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Nomenclature

α′ Streamline curvature corrected angle of attack

α[u/d ] Upwind/Downwind angle of attack

αdesign Design angle of attack

αdyn Dynamic angle of attack

αss Static stall angle

β Blade pitch angle

∆ϕBl Difference between lower blade vertical angle and attachment angle

∆ϕBu Difference between upper blade vertical angle and attachment angle

∆θBl Difference between lower blade and hub angle of azimuth
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γfl Lower blade flapwise damping constant
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λ Primary rotor tip speed ratio
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ω Primary rotor rotor speed

ωs Secondary rotor rotor speed

ωel 1st lower blade edgewise frequency

ωeu 1st upper blade edgewise frequency

ωfl 1st lower blade flapwise frequency
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ωfu 1st upper blade flapwise frequency

ωg0 Minimum generator frequency at rated power

ωg Generator speed

ϕBl Lower blade vertical angle

ϕBu Upper blade vertical angle

ψl Lower blade vertical attachment angle

ψu Upper blade vertical attachment angle

ρ Air density

ρLc Mass per unit length of the rotor cross arm

Θ Blade angle

θ Angle of azimuth

θBl Lower blade angle of azimuth

θBu Upper blade angle of azimuth

J̃Bl Effective lower blade inertia

J̃Bu Upper blade additional effective centrifugal inertia

J̃lu Lower blade additional effective centrifugal inertia

Υ Equivalent horizontal axis azimuth for ‘true’ X approximation

ξ Relative aerofoil attachment point

ζ[u/d ] Upwind/Downwind expansion factor

Al Lower rotor area

AM Masse’s dynamic stall interpolation coefficient

AP Primary rotor area

As Secondary rotor area

as Secondary rotor axial induction factor

aT Turbulent wake transition induction factor

Au Upper rotor area

a[u/d ] Upwind/Downwind induction factor

ats Secondary rotor tangential induction factor

c Blade chord length

cc Crossarm chord

CD Drag coefficient

CL Lift coefficient

CP Power coefficient
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C[L/D]dyn Dynamic lift/drag coefficient

C[L/D]static Static lift/drag coefficient

Cϕl Lower rotor radial flapwise bending moment coefficient

Cϕu Upper rotor radial flapwise bending moment coefficient

CDc Crossarm drag coefficient

CLdesign Design lift coefficient

Cn Normal force coefficient

CPP Primary rotor power coefficient

CPs Secondary rotor power coefficient

CQl Lower rotor torque coefficient

CQs Secondary rotor torque coefficient

CQu Upper rotor torque coefficient

CTBE [u/d ] Upwind/Downwind thrust coefficient from blade element theory

CTM[u/d ] Upwind/Downwind thrust coefficient from fluid momentum theory

CTs Secondary rotor thrust

Ct Tangential force coefficient

d Tip loss disk spacing

DQ Local torque contribution

DR Local radial flapwise bending moment contribution

F Tip loss factor

f local angular displacement as a fraction of blade tip angular displacement

Fh Tip loss function for horizontal axis turbines
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Jc Cross-arm inertia

JH Effective hub inertia

Js Secondary rotor inertia

JBu Effective upper blade inertia

Jg Generator inertia

JHb Blade to contribution to effective hub inertia

k Glide ratio

kc Secondary rotor controller constant

Ke Electrical stiffness

Ks Shaft stiffness
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kdesign Design glide ratio

l Blade length

lBlcm Spanwise location of lower blade centre of mass

lBucm Spanwise location of upper blade centre of mass

lc Crossarm radius

mB Blade mass

Mϕl Lower blade root radial flapwise bending moment

Mϕu Upper blade root radial flapwise bending moment

Mθl Lower blade aerodynamic torque

Mθs Secondary aerodynamic torque

Mθu Upper blade aerodynamic torque

mBl Lower blade mass
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r Radial coordinate
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UR Rated wind speed

Us Secondary rotor incident wind speed

Ua[u/d ] Upwind/Downwind apparent velocity

UI [u/d ] Upwind/Downwind incident velocity

UN[u/d ] Upwind/Downwind no-load velocity
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Executive Summary

Deliverable Description

This deliverable report supports deliverable D3.1 ‘Control Simulation Model of X-Rotor Con-
cept’, and details the design and development of a control model for the X-Rotor concept,
which aims to provide a transparent tool for prototyping controller designs, to support controller
analysis and design and to assess the effectiveness of controllers in meeting design objec-
tives.

Responsible Partner

The responsible partner is the University of Strathclyde, with Prof. W.E. Leithead as the princi-
ple investigator.

Deliverable Outcomes

A control model of the X-Rotor concept, suitable for prototyping controller designs, support-
ing controller analysis and design and assessing the effectiveness of controllers in meeting
design objectives is presented. The complexity of the model is minimised whilst retaining suf-
ficient detail to capture the essential dynamic properties. The model is designed using MAT-
LAB/Simulink.

The control model consists of three main components, the wind model, the primary rotor aero-
dynamics and structural dynamics and the power take-off (including secondary rotor dynam-
ics).

The wind model is adapted from that described in (Gala Santos, 2018), and consists of an ef-
fective wind field that contains appropriate frequency components up to six times the rotational
frequency of the primary rotor.

The primary rotor aerodynamics use the outputs from a bespoke double multiple streamtube
(DMS) model (validated against the higher fidelity ‘CACTUS’ lifting line model) to populate a
look-up table approach. The outputs of the DMS model and its validation against the CAC-
TUS model are presented. The primary rotor structural model includes compliant upper blade
dynamics and semi-compliant lower blade dynamics.

The power take-off dynamics include modelling of the secondary rotors using an actuator disc
model. The model is validated agains the BEM tool ‘QBlade’. The power train of the power
take-off is modelled as a semi-compliant shaft connected to a direct drive generator.

Illustrative simulation results are presented that show that the essential dynamic properties of
the X-Rotor concept are simulated within the control model.
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1 Deliverable details
This report supports deliverable D3.1 Control Simulation Model of X-Rotor Concept.

The purpose of the control simulation model for the X-rotor concept is to provide a transparent
tool for prototyping controller designs, to support controller analysis and design and to assess
the effectiveness of controllers in meeting design objectives. The complexity of the control
simulation should be kept to a minimum whilst capturing all essential dynamic properties. Such
a simulation model for the X-rotor concept has been constructed using MATLAB/Simulink.

The control model consists of the following distinct parts:

1. X-Rotor Wind Speed Model

2. Primary Rotor: Aerodynamics and Rotor Dynamics

3. Power Take-Off Dynamics: Secondary Rotor Aerodynamics and Rotor Dynamics

This deliverable report gives details of each part of the X-Rotor model in turn prior to results
and discussion of a set of example simulation outputs. The simulation results in the report are
for an illustrative choice of parameters only. These will be updated using future outcomes from
WP2, WP4 and WP5.

In section 2 an overview of the X-Rotor concept is presented. In section 3 the control model
is described in detail, with sub-sections focusing on each of the sub-models within it. The
results of simulations are presented and discussed in section 4, before conclusions are drawn
in section 5.
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2 Introduction to the X-Rotor Concept
The X-Rotor Concept is described in Leithead 2019 (Leithead, Camciuc, Amiri, & Carroll, 2019).
It consists of a highly modified double-V-Rotor, with a traditional upper V, and an inverted lower
V which increases the potential for power capture and cancels the overturning moments inher-
ent in the traditional V-Rotor design. This primary rotor is freely mounted on a central tower
disconnected to any drive-train and the power-take-off is performed by compact secondary ro-
tors attached to the outer edge of the inverted lower V, A concept drawing is provided in figure
1.

Figure 1: Concept drawing of the X-Rotor

The design challenge for the primary rotor of the X-Rotor can be considered as somewhat
similar to the design challenge for a traditional VAWT. V-Rotor configurations have the poten-
tial to maximise power per unit weight of a rotor through the maximisation of the rotor swept
area, however they intrinsically suffer from large overturning moments. These have previously
been compensated for by the use of aerodynamic sails; perpendicularly attached secondary
blades which provide an opposing force contribution, effectively cancelling out the overturning
moments. In the case of the X-Rotor, rather than attaching aerodynamic sails, the use of a sec-
ondary lower rotor half has been proposed as it can simultaneously perform three beneficial
functions:

• Increase the primary rotor swept area thus increasing power capture.

• Support the secondary rotors.

• Oppose the rotor overturning moment.

The secondary rotors are supported off of the blade tips of the lower rotor half, this provides
two key benefits. Firstly, by attaching the secondary rotors at the maximum possible radius, it is
ensured that they see the highest possible relative wind-speeds, increasing the effective power
density allowing for rotors with smaller radius and an increased rotational speed. This allows
the secondary rotor drive-train to forego a gearbox. Secondly, it situates the secondary rotors
as close as possible to the ocean surface, which facilitates lower operations and maintenance
costs, as large heavy lift vessels are not required to work on the secondary rotor. A prelimi-
nary optimisation of the primary rotor design, considering both aerodynamic performance and
structural limitations has been completed and the results are given in Leithead 2019 (Leithead
et al., 2019).
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3 Control Model
Control models are used by control engineers to design controllers for devices. The require-
ments of a control model differ dependent upon the device being modelled, however, for a
wind turbine, the requirements are that the model must represent the fundamental dynamics of
the turbine that are relevant to controller design. For the X-Rotor, the fundamental dynamics
are,

1. The wind field input

2. The primary rotor aerodynamics and structural dynamics

3. The power take-off dynamics (including the secondary rotor dynamics)

Control models are used to design controllers that can then be more fully tested on more
detailed, higher fidelity models. As such, control models for wind turbines typically require just
the first structural mode for the structural dynamics and simple representations of the electrical
components of the system. Computational efficiency is a key requirement of a control model,
as controller design is often an iterative process, requiring many simulations to test controller
designs. If the control model is not computationally efficient and is therefore slow to run, then
the controller design process is severely impacted.

