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Abstract

In this paper, we study a problem with initial and boundary conditions for one class of high-order partial
differential equations in several variables. The solution to the initial boundary value problem is constructed as the
sum of a series in the system of eigenfunctions of the multidimensional spectral problem. The eigenvalues of the
spectral problem are found and the corresponding system of eigenfunctions is constructed. It is shown that this
system of eigenfunctions is complete and forms a Riesz basis in the Sobolev space. Based on the completeness of
the system of eigenfunctions, a uniqueness theorem for the solution of the problem is proved. In the Sobolev
classes, the existence of a regular solution to the stated initial-boundary value problem is proved.

Keywords: high-order partial differential equation, fractional time derivative, initial-boundary value prob-
lem, spectral method, eigenvalues, eigenfunctions, completeness, Riesz basis, uniqueness, existence, series.

Many problems of vibrations of beams and plates,  is used in many problems when calculating the stability
which are of great importance in structural mechanics,  of rotating shafts and studying ship vibrations [7, ch.2].
lead to differential equations of a higher order [1, p. In this paper, we consider a differential equation
141-143], [2, p. 278-280], [3, ch.3], [4, p.45], [5, p-35],  with a fractional derivative
[6. ch.4]. We also note that the beam vibration equation
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which has applications in structural mechanics, here (x,y,t) =,

= (X0 ooy Xy s Yir oo Yoo £) € I, X IT, % (0, T) IT, = (0, 7) x...x(0, 7), IT, =(0,1)x...x(0,1),
N,M, m, pel], I, T >0 —are given positive numbersand f(X,y,t), ¢ (X,y), i=12,..,p —are

sufficiently smooth functions expanded in terms of eigenfunctions {y/, (X)V,,(y),nel™, mel ™} of the
spectral problem:
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A - spectral parameter.
Here, for o < 0, the fractional integral has the form

sign(t—a) j- u(x, y,7)-dr
I'(-) [t—z |

for @ =0, then DZU(X,y,t)=u(X,y,t),andfor p—l<a<p, pell, thefractional derivative is
determined by the formula

p . dP .
Diu(x,y.1) = sign” (t—a) = D& *u(x ) =

Dau(x,y,t) =

signp”(t—a)d_"ju(x, y,7)-dzr
T(l-a) dt°) [t-r["

In works [8-10] for the beam equation, i.e. for equation (1)at « =2, m=1, N =0,M =0, initial-bound-
ary problems are studied. In this paper, on the basis of papers [8,11,12], we obtain a uniqueness and existence
theorem for a solution to problem (1) — (3) in the Sobolev space. The solution is constructed as the sum of a series
in the system of eigenfunctions of the multidimensional spectral problem (4), (5) and (6), (7).

Completeness of the system of eigenfunctions in Sobolev classes.

The scalar product in the space W, (IT), is introduced as follows:

(F 00, 90D,y = (T, 909)) L(m+Z(D (), D29 (X)) +

N
- (Dj%leﬁzf(x),Djﬁleizg(x)) -
| e J1 12 J1 12 L(H)
1I<j<j,<N 2
N
S: S S; S S: S:
Y (DX;iDXE...DXj‘:f(x), DX;jDX;;...DX;gg(x))

I<ji<jp<.<jy<N L, (17)

Accordingly, the norm in these spaces W, (IT) is introduced as follows:

£ Oy =1 OO +ZHD 00,

L (17)
+ 2, |beDk f(x) .+ D, ||D3Dg%..DM f(x)
1<ji<jp<N LZ(H) 1<ji<jp<<jy <N ok '—2(’7)
0 S1:S205N
Denote by W (IT) the class of functions belonging to W,***¥ (IT) and satisfying the boundary

conditions
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In the space W > (IT) of functions of N —variables f(X)= f(X,,X,,...,Xy), the complete or-

thonormal system is formed by all products

Ving oy (K Xaree0 X0 ) = Vi, (%) Vi, (%) oo Vi, (%),

where

, mjeD,

_ (X)_\/E B, C0S 2y, X; + &, SION(B] —af)a;sin 2, X,
AV EEY

4/aj.2+/3j2- 1+|4

for 1< J <N . see the proof in [21].
Fairly next

Theorem 1. Let & 0, ﬁj 0, ‘O{j‘i‘ﬂj‘ be real numbers for each 1< J <N and

I<j<p

p= max[\/é’l2 +2(%+(g0j +1)% —1)° .a(sJ)J <1,

®)

