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1. Introduction

In many complicated physical processes and engineering applications, mathematical models of problems are formulated
as inequalities instead of the more commonly seen equations. Many problems are focused on the study of variational in-
equalities and hemivariational inequalities. Generally speaking, variational inequalities are referred to those inequality prob-
lems with a convex framework, while hemivariational inequalities are involved in those systems with nonconvex and non-
smooth structure. In the recent years, the study of variational and hemivariational inequalities has been considered ex-
tensively in variety of mathematical theory analysis and engineering applications, see [9,10,12-15,18-21,23,26,27,29,30]. On
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the other hand, the problems involving fractional and nonlocal operators constitute a source of extensive interest in re-
cent years, since they provide precise description of some physical phenomena for viscoelastic materials such as fractional
Kelvin-Voigt constitutive laws and fractional Maxwell model, electrodynamics biotechnology, aerodynamics and control of
dynamical systems, see [2,8,16,17,22,28,31,32].

Let §2 be a bounded domain in RN with Lipschitz boundary, s (0, 1) be such that N> 2s, QC := RM\Q, and 0 < T < oo. The
purpose of the paper is to explore the existence of solutions for the following space-fractional variational-hemivariational
inequality of parabolic type:

W+ Lxu+dJ(U) +0cp()> f inQx(0,T)
ux,t)=0 in QC x (0,T) (1)
u(x,0) =ug in Q,

where v’ = % and the operator £y stands for the generalized nonlocal space-fractional Laplace operator defined as follows

Leux) = — /R WX+Y) +ux—y) — 2ux)K(y) dy for ae.x e RY,

for all ueXy, the space X, is given in Section 2. Moreover, for problem (1), the kernel function K is assumed to satisfy the
following condition:
H(K): K : RN\{0} — (0, 4+00) is such that

(i) the function x—min{|x|2, 1}K(x) belongs to L (RN).
(ii) for all x e RN\ {0}, there exists a constant my >0 such that
K(x) = my|x|~ ™29,
(iii) for each x € RN\{0}, we have K(x) = K(—x).
The terms 9] and dc¢ denote the generalized subdifferential operator in the sense of Clarke, see [5], for a locally Lipschitz
functional J, and convex subdifferential operator for a proper, convex functional ¢, respectively.
To highlight the level of generalization of problem (1), we present below its several particular cases.

(i) If the kernel function K is specialized to
K(x) := x|~ ™29 for all x € RN\ {0},

and for some se(0, 1) such that 2s <N, i.e.,, the generalized fractional nonlocal Laplace operator £ becomes the
classical fractional Laplace operator (—A)S,
s L ux+y)+ux—y) —2ux) N
(-A)’ux) := —/RN Y5 dy forae xeR",

then problem (1) reduces to the following parabolic variational-hemivariational inequality involving fractional Laplace
operator

{u/ + (=A)Yu+dJ(u) +dcp(u) > f inQx(0,T)

u(x,t)=0 in Q¢ x (0,T)
u(x,0) =ug in Q.

(ii) If the convex functional ¢ =0, then the fractional variational-hemivariational inequality of parabolic type (1) reduces
to the following “purely” fractional parabolic hemivariational inequality

U+ Lxu+dJ(w)sf inQx(0,T)
u(x,t) =0 in QC x (0, T)
u(x,0) =ug in Q.

(iii) If the locally Lipschitz functional J=0, then the fractional variational-hemivariational inequality of parabolic type
(1) converts to the following fractional parabolic variational inequality

U+ Lxu+0cp(u)s f inQx(0,T)
ux,t)=0 in QC x (0, T)
u(x,0) =ug in Q.

In fact, as far as we know, until now, there is no reference which deals with all of the special cases listed above. Based
on this motivation, the aim of the paper is to examine the existence of weak solution to problem (1).

The rest of the paper is organized as follows. In Section 2, we will recall some preliminary material needed in the
investigation of the inequality problem. Section 3 is devoted to study existence of weak solutions to problem (1) by using a
surjectivity result for the sum of operators combined with the theory of convex and nonsmooth analysis.