The X-Rotor control model uses an effective wind speed as an input to the system. The ef-
fective wind speed is a heavily adapted form of the effective wind field model described in
(Gala Santos, 2018). A description of the effective wind field model including the adaptations
made for the X-Rotor case are described in sub-section 3.1.

The primary rotor dynamics are modelled using a rigid hub and two-lumped inertia blade mod-
els with semi compliant (1 degree of freedom) lower blades and fully compliant (2 degrees of
freedom) upper blades, this approach is adapted from (Leithead, 2020) and is described in
sub-section 3.2.1. The primary rotor aerodynamics are obtained from a bespoke double mul-
tiple streamtube model based on the work in (Sharpe & Freris, 1990) which is described and
validated in sub-section 3.2.2.

The power take off modelling is described is sub-section 3.3.

3.1 Effective Wind Speed Modelling

Horizontal Axis Wind Turbines (HAWTs) have made use of effective wind speed models for
many years. The effective wind speed is intended to only represent the low frequency variations
in the wind (lower than the rotational frequency of the turbine).

3.1.1 Rotational Sampling of the Wind - Effective Wind Field Model

For horizontal axis wind turbines, it is possible to build an effective wind-field model that is
suitable for control purposes, which includes components that induce the correct torque on
each blade and the thrust on the tower with the correct correlations over the frequency range up
to 6P (Gala Santos, 2018). Once sampled (as opposed to prior to sampling), the structure of the
proposed wind-field model can be thought of as a number of sinusoids of different frequencies
and amplitudes that sum to form a more complex signal in a manner analogous to a Fourier
series.It is worth noting that, for the wind-field model, the frequency, amplitude and phase are
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varying continuously for all the individual components in a random manner. In this way, the
wind field is modelled rather than a wind speed.

The derivation of the wind field model is complex and is described in detail in (Gala Santos,
2018). Suffice it to say that the model has the form,

Vuniform(t) = anUniform(t) cos nΥ+ bnUniform(t) sin nΥ (1)
Vlinear (t) = anLinear (t) cos nΥ+ bnLinear (t) sin nΥ

where Υ is the azimuth angle of the rotor1.

The ’uniform’ subscript refers to the components that, once sampled, result in forces (which are
independent of the position on the blade on which they act), whilst the ‘linear’ subscript refers to
components that, once sampled, result in torques or moments (which are linearly proportional
to the distance from the rotor hub). Hence, for m periodic components, the wind model can be
written as,

V (Υ, t) = V̂ + V0(t) +
∑
m

[
(am(t))cos(mΥ) + (bm(t))sin(mΥ))

]
(2)

where V0(t) is the low frequency changes in effective wind speed across the whole rotor, V̂
is the quasi-static wind speed and m is the integer periodic component. Note that the wind
speed used to calculate induced moments and torques uses different values of am(t) and bm(t)
to those used by the wind speed to calculate forces. For ease of notation, this distinction is
neglected in the following descriptions (but not in the model).

3.1.2 Adaptation of the Wind Model for the X-Rotor Case

Thus far the effective wind speed and wind field models have pertained to HAWTs rather than
the X-Rotor primary rotor. In the models discussed, only the wind speed perpendicular to
the HAWT’s (vertical) rotor disc has been considered. For a HAWT rotor it is typical to use
these effective wind models with aerodynamic coefficient models to determine the forces and
torques acting on the disc. The moments and forces on a blade can also be inferred through
the modelling described briefly in section 3.1.1 and more fully in (Gala Santos, 2018). The wind
speed for the low frequency models is described by the relationship,

V (t) = V̄ + Ve(t) (3)

whereby Ve(t) is a time varying wind speed that is uniform over the disc. It represents the wind
speed components that can be considered as quasi-static over a whole rotor revolution - that is
over frequencies lower than 1P. Similarly, an effective wind field model is described in section
3.1.1 whereby,

V (Υ, t) = V̂ + V0(t) +
∑
m

[
(am(t))cos(mΥ) + (bm(t))sin(mΥ))

]
(4)

where Υ is the disc azimuth angle. The wind field model represents wind components across
a broader range than the wind speed model, with the latter limited to frequencies below 1P,

1Note that Υ is used instead of the more common θ in this report to avoid confusion with the azimuth of the
X-Rotor primary rotor
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whilst the former includes frequencies up to 6P. An effective wind speed for a blade is obtained
by substituting the azimuthal angle for the blade ΥB for Υ in equation 4. The model provides
appropriately correlated linearly and uniformly weighted wind speeds suitable for calculating
moments/torques and forces respectively. When effective wind speeds for a number of blades
rotating in the disc are obtained, these too are appropriately correlated. Appropriate load nP
components are thereby induced.

In the case of the X-Rotor primary rotor, the rotor rotates about a different axis. However,
through the assumptions and re-working of the model explained in this section, the HAWT
effective wind speed model can be used as a reasonable approximation for the X-Rotor primary
rotor effective wind speed.

First, let us consider a ‘true’ X-Rotor, that is a rotor with the shape of a capital X as shown in
Figure 2a).

Figure 2: ‘True’ X-Shaped X-Rotor

As the rotor rotates about the vertical axis, each blade can be thought of as sweeping from one
side to another as shown in Figure 2b), whilst pitching forwards and backwards (into and out of
the page) at a frequency of 1P with an amplitude of ψ, where ψ is the angle of each blade in
the X shape in Figure 2, measured relative to a vertical line. Hence, a cone shape is swept out
by each blade.

Ignoring the pitching of the rotor disc for now, an effective wind speed is obtained by substituting
the blade angle ΥB from Figure 2b) into equation 4. The wind field model can be viewed as a
cylinder, with radius of the blade length and longitudinal axis time. The value of the wind speed
at any point in the cylinder defined by (r , Υ, t) is V (Υ, t) as defined by the wind field model in
equation 4.

Assuming the wind field is homogeneous, an underlying assumption in the derivation of the
wind models, the wind field model of equation 4 remains valid, albeit for wind speeds that are
no longer perpendicular to the disc, with Υ remaining the disc azimuth angle. Considering the
‘pitching’ of the rotor disc, so long as a blade lying on a tilted disc rotates sufficiently slowly that
ΥB can be considered quasi-static, then the effective wind speed for that blade is obtained as
before (i.e. by substituting ΥB into equation 4). Since the aerodynamic coefficients are derived
on the basis of a horizontal wind speed uniform over the rotor, the impact of wind speed not
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being perpendicular to the disc would be incorporated by the aerodynamic coefficients.

However, if ΥB cannot be considered quasi-static, the frequencies of wind turbulence are es-
sentially compressed when the blade moves into the wind and extended when the blade moves
out of the wind. This aspect of the rotor/wind field interaction is not accounted for in the wind
field model as described thus far. This drawback of the wind field model can be avoided as
described below.

The wind field is defined with reference to a particular mean wind speed V̄ , and so the longi-
tudinal axis can be relabelled in terms of a distance d where d = V̄ t, assuming a frozen 3D
turbulence model.

Consider a rotor with several blades rotating about a common axis in a disc perpendicular to the
wind but displaced from each other in the direction of the wind. By moving the discs containing
each blade through the frozen 3D representation, the effective wind speeds for each blade are
obtained as,

Ṽ (ΥB , t) = V (ΥB , t − d/V̄ ) (5)

= V̄ + V0(t − d/V̄ ) +
∑
m

[
(am(t − d/V̄ ))cos(mΥB)

+ (bm(t − d/V̄ ))sin(mΥB)
]

with the values of θB and d chosen to be those for each blade (note that d is the downstream
displacement relative to the furthest upstream blade). The displacement d need not be con-
stant, it can vary with time. Whilst the auto-covariances are unchanged as required, the cross-
covariances between blades are changed by the introduction of the displacements. As well as
introducing frequency compression and extension when the blade moves relative to the wind
speed, the correlation of the effective wind speeds for blades rotating in discs that are displaced
from each other is reduced as required.

The effective wind speed described in equation 5, can be extended to the situation for which
the displacement of the blade from the vertical disc in not, as is the case with the blade lying
in a disc tilted about its horizontal diameter, constant over the blade. The displacement could
be that for a representative point on the blade, such that the correlation with the effective wind
speed for the corresponding point on the vertical disc is reduced as appropriate. A 4-bladed
vertical axis rotor with an X-shaped geometry is depicted in Figure 2a). (The coning angle for
the upper and lower halves need not be the same.) Aerodynamically, the most important part
of the blade is outer part. Taking this into consideration, the representative point for a blade is
towards the tip, say, at a distance δR from the hub. A reasonable choice for δ would be 2/3.
The effective wind speed for a blade is equation 5 with,

ΥB = tan−1(sin(θ)tan(ψ)) (6)

where d = δRcos(θ)sin(ψ), where θ is the angle of rotation of the blade (when the blade is
upwind lying in a vertical plane parallel to wind speed, θ is defined to be 0o) and d is the
displacement relative to the vertical disc.

