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Abstract

The use of composite on the strengthening and retrofitting of masonry structures

over the past few decades has gained considerable importance. In this paper,

the influence of partial reinforcement on the structural response of masonry

arches is studied. An upper bound limit analysis numerical approach has been

implemented to compute the collapse multipliers and reproduce the collapse

mechanisms of two different study cases by increasing the cohesion value of the

reinforced inter-block joints. The results thus obtained, have been compared to

numerical simulation outcomes reported by other authors on the literature. The

numerical approach adopted on this work, which requires few input parameters,

is relatively fast in comparison to alternative numerical simulation methods,

provided good agreement in terms of collapse loads and mechanisms.

Keywords: Limit analysis, Masonry arches, Cohesion, Conservation

1. Introduction

Masonry, commonly represented by assemblies of blocks (stone, bricks or

adobes) with or without the use of mortar (cement, lime or clay-based) [1],

has been widely utilized around the world, including in earthquake-prone ar-

eas, for the construction of both historic and new buildings (approximately 705

% of the worlds building inventory is constructed with this material [2]). The
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structural response of masonry under seismic actions, and particularly that of

unreinforced masonry (URM) which is mainly present on historical masonry

buildings and heritage sites, is quite vulnerable [3, 4] and its numerical simula-

tion not straightforward and way far from a standard resolution. Within this10

field, a major part of the scientific community is constantly seeking for appropri-

ate modelling techniques for the numerical simulation of the complex structural

response of masonry [5]. The efforts into these simulations have been consider a

large variety of strategies and techniques from the ones that consider masonry

as a discrete continuum [6, 7, 8, 9, 10], homogeneous continuum [11, 12, 13]15

to the simplified ones [14, 15, 16, 17]. Thus, many researchers have worked

along the last decades on the development and validation of strengthening and

retrofitting materials and techniques [18, 19, 20, 21, 22, 23, 24, 25] to prevent

the failure/collapse of masonry structures on the occurrence of future earth-

quakes. From the 1980s, the use of composite materials (fiber-reinforced poly-20

mers (FRP), steel-reinforced grouts (SRG), textile-reinforced mortars (TRM),

etc.) has been increasingly implemented for the strengthening and retrofitting

of masonry structures as follows [26]:

� to counteract overall or partial overturning and improve connections be-

tween structural elements;25

� for in-plane or out-of-plane strengthening;

� for confinement under vertical loads;

� to provide bonding support for curved shapes and reduce their lateral

thrust;

� to repair cracks or limit their opening.30

1.1. Experimental campaigns

According to Article 10 of the International Charter for the Conservation

and Restoration of Monuments and Sites, also known as the Venice Charter [27],

only scientifically proved or experience-based modern methods and materials
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can be applied for the intervention of monuments and heritage buildings. For35

this reason, several experimental campaigns have been performed in order to

validate the adequacy of composites for strengthening and retrofitting masonry

structures with cultural value. Among masonry buildings, the arch is one of

the most commonly used structural elements and consequently, one of the most

studied elements by structural engineers and researchers.40

As highlighted by several researchers, the use of composites changes the

typical collapse mechanism of masonry arches, described by Heyman in one

of his seminal works [28], which is characterized by the formation of plastic

hinges that lead to a kinematically admissible collapse mechanism. Through

their experimental campaign on CFRP (carbon-fiber-reinforced polymers) and45

GFRP (glass-fiber-reinforced polymers) reinforced masonry arches at either the

extrados or the intrados, Valluzzi et al. [29] identified three feasible collapse

mechanisms for such structures:

i. masonry compression crushing;

ii. composite detachment;50

iii. sliding along mortar joints.

Zampieri [30] also includes the rupture of the composite as a fourth feasible

collapse mechanism (see Figure 1) and argues that usually the failure on a

composite reinforced masonry arch is related to the combination of two or more

of this phenomena.55

Cancelliere et al. [31] carried out an experimental campaign on the structural

behaviour of CFRP strengthened arches at the extrados. According to them,

reinforcing the extrados of masonry arches is more efficient than reinforcing their

intrados both for mechanical and aesthetic reasons. They also found that the

failure mechanism of a CFRP reinforced masonry arch is evidently modified by60

the application of the composite and that it would be related to the compressive

strength of the masonry and to the tensile strength of the composite.

Carozzi et al. [32] investigated in-situ the retrofitting of ancient masonry

arches and vaults by means of SRG, FRP and TRM extrados reinforcement.
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Figure 1: Feasible failure modes of masonry arches reiforced with composites: masonry crush-

ing (a), reinforcement rupture (b), masonry sliding (c) and reinforcement detachment (d).

From the three strengthening techniques applied, GTRM resulted to be the most65

efficient one. GTRM increased the vaults strength by 5.5 times the strength of

the unreinforced ones and its ductility by 3.2 times that of the unreinforced one.

