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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative, the linear
systems of fractional differential equations is studied. We provide some examples to illustrate how to solve linear
systems of fractional differential equations according to the characteristic polynomials. This problem is discussed in
three cases: all eigenvalues are real and different, having the same real eigenvalues, and having complex eigenvalues.
A new multiplication of fractional analytic functions plays an important role in this paper. In fact, the new
multiplication is a generalization of the multiplication of traditional analytic functions.
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I. INTRODUCTION

The history of fractional calculus is almost as long as the development of ordinary calculus theory. In the past few decades,
fractional calculus has been applied to many fields, such as physics, dynamics, signal processing, electrical engineering,
viscoelasticity, economics, biology, control theory, electronics, etc [1-7]. However, the definition of fractional derivative is
not unigue. Common definitions include Riemann-Liouville (R-L) type of fractional derivative, Caputo type of fractional
derivative, Grunwald-Letnikov (G-L) type of fractional derivative, and Jumarie's modified R-L fractional derivative [8-11].
Since the Jumarie type of R-L fractional derivative makes the derivative of constant function equal to zero, it is easier to
use this definition to connect fractional calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional calculus, the linear systems of fractional differential equations is
studied. We use examples to illustrate how to solve linear systems of fractional differential equations according to the
characteristic polynomials. We discuss this problem in three cases: all eigenvalues are real and distinct, having the same
real eigenvalues, and having complex eigenvalues. A new multiplication of fractional analytic functions plays an important
role in this article. In fact, the new multiplication is a generalization of the multiplication of ordinary analytic functions.

I1. DEFINITIONS AND PROPERTIES
Firstly, we introduce the fractional calculus and some properties used in this paper.

Definition 2.1 ([12]): Let 0 < @ < 1, and t, be a real number. The Jumarie’s modified R-L a-fractional derivative is
defined by

(. DO (©)] = =L [ LT g 1)

Ir(1-a)dt“to (t—x)%

where I'( ) is the gamma function.
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Proposition 2.2 ([13]): Let a,p,t,, C be real numbersand g = a > 0, then

a r(B+1) a
(tODL’ )[(t - to)'g] - m( - to)'g (2)
and
(e,DF)[C] = 0. ©)

In the following, the definition of fractional analytic function is introduced.

Definition 2.3 ([14]): Assume that t, t,, and a; are real numbers for all k, t, € (a,b), and 0 < a < 1. If the function

fz:la, b] = R can be expressed as an a-fractional power series, that is, £, (t%) = X3 0m(t — to)** on some open

interval containing t,, then we say that f, (t%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional
analytic function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([15]): Let 0 < @ < 1, and ¢t, be areal number. If £, (t*) and g, (t*) are two a-fractional analytic functions
defined on an interval containing ¢, ,

ag ag 1 ®k
fult) = Tt (€ = £ = i (i (¢ — 80)%) )
9a(t) = S g (6 = 1) = S0 2 (s (0= 1)) 5)
Then
f2(t%) ® ga(t®)
= Xi= 0F(ka+1)( — )" @ XiZ 0F(ka+1)( t— )"
= S0 (Zhmo (X)) @rmbm) (& = £0) (6)
Equivalently,
fat™) ® ga(t)

= Xi= 0k o (F(a+1) (t- to)a) > ® Xk=o l;: (F(a+1) (- tO)a)

= 502 (Zhco (X) @b ) (s (£ = 1)) @

Definition 2.5 ([16]): Let n be a positive integer, (fa(x“))®n = f,(x*) ® - ® f,(x%) is called the nth power of £, (x%).
In the following, we introduce the fractional exponential function and fractional cosine and sine function.

Definition 2.6: The a-fractional exponential function is defined by

o tka o 1 1 ®k
Ea(t) = Xkotgarn = Zk:o;( f“) : @)

I'(a+1)

Where 0 < a <1, and t is a real variable. On the other hand, the a-fractional cosine and sine function are defined as
follows:

@ v (—1)kt2k“_ 1) 1 @ ®2k
' ©) €05 (t%) = Xi=o r(2ka+1) Zk=o (2k)! (F(a+1) )
and
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(—1)kt(2k+1)’1_ o (_1)k( 1 t“)®(2k+1)

ay _ v _
(10) Sing(t%) = Xio r((2k+1)a+1) k=0 (2k+1)1 \r(a+1)

Proposition 2.7: If 0 < a@ <1 and ¢, d are two real numbers. Then
E ((c+id)t*) = E,(ct™) ® (cosa(dt“) + isina(dt“)). (11)
1. EXAMPLES

In this section, we use examples to illustrate how to solve linear systems of fractional differential equations.

Example 3.1: Let 0 < a < 1. Find the general solution of the linear system of fractional differential equations

X (t%) 2 xq(t%)
(tOD [yZ(t"‘) _[ —5] [yZ(t“)] (12)
Solution Since the characteristic equation is

|2—/1

o /1| = 0. (13)

It follows that the eigenvalues of [_22 _65] are
A=-11,=-2 (14)

()4, = —1: [2 :2'11 _56111] = 0, then [ 3 4] v, = [7], and hence the eigenvector v, = [ ?].

[2—,12 6

(i) A, = —2: —5 -1,

]vz =0, then [ 4 3] v, = [g], and hence the eigenvector v, = [ .

