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1. Introduction 

When the author of this article was trying to develop the multiple summations of geometric 

series, a new idea was stimulated his mind to create a combinatorial geometric series[1-7]. The 

combinatorial geometric series is a geometric series whose coefficient of each term of the 

geometric series denotes the binomial coefficient 𝑉𝑛
𝑟 .    

 

2. Combinatorial Geometric Series  
The combinatorial geometric series [1-7] is derived from the multiple summations of geometric 

series. The coefficient of each term in the combinatorial refers to the binomial coefficient 𝑉𝑛
𝑟 .    

∑ ∑ ∑ ⋯

𝑛

𝑖3=𝑖2

∑ 𝑥𝑖𝑟

𝑛

𝑖𝑟=𝑖𝑟−1

𝑛

𝑖2=𝑖1

𝑛

𝑖1=0

= ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

 &  𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟 − 1)(𝑛 + 𝑟)

𝑟!
, 

where  𝑛 ≥ 0, 𝑟 ≥ 1  𝑎𝑛𝑑  𝑛, 𝑟 ∈ 𝑁 = {0, 1, 2, 3, ⋯ }.  

Here, ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

denotes the combinatorial geometric series and  𝑉𝑛
𝑟 the binomial coefficient. 

The traditional binomial coefficient denotes (
𝑛
𝑟

) = 𝑛𝐶𝑟 =
𝑛!

𝑟! (𝑛 − 𝑟)!
, where 𝑛, 𝑟 ∈ 𝑁.  

 

The factorial function or factorial of a nonnegative integer n, denoted by n!, is the product of all 

positive integers less than or equal to n. For examples, 5! = 1×2× 3×4×5 = 120 and 0! = 1.  

 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟐. 𝟏: 
(𝑛 + 𝑟)!

𝑛! 𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

= 𝑉𝑛
𝑟 , where 𝑛, 𝑟 ≥ 0  &  𝑛, 𝑟 ∈ 𝑁. 

 

𝑃𝑟𝑜𝑜𝑓. (
𝑛 + 𝑟

𝑛
) =

(𝑛 + 𝑟)!

𝑛! (𝑛 + 𝑟 − 𝑛)!
=

(𝑛 + 𝑟)!

𝑛! 𝑟!
=

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟)

𝑟!
= 𝑉𝑛

𝑟 . 
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                     That is, 𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟)

𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

. 

From the above expressions, we conclude that  

                
(𝑛 + 𝑟)!

𝑛! 𝑟!
= ∏

𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

= 𝑉𝑛
𝑟 , where 𝑛, 𝑟 ≥ 0  &  𝑛, 𝑟 ∈ 𝑁. 

 

Some of the combinatorial or binomial identities of 𝑉𝑟
𝑛 are given below: 

(𝑖)   𝑉𝑛
0 = 𝑉0

𝑛 = 1 for 𝑛 = 0, 1, 2, 3, ⋯  
(𝑖𝑖)   𝑉𝑟

𝑚 = 𝑉𝑚
𝑟 , (𝑚, 𝑟 ≥ 1 &   𝑚, 𝑟 ∈ 𝑁 = {0, 1, 2, 3, ⋯ }). 

(𝑖𝑣)   𝑉𝑛
𝑛 = 2𝑉𝑛−1

𝑛 , (𝑛 ≥ 1 &   𝑛 ∈ 𝑁). 

(𝑖𝑖𝑖) ∑ 𝑉𝑖
𝑛

𝑟

𝑖=0

= 𝑉𝑟
𝑛+1     (𝑂𝑅)   ∑ 𝑉𝑛

𝑖

𝑟

𝑖=0

= 𝑉𝑛+1
𝑟 , (∵  𝑉𝑟

𝑚 = 𝑉𝑚
𝑟 &   𝑉𝑛

0 = 𝑉0
𝑛 = 1). 

 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟐. 𝟐: (𝑛 + 𝑟)! = 𝑉𝑛
𝑟𝑛! 𝑟! ⟹ (2𝑛)! = 2𝑉𝑛−1

𝑛 (𝑛!)2. 
 

𝑃𝑟𝑜𝑜𝑓.  (
𝑛 + 𝑟

𝑟
) =

(𝑛 + 𝑟)!

𝑛! 𝑟!
= 𝑘, (𝑘 is an integer) 𝑎𝑛𝑑 (𝑛 + 𝑟)! = 𝑘𝑛! 𝑟!. 

 

Here, (𝑛 + 𝑟)! = 𝑛! (𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟). 
 

𝑁𝑜𝑤,
𝑛! (𝑛 + 1)(𝑛 + 2) ⋯ (𝑛 + 𝑟)

𝑛! 𝑟!
= 𝑘 ⟹ 𝑘 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) ⋯ (𝑛 + 𝑟)

𝑟!
= 𝑉𝑛

𝑟 . 

 

From this expression, we conclude that  (𝑛 + 𝑟)! = 𝑉𝑛
𝑟𝑛! 𝑟!. 

 

Let 𝑟 = 𝑛.  Then (𝑛 + 𝑛)! = 𝑉𝑛
𝑛𝑛! 𝑛! ⟹ (2𝑛)! = 2𝑉𝑛−1

𝑛 (𝑛!)2, (∵  𝑉𝑛
𝑛 = 2𝑉𝑛−1

𝑛 ). 
 

Hence, theorem is proved.  

 

3. Conclusion 

In this article, the combinatorial geometric series and its binomial coefficients and combinatorial 

identities or binomial expansions were introduced and theorems on binomial coefficients and 

factorials discussed with detailed proofs for research and development further.    
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