Both SRG and CFRP achieved a 4 times strength increment for the masonry

arch and vault respectively. Their reported results agree with what has been

highlighted by other authors, that the implementation of the CFRP modified70

the failure mode of the arch and the strips did not allow the opening of the

extrados hinge at the third quarter of the span.

An experimental campaign was carried out on masonry arches fully rein-

forced at their extrados either with CFRP or with propylbenzodioxole (PBO)

TRM by Misseri et al. [33]. They found that the CFRP reinforced arches had75

a strength 10 times higher than the unreinforced arches whereas that the PBO

TRM reinforced arches achieved a strength increment of 5 times. Nevertheless,

after analysing stresses at the composite elements, they realized that the PBO

alternative had a higher efficiency since, at maximum load, the exploitation

factor of the PBO was twice that of the carbon fibers.80

Varro et al. [34] performed an experimental analysis on the influence of
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continuous doubly reinforced (at intrados and extrados) stone masonry arches

with the use of CFRP. From their results they concluded that the composite

greatly increased the strength capacity of the arch (the reinforced arch was more

than 10 times stronger) and also influenced its failure mechanism (four hinge85

collapse mechanism for the unreinforced arch and block sliding mechanism for

the reinforced arch).

Oliveira et al.[35] carried out an experimental campaign in which they ex-

amined the structural behaviour of segmental brick masonry arches. They

tested unreinforced arches and GFRP reinforced arches in several configura-90

tions, namely, localized (at both intrados and extrados segments), continuous

intrados and continuous extrados strengthening. From their experimental re-

sults they concluded that in order to avoid a kinematic collapse of the arch,

a continuous reinforcement was required, being the intrados reinforcement the

one that provided the arch with higher ultimate strength, contrary to what was95

stated by Cancelliere et al., whereas that the extrados reinforcement allowed

for a major deformation capacity and ductility. More importantly, they found

out that the localized reinforcement of the arches provide them with up to 50

% higher strength, which may be enough under certain scenarios to ensure the

arch safety.100

Castellano et al. [36] conducted full-scale in-plane dynamic testing on un-

reinforced and GFRCM (glass fiber reinforced cementitious mortar) reinforced

tuff masonry arches. On the extrados, GFRCM was used as arch reinforcement,

restricting the admissible kinematic mechanisms by restraining the separation

of voussoirs. The reinforced arch showed a 1.82 times higher collapsing accel-105

eration than the unreinforced one. A noteworthy finding was that improper

complete arch reinforcement increases shear forces transmitted at the supports,

which may have a negative impact on the structure’s overall stability. They

also emphasize the importance of taking into account crushing and reinforce-

ment delamination in masonry with poor mechanical qualities.110

All of these and other experimental campaigns have been key on providing

the required data for calibration of numerical models which are used as support
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for intervention designs in monuments and historical constructions (thus avoid-

ing unsuitable interventions such as over-sizing, ineffective anchorages, etc.).

1.2. Numerical models from the literature115

The design of strengthening or retrofitting interventions in buildings with

cultural or historical value, either with traditional methods and materials or by

means of composites, involves both qualitative (observation, comparison, his-

torical documentation) and quantitative approaches (monitoring, experiments

and numerical modelling simulations) [37, 38]. Poorly designed interventions120

may result in either over-invasive actions or in inadequate levels of safety. Nev-

ertheless, the structural behaviour of masonry is difficult per se to reproduce

with numerical models (hetereogenity, damage, etc.) [39, 40] and the inclusion

of composites does nothing but to increases this difficulty. Hence, several nu-

merical approaches have been developed in order to ensure the effectiveness and125

the suitability of composite retrofitting and strengthening of existing masonry

structures.

Stockdale, Sarhosis and Milani [41, 42] developed an upper bound limit

analysis tool, Kinematic Collapse Load Calculator (KCLC), for the computation

of the collapse multiplier designed for the static seismic assessment of hinge-130

controlled arches under dynamic conditions. They compared the results with the

discrete elements method (DEM) and also with a scaled arch model tested with

a tilting table. The developed KCLC provides a platform for professionals to

achieve results easily and efficiently, and as such develop reinforcement strategies

based upon the resulting mechanisms.135

A lower bound limit analysis (LA) method was implemented by Zampieri

[30] to model the structural behaviour of masonry arches fully reinforced at their

intrados with fiber-reinforced cementitious matrices (FRCM). He also carried

out a parametric analysis to study the influence that arch rise to span ratio,

thickness to span ratio and friction coefficient had in the effectiveness of the140

composite reinforcement. Zampieri’s models were capable of representing three

different collapse modes, namely, pure rotation, pure sliding and mix-mode.
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Caporale and Luciano [43] performed masonry arch simulations through the

solution of the upper bound theorem of LA with a robust linear programming al-

gorithm that accounts for no-tension material, frictional sliding and crushing, all145

concentrated at the inter-block interfaces. They simulated the masonry arches

reinforced at their extrados with CFRP experimentally tested by Cancelliere et

al. [31].