2. Preliminaries and hypotheses

In this section we recall the main preliminary material and notation needed in the study of problem (1).
First, we review the following concepts from nonlinear analysis.
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Definition 1 [21, Section 3.4]. Let E be a reflexive Banach space with its dual E* and A : D(A) c E — 2E" be a multivalued
function, where D(A) = {u € E | Au # ¢} stands for the domain of A. We say that

(i) A is monotone, if
(u* —v*,u — V) > 0 forall u* € Au, v* € Av and u, v € D(A).

(ii) A is maximal monotone, if it is monotone and it has a maximal graph in the sense of inclusion among all monotone
operators, namely, the inequality
(u* —w*, u — V)g..g > 0 forall u* € Au and u € D(A),

implies v € D(A) and w* € Av.
(iii) A is pseudomonotone with respect to D(L) (or L-pseudomonotone), for a linear, maximal monotone operator L:
D(L)C E— E*, if
(a) for each ueE, the set Au is nonempty, closed, and convex in E*;
(b) A is upper semicontinuous from each finite dimensional subspace of E into E* endowed with its weak topology;
(c) for each sequences {un}cD(L) and {u};} c E* with
up — uweakly inE,
Lu, — Lu weakly in E*,
ui € Au, foralln e N,
uf — u* weakly in E*,
lim sup(uj;, un — u)g-xe <0,

n—oo

we have u* e Au and limp_, o0 (U}, Un) s = (U¥, U)ps £
Next, we recall some basic tools from convex analysis and nonsmooth analysis.

Definition 2 [21, Definition 3.31]. Let E be a Banach space with its dual E*, and ¢ : E — R := RU {400} be a proper, convex
and lower semicontinuous functional. The mapping dc¢ : E — 2E" defined by

dcp(u) ={u* e E* | (u*,v—u)png < (V) —@(u) forall veE}
is called the subdifferential of ¢. Any element u* € dc¢(u) is called a subgradient of ¢ at u.

Definition 3 [21, Definitions 3.21 and 3.22]. Let J : E — R be a locally Lipschitz continuous functional and u, v € E. We denote
by JO(u; v) the generalized (Clarke) directional derivative of J at the point u in the direction v defined by

]0 (u; U) = lim Sup‘w_
w—u,t]0 t
The generalized Clarke gradient 9] : E — 2E" of J : E - R at u<E is defined by
Jw)={§ eE" | °(w;v) > (£, V)¢ forall veE}

Theorem 4 |6, Theorem 6.3.19, p. 48]. Let E be a real Banach space and ¢ : E — R be a proper, convex and lower semicontinuous
functional. Then dc¢ : E — 2E" is a maximal monotone operator.

Proposition 5 [21, Proposition 3.23]. Let ] : E — R be locally Lipschitz of rank L, > 0 near u € E. Then, we have
(a) the function v+~ J°(u; v) is positively homogeneous, subadditive, and satisfies
U°(u; v)| < Ly||v||g forallv e E;

(b) (u,v) — JO(u; v) is upper semicontinuous;
(c) dJ(u) is a nonempty, convex, and weakly * compact subset of E* with ||&||g« < L, for all £ € dJ(u);
(d) for all v € E, we have J°(u; v) = max{(&, V)g-x¢ | € € 3J(w)}.

Additionally, we consider the important concept of strongly-quasi boundedness for multivalued operators.

Definition 6 |7, Definition 2.14]. Let E be a reflexive Banach space with its dual E* and A : D(A) c E — 2E" be a multivalued
mapping. A is called to be strongly-quasi bounded, if for each M > 0, there exists Kj; > 0 satisfying if u € D(A) and u* € Au are
such that

(u*, u)p-xe <M and |lullp <M,
then ||Ll*||E* < KM

In fact, it is not easy to verify that a multivalued operator is strongly-quasi bounded by using the definition. However,
Browder-Hess in [3, Proposition 14] provided the following criterion to validate the strongly-quasi boundedness.
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Proposition 7 [3, Proposition 14]. Let E be a reflexive Banach space with its dual E*. If A : D(A) c E — 2E" is a monotone oper-
ator such that 0 € intD(A), then A is strongly-quasi bounded.