1
where G(O):ﬁ’ o(s;)=1 for 5,>0, 9, = x/_rrgglxl 1‘, imj =2m, +En P
X€| T
1 mlls) +1 0
. =—alCCOS————7, &, =& . ==x1 form; ell.
T a+p M :
Then the system of eigenfunctions
{l//ml """ My (Xl’xz’ ! N)}(ml ..... mN)E N -
- 2 2 -
H 2 ,B Cos A, X+&p, S|gn(/3j —a)a; sin 4, X;
2 2
Jaj + 5, -y 1+4
(My,.mp)el P
0 S1:52:+SN
spectral problem (4) — (5) forms a complete orthonormal system in Sobolev classes W » (7).

N
We will look for eigenfunctions of problem (6), (7) in the form of a product V(Y) = H X, (yi) Then, to

i1
determine each X, (Y,), 1 =1, N, we get a one-dimensional spectral problem of the form:
XM (x)=AX(x) =0, 0<x<I,
X)) = X #D(0) = X (1) = XD (1y =0, k =0,m—1.
Here, for simplicity, X;(Y;) are denoted by X (X).
We introduce the space W, (0,1) with the norm

[ lesion =110 +1O°
where S is an arbitrary natural number, while W, (0,1) = L,(0,1) .

LN’

)

(10)
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Denote by L the differential operator generated by the differential expression 1(X) = X(4m) (X) on the

space W24m (0, |) of functions X (X) satisfying the boundary conditions (10). We denote such a space by

o 4m
V. (0, | ) :
The following
Lemma 1. LX = X“™ (X) operator with domain

D(L) ={X (x): X (x) eW,"(0,1),
¥ (4K) (0) = ¥ (4k+) (0) = ¥ (4K) (1) = x(4k+1)(|) —0, k=041...m _1} ,
is a positive and symmetric operator in the space L, (0, I).

See the proof in [20].
Let A= d4m, d > 0. Then for (6) the characteristic equation has the form:

lu4m _ d 4m — 0 .
The roots of this equation are determined by the formula
S
gz
u;=de?, j=0,4m-1.
The following equality holds true for the operator L:

am 4m am 4m-1 d 2m-1 d2 )
L-d Izdx‘““_d I=T] &—y” =11 W_”J’I =

j=0
m-1 d4 A d4 m-1 d4
=TTl —-x'1 |=| —-d“I — i,
oo oG] e
2z

-
Here ,u? =d*e m , J=1,...,m=1 are not positive numbers. It follows from equality It follows from

equality (11) that the operator LX = X “™ (x) with domain D(L) has its own function X = X (x) ifand
only if the function X (X) is a non-trivial solution to the problem of the following form:
X(“)(x):d“X(x), O<x<I, (12)
X(0)=X'(0)=X({)=X'(l)=0. (13)
Indeed, let X “™ (x)=d*"X(x), X(x)€D(L) and X(X)#0 not be a solution to problem (12),
(13). Then

ml[—4—ﬂ;‘|]x ~0, X(x)eD(L), X(x)%0

oL ax?
or
P d* 4 ) 4
——ul || ——-d*l [ X =0, X(X)eD(L), X(x)=0.
gdx4 LN e j (x)e D(L), X(x)
Since the spectral problem (12), (13) has only positive eigenvalues, we have
m-1 4 4
— 'l || ——d*l [X=0, X(x)eD(L), X(x)=0.
gdx4 Tl ] (x)eD(L), X(x)