Cancelliere et al. [31] also performed non-linear FEM (Finite Elements

Method) numerical simulations of the CFRP strengthened arches tested dur-150

ing their experimental campaign. They proposed a stress-strain relationship in

compression for the constitutive model of masonry, characterized by a quadratic

function along with an exponential softening. For the CFRP, they adopted in

tension a uni-axial linear elastic constitutive model characterized by a brittle

collapse. The numerical results reported, demonstrated the robustness and abil-155

ity of the proposed model to replicate the experimental behaviour of the CFRP

strengthened masonry arches.

Bertolesi et al. [44] numerically reproduce the results experimentally ob-

tained from circular [35] and parabolic [29] arches, the former being unrein-

forced or reinforced with GFRP either at the intrados or the extrados, and160

the latter being strengthened either with CFRP or GFRP at their extrados.

They implemented a plane stress FEM model in which joints behave in a non-

linear holonomic mixed mode manner, whereas bricks behave in a linearly elastic

fashion. In addition, FRP elements were represented by elastic-brittle truss el-

ements. Although this simplified FEM model resulted in higher computational165

cost than typical LA models, the authors were able to correctly reproduce ex-

perimental results and to obtain key information on the structural response of

the arches, i.e. formation sequence of the hinghes, failure of the FRP strips and

softening branches in the force displacement graphs.

The experimental results obtained by Carozzi et al. [32], have been numer-170

ically reproduced by Bertolesi et al. [44] with the implementation of a FEM

lower bound LA code. In this approach, masonry blocks were modeled as rigid

elements, interfaces as elements with limited compressive and tensile strength
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and cohesive frictional behavior in shear, and finally, composite reinforcement

as rigid-plastic truss elements. Carozzi et al. obtained good agreement with ex-175

perimental results and were able to predict the failure mechanisms, thrust lines

location and collapse loads of the masonry arches and vaults either unreinforced

or reinforced with TRM, SRG or FRP.

The structural behavior of masonry arches and domes reinforced with FRP

has been numerically reproduced by Panto et al. [45] through the implementa-180

tion of a non-linear DEM (Discrete Elements Method). In this approach, ma-

sonry and FRP strips were modelled with separate elements, whereas that the

interaction between elements was reproduced by means of discrete interfaces.

Authors were able to clearly identify the actual failure mode of the analysed

structures and quantify the strength increase due to the FRP reinforcement.185

Panto et al. [46] developed a discrete macro-model approach with the aim of

simulating the structural behavior of reinforced masonry arches with compos-

ites. They modeled the composite as piecewise rigid plates in interaction with

masonry by means of zero-thickness nonlinear interfaces. Furthermore, they im-

plemented a refined bond constitutive law capable of accounting for cohesion,190

friction and the coupling between pure opening and shear failure modes. They

validated their numerical modelling approach by replicating the experimental

results obtained from the testing of two masonry arches subjected to asymmet-

rical vertical quasi-static monotonic and cyclic loading, reinforced with SRG

[47].195

1.3. Present model

In this paper, an upper bound LA code, originally formulated by [48, 49],

then adapted by [50] and upgraded into the ALMA 2.1 (Analisi Limite di Mu-

rature Attritive) software and recently extended to account for different values

of cohesion at every joint of the model, is presented and its suitability to repro-200

duce the structural response of locally reinforced masonry arches is discussed.

Although most of the experimental campaigns and numerical models previously

cited deal with the full reinforcement of masonry arches (either at the extrados
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or the intrados), the study of locally strengthened masonry arches is of great

importance and even preferred when designing strengthening or retrofitting in-205

terventions of historical structures in agreement with the principle of minimum

intervention adopted in several conservation charters and international stan-

dards [51].

The structure of the paper is as follows. In Section 2 the theoretical formu-

lation of the proposed LA approach and the linear programming strategy used210

to solve it are presented. Additionally, the formulation of the modified domain

that enables accounting for the partial reinforcement is given. Then, in Sec-

tions 3 and 4 two different case studies of locally reinforced masonry arches are

described and the results obtained with the present work numerical model ap-

proach are shown and discussed. In the first case study, a semicircular masonry215

arch, with and without infill, is studied under horizontal live load scenario. The

second case study makes use of this simple and quick approach to assess two

alternative masonry arch strengthening systems. Finally, in Section 5 the drawn

conclusions and further work suggestions are reported.

