Risk Measures for Index Tranches and Bespoke
CDOs

The purpose of the model is to calculate the credit spread sensitivity, correlation sensitivity, and

default sensitivity via analytic methods for index CDO trades and bespoke CDO trades.

The credit spread sensitivity is defined as the change in the MTM by perturbing the credit spread by
a small amount; the default sensitivity is calculated by assuming that one obligor in the collateral
pool defaults right away; and the correlation sensitivity is computed by perturbing the index base

correlations by a small amount.
The submitted new model is a great improvement of the existing risk measures in several aspects:

e The new components developed in the Oscar/Fritz credit library enable us to capture risk more
accurately. Previously, the index basis adjustment, base correlation calibration, and CDO?&3
trade equivalent CDO re-flattening (RE-CDO) were implemented outside the Oscar/Fritz library
and there was no way to make corresponding adjustments in perturbed scenarios. In the new
model, we can recalculate the basis adjustments, remap base correlations, and re-flatten RE-

CDOs in the perturbed scenario.

e The credit spread sensitivity is switched to a bucketed one (CSPDH). In the model, parallel shift
credit spread sensitivity has been used for many years. However, recent development in the

market, especially the popularity of longer term trades, makes this measure inaccurate.




e A new method to compute credit spread and correlation sensitivities are adopted in the submitted
model. As outlined in the Section 1, those sensitivities are calculated by separating all relevant
risk factors in the form of Jacobians and then combining them together, instead of a full bump

and revaluation approach.

The advantage of the analytic sensitivity model is the computational efficiency, which allows us to
compute the sensitivities by taking into account of all relevant risk factors. For example, it would be

too time consuming to do a full bump and revaluation approach for a CDO2&3 trade.

In the analytic sensitivity model, the internal shock amount is set to be10™ on a term node.
Considering the fact that a CDO may have more than a hundred obligors, this shock amount is so
tiny that, from the viewpoint of mathematical modeling, it is a “purer” delta than what we normally
think of. When we use this more or less “theoretical” limit delta for any practical purpose, where a
larger finite change in credit spread is encountered, we should pay more attention to any possible

gamma effect. Normally this can be checked by a full bump/revaluation approach.

Note that it is the first time that we can generate bucketed credit spread sensitivities for a structured
trade. Aggregating CSPDH may lead to some no-arbitrage free situation. For example, now we have
bucketed credit spread sensitivities and aggregate them for a changed credit spread curve. However,
it does not contain any information if the changed curve is arbitrage free or not. Normally it is not a
concern in the case of computing sensitivities with real market data and applies them to real market

data, where the arbitrage free curves are ensured.

Define a collateral pool of a CDO trade as a set of N reference names, Q ={L,2,---, N}, in which
each reference name is described by a credit spread curve s, (t), a recovery rate R, a default time
7,, and a notional amount Notl.. A CDO trade with this collateral pool as the underlying collateral
pool has an attachment point A and a detachment point D, and a fixed time horizon [0,T ] with fee

payments at interval T, <T, <---<T . Note that for the purpose of simplicity, this trade may refer to

an index CDO trade, a bespoke trade, and a risk equivalent CDO (RE-CDO) for a CDO? trade.




The base correlation approach is the market standard way to value a CDO trade. We assume the base

correlations for the attachment point and the detachment point are p(A) and p(D) , respectively. For

an index trade, it can be directly calculated by an interpolation/extrapolation of the index base
correlation. For a bespoke CDO trade and an RE-CDO for a CDO?&? trade, a mapping methodology
has to be employed.

Within the current credit derivatives framework a reduced form of default probability of a reference
name has been implemented and well maintained [4]. For the i™ reference name in the collateral
pool, the hazard rate curveh,(s) is defined such that the default probability between s and s+ds
Pl[s <7, <s+ds|z, >s]=h,(s)ds. With this definition the default probability functions built upon

the hazard rate are

1) S {t)=Pt<z]= efj"hi “% = Survival probability,

lh
o

() F()=1-S, (1) =1—e *"“*= Default probability,
(3) f. (t) = h,(t)S, (t) = Default probability density function.

For each credit spread curve, there is a standard term structure defined as t; € A ={1w, 1m, 3m, 6m,

ly, 2y, 3y, 4y, 5y, 7y, 10y, 20y}). The hazard rate is assumed to a stepwise linear function. For the

i"™ obligor, its j" term is defined as h/ .