Similarly, we get
m-1 d4 A d4 .
—— ;|| ——-d"l [ X =0, X(x)eD(L), X(x)#0.
g(dXA 4 j[w j (¥ eD(L), X(x)
Continuing this process, we get

(_44—d4|Jx =0, X(x)eD(L), X(x)=0.
dx
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This contradiction proves our assertion. Thus, the operator LX = X(4m) (X) with the domain of definition

D(L) has its own function X (X) only in the case when the function X (X) is a non-trivial solution to

problem (12), (13).
Based on the works [17, p. 220-222], [8] and [20] the numbers are positive roots of the transcendental equation

chdl-cosdl =1. (14)
Using a graphical method, it is not difficult to show the existence of a countable set of positive roots of this
equation;
0<d; <d, <..<d, <...,
moreover, for large N the asymptotic formula

d, =ﬂTn+%+O(e2”“). (15)

The corresponding system of eigenfunctions has the form
= sind l{—sind I cosd |
R, = - Bl dulcosd,
1-cos“d,|
From formula (16), depending on the evenness and oddness of the number N, we obtain the corresponding
system of eigenfunctions orthonormal in L, (0,1)

(chd,x—cosd,x)+shd, x—sind, x. (16)

| i I
shd, (x——) sind_(x—-)
1 2" _ 2| n=2i, i=12,..
d,| d,f dy!
\/I_tg7n ch7n 0037”
X (x)= I | (17)
1 chd, (x—-) cosd_ (x—-)
2" | 2 | n=2i-1i=12,....
g 2 2 2

Since the operator LX = X(Am)(x) with the domain D(L) has its own function X (X) only if the
function X (X) is a non-trivial solution to problem (12), (13).

Therefore, we obtain the eigenvalues of problem (9), (10) by the formula ﬂh =d™, n =1 2, ..., where

dn is the root of equation (14), and the eigenfunctions by formula (17). Indeed, this cannbe seen directly by calcu-
lating the derivatives of the functions X (X),i.e. X (x)=d,"X,(x), 0<x<I and

X, 0)=d!X *“90)=...=d*X (0)=0, k=1 m-1,

X HD0)=di X, (0)=...=d*X1(0)=0, k=L m-1,

XM =d!X *H(1)=...=d*X, (1) =0, k=1 m-1,

XS0y =déX D) =...=d* X (1) =0, k=1, m-1.

I |
shd, (x—-) sind, (x-)
1 2" _ 2| n=2,i=12..
R )
» Xn(x):—“ (18)
J1+d; . chdn(X—l) cosdn(X—l)
2" n=2i-1 i=12
d, d, N T
Znl h—- —
ﬁctg ; S ; sin >

the corresponding system of eigenfunctions of problem (9), (10).
The following
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Lemma 2. The eigenfunctions Xn(X) of the operator L corresponding to different eigenvalues
A, = d*™, n=212,... are orthonormal in the class W225 0,1), s=12, ....

n )
See the proof in [20].

L 2s

Denote by V2 (O,I) the set of all functions f(X) eWZZS(O,I) satisfying the boundary conditions

s+1
f(4k)(0) _ f(4k+1)(0) - f(4k)(|) — f(4k+1)(|) =0a k=0,1 ..., {T}—ll
The following
Theorem 2. The system of eigenfunctions (18) of the spectral problem (9) and (10) is a complete orthonormal

. 25

system in the Sobolev class V 2 (0, | ) .

The scalar product in the space W,**"* (IT) is introduced as follows:

(f(x). g(x))wz%sz ..... N () =(f(x). (X))Lz(n) "