2. The ALMA code220

The upper bound LA approach implemented in the ALMA 2.1 software and

used in this work is based on the notation and theoretical formulation originally

proposed by [48, 49]. Within this framework, masonry arches (and other ma-

sonry structures) are described as a system of n blocks and m joints. Masonry

blocks are rigid with no-tension and frictional joints and the sliding resistance225

is described through the coefficient of friction, tan(ϕ), where ϕ is the friction

angle. In 2D simulations, the blocks can undergo two kinds of motion; transla-

tion (sliding), whether associative or non-associative, and rotation about their

edges (hinging) as shown in Figure 2 (c), (b) and (a), respectively. Moreover,

in ALMA 2.1 sliding assumes a dilatant behaviour (Figure 2c).230

Considering a two-dimensional space with the orthonormal basis e = {e1, e2}T

where the system of n blocks is subjected to a couple of loads applied in their
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(a) Rotation (b) Sliding (non-associative) (c) Sliding (associative)

Figure 2: Schematic representation of possible mechanisms for one-block structure

respective centroid of mass, for each ith rigid block:

f i = f i
0 + αf i

L , with i = 1, . . . , n , (1)

where f i
0 =

{
f i
01, f

i
02,m

i
0

}T
and f i

L =
{
f i
L1, f

i
L2,m

i
L

}T
represent the dead and

live load vectors respectively. Live loads are proportional to the dead loads235

through a non-negative load multiplier, α, (see Figure 3a). The global load

vector f is obtained collecting the single load vectors f i. Generalized displace-

ments at block centroids are denoted by the vector ui =
{
ui
1, u

i
2, θ

i
}T

, that

contains the displacement components u1, u2, and the rotation θ (Figure 3c).

Analogously to the global force vector, the u vector collects all single vectors of240

individual blocks generalized displacements.

Generalized stress and strains are represented in a local system at every kth

joint by σk and ϵk, respectively (Figure 3c-3d). Moreover, at every kth joint,

a triad of normal force (Nk), shear force (T k) and moment (M ) components is

present, thus forming the static variables of the joint. These forces are assembled245

into a global vector of generalized stress σ. Likewise, the kinematic variables

such as the normal displacement (εk), tangential displacement (γk) rotation (χk)

kinematic components of every kth joint, are organized into the global vector of

generalized strains, ϵ.

Thus, the equilibrium and the kinematic compatibility equations for the250

whole system are defined as:

BTσ + f = 0 , (2)

10



e1
e2

Gj αfjL

fj0

i

Gi αfiL

fi0

j

Joint k

(a) dead and live loads

Gj gi1

gi2
gi

i

Gj
gj1

gj

j

φk

gj2

γk

εk

χk

(b) kinematic compatibility

Gj ui1

ui2 θ i

i

Gj uj1

uj2 θ j

j

γk

εk χk

(c) kinematic variable

Tk

Nk
Mk

i

Block

j
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(d) static variables

Figure 3: Schematic representation of a two-block structure with one joint represented in the

local reference system

ϵ = B u , (3)

where B represents the compatibility matrix, which is constructed by applying

a rotational matrix that maps the local joint coordinates of arbitrarily directed

coordinates to the global system. For a kth joint between two blocks ith and

jth, Equation (3) assumes the following form:255
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εk = − sin(φk)ui
1 + cos(φk)ui

2 +
(
gi,k1 cos(φk) + gi,k2 sin(φk)

)
θi+

+ sin(φk)uj
1 − cos(φk)uj

2 −
(
gj,k1 cos(φk) + gj,k2 sin(φk)

)
θj ,

γk = cos(φk)ui
1 + sin(φk)ui

2 +
(
gi,k1 sin(φk)− gi,k2 cos(φk)

)
θi+

− cos(φk)uj
1 − sin(φk)uj

2 −
(
gj,k1 sin(φk)− gj,k2 cos(φk)

)
θj ,

χk = θi − θj ,

(4)

where φ is the inclination angle of the joints as shown in Figure 3b.

The generalized yield domain of the system is formulated as:

y = NTσ ≤ 0 , (5)

where N represents the gradient matrix of the adopted failure surface. For

every kth joint, Equation (5) assumes the following form:



yk1 = lk/2Nk −Mk ;

yk2 = lk/2Nk +Mk ,

yk3 = tan(ϕ)Nk − T k ;

yk4 = tan(ϕ)Nk + T k ,

(6)

where lk is the length of kth joint. The flow rule expresses the generalized vector260

of strains, ϵ, as a linear combination of non-negative coefficients, λ (also known

as plastic multipliers). This relationship can be written as:

ϵ = M λ , (7)

where M is the matrix containing the modes of failure. Finally, two more

conditions must be imposed in order to find an admisible collapse mechanism;

the complementarity condition, Eq. 8, and the non-negative work of the live265

loads, Eq. 9.
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λTy = 0 , (8)

fT
Lu = 1 . (9)