In the X-rotor concept the geometry of the primary rotor differs from the ‘true’ X shape depicted
in Figure 2. However, the impact of the difference in geometry is reduced by it being less for
the outer part of the blades, which contribute to effective wind speeds with greater weighting
than the inner part. The pragramatic choice for the effective wind field remains equation 5 with
its parameters set for an equivalent rotor with the geometry in Figure 2. Since control models
are not required to have high fidelity, this pragmatic choice of effective wind speeds for the
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X-rotor concept and the rather less pragmatic choice for a 4-bladed vertical axis rotor with an
X-shaped geometry should suffice for control design purposes. Figure 3a) depicts the rotor
geometry of the X-rotor, in black, and the geometry of the equivalent vertical axis wind turbine
with an X-shaped rotor, in red. The length of the blades for the latter is,

lr =
√

l2/4 + (lu sin (ψu − κ) + lc sin (κ)/2)2 (7)

where,

l =
√

l2u + l2l − 2lu ll sin (ψl − ψu) (8)

κ = arcsin (2(lu sinψu − ll sinψl)/l)

Figure 3: Mapping ‘true’ X-Shape to the X-Rotor

A correction to the equivalent rotor to reduce the difference in geometry of the outer part of the
blades is shown in Figure 3b). The corrections to ψu and ψl are, respectively,

arctan (ϵlu sin (∆ψu)/(lr − ϵlu cos (∆ψu))) (9)
arctan (ϵll sin (∆ψl)/(lr − ϵll cos (∆ψl)))

A reasonable choice for ϵ is 1/6.

The wind-field model (equation 5), for the equivalent rotor in Figure 3b) and geometry defined by
equation 7 (including the corrections in equation 9) remains appropriate for the X-rotor provided
Υ is the solution of equation 5.

3.1.3 Effective Wind Speeds for Secondary Rotors

The secondary rotors are HAWTs and, as such, the effective wind speed discussed in section
?? can be utilised. Of course, there is still some coherence between the wind field experienced
by the primary rotor and the effective wind speed interacting with the secondary rotor. Note
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that due to the high speed of rotation of the secondary rotor and the corresponding high fre-
quency of the nP components, these nP components can be ignored for the control model as
their frequencies will be an order of magnitude higher than the dominant mechanical frequen-
cies.

The swept area of the primary and secondary rotors are significantly different, which must be
accounted for in the effective wind speeds used. The effective wind speed component, Ve(t),
in equation 3 is obtained by filtering a point wind speed with zero mean. Let HP(s) and HS(s)
be this filter for the primary rotor and secondary rotors, respectively. The bandwidth of HP(s) is
much less than the bandwidth of HS(s) due to the differing size of the effective swept area.

An appropriate effective wind speed for a secondary rotor is,

V̄ + Ve(t) + Ṽe(t) (10)

where Ṽe(t) is obtained by filtering a point wind speed with zero mean by H(s) such that,

H(s)H(−s) = HS(s)HS(−s)− HP(s)HP(−s) (11)

The point wind speed for Ṽe(t) is generated using a white noise independent from that used to
generate Ve(t). The effective wind speed for the secondary rotors are then

VS1 = RPΩP − (V̄ + Ve(t) + Ṽe1(t))sin(θP) (12)

and
VS2 = RPΩP − (V̄ + Ve(t) + Ṽe2(t))sin(θP − π) (13)

When the effective wind speed is obtained using equation 4, a similar approach is adopted with
V0(t) replacing Ve(t) in the above expressions.

3.2 Primary Rotor Modelling

The primary rotor is modelled in two separate stages, the rotor dynamics and the rotor aerody-
namics, with the latter acting as an input to the former.

3.2.1 Primary Rotor Dynamics

Overview of approach
The primary rotor dynamics can first be considered using a two-lumped inertia model described
in (Leithead, 2020). Here, each blade is modelled with two degrees of freedom, θ and ϕ,
corresponding to the azimuthal motion and radial flapping motion respectively, whilst the hub
is considered a stiff beam with only one degree of freedom in the azimuthal plane, θ. The two
lumped inertia model splits the inertia of the blade between the effective contribution to the hub
inertia,JHb and the effective blade inertia relative to the hub, JB . The effective hub inertia is
given by the sum of each of the effective blade inertia contributions and the inertia of the cross
arm, Jc :

JH = Jc +
∑
i

J
[i ]
Hb. (14)

The effective blade inertia and the effective hub inertia contribution are given by:

JHb = JBt −
B2

C
and JB =

B2

C
, (15)
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where the constants JBt , B and C are given by

JBt =

∫ R

0
mB(r)r

2dr , B =

∫ R

0
mB(r)r

2f (r)dr and C =

∫ R

0
mB(r)r

2f (r)2dr . (16)

Here f (r) represents local angular displacement as a fraction of the angular displacement at
the blade tip for a given mode and mB(r) represents the mass distribution along the blade. With
the effective hub and blade inertias defined, the dynamics of the blades and hub can be derived
individually.

Blade Dynamics
The blade dynamics can be further simplified through the assumption that the blade is roughly
cylindrical. This implies that the inertia associated with flapwise and edgewise motion can be
taken as identical, allowing the blade inertia to be represented by a scalar value. Under these
assumptions the upper blade dynamics are described with

JBu

[
θ̈Bu
ϕ̈Bu

]
=− JBuR(β)

[
ω2
eu 0
0 ω2

fu

]
R−1(β)

[
∆θBu
∆ϕBu

]
− JBuR(β)

[
γeu 0
0 γfu

]
R−1(β)

[
∆θ̇Bu
ϕ̇Bu

]
+

[
Mθu(θ,β,U0, θ̇)

Mϕu(θ,β,U0, θ̇)

]
+

[
0

(JBu + J̃Bu)θ̇
2
Bucos(ϕBu) + gmBu lBucmsin(ϕBu)

] (17)

where JBu represents the effective upper blade inertia relative to the hub, ωeu and ωfu represent
the first upper blade flapwise and edgewise frequencies, R represents the rotation matrix, β
the blade pitch angle, ∆θBu the difference between the blade and hub angle of azimuth, ∆ϕ,
the difference between blade radial inclination angle and the attachment angle, γeu and γfu
the upper blade edgewise and flapwise damping constants, ∆θ̇Bu the difference between the
angular speed of upper blade and the hub, Mθ and Mϕ the aerodynamic torques in the azimuthal
and radial flapwise directions, U0 the effective wind speed, g gravitational acceleration, mBu the
upper blade mass, lBucm the spanwise location of the upper blade center of mass and J̃Bu the
additional inertia associated with centrifugal motion given by

J̃Bu = mBu(l
2
c + 2lc lBucmsin(ϕBu)− l2c sin

2(ϕBu)). (18)

Similarly, the lower blade dynamics are governed by

J ′Bl

[
θ̈Bl
ϕ̈Bl

]
=− J ′Bl

[
ω2
el 0
0 ω2

fl

] [
∆θBl
∆ϕBl

]
− J ′Bl

[
γel 0
0 γfl

] [
∆θ̇Bl
ϕ̇Bl

]
+

[
Mθl(θ, θ̇,U0)

Mϕl(θ, θ̇,U0)

]
+

[
0

(JBl + J̃Bl)θ̇
2
Blcos(ϕBl) + gmBl lBlcmsin(ϕBl)

]
+

[
−Ts(lBlsin(ϕB l) + lc)

lBlmSrgsin(ϕB) + {lc + lBlcos(ϕBl)}msr θ̇
2
Bl lBlcos(ϕBl)

]
.

(19)

Here, the first terms are identical to the upper blade dynamics however the pitch angle is fixed
at β = 0 and the subscripts u are substituted for the subscripts l to denote lower blade values.
An additional term is also included to represent the aerodynamic, gravitational and centrifugal
forces imparted by secondary rotor. Here Ts represents the thrust force from the secondary
rotor and msr represents he mass of the secondary rotor. In addition to this, the inertia of the
lower blade must be modified from the definition given in equation 15 to include the inertia due
to the secondary rotor such that

J ′Bl = JBl +mS r(lc + lBlsin(ϕBl))
2 ≈ JBl +mS r(lc + lBlsin(ψl))

2. (20)
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As the combined effect of the centrifugal and gravitational forces from the secondary rotor pro-
vide considerable stiffening to the blade, the lower blade can be simplified to a semi-compliant
representation with a single degree of freedom, θBl . The equation of motion is therefore re-
duced to

J ′Bl θ̈Bl = −J ′Blω
2
el∆θBl − J ′Blγel∆θ̇Bl +Mθl − {lc + lBlsin(ϕBl)}Ts . (21)

With ϕBl = ψl .

