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 Abstract

Goals: PSCF is a package for field theoretic classical 
statistical mechanical simulations of inhomogeneous 
structures formed by block polymer materials. The 
completed package will provide:

   


• Self-consistent field theory (SCFT)


• Stochastic field theoretic simulation (FTS)

   

   


History: The current C++/CUDA package evolved from 
an older Fortran SCFT program of the same name. The 
name PSCF stands for “Polymer Self-Consistent Field”.


Repository:  https://github.com/dmorse/pscfpp

 Block Polymer Ordered Phases

• Block polymer materials exhibit a wide variety of 
spatially periodic equilibrium structures, driven by the 
immiscibility of different blocks.


    


• Characteristic structural lengths are of order 

   10 - 100 nm, and are comparable to the polymer 

   nandom-walk coil sizes. 

    


• Emergence of order at mesoscopic length scales 
allows the use of coarse-grained models in which 
polymers are idealized as random walks with short 
range interactions. 

 Single-Chain Problem  Self-Consistent Field Theory

 Field Theoretic Simulation

 Software Package Design 
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cylinders (C) and bicontinuous gyroids (G), to lamellae (L).
Morphological inversion takes place when the composition is
inverted (L - G0 - C0 - S0 - CPS0 - disordered). The
morphologies and their transitions have been verified experi-
mentally, as described below.

2.1.2. Experimental phase diagram. The preparation of the
samples for morphological studies usually starts with heating
and annealing the polymer sample at a temperature higher
than the glass transition temperature (Tg) of the polymers for a
certain period, in order to allow equilibrium to be reached.16

Then, the sample is quenched to a temperature below Tg. For
polymers with low Tg, the sample is usually quenched to
temperatures near that of liquid nitrogen and then allowed to
warm to room temperature. When the sample is at the annealing
temperature, the structure of the polymers can be (and frequently
is) under thermodynamic control. When the sample is cooled
below its Tg, the structure of the sample is kinetically frozen
because of the extremely low mobility of the chains. Thus, the
morphology observed is characteristic of the material at the
annealing temperature.16 Fig. 2c shows an experimental phase
diagram of PI-b-PS copolymers reported by Bates and
co-workers.6,16 The resemblance to the theoretical diagram
in Fig. 2b is remarkable with only a few discrepancies.6

2.1.3. Mechanism of morphological transitions. The formation
of the various morphologies is attributed to two competing
factors: interfacial energy between the two blocks (an enthalpic
contribution), and chain stretching (an entropic contribution).
As microphase separation occurs, the two blocks separate

from each other in such a way as to minimize interfacial area
in order to lower the total interfacial energy. Phase separation
induces chain stretching away from the preferred coiled polymer
chain conformation; the degree of stretching depends on the
volume fraction of one block relative to that of the diblock. Fig. 3
shows the well-known cone!column mechanism for morpho-
logical transitions. When the diblocks are highly asymmetric,
i.e. the volume fraction of one block such as block A is small,
the A blocks prefer to aggregate into spherical microdomains,
leaving the B blocks to surround them as ‘‘coronas’’ (Fig. 3a).
This way affords the system the lowest interfacial area and
increased configurational entropy relative to other morpho-
logies, and thus is energetically favourable.6 As fA increases at a
fixed temperature, the corona volume fraction (or the effective
volume fraction of block B) decreases and less curved interfaces are
formed (Fig. 3b and c), the polymer chains have to adopt new
arrangements to reduce their stretching, leading to a morphological
transition from spheres to cylinders and to lamellae.