In an associative problem, i.e. where the normality rule holds, the gradient

matrix, N , and the modes of failure matrix, M , will be equal:

M = N , (10)

Consequently, the adopted kinematic upper bound problem is defined (in

terms of a linear programming problem) as:270

αc =min
{
−λT (A0N1)

T
f0

}
subjected to:

(AN1 −N2)λ = 0, (compatibility condition) (11)

λT (A0N1)
T
fL − 1 = 0, (normalized positive work of live loads)

λ ≥ 0 (bounds on the unknowns)

in which the main problem variables are the plastic multipliers, λ, αC is the

collapse multiplier, B1 is the kinematical submatrix of maximum rank of the

compatibility matrix B, and B2 the rest of the kinematical matrix. Matrix A0

is the inverse of B1. Matrix A is defined as A = B2B
−1
1 and Ni, with i = 1, 2,

are two submatrices of N obtained after sharing the kinematical variables into275

two parts: the independent and the linearly dependent ones [49].

Recently, ALMA 2.1 has been enriched with the possibility of assigning dif-

ferent values of cohesion to every joint to account for particular tensile and

shear strength values at every block interface. This feature is an addition to

the various already available software capabilities of ALMA 2.1, namely, foun-280

dation settlement [52] and retrofitting tie modelling [50]. Cohesion is accounted

by modifying the yield domain as shown in Figure 4, where in blue are given

the yield domains including cohesion for both rotation (a) and sliding (b). The

following Eq. 12 describes this generalized domain:
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y = NTσ + c ≤ 0 , (12)

N

M

•
ONt

•

•

•

(c t l2k/2) M
= N

lk/
2M

= (c t
lk+

N) lk
/2

(a)

N

T

•
O

ϕϕ

Nt

•

•

•

(c t lk) T = N tan
ϕT = c t

lk+
N tan

ϕ

(b)

Figure 4: Implemented Mohr-Coulomb yield domain with and without cohesion.

Thus, the kinematic upper bound linear programming problem formulated285

in Eq. 11, transforms into:

αc =min
{
λT [c− (A0N1)

T
]f0

}
subjected to:

(AN1 −N2)λ = 0, (compatibility condition) (13)

λT (A0N1)
T
fL − 1 = 0, (positive work of live loads)

λ ≥ 0, (bounds on the unknowns)

where the different cohesion values assigned to every joint of the masonry as-

semblage are stored in the form of a vector c. A Mohr-Coulomb classical yield

domain is considered with the inclusion of cohesion, thus indirectly involving

tensile strength of the joints.290

3. First case study

3.1. Arch and numerical model description

In this first case study, a semi-circular arch originally studied by Orduña [53]

and then by Baraldi et al. [54] is considered. The geometry of the arch consists
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of an internal radius of 235 cm, a ring thickness of 30 cm and an out-of-plane295

depth of 100 cm. It is composed of 31 voussoirs (see Figure 5). The specific

weight of the masonry is 20 kN/m3, whereas the backfill has a weight of 15

kN/m3. The friction coefficient between the dry joints is taken as tanϕ = 0.75,

as reported on [53]. Finally, null cohesion was considered for all unreinforced

joints.300

0

2

4

6

8

10

12

14
16

18
20

22
24 26 28 30 29 27 25

23
21

19
17

15
13

11

9

7

5

3

1

A B C D E F G H I J K L A'B'C'D'E'F'G'H'I'J'K'L'

Rc
=2
35

H
=3
00

t=30

α fL

f0

Figure 5: Arch geometry and loading conditions for the second case study reproduced from

Orduña [53] (dimensions in cm).

The loading conditions, unlike other authors, is considered by applying a

horizontal live load to the entire arch as a function of its self-weight as shown

in Figure 5. Furthermore, two variations were implemented in which the filling

material may (with, W) or may not (without, WO) be included in the analysis.

Accordingly, the backfill is modelled utilizing concentrated forces applied to the305

block joints.

Orduña modelled the arch using a LA approach and at quarter span applied a

live vertical force and at the exact point application, introduced a crack by split-

ting the block into two pieces allowing for the formation of a hinge at that exact

location. On the other hand Baraldi et al. [54] studied the same arch, without310

the split block, using different approaches, namely analytical method, FEM and
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DEM. While Orduña focused only on the unreinforced scenario, Baraldi et al.

assessed the arch under the unreinforced and reinforced scenarios. In [54] the

reinforcement is applied to the joints in between blocks 0 and 14 (see Figure 5),

thus partially reinforcing the left haunch of the arch.315

In this work the reinforcement is simulated by applying increased cohesion

values to the reinforced. Three reinforcement arrangements were tested (see

Figure 6). The first one (I) is identical to the one proposed by Baraldi et al. and

the second and third reinforcement schemes consisted on reinforcing the joint

where plastic hinges appeared, in the unreinforced case, plus the contiguous320

joints (II, three joints reinforced per hinge) and the two contiguous joints (III,

five joints reinforced per hinge), respectively.
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(a) One sided reinforcement.