Hub Dynamics
The hub is considered as a rotating body with one degree of freedom. It’s equation of motion
is given by

JH θ̈H =
∑
i

Q
[i ]
B − Qc , (22)

where QB represents the torque contribution of the i th blade and Qc represents the parasitic
torque due to aerodynamic drag on the rotor cross arm. The torque contribution from each
blade to the hub is given by the reaction force from the stiffness and damping terms in equations
17 and 21 such that

QBu =

{
JBuR(β)

[
ω2
eu 0
0 ω2

fu

]
R−1(β)

[
∆θBu
∆ϕBu

]
+ JBuR(β)

[
γeu 0
0 γfu

]
R−1(β)

[
∆θ̇Bu
ϕ̇Bu

]}
·
[
1
0

]
(23)

and
QBl = JBlω

2
el∆θBl + JBlγel∆θ̇Bl . (24)

Equations 17, 21 and 22 describe the dynamics of the upper and lower blades and the rotor
hub, fully describing the dynamics of the primary rotor given the appropriate structural constants
and forcing terms. A description of how the aerodynamic forcing terms Mθ and Mϕ are obtained
is given in section 3.2.2 and a description of how the secondary rotor thrust force is obtained is
given in section 3.3.

3.2.2 Primary Rotor Aerodynamics

Overview of Primary rotor aerodynamics
The torque contribution from the upper are lower blades can be represented by the torque
coefficient, CQ such that

Mθu =
1

2
ρAUU

2
0RuCQu(λ, θ,β) (25)

Mθl =
1

2
ρAlU

2
0RuCQl(λ, θ). (26)

Here the torque coefficient is dependent on the angle of azimuth, θ, the pitch angle, β, and the
tip speed ratio, λ. With the tip-speed ratio given by

λ =
ωR

U0
. (27)

Here, the rotational speed can either be considered to be uniform across the rotor with ω = θ̇H ,
or the local angular velocity of the blade can be used. Implicit in this representation is that the
effects of Reynolds number are ignored over the considered operating range, as the torque
coefficient is dependent on the non-dimensional parameter λ. This can be rationalised as the
X-Rotor typically operates at very large Reynolds numbers ≈ 107 where by the aerodynamic
behaviour is relatively stable with respect to changes in the Reynolds number.
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Similarly, the radial flapwise moment can be characterised with it’s own moment coefficient Cϕ

such that
Mϕu =

1

2
ρAUU

2
0RuCϕu(λ, θ,β) (28)

Mϕl =
1

2
ρAlU

2
0RlCϕl(λ, θ). (29)

With these representations the aerodynamic forces on each primary rotor blade can be charac-
terised by a pair of look up tables, 3D for the upper blades and 2D for the lower blades. The key
task for the modelling of the primary rotor aerodynamics is therefore the accurate generation of
these lookup tables using aerodynamic models.

The aerodynamic modelling of VAWTs is a less mature field than HAWT modelling, and a num-
ber of different modelling paradigms exist across a wide range of modelling fidelities including
double multiple streamtube (DMS) models, actuator cylinder models, lifting line theory (LLT)
models, panel models, actuator line models, and blade resolved CFD. In order to characterise
the a sufficiently wide operational range for the primary rotor (−18 < β < 18), (1 < λ < 6.5)
the rotor must simulated at 851 operating points. Because of this, computational speed was
considered very important for the aerodynamic model, allowing new simulations to be com-
pleted quickly if changes are made to the primary rotor design. In this context; as DMS models
are computationally fast, relatively simple to implement, and have previously been successfully
validated against both experimental data and higher fidelity codes, it was decided that a DMS
modelling tool based on the implementation in (Sharpe & Freris, 1990) would be developed to
describe the aerodynamics of the primary rotor.

DMS Overview
Applied for a 3D rotor, the DMS method involves a double discretisation of the rotor, first the
rotor is discretised vertically into a number of rotor disks assumed to be aerodynamically in-
dependent, demonstrated in figure 4a. Each disk is then discretised into a number of strait
edged streamtubes with the flow inside each streamtube characterised by the flow on the cen-
tral streamline, as shown in figure 4b, each streamtube is allowed to expand to ensure that
fluid moment is conserved. The interaction between the flow and the rotor is characterised
by a tandem pair of actuator surfaces representing the flows interaction with the upwind and
downwind rotor sections, as shown in figure 4c. In essence this reduced the problem to solving
the 1 dimensional flow along each streamline to characterise each streamtube, and integrating
over every streamtube to characterise the rotor behaviour.

The azimuthal location of the streamtubes are not know a priori, due to their dependence on
the rotor loading distribution and the consequent streamtube expansion due to momentum con-
servation. To circumvent this issue, the rotor is discretised using the angle subtended between
the rotor radius vector and the incident streamline, henceforth referred to as the blade angle
Θ, rather than the angle of azimuth θ. Both Θ and θ are shown in figure 5a. Once the stream-
tubes are solved and the loading distribution is obtained, the angle of azimuth corresponding
to a given blade angle can be obtained from integrating outward from the central streamline
with

θ[u](Θ) = π +

∫ Θ[u]

π
ζ[u](Θ̃)dΘ̃, (30)

θ[d ](Θ) =

∫ Θ[d ]

0
ζ[d ](Θ̃)dΘ̃. (31)
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where the expansion coefficients are given by

ζ[u] =

[
2(1− 2a[u])(1− a[d ])

(1− 2a[u])(1− a[d ]) + (1− a[u])

]
, (32)

ζ[d ] =

[
2(1− a[u])

(1− 2a[u])(1− a[d ]) + (1− a[u])

]
, (33)

where a[u] and a[d ] represent the upwind and downwind induction factors.

Figure 4: Discretisation procedure used for DMS simulations.

At each actuator surface, the flow is reduced to a one dimension problem where the retardation
of the flow through an actuator surface is characterised by the induction factor, a, with

UI [u/d ] = (1− a[u/d ])UN[u/d ] (34)

where UI represents the wind speed at the actuator surface, UN represents the wind-speed at
the actuator surface if the surface was not present and the subscripts [u/d ] are introduced to
specify if variables refer to the upwind or downwind actuator surfaces. At the upwind actuator
surface, UN is given by the free stream velocity U0, whilst at the downwind actuator surface it is
assumed that atmospheric pressure has been recovered thus the UN[d ] is given by

UN[d ] = (1− 2a[u])U0. (35)

At each actuator surface, the induction factors are calculated using blade element momentum
theory; whereby the rotation averaged force from the blade element projected in the stream
wise direction is balanced with the momentum change due to retardation of the flow. This is
ensured by matching the thrust coefficient obtained from momentum theory

CTM[u/d ] = 4a[u/d ](1− a[u/d ]), (36)

and the thrust coefficient obtained from the rotor averaged blade element forces

CTBE [u/d ] =

[
sec(Θ)

Nc

2πr

] [
Ua[u/d ]

UN[u/d ]

]2 [
Cn(α[u/d ])cos(Θ)cos(ψ)− Ct(α[u/d ])sin(Θ)

]
. (37)

The first term represents the rotation averaging, with N representing the number of blades, c
representing the local chord length, and r representing the local radius. The second term is
an artefact of the de-dimensionalisation and represents the ratio between apparent velocity at
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the blade element, Ua and the incident velocity at the actuator surface in the no-load scenario.
The final term represents the projection of the blade element force onto the streamline, with Cn

and Ct representing the normal and tangential force coefficients, α representing the angle of
attack, and ψ representing the angle between the blade normal plane and the rotor plane. The
lift, drag, normal and tangential axes, as well as the associated blade angles are shown figure
5b.

Both the apparent velocity and the angle of attack can be evaluated from figure 5, and are given
by

Ua[u/d ] =
√

[ωr + UI [u/d ]cos(Θ)]2 + [UI [u/d ]sin(Θ)cos(ψ)]2. (38)

α[u/d ] = atan

(
UI [u/d ]sin(Θ)cos(ψ)

ωr + UI [u/d ]cos(Θ)

)
+ β. (39)

Here it should be noted that, for simplicity, figure 5 represents the case where ψ = 0, however
the general case is simply recovered by noting that the tangential component of velocity remains
unchanged whilst the radial component of the velocity vector is scaled with cos(ψ).

Figure 5: The streamtube and blade element geometries used in the DMS method

The blade torque can be obtained by numerically integrating the elemental torque contribution
over the blade span

Mθ(θ) =

∫ l

0

1

2
ρUI (θ, s)

2cDQ(θ, s)ds (40)

where the local torque contribution is given by

DQ(θ) = r [Cnsin(β) + Ctcos(β)]± (0.25− ξ)c[{Cncos(β)− Ctsin(β)}cos(ψ)]. (41)

Here, the ± sign refers to the upwind and downwind case respectively and ξ represents the
relative attachment position of the aerofoil (measured from the leading edge). The radial flap-
wise bending moment can similarly be evaluated by integrating the moment contribution over
the rotor span

Mϕ(θ) =

∫ l

0

1

2
ρUI (θ, s)

2cDR(θ, s)ds, (42)

with the local moment contribution given by

DR(θ) = s[Cncos(β) + Ctsin(β)]. (43)
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Care must be taken in the evaluation of equations 40 and 42 to ensure that the integration
is taken at a specific azimuth angle rather than at a blade angle as streamtube expansion is
non-uniform over the rotor height.