Finally, we recall the following surjectivity result for the sum of operators in Banach spaces, which will play a significant
role in the proof of our main result.

Theorem 8 |7, Theorem 3.1]. Let E be a reflexive, strictly convex Banach space, L: D(L) c E— E* be a linear, densely defined and
maximal monotone operator, A : E — 2E* be a bounded and L-pseudomonotone operator such that

(Au, u)gee = T(llullp)lullp forall u ek,

where r: Ry — R is a function satisfying r(s) — +oc as s — +oo. If the multivalued mapping B : D(B) c E — 2E" is a maximal
monotone operator which is strongly-quasi bounded and 0 € B(0), then L + A + B is surjective, namely, R(L + A+ B) = E*.

Let Q be a bounded domain in RN with Lipschitz boundary, and s < (0, 1) be such that N > 2s. In what follows, we adopt

the symbols S := (RM\Q) x (RN\Q), P := R?N\S, and 2} := szés to denote the fractional critical exponent. Also, we denote

by u|q the function u restricted to the domain Q2. Consider the function space
X:={u:RV> R | ulg el?(Q)and (u(x) —u®))?Kx—y) € >(P)}).

It is obvious, see [25], that X is a normed linear space endowed with the norm
lull = lullce + ( [ 1460~ u@) PK = y) dy dx)

for all ueX. Since the boundary condition for problem (1) is the generalized Dirichlet boundary, so, we also introduce a
subspace of X, given by

Xo:={ueX|u=0forae xeQC}.

Lemma 9 [25]. Let se(0, 1) and Q be a bounded, open subset of RN with Lipschitz boundary and N > 2s. Then, we have

(i) Xg is a Hilbert space with the inner product

o), = [ [ 160 = u)iveo —ve)Kex—y) dxdy

for all u, v e X.
(ii) If p € [1, 2¢], then there exists a positive constant c(p) such that

lullny < c(p)llullx, forall ueXo.
(ili) The embedding from X to LP(RN) is compact if p € [1,2%).
Let X} be the dual space of Xo. Note that Xo C [2(Q) X§ and 2 < 2%, so from Lemma 9, we can see that the embedding
from X, to [2(R2) is compact. Besides, we introduce the function spaces

Xy =1%(0,T; Xo), &X;=I1%(0,T;X;)andW = {u €Ay | % € Xg},

where the time derivative % is understood in the sense of vector-valued distributions. Moreover, [21, Proposition 2.54]

reveals that the function space W endowed the norm

Ju
lully := ”“”’”H*H for all u e W,
ot Il

is a Banach space, and the embeddings W c L%(0, T; L%(2)) and W c C(0, T; L2(2)) are compact and continuous, respec-
tively.

3. Existence of solutions

In this section, we shall focus our attention to examine existence of weak solutions to problem (1).
For 0 <T < oo, we denote A :=2 x (0, T). We impose the following assumptions for the data of problem (1).
H(j): j: 2% (0.T) x R — R is such that j(-, 0)eL!(A) and

(i) for each r € R, the function (x, t)~j(x, t, r) is measurable on A;
(ii) for a.e. (x, t) e A, the functional r—j(x, t, r) is locally Lipschitz;

iii) there exist ¢;>0, p>1,and a LTEl A) with a(x, t)> 0 satisfying
j

|€] < a(x,t) +c;|r|P~! forall§ e dj(x,t,r) and fora.e. (x,t) € A.
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H(0): f e x5 and ug € intD(¢).
H(p): ¢ : Xg — R is a proper, convex and lower semicontinuous functional such that

0 € dcp(uo).
Define the functional J : Xy — R by

J) :=/Aj(x, £ u(x ) dxde for all u e X;. )

Under the hypothesis H(j), from [21, Theorem 3.47], we readily obtain the following result.