Therefore, the general solution of this linear system of fractional differential equations is

[xa(ta)
Ya(t%)

= ¢y Eq(—(t — )y + 3 Eq(—2(t — £5)*)v,
= ¢1 E(—(t — t)))[ ] + ¢z Eo(=2(t — t0)9)[ ]

— [251 Eq(=(t—to)¥)+3c Eq(-2(t- to)“)] (15)
c1 Eq(=(t=to)*)—2c2 Eq(-2(t—to)*)

That is,
Xq(t%) = 2¢1 Eo(—(t — t9)%) + 3¢y Eo(—2(t — tg)%), (16)
Ya(t*) = —c1 Eq(=(t — £0)*) — 2¢ Eq(=2(t — to)®). (17)
Where ¢; and c, are constants.

Example 3.2: If 0 < a < 1. Solve the initial value problem of the linear system of fractional differential equations

a 0 a
() fetea] =[5y )] (19
etol = [ (19)
Solution The characteristic polynomial is
=24 b |=a+02 (20)
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Therefore, the eigenvalues of [_01 _12] ared; =1, =1=-1. (21)
([_01 _12] - /11) v, = [o], thatis, [_11 _11] v, = [g]. then the eigenvector v, = [ *,].

0 1 2 [0 0
([_1 _2] - /11) v, = [7], thatis, [0 O] v, = [3]. We choose v, = [{], then

(= QLJ¥W=EMMqﬂ L] ar)v = [3) 22)

Thus, the general solution of this linear system of fractional differential equations is

[xa(ta)
Ya(t®)

= ¢; E,(—t%)v, + ¢y E,(— t“)[1+r(a+1) ®([_01 _12]—,11)]v2

—e e o) e <[1 2|

1 1

a

1+
=0 Ea(_ta)[_11] +cy Ea(_ta) F(fH-l) I‘(a+1) [0]

a
T(a+1) F(a+1)

cl Eq(-t )] C2 F(a+1)t “®Fq(-t")
Cz

—¢1 Eq(-t9) ~Fart ) ®Ea (-t D)

=[ e1 Ea(~tM)+¢z frgrpyt “®Fal~tY) ] 23)
—c1 Ea(=t9)+c2(1-prpgyt®) ®Eal—tD)
Hence,
1
Xq(£%) = &1 Bg(—t®) + ¢ s tU®Ey(—tY), (24)
Va(t®) = =1 Eq(=tM) 46, (1 = s t°) ®E (). (25)
Where ¢, and ¢, are constants.
1 a(o) — 17 ; — —
Since [;a(o) = [}]. it follows that ¢; = 1 and ¢, = 2. And hence,
x(t%) = (1+2 = +1)t“)®E (—t%), (26)
Yot = (1-2 = +1)t“)®Ea(—t“). @7)

Example 3.3: Suppose that 0 < a < 1. Solve the initial value problem of the following linear system of fractional
differential equations

(o)feial =3 Sl @)
o] = 31 @)
Solution The characteristic equation is
=74 2 |=2-2+5=0 (30)
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Thus, the eigenvalues of [2 :ﬂ aredl, =1+4+2i,4, =1-2i. (31)

For A, = 1 + 2i, from the following equation

([i “-an)v=[2. (32)
we obtain that
24+ 2 -2 0
[ 4 l —2—2i]”= ol- (33)
We choose
v=["] (34)
Therefore,
E,(( + 20)t9)['}] (35)

is a complex-valued solution of Eq. (29).

Since

E (1 + 20)t%) [1 ; i]

= Ea(t“)®(cosa(2t“) + iSina(Zta)) (B] +i [(1)])

_ [Ea(t“)®(cosa(2t“)—sina(Zt“))] +i [Ea(ta)®(cosa(2t“)+sina(2t“))] (36)
2E4(t%)®cosq (2t%) 2E4(t®)®sing (2t%) '

Thus, the general solution of this linear system of fractional differential equations is

x, (D] _ Eq(t®)®(cosq(2t%)-sing (2t%)) Eq(t®)®(cosq(2t%)+sing (2t%))
[yZ(t“)] = Cl[ 2B4(t9)Bcosq (2t%) ]+C2[ 2B,(t9)@sing (2t%) ' (37)

Where ¢; and c, are real constants.

Since ["“(0) = [3]. it follows that

Ya(0)
C1 + CZ = 1
And hence,
5 3
6 =7,60="3 (39)
So,
[xa(ta)
Yo (%)
_5 [Ea(t“)®(cosa(2t“)—sina(Zt“))] 3 [Ea(ta)®(cos“(2t“)+sina(2t“))]
T2 2E,(t%)®cosy (2t %) 2 2Eq(t®)®sing (2t%)
_ [ Eq(t¥)®(cosq(2t%)—4sing (2t%)) (40)
T E,(t9)®(5c054(2t%)-3@sing (2t0)]
Consequently, the solution of this initial value problem is
X, (t%) = Ea(t“)®(cosa(2t“) - 4Sina(2t“)), (41)
VY, (t%) = Ea(t“)®(5cosa(2t“) — 3®sina(2t“)). (42)
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IV. CONCLUSION

In this paper, we study the linear systems of fractional differential equations based on Jumarie’s modified R-L fractional
derivative. According to the characteristic polynomial, we discuss this problem in three cases, namely, all distinct real
eigenvalues, having the same real eigenvalues, and having complex eigenvalues. A new multiplication of fractional analytic
functions plays an important role in this article. In fact, the new multiplication is a natural operation in fractional calculus.
In the future, we will use fractional exponential function and fractional sine and cosine functions to study fractional calculus
and fractional differential equations.
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