There are a number of additional corrections that must be applied to the DMS model to describe
the aerodynamic phenomena that are experienced by the rotor but not inherently modelled in
the DMS algorithm. These include:

• Dynamic Stall,

• Streamline Curvature,

• Tip loss,

• Turbulent wake state.

The correction factors applied to account for these effects are given below.

Dynamic Stall
Dynamic stall occurs when an aerofoils unsteady motion lead to the angle of attack exceeding
the static stall angle. It is typically characterised by an increase in the lift coefficient beyond
the maximum static value at angles of attack exceeding the static stall angle as flow separation
is delayed, followed by a sharp increase in drag coefficient and drop in the lift coefficient as
the flow separates. During reattachment, the lift coefficient remains below it’s static value until
the flow has reattached. A thorough discussion of the phenomena can be found in (Leishman,
2016).

To account for dynamic stall, the model of Masse (Masson, Leclerc, & Paraschivoiu, 1998)
which interpolates between the dynamic force coefficients obtained from Strickland’s modified
Gormont dynamic stall model and the static blade polars is applied;

C[L/D]mod
=

{
C[L/D]static +

[
AMαss−α
AMαss−αss

]
(C[L/D]dyn − C[L/D]static ) for|α| ≤ |AMαss |

C[L/D]static for|α| > |AMαss |
, (44)

where C[L/D] represents either the lift or drag coefficient, and AM is an empirical constant, in
this case given by 6. The dynamic lift and drag coefficients are calculated using Strickland’s
modification to the Gormont model and are given by

CLdyn = CLstatic (αdyn)

(
α

αdyn − α0

)
, (45)

CDdyn = CDstatic
(αdyn). (46)

Where α0 represents the zero lift angle of attack, and αdyn is given by

αdyn =

{
α− τ(|cα̇/[2Ua]|)0.5 for ˙|α| > 0

α+ 0.5τ(|cα̇/[2Ua]|)0.5 for ˙|α| ≤ 0
, (47)

with τ given by

τ =

{
1.4− 6(0.06− t/c) for CL

1.4− 2.5(0.06− t/c) for CD
, (48)

where t represents the aerofoil thickness. The time history used to calculate α̇ is generated
from the deterministic angle of attack calculated without induction factors.
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The normal and tangential force coefficients used in equation 37 are recovered from the lift and
drag coefficients using a simple coordinate transform[

Cn

Ct

]
=

[
cos(α) sin(α)
sin(α) −cos(α)

] [
CL

CD

]
. (49)

Streamline Curvature
The effect of streamline curvature, also sometimes referred to as virtual incidence or virtual
camber, describes the change in aerofoil behaviour between rectilinear and curvilinear flow.
Typically, blade element polars are obtained from either wind tunnels or from simulation tools,
both of which enforce rectilinear flow conditions. A blade section orbiting a central point sees
curvilinear streamlines changing the local velocity and pressure distributions around the aerofoil
and introducing a virtual camber and virtual incidence effects

To account for this effect, an angle of attack correction was derived for use in this tool exploiting
the similarity between the orbital motion of the aerofoil and that of a pitching flat plate, the
corrected angle of attack is then given by

α′ = α+ cos(ψ)

{
1

4

c

r
+

1

2

(1− 2ξ)c

r

}
. (50)

Tip losses
To account for tip-losses, a modification of prandtls tip loss function is applied. The tip loss
function has the form

F =
2

π
acos

(
exp

[
−π (1− s)

d

])
, (51)

Where d represents the spacing between the impermeable disks that approximate the complex
wake structure. In this case sharpe’s modification to the disk spacing was used (Sharpe &
Freris, 1990) such that

d = Uw [u/d ]
πR

NU0
. (52)

This is applied to the momentum theory calculations with the thrust coefficient modified such
that

CT = 4a(1− a)F . (53)

Turbulent wake state
To properly account for the transition to a turbulent wake state whilst the tip-loss correction
is applied, the model uses the formulation proposed in (Buhl Jr, 2005) to modify the thrust
coefficient calculation through extrapolation with a quadratic approximation, enforcing a smooth
transition from aT = 0.4 to CTM(1) = 2, such that the thrust coefficient is given by

CTM =

{
4a(1− a) a ≤ aT

8
9 +

(
4F − 40

9

)
a+

(
50
9 − 4F

)
a2 a > aT

. (54)

Validation
To ensure the accuracy of the proposed DMS model, it was validated against the higher fidelity
lifting line code CACTUS (Murray & Barone, 2011). Lifting line codes inherently model the pro-
cesses of both tip-loss and the transition to the turbulent wake state, and CACTUS includes
a Leishman-Bedowes dynamic stall model (generally considered more accurate than the Gor-
mont model), and a similar correction for streamline curvature to that which is applied in the
DMS model.
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Initially the CACTUS model was run without streamline curvature or dynamic stall corrections
and is compared to the DMS model with corrections for tip losses and the turbulent wake state.
The rotor power coefficients from each model are compared in figure 6 and the azimuthal
variation in blade torque are compared in figure 7.

Figure 6: Comparison of the rotor power coefficient as simulated using the base DMS model and the
Base LLT model

Figure 6 shows that there is a strong agreement between CACTUS and the DMS model over
the range of tip-speed ratios considered. The agreement in the location and magnitude of the
peak power coefficient is considerable, with both models predicting the peak power coefficient
occurring at λ = 4.5, and the CACTUS and DMS model predicting the peak power coefficient
to be 0.473 and 0.484 respectively, a difference of 2.3%. At high tip-speed ratios, the results
begin to diverge. This is expected as momentum based models typically become less accu-
rate at higher blockages, and the turbulent wake state correction factor is based on empirical
relationships derived for a whole rotor disk, rather than a small actuator surface representing a
portion of a rotor (as it is being applied in this case). In general though, the agreement between
the DMS model and the higher fidelity code is considerable, and it can be inferred that the base
DMS model provides an effective representation of rotor averaged behaviour.

Similarly, figure 7 shows very strong agreement in the azimuthal variation in torque coefficient
predicted by both the CACTUS and the DMS models across the range of tip-speed ratios con-
sidered. The magnitude and location of the peak of the torque ripple is reproduced consistently
across both models and the transition from a 4 peak torque ripple at low tip-speed ratios to a 2
peak torque ripple at higher tip-speed ratios is also well reproduced between both models. At
high tip-speed ratios, the DMS model predicts a shallower trough in the torque ripple as the ro-
tor transitions between the upwind and downwind rotor halves (at 90◦ & 270◦) however at λ = 6
a lower power coefficient is still obtained as the DMS model consistently underestimates the
torque coefficient aside from this. In general, the agreement between the DMS model and the
higher fidelity code is considerable, and it can be inferred that the base DMS model provides
an effective representation of azimuthal variations in rotor torque.

Following the successful validation of the base DMS model, the CACTUS model was re-run
this time including both streamline curvature and dynamic stall corrections. This was then
compared to the fully corrected DMS model. The rotor power coefficients from each model
are compared in figure 8 and the azimuthal variation in blade torque are compared in figure
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9.

Figure 8 shows that there is good agreement between fully corrected CACTUS and DMS mod-
els over the low to the the intermediate range of the tip-speed ratios considered. The agreement
in the location and magnitude of the peak power coefficient is reasonable, with the CACTUS
and DMS models predicting the peak power coefficient occurring at a tip-speed ratio of 4.5 and
4.25 respectively, and predicting the peak power coefficient to be 0.474 and 0.458 respectively,
a difference of 3.4%. At high tip-speed ratios, the results also diverge at a rate greater than the
uncorrected models, this is most likely due to a difference in the formulation of the streamline
curvature correction. The CACTUS documentation does not provide an exact formulation of
the streamline curvature correction used in the code, so a thorough discussion of the differ-
ences cannot be provided. In general, the agreement between the DMS model and the higher
fidelity code is considerable, and it can be inferred that the fully corrected DMS model pro-
vides an effective representation of rotor averaged behaviour at low and intermediate tip-speed
ratios, but cannot effectively capture the behaviour at high tip-speed ratios. As the X-Rotor
will not typically operate in this high tip-speed ratio range, the DMS model is considered to be
sufficiently accurate representation of the rotor averaged behaviour for control modelling and
control strategy evaluation.

