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Abstract. In this article, we provide definition of the trigonometric-exponential function and it’s

indentities and properties.
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1. Definition Of The Trigonometric-Exponential Function

To begin, we need to define a trigonometric-exponential function.

Definition 1.1. The trigonometric-exponential functions can defined using trigonometric functions

and exponential function. That is

sine:
cose:
tane:
cote:
sece:

csce:

It can be notated as:

R — R,
R — R,
R — R,
R — R,
R — R,
R — R,

x +— sin(exp z)
2+ cos(exp )
x +— tan(exp x)
x +— cot(exp x)
x > sec(exp )

(exp )

T — csc(expx).

sinex = sex, cosexr = csex

tanex = tex, cotex = ctex

sece x = scte T, CScexr = cscex.

Range of the trigonometric-exponential functions are followed as:

ran(sine) = ran(cose) = [—1, 1]

ran(tane) = ran(cote) = (—o00, 00)

ran(sece) = ran(csce) = (—oo, —1] U [1, 00).
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Graph for Trlgonometrlc Exponentlal Fuctions

sine(x) = sm(expx) ‘
cose(z) = cos(exp z)

3r tane(z) = tan(exp z) \
cote(z) = cot(expz)
sece(z) = sec(exp )

25 csce(x) = csc(exp x)
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Figure 1: Graph for Trigonometric-Exponential Functions.

2. Basic Identities and Properties

We begin with basic identities of trigonometric-exponential functions.

Lemma 2.1. For all x € R,

sin cose T 1
tanexr = , cotex = — , secexr = , Cscexr = — .
sine x cose sine x
Proof. By the definition of trigonometric functions,
sinx cosx 1 1
tanx = ——, cotx = ——, secx = , CSCT = —
cos T sin cos T sinz
Substitute e* for x,
sin(e” cos(e” 1 1
tan(e®) = ( ), cote” = — ( ), sec(e”) = , CsCx =
cos(e?) sin(e®) cos(e®) sin(e®)
Therefore,
sine x cosex 1 1
tanexr = , cotexr = — , secexr = , CSCeT = —
cose T sine x cose sine x

This completes the proof.

Proposition 2.2. For all z € R,

sine? z + cose’x = 1

tane? z 4+ 1 = sece’ x

cote? z + 1 = csce? .

(15)



Proof. For x € R, we have

sine? x + cose? z = sin’(e®) + cos?(e”) = 1,
tane? z + 1 = tan®(e”) + 1 = sec®(e”) = sece’ z,

)
cote? ¥ + 1 = cot?(e”) + 1 = csc?(e”) = csce® .

This completes the proof.

Now, we consider the derivatives and antiderivatives of trigonometric-exponential functions.

Proposition 2.3. We have

— sinex = exp T - cose T, — cosexr = —exp e - sinex,
dx dx
_ 2 _ 2
— tanex = expx - sece” x, — cotex = —expx - csce” x,
dx dx
T secer = exp X - sece T - tanex, P cscer = — exXp T - cscex - cote x.
T T

Proof. Substitute t = e and using chain rule, we get

d dsint dt
— sinex = — sin(e®) = —ssint = . — =cos(e”) - e*
d g Snlet) = g8 at do (%)
=expx - cosew,
dcost dt
P cose x e cos(e”) e cos gr o sin(e”) - e
= —expx - siner,
d dtant dt
— tanex = — tan(e®) = — tant = = sec?(e%) - ”
dx dx (e%) dz dt dz (e%)
=expz - sece? x,
d dcott dt
— cotex = — cot(e®) = — cott = - — = —csc?(e%) - e”
az Coter = g eoteh) = at de sc(e”)
= —expx - csce’ x,
dsect dt
I Secer = = sec(e”) = P sect = % 4 sec(e”) tan(e”) - e”
= expx - secex - tane x,
desct dt
—cscex = — csc(e®) = — csct = . — = —csc(e”) cot(e®) - e
dx dx (e%) dx dt dx (e%) (e*)

= —expx - cscex - cotex.

This completes the proof.

Proposition 2.4. We have

/sinexdz = Si(e”) + C, /cose:z:dx = Ci(e”) + C.



Proof. Substitute t = €%, dz = %dt, we have

/sinexdx = /sin(e”) dz = / % dt = Si(e®) + C, (39)
/cosexdx = /cos(e“) dz = / %St dt = Ci(e") + C. (40)

This completes the proof. (]

3. Inverse Trigonometric-Exponential Functions

Here, we define the inverse functions of trigonometric-exponential functions.