2.2. Multiblock copolymers

An increase in the number of blocks in BCPs leads to an
increased level of complexity for self-assembly in bulk. For
example, ABC linear triblock copolymers contain three different
blocks (A, B, and C); the phase behaviour of the ABC triblocks
depends on the three different w-parameters (wAB, wAC, and wBC), the
total degree of polymerization (N), the volume fractions of the three
blocks (fA+ fB+ fC= 1), and the sequences of the three segments
(ABC, BCA, or CAB). A wide range of ordered structures have
been discovered experimentally, with theory suggesting the existence
of 30 different morphologies.17 One can imagine the much higher

Fig. 2 (a) Equilibrium morphologies of AB diblock copolymers in bulk: S and S0 = body-centered-cubic spheres, C and C0 = hexagonally

packed cylinders, G and G0 = bicontinuous gyroids, and L = lamellae.6 (b) Theoretical phase diagram of AB diblocks predicted by the self-

consistent mean-field theory, depending on volume fraction (f) of the blocks and the segregation parameter, wN, where w is the Flory–Huggins

segment–segment interaction energy and N is the degree of polymerization; CPS and CPS0 = closely packed spheres.6 (c) Experimental phase

portrait of polyisoprene-block-polystyrene copolymers, in which fA represents the volume fraction of polyisoprene, PL = perforated lamellae.6

Reproduced with permission from ref. 6.
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Morphological inversion takes place when the composition is
inverted (L - G0 - C0 - S0 - CPS0 - disordered). The
morphologies and their transitions have been verified experi-
mentally, as described below.

2.1.2. Experimental phase diagram. The preparation of the
samples for morphological studies usually starts with heating
and annealing the polymer sample at a temperature higher
than the glass transition temperature (Tg) of the polymers for a
certain period, in order to allow equilibrium to be reached.16

Then, the sample is quenched to a temperature below Tg. For
polymers with low Tg, the sample is usually quenched to
temperatures near that of liquid nitrogen and then allowed to
warm to room temperature. When the sample is at the annealing
temperature, the structure of the polymers can be (and frequently
is) under thermodynamic control. When the sample is cooled
below its Tg, the structure of the sample is kinetically frozen
because of the extremely low mobility of the chains. Thus, the
morphology observed is characteristic of the material at the
annealing temperature.16 Fig. 2c shows an experimental phase
diagram of PI-b-PS copolymers reported by Bates and
co-workers.6,16 The resemblance to the theoretical diagram
in Fig. 2b is remarkable with only a few discrepancies.6

2.1.3. Mechanism of morphological transitions. The formation
of the various morphologies is attributed to two competing
factors: interfacial energy between the two blocks (an enthalpic
contribution), and chain stretching (an entropic contribution).
As microphase separation occurs, the two blocks separate

from each other in such a way as to minimize interfacial area
in order to lower the total interfacial energy. Phase separation
induces chain stretching away from the preferred coiled polymer
chain conformation; the degree of stretching depends on the
volume fraction of one block relative to that of the diblock. Fig. 3
shows the well-known cone!column mechanism for morpho-
logical transitions. When the diblocks are highly asymmetric,
i.e. the volume fraction of one block such as block A is small,
the A blocks prefer to aggregate into spherical microdomains,
leaving the B blocks to surround them as ‘‘coronas’’ (Fig. 3a).
This way affords the system the lowest interfacial area and
increased configurational entropy relative to other morpho-
logies, and thus is energetically favourable.6 As fA increases at a
fixed temperature, the corona volume fraction (or the effective
volume fraction of block B) decreases and less curved interfaces are
formed (Fig. 3b and c), the polymer chains have to adopt new
arrangements to reduce their stretching, leading to a morphological
transition from spheres to cylinders and to lamellae.

2.2. Multiblock copolymers

An increase in the number of blocks in BCPs leads to an
increased level of complexity for self-assembly in bulk. For
example, ABC linear triblock copolymers contain three different
blocks (A, B, and C); the phase behaviour of the ABC triblocks
depends on the three different w-parameters (wAB, wAC, and wBC), the
total degree of polymerization (N), the volume fractions of the three
blocks (fA+ fB+ fC= 1), and the sequences of the three segments
(ABC, BCA, or CAB). A wide range of ordered structures have
been discovered experimentally, with theory suggesting the existence
of 30 different morphologies.17 One can imagine the much higher

