
Usage Notes 

Tree shapes based on simulated trees using phase-type distributions 

Here, we examine tree shapes via Aldous’ β statistic (Aldous 1996) and the γ statistic (Pybus 

and Harvey 2000) based on simulated trees generated using age-dependent speciation rates 

and a constant exponential extinction rate. Similarly, we also conduct a simulation where 

trees are generated using a constant exponential speciation rate and age-dependent extinction 

rates. For both scenarios, we suppose that the age-dependent rates are decreased with species 

age using Example 1 in the main manuscript and implemented in 

“DecreasingPH_SpeciationExtinction_fixedZ.R”. For this simulation, we generated 300 

reconstructed simulated trees with 100 extant taxa under symmetric and asymmetric 

speciation modes using TreeSimGM package (Hagen and Stadler 2018) on R. For each 

scenario, we provide the values of the β statistic estimated from a set of trees as explained in 

the manuscript. If you would like to skip to the result of the simulations as presented in 

Figure 5 in the manuscript, you can load “DecreasingPH_Workspace_fixedZ.RData” and plot 

the figure. Code and workspace are available inside 

“tree_shapes_based_on_simulated_trees_using_phase-type_distributions.zip”. 

Estimate of the β statistic based on set of trees 

“Sim_PH_Yule_Treesets.R” is used to generate a set of 1000 trees without extinction under 

Yule process and a set of 1000 trees under phase-type distribution for times to speciation 

event. The generated sets are stored in “Simulated_PH_Treesets.RData” and “Simulated Yule 

Treesets.RData”. “PH_Treesets_Ind_Beta_CI.R” takes “Simulated_PH_Treesets.RData” as 

the input and is used to compute individual beta values from each tree in a given set of trees 

generated using phase-type distribution and treeset beta values from each tree set. The 

confidence interval for the treeset beta estimates is also included. More details can be found 

Section 2.3 and Section 3.1 of the main manuscript. The results are stored in 

“PH_Individual_Beta.RData” and “PH_Treesets_Beta_and_CI.RData”, and correspond to 

Figure 4a,b in the manuscript. Similar procedure is used for sets of trees generated under 

Yule process where “Yule_Treesets_Ind_Beta_CI.R” takes 

“Simulated_Yule_Treesets.RData” as the input and their results are stored in 

“Yule_Individual_Beta.RData” and “Yule_Treesets_Beta_and_CI.RData”. They correspond 

to Figure 4c,d in the main manuscript. These figures are generated using 

“Plot_CI_PH_Treeset_Ind_Beta.R” and “Plot_CI_Yule_Treeset_Ind_Beta.R”. Code and data 

are stored at “estimate_of_the_beta_statistic_based_on_set_of_trees.zip”. 

Fitting parameters of phase-type distribution using simulated branch lengths 

“Fit_PHdist_SimBranchLengths.R” is the main code where we simulate a set of 50 trees, 

each with 50 extant tips, and times to speciation are drawn from a phase-type distribution 

with known parameters. We consider three different simulation schemes: 1) simulate a set of 

50 trees without extinction, 2) simulated a set of 50 trees with a constant exponential 

extinction rate of 0.1, 3) simulate a set of 50 trees with a constant exponential extinction rate 

of 0.4. Generated trees under scheme (1)-(3) are stored in “Sim_PH_Tree_NoExt.RData”, 

“Sim_PH_Tree_Ext_0.1.RData”, “Sim_PH_Tree_Ext_0.4.RData”, respectively. For each 

simulation, we gather the branch lengths from their reconstructed trees to fit parameters 

values of a Coxian phase-type distribution shown in Example 1 in the manuscript. We use the 



built-in optim package on R with “L-BFGS-B” method (Byrd et al. 1995) to find parameter 

values that maximises the probability of observing a set of trees described in Equation 14 in 

the manuscript. The fitted parameter values under scheme (1)-(3) are stored in 

“Fitted_PH_Param_NoExt.RData”, “Fitted_PH_Param_Ext_0.1.RData”, 

“Fitted_PH_Param_Ext_0.4.RData”, respectively. Using fitted parameter values from each 

setup, we simulate trees with the same number of tips as in the simulated data and compare 

their distribution of branch lengths with that of the simulated data. These fitted trees under 

scheme (1)-(3) are stored in “Fitted_PH_Tree_NoExt.RData”, 

“Fitted_PH_Tree_Ext_0.1.RData”, “Fitted_PH_Tree_Ext_0.4.RData”. The results of this 

simulation correspond to Figure 6, 7, and 8 in the manuscript. We also apply the two-sample 

Kolmogorov-Smirnov tests to compare panel (b) and (c) in those figures. The result can be 

seen on Table 1 of the manuscript. Fitted and simulated trees are stored inside a folder at 

“fitting_parameters_of_phase-type_distribution_using_simulated_branch_lengths.zip”. 

Model selection based on empirical phylogenies 

Using the squamate reconstructed tree, stored in “Squamates.txt”, (Zheng and Wiens 2013) 

and the angiosperm reconstructed tree, stored in “Angiosperms.tre”, (Zanne et al. 2014), we 

use the Dendroscope 3 (Huson and Scornavacca 2012) to extract the following clades from 

the squamate tree: Gekkota (stored in “Gekkota.txt”), Iguania (stored in “Iguania.txt”), and 

Anguimorpha (stored in “Anguimorpha.txt”). “Model_Selection_Squamate_Tree.R” uses 

branch lengths from the squamate tree and those clades to fit parameter values of nine 

different distributions, namely the constant rate Birth-Death (crBD) model from Nee et al. 

(1994b) (stored in “Fitted_crBD” folder),  the Coxian PH distribution with decreasing rate 

described in Example 1 (stored in “Fitted_Coxian_with_Decreasing_Rate” folder), the 

Coxian PH distribution with increasing rate described in Example 2 (stored in 

“Fitted_Coxian_with_Increasing_Rate” folder), the general Coxian distribution defined in 

Definition 2 with four, five, and six non-absorbing states (stored in “Fitted_General_Coxian” 

folder), exponential distribution (stored in “Fitted_Exponential_Distribution” folder), and 

Weibull distribution (stored in “Fitted_Weibull_Distribution” folder). Then, we perform 

model selection via AIC (Anderson and Burnham 2004) to select the best model. More 

details can be found in Section 4 of the main manuscript. The result corresponds to Table 2 in 

the manuscript. We apply the same procedure using the following clades on the angiosperm 

tree: Monocotyledoneae (stored in “Monocotyledoneae.txt”), Magnoliidae (stored in 

“Magnoliidae.txt”), Superasteridae (stored in “Superasteridae.txt”), and Superrosidae (stored 

in “Superrosidae.txt”).  The result corresponds to Table 4 in the manuscript. We also perform 

absolute goodness-of-fit by comparing empirical branch length distribution from each clade 

from both trees with their fitted branch length densities using Kolmogorov-Smirnov test 

(Table 3 and Table 5), shown in Figure 9 and 11. The main code also takes the best-fitting 

parameter values from the general Coxian distribution with four non-absorbing states (stored 

in “Angiosperm_Tree” and “Squamate_Tree” folders) to plot the hazard function for each 

clade in both trees (shown in Fig.10 and 12). Code and data are stored at 

“model_selection_based_on_empirical_phylogenies.zip”. 

 

 

 



Supplementary Codes 

“gn(i)_equiv_large_n.R” are used to generate Figure 13. Code is stored at 

“supplementary_codes.zip”. 
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