- 1 joint
+ 1 joint

II.

opening/sliding
location

(b) Three-joint reinforcement.

- 2 joints
+ 2 joints

III.

opening/sliding
location

(c) Five-joint reinforcement.

Figure 6: Different level of joint reinforcement.

3.2. Results and discussion

The ensuing collapse mechanisms for the unreinforced case of the arches

without (WO) and with (W) infill are shown in Figure 7. Under the application325

of a horizontal live load, conventional four hinged mechanisms are formed. The

first evident observation that can be made is the influence that infill has on

the structural behaviour of the arch. Regardless of the reinforcement scheme

proposed, all arches where the infill was considered provided higher collapse

multipliers in comparison to those without infill, with a substantial difference330

of about 7.6 times. This is a well known result of the role that infill plays on
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the stability of arched structures [55].
URM - WO

(a) WO, αc = 0.047.

URM - W

(b) W, αc = 0.365.

Figure 7: ALMA 2.1 collapse mechanisms and corresponding collapse multipliers (αc) for the

unreinforced case under horizontal live load without infill (a) and with infill (b) (grid in m).

The resulting collapse mechanisms and multipliers for the case with and

without infill are shown in Figure 8 after reinforcing the joints with different

arrangements (I, II and III) as indicated above. A similar disparity in collapse335

multipliers can be seen in reinforcement arrangement I (8a,8b), where the arch

with infill has a value around 6.3 times higher. In the following cases of rein-

forcement arrangement II (8c,8d) and III (8e,8f), where the arch provides around

4.7 and 3.6 larger multipliers, respectively, this discrepancy is reduced. The mi-

nor contrast between the arches with arrangement II and III, with and without340

infill, are due to the location of the reinforcements, which are spaced out at

both haunches of the arch in these situations, and so the additional infill has a

smaller impact. The reinforcement arrangement I, on the other hand, is focused

on the left haunch, while the infill functions as an additional ”reinforcement”

for the right haunch, hence increasing the difference in collapse multipliers.345

Figure 9 shows the value of collapse multipliers obtained for the various

arches tested as a function of the cohesion value used for the reinforced joints.

A second general observation that can be made is the fact that regardless of

whether infill was considered or not, the reinforcement scheme of five joints at

each hinge provided distinctively higher collapse multipliers in comparison to350

the three-joint reinforcement scheme. This may be in direct correlation with the

effect of bonding length chosen in certain types of reinforcement involving more
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WO - I

(a) WO-I, αc = 0.059.

W- I

(b) W-I, αc = 0.373.

WO - II

(c) WO-II, αc = 0.083.

W- II

(d) W-II, αc = 0.395.

WO - III

(e) WO-III, αc = 0.121.

W- III

(f) W-III, αc = 0.443.

Figure 8: ALMA 2.1 collapse mechanisms and corresponding collapse multipliers (αc) for the

reinforced cases subjected to horizontal live load (grid in m), where (a,c,e) depict the arches

without infill and (b,d,f) those with infill.

blocks. Additionally for lower levels of cohesion the line follows same path for

arrangements II and III and with increase in cohesion value a clear separation

is determined as additional 2 more joints are reinforced.355

The strengthening efficiency for each of the cases presented above is sum-

marized in Table 1, where each of the values is proporsional to the unreinforced

case. In relative terms the efficiency of reinforcement can be observed to be

much bigger for the cases without infill in comparison to the one with infill

where the infill already provides some support to the arch ring.360
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Figure 9: Collapse multipliers as a function of the cohesion values adopted for the horizontal

live load.

Table 1: Reinforcement efficiency considering different arrangements under the effect of having

or not the infill.

Arrangement I II III

WO 24.9% 74.1% 154.6%

W 2.1% 8.1% 21.2%

4. Second case study

4.1. Arch and numerical model description

The second case study for the application of diffused cohesion is based on

the arch analysis performed by Pulatsu et al. [56]. They analyse the in-plane

behavior of semi-circular and pointed arches with dry joints supported on ma-365

sonry piers, subjected to a lateral load that statically simulates the effect of an

earthquake. Arches are described by the sharpness of the pointed arch, defined

as the ratio between the eccentricity (e) of the radius of the pointed arch (RP )

and the radius of the semi-circular arch (RC). Arches have a constant thick-

ness (t) of 40 cm and a constant width (w) of 100 cm with a ratio between the370

thickness and radius of semi-circular arch (t/RC) of 0.20. Five levels of arch
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sharpness (e/RC) are considered, starting from 0.00 (the semi-circular arch) and