Fig. 2 (a) Equilibrium morphologies of AB diblock copolymers in bulk: S and S0 = body-centered-cubic spheres, C and C0 = hexagonally

packed cylinders, G and G0 = bicontinuous gyroids, and L = lamellae.6 (b) Theoretical phase diagram of AB diblocks predicted by the self-

consistent mean-field theory, depending on volume fraction (f) of the blocks and the segregation parameter, wN, where w is the Flory–Huggins

segment–segment interaction energy and N is the degree of polymerization; CPS and CPS0 = closely packed spheres.6 (c) Experimental phase

portrait of polyisoprene-block-polystyrene copolymers, in which fA represents the volume fraction of polyisoprene, PL = perforated lamellae.6

Reproduced with permission from ref. 6.
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• Field theoretic methods replace inter-particle 
interactions by interactions of monomers with 


   chemical potential-like fields.

 


• A field           represents an excess free energy cost of 
inserting a monomer of type i at position   .
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wi(r)
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• Field theoretic methods require computation of a 
function           , which is a normalized partition function 
of a biased random walk segment of chain length s 


    (s monomers) with one end constrained to position    . <latexit sha1_base64="tKCQM2JquMeMSUSUwzccJF08qbY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRAuLgI1lBPMByRH2NnPJkr29Y3dPCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH800QT+iI8lDzqixUifrByFRs0G54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni3Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzxMy6T1KBky0VhKoiJyfx3MuQKmRFTSyhT3N5K2JgqyoxNqGRD8FZfXiftq6pXr9YeapXGbR5HEc7gHC7Bg2towD00oQUMJvAMr/DmJM6L8+58LFsLTj5zCn/gfP4AJwyPcQ==</latexit>r

<latexit sha1_base64="yh1LTHEegUieLjY5YQKtTqSASp4=">AAAB83icbVBNSwMxEJ34WetX1aOXYBEqSNmVol6EghePFewHdJeSTbNtaDa7JlmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKOV1bX1jc3CVnF7Z3dvv3Rw2NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLqd+u0npjSP5YMZJ8yPyEDykFNirOQ9VjIvCLGanOuzXqnsVJ0Z8DJxc1KGHI1e6cvrxzSNmDRUEK27rpMYPyPKcCrYpOilmiWEjsiAdS2VJGLaz2Y3T/CpVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xjc14bWfcZmkhkk6XxSmApsYTwPAfa4YNWJsCaGK21sxHRJFqLExFW0I7uLLy6R1UXUvq7X7Wrl+k8dRgGM4gQq4cAV1uIMGNIFCAs/wCm8oRS/oHX3MW1dQPnMEf4A+fwAGjpEF</latexit>

q(r, s)

• The function            satisfies a modified diffusion 
equation (MDE) in which chain length s plays a role 
analogous to time: 

<latexit sha1_base64="yh1LTHEegUieLjY5YQKtTqSASp4=">AAAB83icbVBNSwMxEJ34WetX1aOXYBEqSNmVol6EghePFewHdJeSTbNtaDa7JlmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKOV1bX1jc3CVnF7Z3dvv3Rw2NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLqd+u0npjSP5YMZJ8yPyEDykFNirOQ9VjIvCLGanOuzXqnsVJ0Z8DJxc1KGHI1e6cvrxzSNmDRUEK27rpMYPyPKcCrYpOilmiWEjsiAdS2VJGLaz2Y3T/CpVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xjc14bWfcZmkhkk6XxSmApsYTwPAfa4YNWJsCaGK21sxHRJFqLExFW0I7uLLy6R1UXUvq7X7Wrl+k8dRgGM4gQq4cAV1uIMGNIFCAs/wCm8oRS/oHX3MW1dQPnMEf4A+fwAGjpEF</latexit>

q(r, s)

• Solution of the MDE for blocks of copolymers dominates 
the computational cost of all field theoretic methods.


• The PSCF MDE solver for periodic systems uses an

    operator splitting method in which the Laplacian is 

    treated in Fourier space, using frequent FFTs.