N
2 (D5 f(x).DFg(x) + ¥ (DiDf(0.050rg(x) -

=l L e TN L, (1)
i [YSiz Sin i Sz Sin
ot Y (DED.DIf(x),DID..Df g(x))L .
I<h<jp<.<jy<N 2
Then, respectively, the norm in the space W,**"* (IT) is defined by the formula
() [t F -+ ot (0
H (X) WSL2N (1) H (X) L, (IT) +JZ;H Xt (X) L, (IT) -
-
2 2
+ DD f (x)H oot DD’ ..D f (X _
Jsj1<Zj2<N L L (1) Jsj1<j2;<jN<N ER ( ) L, (1)
281,28,,...,25y 28 25 25
Denote by V 2 (H) the set of all functions f (X) EW2 81252 5N (H) satisfying the boundary
conditions
8™ 1 (x) 0™ (x) 8™ f (x) 8" (x)
Aok =0, T Ak =0, Aok =0, T Ak =0
ox X X" o
xj:O ] xj:O J xj:I J xj:I
s +1 J—
atk; =0, { ' }1, j=1 N.
2
o 28,25,,...,25y
In the space of V2 (IT) functions of N —variables f(X)= f(X,,...,Xy ), the complete or-

thonormal system is formed from all products

Vi (K000 X0 ) = Xiy (% )Xoy (%),

where



Annali d’ltalia Ne38/2022 74

I . I
1 shdmj (X _E) sin dmj (X _E)
- , m =2k, k =12,..,
N d | hdm'l d,| J "
j ch—? cos—
0 2 2
X (19)
I I
1 chdmj (X; —5) Ccos dmj (X _E)
+ ., m=2k. -1 k. =12,...,
N d. I hdm'l e J J J
j sh— sin—
ctg > >

dmj — is the root of equation (14).

Thus, the following is true.
Theorem 3. System of eigenfunctions

N R | ={mej(xj)} (20)

spectral problem (6), (7) is a complete orthonormal system in the Sobolev class V 2 (H) .
Existence and uniqueness of the solution of the initial-boundary problem.
A regular solution of equation (1) in the region Q =TT, xIT, x(0,T) is a function U(X, Y,t) from

- o*u(x, y,t — o%u(x,y,t
the class U(X, Y,t) € C(Q), Dgu(x,y,t) eC(Q), % eC(Q), % eC(Q),
i i
84m—3 , ,t _ 84m ’ ,t .
% e C(Q), w €eC(Q), j=12,..,N, and satisfying equation (1) at all points
j i
(x,y,1) Q.
o S1:825+SN g
Denote by V2 (Q) the set of all functions U(X, y,t) € W, 0 (Q) satisfying the boundary
conditions
a4ij(X, y,t) o a4kj+1u(x7 y,t) 0
2K, =Y 2k +1 =Y
6yj y;j=0 ayj yj=0
8"iu(x,y,t) _ o™ u(x, y,t) o
2K, ' 2k 1
ayj yj=I 8yj yj=I
S;+3 L —
k=0, |=|-1 =1 N,

The function U(X, y,t) is called a regular solution to problem (1)—(3) in the domain ttt if the function
Q =TI1, xIT, x(0,T) isaregular solution to the equation (1) in the domain Q =TT, xIT, x (0, T) and satisfies
the initial and boundary conditions (2) and (3).

Let the function (X, y,t) e Wx 5o Ml ¢ (Q) with exponent

N+M , M =m,=...=m, 24m+N+N|

S =S,=..=S, 225+ , 0 =—]—a], satisfy equation (1)

at all points (X, y,t) S Q and satisfy the initial and boundary conditions (2) and (3).

Then the function U(X, y,t) is a regular solution to problem (1)—(3) in the domain Q .
We introduce the functions
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Tomimm O = [ OX [ UG YO, o (0, o (Y)Y, (21)
m I
where
{W”i ----- N (Xl'xz""’XN)}(n1 ..... ny el N -
ﬁ 2 [, C0S A, X+¢&, -sign(B; —a ) sin A, X;
= Z. ‘ J : (22)
- 2 2
= V7T Jaj +ﬂj (e )er ®
and

---------------------------

..... - (LN N W ’ i:1!2|'--1 pa nj ED y m] ED . (24)

....................

mn I,
( P )nl ..... Ny § My e, My (t) - I dXJ‘ ?i (X’ y,t)l/7n1 ----- Ny ()()\7m1 ..... my (y)dy |
m I,