going up to 1.00 with a step of 0.25. Span of the arch is kept fixed at 400 cm

leaving also RC fixed at 200 cm, while the RP is increased accordingly. This

generates a set of five arches supported on two piers of 400 cm height. In this375

study the effect of piers is neglected and as such only the monolithic piers are

considered. Arches are formed of 20 voussoirs for the semi-circular one and of

24 voussoirs for the rest of the pointed arches. A graphical representation of

the considered arches is shown in Figure 10, (a) the semi-circular arch and (b)

the pointed arch (schematic radius range between 250-400 cm).380

H
=4
00

B=100 L=360 B=100

Rc
=R

p=2
00

t=40

α fL

f0

(a) Semi-circular arch.

H
=4
00

B=100 L=360 B=100

t=40

Rp
=(
25
0-
40
0)

α fL

f0

Rc=2
00

e

(b) Pointed arch.

Figure 10: Arches geometry and loading conditions for the third case study reproduced from

Pulatsu et al. [56] (dimensions in cm).

Pulatsu et al. [56] considered two scenarios, namely, the unreinforced case

and the reinforced case where they placed a steel tie at the springing of the

arches. Utilizing the DEM approach they recorded the seismic coefficients (a

term used by [56] to denote the collapse multiplier α) for each structure, that

represented the intensity of horizontal ground motion causing a mechanism.385

Similarly, five arches with different sharpness level were modelled in ALMA

2.1 using monolithic piers. Instead of using a steel tie, the diffused cohesion was
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implemented on the joints of the arch and pier to simulate another reinforce-

ment strategy in order to compare the efficiency of the reinforcement, given the

different types of arches. The reinforcement strategy in ALMA 2.1 was carried390

out by increasing the cohesion value of the joints. Partial reinforcement was

done in a manner of approximating the bond length of a composite reinforce-

ment. Therefore increased cohesion values were applied at the location of hinge

openings, when unreinforced, and also on two additional joints on both sides of

the hinge position (see Figure 6c). Partial reinforcement in this case followed the395

principle of minimum intervention in heritage structures to minimize impact.

4.2. Results and discussion

The arches modelled in this work resulted in the same collapse mechanisms

as those demonstrated by Pulatsu et al. [56] for all sharpness levels assessed.

In Figure 11 the resulting collapse mechanisms of the semi-circular arch, the400

pointed arch with lowest sharpness level (e/RC = 0.25) and the pointed arch

with maximum sharpness level (e/RC = 1.0), analyzed with ALMA 2.1 are

given. Four typical hinges were formed by rotational openings, three of which

are positioned at the arch and one at the pier’s corner. Arches with a higher

level of sharpness, albeit not shown, followed the same mechanism as the one405

with the greatest level of sharpness, as opposed to the ones shown, which have

a little different hinge placement.

In addition, the collapse multiplier values are displayed in Figure 12. Same

findings were obtained for the unreinforced scenario utilizing LA with ALMA

2.1 and those reported by Pulatsu et al. that used DEM. Because the thrust in410

the piers is evidently minor for arches with greater sharpness, a slight increase

in the multiplier is attained. When a higher horizontal thrust is applied to

the piers, it functions as an extra destabilizing load, leading to smaller collapse

multipliers.

When it comes to reinforcements, there is a considerable difference between415

placing a steel tie and installing composites. They rely primarily on the differ-

entiation between the two reinforcing technologies, but also on the structure’s
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(a) Semi-circular arch αc =

0.109 for e/Rc = 0.0.

(b) Pointed arch αc = 0.125

for e/Rc = 0.25.

(c) Pointed arch αc = 0.135

for e/Rc = 1.0.

Figure 11: ALMA 2.1 collapse mechanisms and corresponding collapse multipliers for the

unreinforced case based on the different sharpness levels studied (grid in m).

visual long-term impact. Although the steel tie may have a minor visual im-

pact, its use is confined to certain locations, whereas composites may be used

continually and, in the event of partial reinforcement, such as this, they can be420

well disguised or placed at the extrados. The results for the collapse mecha-

nisms, obtained with ALMA 2.1 as opposed to those acquired by Pulatsu et al.

for the reinforced scenarios, are presented in Figure 13. From the mechanisms

can be observed how the hinge locations shift to new positions forcing a non-

intrinsic collapse behaviour of the arch. Even while this model is not able to425

simulate crushing behaviour of masonry or composite debonding, in the case of

partial reinforcement that is irrelevant since the weakest link remains the next

unreinforced joint of the masonry arch.