The normal copula semi-closed form model is the standard model in Oscar/Fritz to value a CDO
trade. By employing a recursion algorithm, the expected loss of a collateral pool over time is built

conditional on a latent variable. The detailed information of this model can be found in Refs. [6-7].

Assume a base tranche A with base correlation p(A). Conditional on the latent variable Z, the
expected loss at time s can be expressed as EL(s) . The computation of this value at any time t can be

found in Refs. [6-7]. Regardless of the instrument, the value of protection and Val01 can be

expressed as a function of a series of EL(s), denoted as




(4)  ValP=ValP(A, p(A), EL(s,), EL(s,),...EL(T))
(5)  Valol=ValOl(A, p(A), EL(s,), EL(s,),.. EL(T))

In the model, s, is a time series with a quarterly increment to the trade maturity. Taking the value of

protection as an example, we show how the analytic sensitivity works as follows.

Assume the hazard rate curve of the t; node of the i" obligor is perturbed by a small amount s . The

new hazard rate curve is denoted, ﬁl (t) , which can be expressed asﬁij =h) +5 atnode t -

Conditional on the latent variable, the change of the conditional default probability of the obligor can

be written as:

—J.;hi (u)du _efj(;ﬁi(u)du

(6) d(F, (t)) =e ~S (t)xh x(t,,—t)xd.

i+1

Using the recursion algorithm, we can work out the conditional expected base tranche loss over time
when the hazard rate curve is perturbed. The change can be expressed as

SEL)  AF )

(M) dEE) =5 o

For the same reason, we can write the change of the base tranche value, incurred by the change of

this hazard rate, as follow:




o(valP(A, p(A))

d(valP) ~

oh
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The unconditional value of protection can be written as

a(val P(Z ) o(valP)

oh/

9)  d(valP)=5x | xD(Z2)dZ =2 x s

Note that the same set of the equations for the fee leg value ValO1 can be deducted. For each obligor,

we calculate all the sensitivities for each term node.

A_Oadp()

Note that if the trade is an index trade, we have 2 0. For a bespoke trade, we

A A . .

havea—j =0. However, % # 0, because the base correlation is mapped from the index base
correlations. In the mapping process, the expected losses of both the collateral pool and the base
tranche have to be used. When the credit spread curve is perturbed, they will change, leading to a

change to the mapped base correlations.

For a RE-CDO of a CDO?%3 trade, aah_A’ # 0. The attachment point of the RE-CDO, which we can

value using the above discussed method, will change if we change the credit spread of an underlying

obligor.

General comments on the methodology:




1. The new method allows us to directly perturb the condition default probability in the recursion.
This will make the model much more computationally efficient than a regular bump and

revaluation approach.

2. In the model, we have many layers of Jacobians built to calculate analytic sensitivities. Although
mathematically speaking we can do as many as we want, practically it will incur two
uncertainties. First, although many Jacobians can be calculated analytically, some of them are

calculated numerically by assuming a finite shock to the relevant factors. In the model, the

numerical shock is set to be10™ . This treatment has to be based on the assumption that all the
sensitivities are linear with respect to the relevant factors. As we found, this is a good
approximation. The second uncertainty is the numerical resolution. The computation of each
Jacobian has certain numerical resolutions or error tolerances. Putting all the Jacobians together
will lead to an aggregation of error tolerance, requiring a better computational error control than
a regular bump and revaluation approach (reference:

https://finpricing.com/lib/FiZeroBond.html).

3. The model separates all the intermediate variables in the form of Jacobians, by assuming a linear
relationship. Firstly this is an approximation and, secondly, the ignored high order joint effect of
these intermediate variables might be of the same order as regular deltas. An example is the
credit spread sensitivity for a bespoke trade. A credit spread shock has two effects: remapped
base correlations and expected losses. In the model, separating base correlation sensitivity and
trade expected loss sensitivity with respect to the credit spread ignores the joint effect of the
change in the mapped correlation and expected loss, which might be large in certain

circumstances.