• Fast Fourier transforms (FFTs) dominate computation 
time.

<latexit sha1_base64="7TnGAUnTLYADjWMiME2oYcEYfk4="></latexit>
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�
q(r, s)

• SCFT is a classical mechanical density for liquids 
containing flexible (random-walk) polymers. 


  


• Free energy functional:

ideal gas

of polymers

monomer-monomer

interactions

<latexit sha1_base64="ji32knbyyhhJZiXjPKYoqa7Mlxg=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARBaHMSFE3SkEoLivYC7TDkMmctqGZC0lGLEMfwY2v4saFIm5duvNtzLQVtPWHwJ/vnENyfi/mTCrL+jJyC4tLyyv51cLa+sbmlrm905BRIijUacQj0fKIBM5CqCumOLRiASTwODS9wVVWb96BkCwKb9UwBicgvZB1GSVKI9c8rLapgy9w1U07IsDMB8JHGTr+QXCf3V2zaJWssfC8saemiKaqueZnx49oEkCoKCdStm0rVk5KhGKUw6jQSSTEhA5ID9rahiQA6aTjhUb4QBMfdyOhT6jwmP6eSEkg5TDwdGdAVF/O1jL4X62dqO65k7IwThSEdPJQN+FYRThLB/tMAFV8qA2hgum/YtonglClMyzoEOzZledN46Rkn5bKN+Vi5XIaRx7toX10hGx0hiroGtVQHVH0gJ7QC3o1Ho1n4814n7TmjOnMLvoj4+MbRlGbgQ==</latexit>

F [c] = Fideal[c] + Fex[c]

<latexit sha1_base64="qMKrJx7qcYdHxpjHNYz345D9+EU="></latexit>

wi(r) ⌘
�Fex[c]

�ci(r)
= ��Fideal[c]

�ci(r)

•            is an explicit, empirically determined, usually 
local functional, with parameters fit to experiment.


  

<latexit sha1_base64="nCHL5JAlXiEQZbUQykkJoZH+21c=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqAcPBUE8VrAfsF1KNp1tQ5PsmmSLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g6aOU0WhQWMeq3ZINHAmoWGY4dBOFBARcmiFw5up3xqB0iyWD2acQCBIX7KIUWKsFNx2s44SGJ4mPg265YpbdWfAy8TLSQXlqHfLX51eTFMB0lBOtPY9NzFBRpRhlMOk1Ek1JIQOSR98SyURoINsdvQEn1ilh6NY2ZIGz9TfExkRWo9FaDsFMQO96E3F/zw/NdFVkDGZpAYknS+KUo5NjKcJ4B5TQA0fW0KoYvZWTAdEEWpsTiUbgrf48jJpnlW9i+r5/Xmldp3HUURH6BidIg9dohq6Q3XUQBQ9omf0it6ckfPivDsf89aCk88coj9wPn8Ahg+R7w==</latexit>

Fex[c]
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c = [cA(r), cB(r), . . .]
Mean monomer


concentration fields

•  Free energy minimization yields a self-consistency 

    condition:

• Program structure:

 - Inner problem: Solve MDE for specified w field

    field configuration, then use solution to compute

    monomer concentrations.

  


 - Outer loop : Iterate w fields to satisfy the

   self-consistency (minimization) condition

• Field theoretic simulation (FTS) methods involve 
repeated solution of the MDE in a stochastically 
fluctuating field configuration.


  


• The completed package will implement two FTS 
methods:


  


          - Field Theoretic Monte-Carlo  (FTMC)


          - Field-Theoretic Complex Langevin (FTCL)


• The functional integral sampled by the FTCL method 
can be derived by an exact Hubbard-Stratonovich 
transformation of an equivalent particle-based 
model. 


    


• FTCL requires sampling of complex-valued fields, & 
is prone to sign problems. FTMC uses real fields.


   


• FTMC relies on a mathematical approximation to 
FTCL that reduces computational costs, at modest 
cost in reduced accuracy.