The findings of the collapse multipliers for the reinforced example produced

using ALMA 2.1 and Pulatsu et al. are also shown in Figure 12.The results are430

very diverse, and the structural efficiency of the reinforcement varies depending

on the sharpness degree of the arch. In the case of lower sharpness, larger

horizontal thrust, the steel tie works at its best and resists this force keeping

the piers ”wrapped”, always under the assumption that there is no failure at the

support connection point between tie and masonry. The tie, on the other hand,435

is less effective when the arch is subjected to lower thrust and greater sharpness,
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Figure 12: Comparison of collapse multiplier (αc) results for the unreinforced (URM) case and

reinforced case (RM; T-steel tie, P-arch partially reinf.) for Pulatsu et al. [56] (PULATSU)

and ALMA 2.1. (ALMA)

and partial reinforcement of the arch gives a substantially higher strengthening

efficiency. A summary of the strengthening efficiency for each reinforcement

technique in function of sharpness is given in Table 2.

Table 2: Reinforcement efficiency between Pulatsu et al. (Tie) and ALMA 2.1 (partial rein-

forcement)

Sharpness 0.00 0.25 0.50 0.75 1.00

Pulatsu et al. 85.9% 56.1% 45.0% 37.2% 30.9%

ALMA 2.1 46.8% 22.8% 100.9% 87.2% 75.9%

5. Conclusions440

The numerical simulation of masonry arches with local composite reinforce-

ment was the focus of this study. Two examples were considered from literature

as benchmarks for the validation and calibration of the cohesion enrichment of

the LA software ALMA 2.1.

A semi-circular arch with infill was the subject of the first case study. The445
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(a) Semi-circular arch αc =

0.160 for e/Rc = 0.0.

(b) Pointed arch αc = 0.153

for e/Rc = 0.25.

(c) Pointed arch αc = 0.237

for e/Rc = 1.0.

Figure 13: ALMA 2.1 collapse mechanisms and corresponding collapse multipliers based on

the different sharpness levels studied for the partial reinforcement case of the arch (grid in

m).

findings demonstrate the paramount role that infill plays in the structural re-

sponse of arched structures. For all the reinforcement arrangements considered

regardless, intuitively the arches with infill (W) presented higher collapse mul-

tipliers in comparison to those without (WO). On the other hand, the effect of

distributed reinforcement to the position where hinges open for the unreinforced450

case, have a distinctively greater influence on the overall behavior. Additionally,

the arrangement of reinforcement that involves more joints provides evidently

higher differentiating collapse multipliers than the one involving less. Further-

more, because of the structural support that infill already provides to the arch,

the joint reinforcement has a lower efficiency in the presence of infill. On the455

other hand, in the absence of infill, reinforcement is found to play a significant

role and has a higher efficiency.

The second case study was related to the study of a set of arches with

different sharpness levels, supported on piers, initially studied by Pulatsu et

al. [56]. Pulatsu et al., applying DEM, study the collapse mechanisms and460

multipliers for the scenario of a horizontal live load as a static simulation of the

earthquake considering the unreinforced case and the steel tie reinforcement

case. Similarly, using LA, are studied the same cases with the ALMA 2.1

code. Utilizing increased cohesion values on the joints of the arch it was able to
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simulate the partial strengthening effect of composites. Identical results were465

achieved for the unreinfoced case regarding both the collapse multiplier and

collapsing mechanism. While a diversity of results is obtained for the reinforced

case given the two different reinforcements. The increasing of the cohesion value

on the joints was able to shift the hinge locations of the arch and thus alternating

the collapse mechanism resulting in higher collapse multipliers. It was also seen470

how the reinforcing effieciency between the two techniques affects the behavior

of the arch. For lower sharpness levels the steel tie, under the assumption of

perfect tie-masonry bond and good masonry condition at the connection point,

performed better in withstanding the larger horizontal thrust. On the contrary,

the simulation of partial composite reinforcement performed much better for475

larger sharpness values.

It has been shown that improvements and enrichment of LA codes, which

require few input parameters, could be capable of providing relatively fast and

reliable results for the assessment of composite reinforced masonry arches. De-

spite the advantages some limitations are present as well such as the inability480

to account for masonry crushing and debonding of the reinforcement. Although

these failure mechanisms show some crucial failure mechanisms when consider-

ing reinforced masonry, within the scope of locally reinforced arches as a min-

imal intervention they fall outside the admissible collapse mechanisms and are

possible future developments for the upgrading of the code. Nonetheless, find-485

ing strategies and techniques to account for the many impacts that follow the

complex nature of masonry structures and their behaviour when strengthened

remains an active field of research. In order to improve and enrich the presented

method, a validation with a quasi-static testing campaign are intended involv-

ing the unreinforced elements and the local strengthened ones. The method will490

also be further validated and considered in various structural masonry elements

besides arches and its ability to simulate other types of reinforcement.
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