4. Aggregating all these sensitivities may lead to the violation of arbitrage free condition. For
example, now we have bucketed credit spread sensitivities, and aggregate them for a changed
credit spread curve. However, it does not contain any information about whether the changed
curve is arbitrage free or not. Another example is that, as we know, a joint movement of credit
spread and correlation can also create unrealistic movements. Therefore we should be cautious

about the use of these sensitivities. Normally it is not a concern when computing sensitivity with



https://finpricing.com/lib/FiZeroBond.html

real market data and applying them to real market data, where the arbitrage free curves are

guaranteed by the market.

It is important to note that, although there are uncertainties associated with the model, there is
always a benchmark measure, i.e. a full bump and revaluation approach. When the shocks are larger,
it is quite likely that the Gamma effect will kick in and the risk measures calculated using the
method will no longer be accurate. Therefore, anyone who uses the sensitivities should bear in mind

that they are just deltas, which might be off in the case of large perturbation.

The credit spread sensitivity is defined as the change of MTM when the credit spread curve of an

obligor is shocked by a small amount. Assume the credit spread curve of the t; node of the it

obligor is perturbed by a small amount ¢, the credit spread sensitivity can be expressed as

_d(MT™)

unperturbed ~ ds_j
i

(10) CS|=MTM|, -MTM|

The computation of the present value for different type of trade is different and outlined in the

following section.

Suppose we have calculated the sensitivity of base tranche value of protection and Val01 to the

change of all hazard rate nodes. The sensitivities to the credit spread curves can then be expressed as

d(MTM)~Za(MTM) oh
ds/ = onh/ os)

(11) |

—Z(W(\/alp(D) Valp(A) - § x (Val01(D) — ValOl(A)))xahJ

!
The Jacobiangh—‘j can be calculated using the single name CDS valuation model and Jacobians of
S.

1
base tranche values of protection and ValO1 for two base tranches (with detachments D and A,

respectively) can be calculated via Egs.(6)-(9).




There is a basis adjustment in the computation of the index trade. The adjusted single name hazard

rate curves can be then used to calculate the base correlation curves and MTM of the index trade.

For an index trade, we assume that the adjusted hazard rate curves, which is described by ﬁi(s) for

the i obligor at time s, has been calibrated. By employing these adjusted curves, we can calculate
the Jacobians of the tranche value with respect to the adjusted curves. In order to calculate the credit
spread sensitivity for the obligor, we need to calculate the Jacobian against the original hazard rate

curve. For example, for value of protection we need to calculate

d(valP o(valP) oh!
(12) ( : ) — Z ( b ) % =
oh, 7 oh/ oh,
o(valP) . e . . .
where ——=—= is the sensitivity directly calculated using CDO valuation model. We need to find out
oh,’
oh,

A term structure of scaling factor to the hazard rate curve is employed. It is defined as a(T") with

T "(=83y, by, 7y, and 10y) being the index maturities. Between F\i(s) and h. (s), we have the

following relationship
(13)  h'=a(T")xh/.
Therefore we can write

aﬁdij n j
(14)  —=a(")5, 6, +h x
oh,

da(T")
dh/




The calculation of

do(;ﬁl} ) is dependent upon the same assumption of how to manage the basis risk.

There are several choices:

e Constant Adjustment Factor

We take % =0, which implies that

oh )
(15) a_h'|=a(T )é‘iké‘jl'

Kk

With this choice, we make a corresponding change to the index level when the credit spread

curve is adjusted by holding scaling factor unchanged.
e Constant Index Basis

We assume the index basis is constant. The index basis is defined as the difference between the

theoretical index spread, which is calculated directly using unadjusted curves, and the market

quoted index spread. Suppose the theoretical index level be s * (T ")and the market quoted spread

s(T"), the index basis is defined as
(16) b" =s*(T")—s(T") = Const

Then in a perturbed scenario with shocked credit spread of an obligor, the corresponding
changed new index spread becomesb" +s”(T"), with s"(T") being adjusted because of the

changed constituent curves.

In the model, two approximations are used to calculate Eq. (14). The first one is that the
derivative of the new index level with respect to the constituent hazard rate curves is assumed to

be constant. The other is that the derivatives of the constituent single name CDS value with




respect to the adjusted and unadjusted curves, respectively, are the same. Armed with these two
da(T")
i

approximations,

can be calculated via the following equation

V)3 Lda(T") UG
(17) da(T n) _ Wi ahv] [1 21 (T )1{n 4<jsng }] SZ_; dhiJ [; Izsllh dh"
dn/ L dv' (b
z |Zs—:1h dh'(L !