   

• PSCF is written in idiomatic object-oriented C++ 


• A web manual with full user- and developer-level 
documentation is created with doxygen by 
combining source code docs with manual pages


  


• PSCF was designed to facilitate development and 
maintenance of several programs that have 
analogous top-level structure, but are designed for 
use with different boundary conditions or symmetry, 
or run on different hardware (CPU vs. GPU)


   


• C++ templates are used heavily to minimize code 
duplication among analogous programs that use 
different data types, e.g., to represent fields.


  

   


• The completed package will contain the following

    programs:

- Finite difference CPU SCFT code for 1D planar, 
spherical and cylindrical geometries  (e.g. 
micelles and interfaces).


   


- Pseudo-spectral CPU code for SCFT with 
periodic boundary conditions (ordered phases).


    


- Pseudo-spectral GPU code for SCFT & FTMC

    with periodic ordered phases.  (Note: These

    methods use the same field representations 

    and MDE solvers)


-  Pseudo-spectral GPU code for  FTCL sampling 

     with periodic structures (complex fields)


One issue in all SCFT calculations is choosing an appropriate
grid size that balances accuracy and computational efficiency.
The choice of the integration step sizeΔs and the tolerance ϵ for
the convergence can also affect the results, albeit to a lesser
extent. Supporting Information section S9 contains additional
information on the effect of these parameters for this case study.
4.2. Core−Shell Phases in SISO Tetrablock Terpol-

ymers. Addition of more blocks and monomer types provides
access to a much larger number of ordered morphologies when
compared to diblocks.49,50 For example, inverted phases,51 the
O70 network phase,6,52−54 core−shell spheres and cylinders,55

σ phase,46 and a dodecagonal quasi-crystalline state55 have
been observed with ABAC-type tetrablock terpolymers. The case
study in this section is based on one such multiblock polymer,
i.e., the poly(styrene-b-isoprene-b-styrene-b-ethylene oxide)
(SISO) tetrablock terpolymer. In particular, we use our approach
to study the BCC packed core−shell spheres and the hexagonally
packed core−shell cylinders that are observed experimentally in
SISO tetrablocks.51 Moreover, we perform SCFT calculations to
predict the phase boundaries of the disordered−sphere transition
and sphere−cylinder transition considering only BCC core−shell
spheres, Hex core−shell cylinders, and the disordered phase as the
competing phases.
This example is motived by our desire to demonstrate the

applicability of our approach to multiblock polymers as well as
for different particle shapes such as cylinders. The initialization
for core−shell spheres is provided in Supporting Information
section S3.2.1. Here, we provide details only for the hexagonally
packed core−shell cylinders. Once again, we begin with the
calculation of the smeared volume fraction profile given in eq 15.
The core−shell cylinders in the SISO tetrablock are arranged in a
2D hexagonal lattice with unit-cell dimension a≈ 200 Å and have
been assigned P6mm point group symmetry.55 We consider a
primitive unit cell of area A = a2√3/2 for a 2D hexagonal lattice
that contains only one PEO cylinder of core radius R with its
center at the origin of a 2D coordinate system, giving a PEO
volume fraction f O = 2πR

2/(√3a2). For the 2D hexagonal lattice,
the basis vectors in reciprocal space are

π π π= ̂ − ̂ = ̂
a a a

b e e b e2 2
3

and 4
31 1 2 2 1 (21)

The two-dimensional form factor amplitude for a cylinder of
radius R aligned along the z-axis within such a 2D crystal is43

π= | |f RF Rq q( ) ( )2
(22)

where q is a vector in the xy-plane. In the latter, F(x) ≡ 2J1(x)/x,
and J1(x) is the first-order Bessel function. The value of f(q) at
q = 0 is assigned using the limit limx→0F(x) = 1, giving f(q = 0) =
πR2. By using eq 22 in eq 15, we obtain