Proposition 10. Assume that hypothesis H(j) is fulfilled. Then the functional | defined in (2) is locally Lipschitz and there exists a
constant ¢; > 0 such that for all u, v e LP(A)

L) < C](1 + ”u”f;&\))”v”LP(A):
&N ) <g(1+ ||u||fp_(1,\)) forall & € 3(JI(a)) (),

where p’ is the conjugate exponent of p, i.e., % + % =1

(3)

The definition of weak solution for problem (1) reads as follows.

Definition 11. We say that u € W is a weak solution to problem (1), if u(x,0) =ug(x) in €2, and the following inequality
holds

T r Qu(x,t) _— T
/0 /R 3t (v(x. t) —u(x, t)) dxdt +J°(u; v u)+/0 e(t))dt
—/Tw(U(t))dH/T/ (v(x.t) — u(x. t)) Liu(x, t) dxdt
0 0 RN ’ ’ ’
z/T/ Flx (v t) —u(x. 1)) dxdt
0 RN
for all v € Xp.

The main result of the paper is delivered below.

Theorem 12. Assume that H(K), H(j), H(0), and H(¢) hold. If 1<p<2 or p=2 with CJC(Z)Z <1, where ¢(2)>0 is given in
Lemma 9(ii), then problem (1) admits a weak solution in the sense of Definition 11.

Proof. First, we define the operator A : Xy — A7 by
T
(Au)(v) : = / / V(% 0L (ux, £) + o (x)) dxdt
0 RN
T
- —/ / v, DU 4y, ) + u(x — y, ) — 2u(x, £)]K(y) dy dx dt
0 RZN

T
- / / v(x, t)[uo(x +y) +uo(x — y) — 2uo(x)JK(y) dy dx dt (4)
0 Jran
for all u, v € &y. We verify that A is a linear and continuous operator. Let u, v € Xy and z, w € Xp. Note that

/R W[z +y) +2(x ~y) — 22(x) K () dy dx
= /RZN w(x) [z(x +y) - z(x)]K(y) dydx + /sz w(x) [z(x —y) - z(x)]K(y) dy dx
= [ we[z0) ~ 20 Jk(x =) dydx+ [ weo[20) - 260 ]K — 0 dy dx
- /RZN wX)[z(y) - 2(x) |K(x - y) dy dx + /RZN w)[20) —z(») K (x - y) dy dx

- /R [we) —w»)][z(x) —z(0) K (x ~ y) dy dx
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so, we have

T
(Au)(v) = /0 /Rm[u(x, ) —u, v t) —vy,t)]K(x —y)dydxdt

’
4 / / [0 (%) — uo )]V (x. £) — v(y. HIK(x — y) dy dxd
0 Jran

= (U + ., V) x.
where iy (t, x) = ug(x) for all (t, x) e A. Hence, we infer that A is a linear and continuous operator and
[ Aullx; < llullx, + ltollx, forallu e . (5)
Additionally, we have
(A(u) — AW, u—V)x, = (Ut o, U — V), — (V+ 1o, u—V)y, = [lu—v|]3,
for all u, v € Ay, which indicates that A is strongly monotone as well. O
Next, we introduce the operator L: D(L) C Xy — A defined by

us B
T ot’

which is closed, linear, densely defined, and maximal monotone, see [6, Section 8.5]. Here, the domain D(L) of L is given
by

L

D(L) :={ueWw | u(0) =0}.

Moreover, we consider the functional ¥ : Xy — R given by
T
W (1) ::/ @(u(t) +up) dt for all u e Xp. 6)
0

We shall prove the following claims.

Claim 1. The multivalued operator A(-) + dJ(- +1ip) : X — 2% is bounded and pseudomonotone with respect to D(L) (i.e., L-
pseudomonotone).