Definition 3.1. The inverse trigonometric-exponential functions defined as inverse functions for
trigonometric-exponential functions. Some of them are divided into two functions because the
domain of natural logarithm is (0,00). It can defined as formula using natural logarithm and
inverse trigonometric functions. That is

sine”1: (0,1] — <foo,1n g} , = — In(arcsin(z)) (41)
sinea1 -1,1] — {ln g, In 3;} , ¢ — In(m — arcsin(x)) (42)
cose i [-1,1] = (—o0,Inn], z + In(arccos(z)) (43)
tane”1: (0,00) — (—oo,ln g) , « +— In(arctan(x)) (44)
1 s 3
tane; " : (—oo,00) — | In §,ln -5 )z In(m + arctan(zx)) (45)
cote™!: (—00,00) = (—o0,In7), x ~ In(arccot(x)) (46)
sece™: (=00, —1] U (1,00) — (—oo, In g) U <ln g,lnﬂ> , « — In(arcsec(x)) (47)
csce 1 [1,00) — (—oo,ln g) , « — In(arcese(z)) (48)
csceg (=00, 1] U[1, 00) — lnz,lnw U 1n7r,1n3—7r ,  — In(m — arcesc(x 49
0 2 2

In general, inverse functions for sine, tane, csce notated as

sine”! = siney !, tane™' = taney !, csce™ = cscey . (50)
Proposition 3.2. We have

d . 1 d 1
—sine” " x = — , —cose T x = — , 51
dx V1 —2?(m — arcsin(z)) dw V1 — 2 arccos(x) (51

1 d 1
_— = t -1 = - t -1 = — 52
de e ® (14 22)(7 + arctan(z))”  d= core (1 + x2) arccot(z)’ (52)

1 d 1

—sece 'z —csce (53)

dz - |z|v/22 — T arcsec(x)’ dz - |z|v22 — 1(7 — arcese(z))



Proof. According to the chain rule,

d d 1 d
P sine™ !z = T In(m — arcsin(x)) = T aresn() . @(W — arcsin(z))
1
T VI- 22(r — arcsin(x))’
d 1
— 1= - - .=
3 CoseT T = n(arccos(x)) arccos(z) | dz arccos(z)
1
V1 a2 arccos(x)’
d tane ™! z d In(7 + arctan(z)) S (m + arctan(x))
- —_ T — c— (T
dz dz m+ arctan(z) dz
_ 1
(1 + 22)(7 + arctan(z))’
— cote tx = 4 In(arccot(z)) = _t 4 arccot(z)
dx dx arccot(z) dax
- 1
~ (1 + 22)arccot(x)’
d _1 d 1 d
IRl - 1 . - - .= .
3 SeceT T = n(arcsec(z)) arcsec(s)  du arcsec(z)
1
 |z|v/a@% = 1arcsec(z)’
d d 1 d
1 csce = 1 In(m — arcese(z)) = — a(w — arcesc(x))
1

- |z|v/22 — 1(7 — arcesc(z))

This completes the proof.

Proposition 3.2. We have
/sinef1 xdz = —zln(m — arcsin(z)) + Si(r — arcsin(x)) + C,
/cose_1 2 dx = xIn(arccos(x)) — Ci(arccos(x)) + C.
Proof. We have
/sinef1 zdr = /ln(ﬂ — arcsin(x)) dz .
Substitute t = m — arcsin(z), dz = — cost dt,
/ln(w —arcsin(z))dz = — /costlntdt.
Integration by parts: w =1Int¢, dv = costdt — du = 1/t, v = sint,

3] t
/costlntdtzlntsint—/%dtzlntsint—Si(t)—i—C’.



Undo substitution, since sin(m — arcsin(x)) = x,
/sinef1 xdx = —zln(r — arcsin(z)) + Si(7 — arcsin(x)) + C.
Also, we have

/coseflxdx = /ln(arccos(z))d:z:.

Substitute ¢ = arccos(z), doz = —sint,
/1n(arccos(:c)) de = — / Intsintdt.
Integration by parts: v =1Int, dv =sintdt — du = 1/t, v = — cost,
. cost .
/lntsmtdt = —Intcost + / 4 dt = —Intcost + Ci(t) + C.
Undo substitution, since cos(arccos(x))) = z,
/sinef1 2 dz = xln(arccos(x)) — Ci(arccos(x)) + C.

This completes the proof.
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