ϕ σ= | | − | |⎡
⎣⎢

⎤
⎦⎥f F R

R
q q

q
( ) ( ) exp

( )
2O O smear

2
2

(23)

for the Fourier transform of the volume fraction of the PEO
monomer forming the cylinder core.
To obtain an initial guess for the volume fraction profiles of the

other two monomer types, we take them to be mixed everywhere
outside the cylinder core. This gives

ϕ ϕ

ϕ ϕ ϕ ϕ

= = =

= − + = − + ≠

f f

f
f f

f
f f

q q q

q q q q q

( ) , ( ) if (0, 0)

( ) ( ), ( ) ( ), if (0, 0)

S S I I

S
S

S I
O I

I

S I
O

(24)

where f I and f S are the volume fractions of the PI and PS
monomer types, respectively. The assumption of homogeneous
mixing of I and O outside the PEO core is not correct, but it
provides an initial guess that is enough to allow convergence to
the desired solution, which shows a core−shell morphology.
Once the Fourier transformed volume fraction profiles for all

the monomer types are calculated, we transform them into the
respective potential fields following Figure 3. Similar to the
previous case, we use this transformation repeatedly and monitor
the volume fraction profile on the grid in order to choose a rea-
sonable value of the smearing coefficient, σsmear = 0.4. The potential
fields for the smoothed volume fraction profile are then supplied as
a guess to the SCFT iterator to search for the saddle point.
The SCFT parameter space for the SISO tetrablock ter-

polymers involves five parameters: χISN, χION, χSON, f O, and f I.
The degree of polymerization,N, is determined using the volume
fractions and molecular weights of the different monomer types
reported in experiments. Note that we are considering SISO
tetrablocks in which the length of the two S blocks are equal.
We use the following binary interaction parameters:56

χ χ χ= − = − = −
T T T

26.4 0.0288, 108.8 0.0695, 59.6 0.0458IS IO SO

(25)

These interaction parameters were obtained by modifying the
parameters reported by Frielinghaus et al.57 in order to match the
theoretical predictions with the experimental results reported by
Bluemle et al.51 We emphasize that although the parameters were
obtained by a fitting procedure (Supporting Information section S8),

Figure 6. 3D perspective view of the (a) BCC, (b) FCC, (c) A15, and (d) σ phase obtained at the end of respective converged SCFT iterations. Only the
volume fraction of the A-block is plotted for volume fractions ϕA(r)≥ 0.5. All calculations are done at χN = 25 and fA = 0.25. The free energies per chain
of the resulting structures relative to the disordered phase are ΔF/kBT = −0.46808, −0.46556, −0.46906, and −0.46950, for the BCC, FCC, A15, and
σ phases, respectively. The grid size used for BCC and FCC is 36× 36× 36, while the grid sizes used for A15 and σ are 64× 64× 64 and 128× 128× 64,
respectively.
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Frank-Kasper Sphere Phases (SCFT):
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User Features

• Arbitrary mixtures of polymers and solvent

  


• Acyclic branched polymers of arbitrary topology

  


• Canonical, grand canonical and mixed ensembles

   


• Ordered phases with 1D, 2D, or 3D periodicity


• Arbitrary user-specified crystal system and space 
group symmetry in SCFT (e.g., any of 230 3D space 
groups)


• Automatic optimization of SCFT unit cell parameters


• Efficient continuation of SCFT solutions along lines 
through parameter space, for phase diagram studies


• Efficient GPU SCFT parallelization (30x speedup)


• Simple 1D program to simulate spherical and 
wormlike micelles.


• Visualization and data analysis tools included


• Thorough user and source-code documentation

• The field configuration may be stationary, in SCFT, or 

    may fluctuate, in stochastic FTS methods.

    


•  Schematic of fields for A and B monomers in an SCFT

     model of an A/B diblock copolymer lamellar phase :
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• SCFT tools are mature and in use, while both FTS 
tools are still in development

Mai and Eisenberg, Chem Soc. Rev. 41, 5969 (2012)

Arora et al., Macromolecules 49, 4675 (2012)