In fact, from Propositions 5 and 10, we deduce that the set Au + dJ(u + 1) is nonempty, closed, and convex in Ay for
all u e &p. Next, from (5), for all u € Ay and & € 3J(u + tip), we obtain the following estimate

[ Au + &

x; < [lAullag + 1§ 1]+
< llullx + 1ol + ¢ (1 + ()P (llullx, + ITollx,)P),

which clearly implies that the mapping A(-) + 8] (- + 1lp) : Xp — 2% is bounded. Moreover, since A is linear and continuous
(hence demicontinuous as well) and 9] is upper upper semicontinuous from X to w-Xj, see Propositions 5 and 10, it is

easy to demonstrate that A(-) + 8J(- + 1ig) : Xy — 2% is upper semicontinuous from X; to w-45.
It remains to verify the condition (c) in Definition 1(iii). Let {un} c D(L) and {uj;} c & be such that uy — u weakly in Ap,
Lup — Lu weakly in X7, uj € Aup + 9J (up + Up) with ui — u* weakly in X3, and

lim sup(u}, up — u)x, < 0. (7)

n—oo

Then, we are able to find a sequence {£,} C &7 such that &, € 9] (u, + i) and
ur = A(up) + &, foreachneN.
From (7) and the above equality, it yields

lim sup(Auy, up — U) x, + lirgn inf(&n, up —u)y, <0. (8)

1100
Since Xy c [?(R) X and the embedding of X, to [2(R2) is compact, see Lemma 9, we have
u, — u strongly in [>(A).
Furthermore, invoking [4, Theorem 2.2], one has
9(J|x) (W) € 9(l2(a))(u) forall u e Ap.

This results in

(&, tn — U)xy = (En. Un — U p2(n).- 9
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Further, Proposition 10 and the boundedness of {u,} in X, entail that the sequence {£,} is bounded both in L2(A) and g
Then, by (9), we pass to the limit as n— oo to get

r!ggc@n: Up — U)x, = r}g{}c(&y Up — U)j2(p) = 0.
This convergence combined with (8) and the monotonicity of .4 implies

limsup ||u, — u||§(O = lim sup(Au, — Au, u, — u)x, + lim (Au, up — u)x, <0.

n—oo n—oo n—oo

Hence uy — u strongly in Xp. On the other side, the reflexivity of A7 and boundedness of {&,} c A allow to assume, at least
for a subsequence, that

&n — & weakly in X for some & € Aj.

Since 9] is upper semicontinuous from Ay to w-X§ and it has convex and closed values, it is closed from Ay to w-X&j§,
see [11, Theorem 1.1.4]. Therefore, we obtain & € 3J(u + tip).
To conclude, we have u* = & + Au e Au+ 9J(u + tip) and

(up, tn) oy = En + Aun), Un)yy = (§ + AW, u)x, = (U*, U) x,,

i.e., the operator A(-) + dJ(- +1ig) : Xy — 2% is L-pseudomonotone.

Claim 2. There exists a function r : R, — R with r(s) — +oo as s — +oo such that
(Au+ 9] (u + 1), u)ay = r(llulla) llullx,

forall u € Ay
From [4, Theorem 2.2] and Proposition 10, for all u € Ay, one has

(Au+ 0] (u + ), u)x, = (Au, u) x, + (3] (U + Tp), u) x,

> (lull, = ol x llull xy + (8J (1 + o). U)o (a)

> Jlullz, — ol llullxy — 18] (1 + o) 1o a) 1ull 1o ca)

> Jlullz, — ol x lullx, — ¢ (1 + [Ju +170||fp11,\))||u||Ln(A)

> [[ull3, — 1ol lullx, — g llullx, — ge(p)Pully, — ge(p)P |3, lullx,
= llullx (Ilullx — lTollx, — ce(p) — ce(p)P Tl — ge)Pllull?’).