V"(h") is the index MTM calculated using the adjusted constituent curves, which are defined as

h' an array of all adjusted hazard rate curves. w, is the weight of the i™ constituent obligor in the

index collateral pool. Note that a detailed description of how to derive this equation can be
found in Ref. [2].

The submitted model goes with Constant Index Basis. As we will show in Section 2, the difference
between this method and constant scaling factor method is small and the approximations of holding

a constant derivative for index value and constituent single obligors are acceptable.

For a bespoke trade, a change in the credit spread will have two effects. First, the expected loss has
to be changed. Also, the mapped base correlations have to be adjusted because the base correlation

mapping methodology is dependent on the expected losses of both entire portfolio and target base

tranches. Previously approved credit spread sensitivity assumes no change of the base correlations in

the perturbed scenario, because at that time the infrastructure did not allow us to remap the base

correlations [5]. It is a great improvement to re-map the base correlations.

In the model, the influence of the remapped base correlations in the credit spread sensitivity can be
calculated by

oValP(A, p(A), EL(s,), EL(s,),...EL(T)) p(A)
op(A) ohl

(18)




for each perturbed hazard rate curve scenario and they are aggregated through Egs. (8) — (11). Note
that, in order to value a CDO trade, similar equations are need to calculated Val01 for two base

tranches.

The correlation sensitivity is defined as the change of MTM when the base correlations are shocked
by a small amount. For an index CDO trade, the methodology remains unchanged. The correlation

sensitivities are calculated by perturbing the two base tranche correlations by a small amount.

For a bespoke trade, two steps are involved in the correlation sensitivity computation. First, the
sensitivities with respect to a small change in the mapped base correlations like that for an on-the-

run index trade. For value of protection of a base tranche it is denoted as

oValP(A, p(A), EL(s,), EL(s,),...EL(T))
op(A) '

(19)

In the second step, this correlation sensitivity is mapped to the index base correlations. The base

correlation mapping method can be viewed as a function linking index base correlations

P"*(T™) to the mapped correlation. g™ (T") = p™(T", j) is defined as a vector in the spaces
with index ={CDX, iTraxx}, T" ={3y,5y,7y,and10y}, and j ={3%,7%10%15% 30% }or CDX
and j ={3%,6%,9%12%,22%}for iTraxx. We can write this function as

(20) p(A) = p(A " (T").

Therefore, a Jacobian can be worked out as

(21) d(P(A)) = Zaaplo(ﬁ;exﬁ(': e;(r:r;;) ><d;)indeX(j’-I-n,k)




Once we calculate the correlation sensitivity with respect to the mapped correlations, the correlation
sensitivity with respect to the index base correlations can be worked out straightforwardly by

transposing the above matrix.

The default sensitivity is a kind of stress tests matching situations in which a credit default event has
occurred or is perceived to be imminent. Within the current market standard modeling framework, a

loss given default (LGD, = (1—R.) x Notl, for the i obligor) is claimed in the event of default. The
principal of most junior tranche is reduced by LGD, and the i obligor is excluded from the

collateral pool.

By definition, the default sensitivity for the i" obligor can be expressed as

(22)  DSen, = MTM

new

~MTM|,, +max(0,LGD, - A).

Q-i

When calculating MTM _, the target trade has a new attachment point A= max(0, A—LGD,)

new Q

and a new detachment pointl5 =max(0,D—-LGD,). MTM is calculated within the standard base

correlation framework.

Compared with the initial version of default sensitivity [5], there are two major changes in the
methodology:

1. The base correlations are remapped in the perturbed scenario. Within the base correlation
modeling framework, basically there are two effects we should consider in the event of
default. Not only the tranche value has to be adjusted, the mapped base correlations have to
be adjusted as well. Because one LGD can incur a large change in the expected losses, the
default sensitivity with and without correlation adjustment are materially different and should
be considered as two different risk measures.




2. The way to simulate a default is changed such that an instant default is achieved. Initially the
default curve is modeled by shocking the hazard rate curve to a very high level. The change

will have a small impact on the equity tranche.