Figure 9 shows very strong agreement in the azimuthal variation in torque coefficient predicted

Figure 7: Comparison of the variation in torque coefficient as simulated using the base DMS model and
the Base LLT model
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Figure 8: Comparison of the rotor power coefficient as simulated using the fully corrected DMS model
and the fully corrected LLT model

by the fully corrected CACTUS and DMS models across the range of tip-speed ratios consid-
ered. The magnitude and location of the peak of the torque ripple is reproduced consistently
across both models. At high tip-speed ratios, the DMS model predicts a shallower trough in the
torque ripple as the rotor transitions between the upwind and downwind rotor halves (at 90◦ &
270◦) however at λ = 5.5 a lower power coefficient is still obtained as the DMS model consis-
tently underestimates the torque coefficient in the rest of the profile. In general, the agreement
between the DMS model and the higher fidelity code is considerable, and it can be inferred that
the fully corrected DMS model provides an effective representation of azimuthal variations in
rotor torque, and can be used for control modelling purposes.
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Figure 9: Comparison of the variation in torque coefficient as simulated using the fully corrected DMS
model and the fully corrected LLT model
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Figure 10: Upper blade torque coefficient Mθ presented on the λ, θ plane over a range of pitch offsets.
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Using the DMS model, the variation in upper blade torque coefficient, Mθ, and flapwise radial
bending moment coefficient,Mϕ, was calculated over a range of fixed pitch offsets 18◦ ≥ β ≥ 18◦

at intervals of 1◦. The torque coefficient is presented on the λ, θ plane for a number of pitch
offsets in figure 10. The lower blade torque coefficient is shown on the λ, θ plane in figure 11.
The flapwise radial bending moment coefficient is presented on the λ, θ plane for a number of
pitch offsets in figure 12

Figure 11: Lower blade torque coefficient Mθ presented on the λ, θ plane
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Figure 12: Upper blade radial flapwise moment coefficient Mϕ presented on the λ, θ plane over a range
of pitch offsets.
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Cross arm drag
The parasitic torque contribution from the crossarm rotor drag, QC , is calculated using the sim-
plification that only the rotational component of velocity is considered. The torque contribution
is given by

QC = N

∫ Rc

0

1

2
ρ(ωr)2cc(r)CDc(r)rdr (55)

Assuming that the crossarm has a constant chord and drag coefficient, the integral can be
readily evaluated to obtain

QC =
N

8
ρccCDcω

2R4
c . (56)

Aerodynamic damping
As the lower blades experience considerable damping from the secondary rotor thrust, aero-
dynamic damping will only be considered for the primary rotor. This can be modelled through
approximating the detriment in wind speed experienced by the upper blade as it deforms. Such
that the wind speed is given by

Ud = U0 − Udef (57)

where Udef is the relative velocity due to deformation at the aerodynamic centre of the blade,
lBuca.

Assuming the blade is rigid and hinges at the blade root. The relative motion of the blade in the
windward direction is given by

Udef = lBuca[ϕ̇Ucos(ϕU)cos(θU) + ˙θUsin(θU)]. (58)

This new corrected velocity Ud can be in the calculation of the aerodynamic loads Mθ and
Mϕ.

3.3 Power Take-Off Modelling

The power take-off has two components, the secondary rotors and the power-train. Note that
additional information on the secondary rotor design can be found in Appendix A.

3.3.1 Secondary Rotor modelling

Secondary rotor dynamics
The secondary rotor is considered to be a rigid body rotating body, with the rotational speed
governed by the equation

Js ω̇s = Mθs(λs ,Us)− QRG (59)

where Js represents the secondary rotor inertia, ωs the secondary rotor rotational speed, Mθs

the aerodynamic torque on the secondary rotor, λs the secondary rotor tip-speed ratio, Us the
incident speed on the secondary rotor and QRG the shaft torque. The shaft torque is determined
by the power train which is described in section 3.3.2, and the remainder of this sub-section will
focus on the aerodynamic modelling of the secondary rotor to obtain the torque Mθs and the
thrust TS on the secondary rotor.

Secondary rotor aerodynamics
The aerodynamic torque and thrust on the secondary rotors can be modelled using torque and
thrust coefficients such that

Mθs =
1

2
ρAsU

2
s RsCQs(λs) (60)
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Ts =
1

2
ρAsU

2
s CTs(λs) (61)

Where the incident wind speed on the secondary rotor is given by the sum of the apparent wind
speed due to the rotation of the primary rotor and the incident wind speed

Us = ω[lc + lBlsin(ϕBl)] + U0sin(θ). (62)

The torque and thrust coefficients for the secondary rotor can be obtained from BEM simula-
tions. The design of the secondary rotors is detailed in appendix A. As the secondary rotors
employ a five bladed design, they could not be simulated in either FAST or Bladed, as both pro-
grams have a maximum blade number of 3. Because of this, the BEM tool QBlade(Marten &
Wendler, 2013) was employed to simulate the secondary rotors. Initially, to ensure that QBlade
gave results comparable to FAST (Moriarty & Hansen, 2005), a representative 3 bladed rotor
was modelled using both simulation tools, the thrust and torque coefficients are compared in
figures 13.

Figure 13: Torque and thrust coefficient comparison between QBlade and FAST(Aerodyn)

The agreement between the results from Qblade and the results from Aerodyn(FAST) are con-
sidered sufficient to allow the secondary rotor torque and thrust coefficients to be modelled in
QBlade.

The current secondary rotor design includes a rotor hub with a radius that is 21% of the rotor
radius, thus the modelling of the rotor hub is important if the aerodynamics of the secondary
rotor are to be accurately represented. QBlade does not include hub modelling functionality
but does include an optional blade root correction factor. To represent the effect of the hub, 3
assumptions were made about the hub design

1. The rotor hub has a thrust coefficient of 0.9

2. The rotor hub is designed such that blade root losses are minimised

3. The rotor hub is designed such that it has no effect on the aerodynamic torque

Assumption 1 allows the rotor thrust coefficient to be corrected for the hub with

CTs = CTsaero + 0.9

(
Rsh

Rs

)2

. (63)

Assumption two is informs the decision to disable blade root losses in the Qblade simulations,
and assumption 3 indicates that the aerodynamic torque obtained from QBlade is representa-
tive of the total rotor torque. The final secondary rotor torque and thrust coefficient curves are
shown in figure 14.
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Figure 14: Torque and thrust coefficient for the secondary rotors

3.3.2 Power-train modelling

The secondary rotor power-train can be modelled with a compliant shaft connected to a direct
drive generator. The dynamics of the compliant shaft is given by

Q̇RG = KS(ωs − ωg ) (64)

where KS represents the shaft stiffness and ωg represents the generator speed. The generator
speed is then governed by

Jg ω̇g = QRG − QM (65)

where QM represents the mechanical torque from the generator. This mechanical torque is
governed by the electrical dynamics of the generator with

QM = Qe/ηg (66)

where ηg represents the efficiency of the generator and Qe represents the electrical torque.
The electrical dynamics are governed by

Q̇e = ke

(
ωg − ωe

p

)
(67)

where ωe represents the electrical frequency, p represents the number of pole pairs in the
generator and ke represents the electrical stiffness. Assuming that the electrical dynamics are
sufficiently high frequency, this representation can be simplified to allow the the mechanical
torque from the generator to be directly controlled rather than modelled using equations 66 and
67.

The secondary rotor tip speed ratio can then easily be controlled using traditional torque control
by ensuring

QM = kcω
2
g (68)

with

kc =
1

2
ρAsR

3
s

C ′
Qs

λ′s
2
. (69)

The output power from the generator is then given by

Pg = TMωgηg . (70)

It is this approach that is currently employed in the control model.
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4 Simulation Outputs
In this section a series of outputs using the control model are presented and interesting results
are discussed. Note that the simulation results in the report are for an illustrative choice of pa-
rameters only. These will be updated using future outcomes from WP2, WP4 and WP5.

Simulation results are presented for a uniform wind speed in sub-section 4.2. These simula-
tions show the general properties of the model and, whilst the parameter choices are illustrative,
these simulations highlight the presence of rotational frequencies in each signal, as well as giv-
ing an illustrative idea of the potential magnitude of these oscillations (though to be clear, these
magnitudes may differ significantly with different parameterisation). Details of the illustrative
parameters used are discussed in sub-section 4.1.

In sub-section 4.3 simulation results are presented for a wind speed that ramps up in time.
These simulations serve as a way of showing the illustrative variation in the key simulation
outputs across a range of operating points.

Finally, in sub-section 4.5, illustrative simulation outputs are presented for a simulation using
the effective wind speed model described in section 3.1.2. The wind speeds for each blade are
presented and discussed.

4.1 Model Parameterisation

As discussed previously, where values are set for parameters throughout this report, they
should be considered as an illustrative choice of parameters only. The parameters will be up-
dated using future outcomes from WP2, WP3 and WP5. With that said, it is useful to describe
how these illustrative parameters were set for transparency of the results.

Table 1 gives the variables associated with the primary rotor that have been given in (Leithead
et al., 2019) and (Campos-Gaona, Stock, Morgan, Leithead, & Anaya-Lara, 2021).

Parameter Value
lBu (m) 100
lBl (m) 65.3
lca (m) 25
ψu (deg) 30
ψl (deg) 50
AU (m2) 8660
AL (m2) 4210
mBu (kg) 40,500
mBl (kg) 23,384
ms (kg) 10,000

ωeu (rad s−1) 4.8381
ωfu (rad s−1) 4.3354
ωel (rad s−1) 3.2044
ωfl (rad s−1) 3.7699
Jg (kg m2) 1340

p 4

Table 1: Primary rotor variables given in previous reports
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In order to populate the model, a number more variables are required that have not yet been
rigorously derived/defined. In order to demonstrate the model capability, these variables must
be populated with representative estimates, often based on rules that apply to 3 blades HAWTs
and therefore may not be valid.

