o, — o in C(R; Q). Therefore,
L(u,) = L(u), which shows that condition (5.9) is satisfied. Theorem 5.1 guarantees now the existence of
the solutions to the corresponding optimization problem.
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