The solution of the Cauchy problem (22), (23) is known (see, for example, [14, pp. 601-602], [15, pp. 221—
223], [16, pp. 16-17]) and it has the form

+I(t—T)a71'Ea,a |:1ur11 ..... Ny My, My '(t_T)ai| fnl ..... Ny ; M., My (Z')df, (25)
0
where
N M
Ho . onygimyamy :_ﬂ“nl ..... N5 My ey My :_jz—ll a]?(znj +‘9nj _¢j)2 _Jz_l:bjzd;]m' (26)

Ea’afiﬂ(/"nl ----- i ey )zqo r(aq*"a—j-i-l)’ @
a-1 a(9-1)
(t_ a) > (;Un1 ..... NN My mN) (t_T)
Ea,ot(/unl ..... Ny s My e, My (t T) )_qzﬂl F(C(q) : (28)

Since the functions (21) are constructed explicitly (24), then, based on the completeness of the system of
eigenfunctions (20) and (22) in L2 (H) , it is easy to prove the uniqueness of the solution to problem (1) - (3).

Let f(x,y,t)=0 and ¢ (t)=0, i =1,p. Then formulas (25) and (21) imply that
e e
Hence, due to the completeness of the system of eigenfunctions (20) and (22) in I_z(l—l1 ><H2) , it follows that
U(X, y,t) =0 is almost everywhere in the domain T1, xIT, for any t €[0,T]. As is known, by the Sobolev

embedding theorem, the function U(X, Y, 1) is continuous on Q .then U(X,Y,t) =0 in Q . This proves the
uniqueness of the solution of problem (1) — (3).
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Foreach t >0 and X € Hl the function ggq with respect to the variable U(X, y,t) is a function from

o My, My,..., My
the class U(Xx, y,t) eV, (I1,).Andalso, foreach t >0 and Y €I, the function U(X, Y,t) with
0 S1:52:55N
respect to the variable X is a function from the class U(X, Y,t) e W > (I1)).

Therefore, considering T > Oasa parameter, we will seek the solution of problem (1) — (3) from the class
0 S1:52++SN o My,My ..., My

W, (Hl) xV (Hz) as the sum of a series in the system of eigenfunctions (22) and (20) of
the spectral problem (4), (5) and (6), (7):

u(xy.t) Z Z Z ZT ..... P (3 7 ¢ A () B (29)

-------------

t
+[(t-2)"E,, [ﬂm _____ — '(t—r)a] b (2)87 [0, (07,0 (¥0) (30)
0
0 S1:S2+4SN o My,My,....my; 6
Let us find conditions for the existence of a solution from the class W 2 (IT))xV2 (IL,).
The following

Theorem 4. Let & 0, ,Bj #0, ‘aj‘i‘ﬁj‘ be real numbers for each 1< J <N and

0.
— 2 ] 5i_1)?. _
p_llg”ﬂ)é \/0]- +2(\/§+((/)j +D)7 -1)"-o(s;) |<1,

1
h 0)=—, s;)=1 for s, >0, =2 — =2m, +
where  o(0) 7 o(s;)=1 for 0, = Xrggl;(] 1‘ A, Em, P
1 —2a. 3 N
O :—arccos#, e =6 =%l for m.el]l, S.>22+— and let the initial functions
T aj+pB; 2

@.(%y), 1=12, .., p and therightside f(X,Y,t) satisfy the condition

= ny=l m= my =1] j=L
N Y
a -1 25 2m,
+j(t T E‘m[,unl ’’’’ e (e } ’’’’ M (T)df-lk_[(l+/1nkk) -lk_[(l+dmkk)<oo-(31)
=1 =1
W|th indicators
N N
S, =S, =...=Sy >25+E, m=m,=..=my >4m+?, 0=—{-c]
at every t>0. Then a regular solution to problem (1) - (3) from the class
0 S1:S2:5N o My,My,...My; @
W (1) %V (IT,) exists, is unique, and is represented as a series (30).
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