The total blade inertia can be estimated with

JBt = mB l
2
Bcm (71)

and the effective blade inertia and effective contribution to hub inertia can be calculated using
equation 15, and are given by

JBh =

(
1− B2

JBtC

)
JBt and JB =

(
B2

JBtC

)
JBt . (72)

Taking initial representative estimates of B2/(JBtC ) ≈ 2/3, and lBcm ≈ 1/3 allows the effective
blade inertia and blade contribution to hub inertia to be readily calculated, these values are
given in table 2. Treating the cross-arm as a uniform beam, the total cross arm inertia is given
by

Jc =
1

12
ρLc(2lca)

3 (73)

where ρLc represents the mass per unit length of the cross arm. As the dimensions and material
properties of the cross-arm are currently unavailable, ρLc cannot be readily obtained. Here it is
assumed that the mass per unit length with be similar to that of the mass per unit length of the
blade root of the IEA 15MW reference wind turbine (Gaertner et al., 2020) (ρLc ≈ 3.1×103kg/m).
The cross-arm inertia and the total effective hub inertia are given in table 2. The crossarm drag
coefficient is assumed to be CDc = 0.05 and the cross arm chord length is assumed to be
10m.

The damping constant of the blades can approximated using an representative value of the
damping ratio, µ for composite blades with

γ[e/f ] = 2µω[e/f ]. (74)

The damping constants for the upper and lower blades calculated typical value for the damping
ratio of composite blades, µ ≈ 0.03, are given in table 2. Whilst the rotor shaft dimensions have
not been defined, the rotor shaft can be assumed to very stiff with Ks ≈ 107 Nm rad−1.

The variables associated with the secondary rotor are derived from the aerodynamic data pre-
sented in figure 14 and the secondary rotor design information presented appendix A. The
necessary simulation parameters are given in table 3.

4.2 Control model outputs with uniform wind speed.

Initially, it is interesting to consider the system response to a uniform wind speed. Figures 15,
16 and 17 show the simulated power tracking, loading, and structural response of the X-Rotor
with the simulation run at the X-Rotor’s nominal rated speed of 12.5m/s.

From Figure 15 it is clear that the primary rotor tip speed ratio is well controlled by the secondary
rotors, however the mean tip speed ratio is consistently lower than the design value (λ = 4.75).
This is likely due to the effect of aerodynamic damping reducing the predicted power coefficient
of the rotor, as large radial flapwise deformations occurring around θ = π lower the effective
wind speed around the peak of the torque ripple, this is further explored in subsection 4.4.
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Parameter Value
cc (m) 10
CDc 0.05

JBu (kg m2) 3.00 · 107
JHbu (kg m2) 1.50 · 107
JBl (kg m2) 3.71 · 107
JHbl (kg m2) 1.86 · 107
Jc (kg m2) 3.23 · 107
JH (kg m2) 9.94 · 107

γeu (Nms rad−1) 0.26
γfu (Nms rad−1) 0.23
γel (Nms rad−1) 0.29
γfl (Nms rad−1) 0.19
Ks (Nm rad−1) 107

Table 2: X-Rotor simulation variables derived using representative assumptions.

Parameter Value
Rs (m) 4.7
As (m2) 69.4

kc (N m s2 rad −2) 38.82
Js (kg m2) 500

Table 3: Secondary rotor parameters for control model.

The primary rotor speed, and hence the primary rotor tip speed ratio has a strong 2P oscillation
as the dynamics are dominated by the summed blade torques which are 1P dominated and are
in anti-phase.

The secondary rotors also track the designed tip speed ratio successfully (within ±9%). The
fluctuations in secondary rotor tip-speed ratio are dominated by the effect of the incident wind
speed which occurs at 1P, although the fluctuations in the primary rotor speed provide a 2P
component.

The total rotor power output oscillates at ±10% around it’s mean value of 5.1MW. The os-
cillations are dominated by the 2P component arising from summing the two anti-phase 1P
dominated secondary rotor power outputs.

From figure 16 it is clear that the aerodynamic torque on both the lower and upper blades is
1P dominated, with a large peak as the blade passes through θ ≈ 180, there is also a 2P
component due to the torque peak in the back rotor half. The non-uniform loading trace also
indicates that there will be significant higher order harmonic content.

As the counter torque provided by the secondary rotor thrust is larger than the aerodynamic
torque on the lower blade, the net torque exchanged between the lower blade and the hub is
negative. The secondary rotor loading is dominated by the effect of the incident wind speed
and exhibits a strong 1P component. As expected, this leads the 1P component of the blade
torques by a phase of approximately π/2 as the peak wind speed experienced by the secondary
rotor occurs at θ = 90, whilst the peak blade torque occurs at approximately θ = 180.

The net torque on the hub oscillates around zero (as the rotor is in steady state), and is domi-
nated by a 2P component arising from summing the two anti-phase 1P dominated torques from
each of the upper and lower blades. The radial flapwise root bending moment for the upper
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Figure 15: X-Rotor power tracking in a uniform wind speed of 12.5m/s.

blade oscillates at 1P with an amplitude of approximately 30kNm.

Figure 17 shows the structural response of the X-Rotor at uniform wind speed of 12.5m/s. As
the net torque exchange between the upper blade and the hub is positive, the upper blade
azimuth angle leads the hub azimuth angle. By a similar logic the lower blade lags the hub
azimuth angle. Whilst the loading is dominated by 1P and 2P torque signals as shown in figure
16, higher order oscillatory components arising from the first edgewise frequency of both the
upper and lower blades are clearly visible in both the upper and lower blades.

The offset in the upper blade vertical angle compared it’s attachment angle are shown. These
variations are approximately an order of magnitude larger than the variations in azimuthal de-
flection and lead to tip deflections oscillations of approximately ±7m. The edgewise blade
frequency appears to be lightly damped, however the oscillations are of an amplitude of ap-
proximately 0.5◦ and 1.5◦ for the upper and lower blades respectively which are considerably
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Figure 16: X-Rotor loads in a uniform wind speed of 12.5m/s.
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Figure 17: X-Rotor structural deflections in a uniform wind speed of 12.5m/s.

smaller than the flap wise deformations. The largest contribution to blade flap-wise bending is
centrifugal force. Just as for HAWTs, the X-Rotor blades will be pre-bent so that they would
attain the nominal shape in about 10m/s. To include this in the simulation, the deflection due to
centrifugal force at 10m/s has been subtracted from the total blade deflection.
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4.3 Control model outputs with wind speed ramp

Figures 18, 19 and 20 show the power tracking, loading and structural response of the X-Rotor
to a steady wind speed slope from 3m/s 12.5m/s with a slope of 0.01 representing the below
rated operating range of the X-Rotor.

Figure 18: X-Rotor power tracking response to a steady change in wind speed from 3m/s to 12.5m/s

The ability of the secondary rotors to passively ensure primary rotor power tracking is evident,
with the rotational speed of the rotor sufficiently controlled to maintain the primary rotor tip
speed ratio. However, similarly to the case of a steady uniform wind speed, the primary rotor
tip-speed ratio is consistently operating below it’s design value. This is investigated further in
section 4.4

The rotor loading is shown in figure 19, and the structural response is shown in figure 20. There
is no overshoot in the rotor loads or deflections compared to the uniform rated wind speed case.
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Figure 19: X-Rotor loading in response to a steady change in wind speed from 3m/s to 12.5m/s

As in the previous case, the deflection due to centrifugal force at 10m/s has been subtracted
from the total blade deflection to account for the pre-bending of the blade.
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Figure 20: X-Rotor structural deflections in response to a steady change in wind speed from 3m/s to
12.5m/s
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4.4 Effective of aerodynamic damping on primary rotor power track-
ing

Figure 21 shows the impact of modelling the effect of aerodynamic damping due to the motion
of the upper blade on the power capture and tip speed ratio for a gradual uniform windspeed
ramp up to rated. In this trace the wind is increased at a rate of 0.002m/s2 from a windspeed of
3 m/s to the rated windspeed of 12.5m/s. The black line represents the simulation without the
effect of aerodynamic damping and the red line represents the full simulation.

Comparing the red and black trace, it is clear that the inclusion of aerodynamic damping neg-
atively impacts primary rotor power capture, and due to the fact that the primary rotor speed
control is passively controlled by the design thrust coefficient of the secondary rotors this effects
the operational point of the primary rotor. For the black trace, where areodynamic damping is
not modelled, the rotor behaviour is identical to the data that was used for the secondary rotor
design, so the mean tip speed ratio is consistent with the design tip speed ratio.

Phenomenologically, the negative effect of aerodynamic damping on the power capture of the
secondary rotor can be understood through considering that the velocity deficit that occurs due
to the blade deformation is largest at the peak of the bending moment on the primary rotor.
From figures 10 and 12, it can be seen that the peaks in flapwise bending moments occur
at similar azimuthal locations to the peaks in primary rotor torque, negatively effecting power
capture.

It is evident from figure 21 that as the windspeed increases, the difference between the de-
sign tip-speed ratio and the mean operational tip-speed ratio increases, this is because of the
larger blade deflections at higher wind speeds having an increasing impact on rotor perfor-
mance.

It should also be noted that a 5400s simulation was required to generate figure 21, and that
on a commercial laptop the simulation was completed in around 30s clock-time, demonstrating
the speed of the control model. It should also be noted that, with a properly design controller in
the power take off model, the fluctuations in primary rotor speed, primary rotor tip-speed ratio,
and primary rotor power should be damped to a much greater degree, and that the results
here are to qualitatively demonstrate the effect of the inclusion of aerodynamic damping on the
primary rotor power tracking, rather than to demonstrate a quantatative estimate of wind turbine
performance.
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Figure 21: Caption
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4.5 Model outputs with effective wind speed model

The effective wind speed model has been applied at a mean wind speed of 12.5 m/s. The rotor
behaviour in terms of power tracking, loads, and structural response are shown in figures 22,
23, and 24 respectively.