Let r(s) =s — ||t lx, — cjc(p) — cjc(p)PIIﬂOHf%l —¢c(p)PsP! for s e R. It follows from the condition 1<p <2 or p =2 with
c]c(2)2 <1 that the function r is coercive, namely, r(s) — +oo as s — +oo. This shows Claim 2.

Claim 3. W : X — R is a proper, convex and lower semicontinuous functional.
It obvious that W = +o0, because 0 < D(W), see hypothesis H(¢). Let uq, u; € Xy and A €(0, 1) be arbitrary. The convexity
of ¢ implies

T
Y (Aur + (1= A)uz) =/O @ (Aup () + (1 = Mua(t) + up) dt
T
=/0 @A (t) +up) + (1= A)(uz(t) + o)) dt

T T
< A/ (s (6) + o) dt + (1 —m/ O (t) + ) dt
0 0

=AU () + (1= 2)¥ (1),

hence W is convex. Let {u;} C Xy be such that u, — u in Xp. Since ¢ is convex and lower semicontinuous, it follows from [24,
Lemma 2.5] that there are two constants mq, m, € R satisfying

@(2) = my||z||x, + my forall z € X,.

Invoking the Holder inequality, we obtain
T T
W) = [ @Qun(©)+u0)de = moT+my [ un(e) + uoll, de

1 ~
> myT — [mq|T2 [Jup + tig |, = Mo,
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for some mg > 0, which is independent of {u,}. From the convergence u, — u in X, we may assume, by passing to a subse-
quence if necessary, that u,(t) — u(t) in Xy for a.e. t € (0, T). This combined with the Fatou lemma, see e.g. [21, Theorem 1.64],
gives

T T
liminf W (u,) =1i£ninf/ (p(un(t)—i—uo)dtz/ liminf g (un £) + uo) dt
— 00 —oo Jo 0 — 00

T
> [ o)+ u)dt = waw.
0
Then, W is a proper convex and lower semicontinuous functional.

Claim 4. 3-V : Xy — 2% is a maximal monotone operator, which is strongly-quasi bounded and 0 € 3¥(0).

From Claim 3, we know that W is a proper, convex and lower semicontinuous functional. Invoking Theorem 4, it implies
that dcW¥ : Xy — 2% is a maximal monotone operator. The hypothesis H(p) yields directly that 0 d-%(0). Next, we shall
show that the mapping d.W is strongly-quasi bounded. In fact, from e.g. [1, Proposition 2.7], we have

intD(W) c D(0cV),

which gives intD(V)cintD(dcW¥). Now, assumptions H(¢), H(0), and Proposition 7 guarantee that the mapping dcW is
strongly-quasi bounded.

Having verified Claims 1-4, we are now in a position to apply the surjectivity result, Theorem 8. We deduce that there
exists a function w € W with w(0) = 0 solving the following inclusion problem

Lw+ Aw + 0] (W + Up) + dc W (W) > f in &g (10)
w(0) = 0.

Claim 5. If w € W is a solution to problem (10), then the function u = w + uq is a weak solution to problem (1).

Let w € W be a solution to problem (10). Hence, u = w + ug solves the following problem

au ~ ~
g+A(U—”0)+BJ(U)+8C‘IJ(”—UO)9f (11)
u(0) = up.

Recalling the definition of generalized Clarke subdifferential and convex subdifferential, it yields

(), v—u)x, <J°(u;v—u) forall ve A, (12)

and
(0cW (u —1tp), v— )y, = (3cW (u — o), v — tip — (U — Thp)) x,
<WW—1ly) —V(u—1ip) forallve Ap. (13)
Combining (11)-(13), definitions (4), and (6), we have

/OT /RN Sug;, t)

T T
- [ owender [ [ (0 —uxo)eeui e e

(v(x, ©) — u(x, £)) dxdt +J0 (s v — u) + /T o(u(t)) dt
0

T
> [0 [ S 0@en -ue o) dede forall ve .
0 JrN
This means that u = w + uq is a weak solution to problem (1), which completes the proof of the theorem.
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