As there is no pitch controller, the output power from the turbine is not limited as the wind speed
exceeds the rated wind speed leading to excursions above the rated power. As in the previous
power traces, the output power shows strong 2P oscillations due to the summation of the 1P
dominated secondary rotor powers that are in anti-phase.

The upper blade tip deflections oscillate with an amplitude of approximately 9m, driven by the
1P oscillations in the bending moment and the oscillations in the azimuthal lead angle are lim-
ited to 2◦ and 0.5◦ degrees for the upper and lower blades respectively. It should, again, be
emphasised that these values are generated from a model populated with estimated param-
eters, with many derived from rules of thumb that are applicable to HAWTs and may not be
applicable to VAWTs. These results are presented as a qualitative demonstration of the simu-
lation tool functionality, rather than a quantitative investigation into the expected rotor behaviour.
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Figure 22: Power tracking response for the X-Rotor simulated with an effective wind speed model with a
mean wind speed of 12.5m/s

Deliverable D3.2 49 of 57



LC-SC3-2020

Figure 23: X-Rotor loads simulated with an effective wind speed model with a mean wind speed of
12.5m/s
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Figure 24: X-Rotor structural response simulated with an effective wind speed model with a mean wind
speed of 12.5m/s
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5 Conclusions
This control model presented in this report is a suitably computationally efficient model to al-
low for controller design, whilst including sufficient complexity to model the essential dynamic
properties. As such, it can act as a transparent tool for prototyping controller designs, support
controller analysis and design, and assess the effectiveness of controllers in meeting design
objectives.

Detailed information on the design and implementation of the model has been given such that
the internal operation of the model is clear and unambiguous. The model can support the X-
Rotor project’s immediate planned activities as described in the project plan. The next steps
include,

• Comparison with higher fidelity simulations

• Facilitate the development of a set of linear models at linear operating points covering the
full operational strategy to assist in controller design (Deliverable 3.3)

• Design of controllers for maximising power output below rated wind speed and controllers
to limit power output to the rated power whilst minimising structural loads in above rated
wind speeds (Milestone 9)

• Facilitate performance assessment of the X-Rotor concept (Deliverable 3.5)
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Appendix A - Secondary rotor design
This appendix presents an overview of the methodology for specifying the secondary rotor de-
sign. As with the rest of this report, any numeric values are an illustrative choice of parameters
only.

The X-Rotor system is kept in equilibrium through matching the primary rotor torque with the
torque provided by the thrust acting on the secondary rotors. This is represented in equation
75, whereby the revolution averaged primary rotor torque Mθ, is matched by the revolution
averaged thrust, Ts of each of the N secondary rotors attached at the primary rotor radius RP .[

1

ω

1

2
ρAPCPPU

3
0

]
︸ ︷︷ ︸

Mθ

= NRP
1

2
ρAsCTsω

2
PR

2
P

(
1 +

1

2
λ−2

)
︸ ︷︷ ︸

Ts

, (75)

where CPP represents the primary rotor power coefficient, and AP represents the primary rotor
area.

Utilising this relationship, the aerodynamic efficiency of power conversion between the primary
and secondary rotors can then be readily obtained. This is achieved through representing the
revolution averaged power from the secondary rotors as a fraction of the revolution averaged
power captured by the primary rotor, giving

ηa =
NPs

PP
=

NPs

ωPNRPTs

=
N 1

2ρAsCPsω
3
PR

3
P

(
1 + 3

2λ
−2
)

ωNRP
1
2ρAsCTsω

2
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2
P

(
1 + 1

2λ
−2
) =

CPs

CTs

(
1 + 3

2λ
−2

1 + 1
2λ

−2

)
. (76)

The full rotor power coefficient is therefore given by

CP = CPPη = CPP
CPs

CTs

(
1 + 3

2λ
−2

1 + 1
2λ

−2

)
. (77)

This implies that the efficiency of power conversion between the primary and secondary rotors
is driven by the ratio between the power and thrust coefficients which, in turn, can be maximised
through lowering the axial induction factor of the secondary rotor.

Ideally, in below rated conditions the secondary rotors operate so as to perform traditional
torque control on the primary rotor in order to facilitate maximum power point tracking. Equation
75 can once again be used, this time with the optimum values represented by a dash (′), to
obtain the ideal operating point of the secondary rotors. This is given by

C ′
Ts =

AP

NAs

C ′
PP(

λ′3 + 1
2λ

′
) . (78)

From this, it follows that in order to minimise the operational thrust coefficient - thus maximising
the conversion efficiency, the secondary rotor area should be maximised.

The primary constraint on secondary rotor design is imposed by a maximum allowable tip-
speed, imposed to avoid trans-sonic aerodynamic effects and limit acoustic emissions. This
tip-speed limit is currently given by UM = 184m/s, however further work is required to verify this
initial estimate. This tip-speed limit is represented mathematically as

ωsRs ≤ UM . (79)
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As the rotational speed typically has a lower limit imposed by the drive train configuration, the
radius of the secondary rotor is constrained.

The tip-speed limit also manifests as a limit of the tip-speed ratio of the secondary rotors with

λs ≤
UM

λUR
. (80)

The secondary rotor therefore provides a unique and highly constrained design challenge. For
a given primary rotor configuration, one must design a rotor to maximise the power to thrust
coefficient ratio at the design thrust coefficient with a highly constrained tip-speed ratio.

In the case of the frequency constrained design, the rotational speed of the secondary rotor is
limited by the minimum frequency of the drive-train at rated power, ωg0, and the fixed number
of of pole pairs in the generator.

ωs ≥
ωg0

p
(81)

Combined with equation 79 this provides a limit on the rotor size with

Rs ≤
pUM

ωg0
. (82)

This radius is taken in it’s upper limit, so as to minimise the operational thrust coefficient and
maximise the conversion efficiency. This also sets the tip-speed ratio as the upper limit pre-
sented in equation 80. Following this, the operational thrust coefficient can be calculated using
equation 78.

With the operating point defined, the average axial induction, as can be calculated with

as =
1

2

(
1−

√
1− CTs∫ 1

0 Fh(x)dr

)
, (83)

where Fh(x) represents the tip-loss function, and x represents the non-dimensional radial coor-
dinate. Whilst a number of tip-loss functions are available, this work uses the Prandtl function
function for horizontal axis rotors given by

Fh(x) =
2

π
acos

(
exp

[
−(1− x)Nsλs

2(1− as)

])
. (84)

Here Ns represents the number of blades on the secondary rotor.

As this tip-loss function is a dependent on the axial induction, a recursive scheme must be
used to calculate the required axial induction. This can be achieved by initialising the tip-loss
function as 1, calculating the induction using equation 83 then evaluating the tip-loss function
with equation 84, and finally calculating the thrust coefficient with equation 85.

CTs = 4as(1− as)

∫ 1

0
Fh(x)dx . (85)

This process can be repeated with the updated tip-loss function, until the realised thrust coeffi-
cient is equal to the thrust coefficient given by 85.
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With the rotor radius, tip-speed ratio, and axial induction defined, the required rotor chord and
twist distribution can be derived using analytical BEM methods. These relationships are pro-
vided by Jamieson (Jamieson, 2018) and they represent the BEM equations rearranged in their
exact form. First the tangential induction can be evaluated using

ats(x) =
{λ2sk2x2 + 2λskx − 4ask[λsx − k(1− as)] + 1}0.5 − (λskx + 1)

2λskx
. (86)

where k represents the glide ratio of the aerofoil. The tangential induction can then be utilised to
find the non-dimensional lift distribution (Λ = cCL/Rs ), which is required to achieve the desired
induction. This is given by

Λ(x) =
8πa(1− a)

Nsλs(1 + ats)
√

(1− as)2 + λ2sx
2(1 + ats)2

Fh[
1 + (1−as)

kλx(1+ats)

] . (87)

Through utilising a twist distribution given by

β(x) = atan

[
(1− a)

λsx(1 + ats)

]
− αdesign, (88)

where αdesign represents the design angle of attack for the aerofoil, it is ensured that the aerofoil
will be operating at it’s design angle of attack along the blade. This allows the design glide ratio
kdesign to be used in the calculation of tangential induction and non-dimensional lift distribution,
and allows the blade chord to be recovered from the non-dimensional lift distribution with the
design lift coefficient of the aerofoil section:

c(x) =
Λ(x)Rs

CLdesign
. (89)

Prior to completing the preliminary rotor design, the aerofoil section(s) must be selected. Here,
for simplicity, the rotor is designed using a single aerofoil section, the FFA_W3_241. This
was chosen due to it’s beneficial structural qualities, high aerodynamic performance, and the
available aerodynamic data (Gaertner et al., 2020).

Utilising the above design methodology for a 5 bladed rotor, the chord and twist distributions for
the secondary rotor are shown in Figure 25.

Figure 25: Secondary rotor chord and twist distribution
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